A PROBLEM OF ZAGIER ON QUADRATIC POLYNOMIALS AND
CONTINUED FRACTIONS

MARIE JAMESON

ABSTRACT. For non-square 1 < D = 0,1 (mod 4), Zagier [9] defined the following summa-
tory function using integral quadratic polynomials:

Ap(z):== Y Q).
disc(Q)=D
Q(00)<0<Q(2)

He proved that Ap(z) is a constant function depending on D. For rational z, it turns out
that this sum is finite. Here we address the infinitude of the number of quadratic polynomials
for nonrational z, and more importantly address some problems posed by Zagier related to
characterizing the polynomials which arise in terms of the continued fraction expansion of
x. In addition, we study the indivisibility of the constant functions Ap(z) as D varies.

1. INTRODUCTION AND STATEMENT OF RESULTS

Following Zagier [9], we consider the function Ap(x) defined as follows: for any real number
r and any positive non-square integer D which is congruent to 0 or 1 modulo 4, consider
all quadratic polynomials with integer coefficients and discriminant D which are negative at
infinity and positive at z. For any such quadratic function @), we have that Q(x) is positive
and wish to find the sum of these values. That is, we consider the function

(1.1) Ap(x)= > Q)
disc(Q)=D
Q(00)<0<Q(x)

It is known that the function Ap(z) is determined by its behavior for € [0,1) (see Lemma
2.1), so we shall always assume that 0 < x < 1. For example, when £ = 0 and D = 5,
there are only two quadratic polynomials with the desired properties: Q(X) = —X?+ X +1
and Q(X) = —X? — X + 1, giving A5(0) = 1 + 1 = 2. It turns out that much more is true
about these functions. Zagier [9] proved that each function Ap(z) is constant (although the
polynomials which arise in the sum vary with x). In particular, we have the strange fact that
As(1/m) = A5(0) = 2. Notice then that for x = 1/7, there must be infinitely many quadratic
polynomials in the sum, since 1/ is irrational and does not have degree 2 over Q.

In this paper, we address the following natural question regarding the function Ap(z):
given a value of x, how can we characterize the quadratic polynomials with the desired
properties? In [9], Zagier investigated this question, and he made a speculation which

involves quantities which arise from the continued fraction expansion of x.
1
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To make this precise, we must first fix some notation. For x a real number with 0 < x < 1,
we may write x as a continued fraction

1

rT=————7 = [O;al,aQ,...]
a1+ az+-1-
using integers aj,as,... > 1. Note that this continued fraction terminates if and only if
x € Q. As in [9], we now define a useful sequence of real numbers dg, 01, . .. by

(50 = ]_, 51 =, 5n+1 = (5,,1_1 - an5n (n 2 ].)
Zagier made the following speculation based on numerical evidence for D =5 and x = % :

Speculation. Suppose that D =5 and 0 < x < 1. Then the summands which appear on the
right side of (1.1) are: all of the expressions

—02 1 + 0p0ns1 + 07
together with some of the expressions
—02 1 — 6n0ny1 + 0.
Of course, answering this question amounts to characterizing the set of polynomials
(1.2) Qp(z) :={aX* +bX +c: D =0b*—4ac,a <0 < az® + bz + c}.

Here we offer a theorem which characterizes Qp(x). In Section 2.3, we define sets of 4-tuples
09 () and corresponding quadratic polynomials v (a, b, ¢, n; X), and we prove the following
theorem.

Theorem 1.1. Fiz a real number x with 0 < x < 1, and a positive integer D = 0,1 (mod 4).
If D is not a square, we have

Qp(x) = {(a,b,c,n; X) : (a,b,¢,n) € Q) (x)}.
If D = m? for some positive integer m, we have
Qp(x) = {¢(a,b,c,n; X) : (a,b,¢c,n) € Q) (x)}
U{¢(—a,m,0,n;X):n>0and 1 <a<a,1m}.
Remark. As discussed in [9], Ap(z) can also be defined when for square D = m?. In that

case, we define A* ,(x) to be the sum in (1.1), and set

Ap2(z) = Al () — %Eg(mx) + %m%@(m),

— & + ¢ is the second Bernoulli polynomial, By(z) := By(z — |z]), and

1/¢? = ith =1
w(x) = 4 /O T =plawith (pg) =1
0 x is irrational

where By (z) := 22

This theorem provides the following corollary.
Corollary 1.2. For x € R and D as above, we have that
#QOp(zr) < 400 <=z € Q.
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Remark. By a result of Zagier (Theorem 1 of [9]) which states that Ap(z) is a rational
constant, this is trivial except for = such that [Q(z) : Q] = 2 (see Lemma 2.3).

The description of Q% (x) given in Section 2.3 when D = 5 will show that we have indeed
established Zagier’s speculation. Namely, we have the following corollary.

Corollary 1.3. Suppose that D =5 and 0 < x < 1. Then the summands which appear on
the right side of (1.1) are all of the expressions

_5721+1 + OnOns1 + 57%
together with some of the expressions
—5Z+1 — 81 + 02

Furthermore, if a, # 1 and an+1 # 1 for a value of n, then the expression —62, 1 —0,0,41+ 02
does appear as a summand.

Remark. 1t is natural to wonder what the generalization of Zagier’s speculation should be for
other D. We will show that for non-square D, the summands which appear are of the form
a0z, + 8,041 + 62, where aX? + bX + ¢ € Qp(0). Furthermore, if aX? +bX + ¢ € Qp(0)
comes from a reduced binary quadratic form, then all of the terms ad?Z,, + b0,0,41 + cd2
appear in the sum.

By Zagier’s theorem, we know that each function Ap(z) is a rational constant which
depends only on D. Here are the first few constant functions Ap(x) for non-square D.

D |5 8 12 13 17 20 21
Ap(z)[2 5 10 10 20 22 20

It is natural to wonder about their properties as D varies. Here we study the distribution
of these numbers modulo primes ¢, and we prove the following theorem using the theory of
Cohen-Eisenstein series.

Theorem 1.4. Suppose that £ > 5 is prime, and let p be any prime for which p = —1
(mod ¢) and p = 2,3 (mod 5). Then there ezists an integer 1 < n, < 2(p + 1) for which
App, () #0 (mod £).

As a corollary, we obtain the following.

Corollary 1.5. If { > 5 is prime and € > 0, then for all sufficiently large X we have that
1 ) VX
—€

)

#{0<D=0,1 (mod4) <X : ETAD(x)}Z(m Tog X'

2. NuTs AND BoLTS

Before we prove Theorem 1.1 and its corollaries, we must first recall some basic facts
and definitions regarding Ap(z),2p(x), and continued fractions. We will then use Zagier’s
speculation as a model to define a helpful function (a, b, c,n; X) and various sets Q%) (z).
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2.1. Background on Continued Fractions. First we recall some classical facts regarding
continued fractions. The following facts can be found in [4] or Section 10 of [9]. Recall that
for any real number z with 0 < x < 1, we may write x as a continued fraction

1
r=———779—=/—=1[0;a,ay,...]
a1 + a2-&-1L
using integers a1, as, ... > 1, and that this continued fraction terminates if and only if x € Q.
The convergents
Pn _ 0;a1,...,an]
dn

of the continued fraction are given by: p_1 =1,q_1 =0,po = 0,9 = 1, and

Pn = AQpPn—1 + Pn—2
Gn = GnGn-1+ Gn—2.

It is known that the value of z is greater than that of any even order convergent p,/q,, and
less than that of any odd order convergent, and for all n > 0, we have

(2.1) @nPn-1 — PnGn-1 = (—1)"

(see Theorems 8 and 2 of [4]).
We have defined g, 01, ... by

50 = ]_, 51 =, 571-1—1 = 577,—1 — an5n (n 2 ].)
One can check that

5n+1 = |pn - an|7

that 1 =99 > 01 > 09 > --- > 0, and that

On
. = [0; an, ani1,-- |-

2.2. Elementary Facts about Ap(z) and Qp(x). Here we state some important proper-
ties of Ap(z) and Qp(z). All of the results in this section are contained in [9]. First we have
the following elementary observation.

Lemma 2.1. For any real number x and any positive integer D which is congruent to 0 or
1 modulo 4, we have that
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Proof. First suppose that D is not a square. We have that
Ap(z) = Z (az® + bz + ¢)

a,b,ce€Z
b2 —4ac=D
a<0<ax?+bzr+c

— Z (a(z+1)°+ (b—2a)(z+ 1)+ (a —b+c))

a,b,ceZ
(b—2a)2—4a(a—b+c)=D
a<0<a(x+1)?+(b—2a)(z+1)+(a—b+c)

= > (a(z+1)*+ Bz +1)+7)
a,B,YEZ

B2 —4a~y=D
a<0<a(z+1)2+8(z+1)+y

=A D(l’ + 1),
as desired. If D is a square, the proof follows similarly. O
Next, we recall a deeper theorem of Zagier:

Lemma 2.2 (Theorem 1 and Supplement to Theorem 1 of [9]). For D as described above, the
function Ap(x) has a constant rational value which we denote ap. If D is the discriminant
of a real quadratic field, we have that

AD(ZE) = p = —5L(—1,XD)

Remark. In fact, Zagier [9] described ap in terms of the coefficients of the weight 5 Cohen-
Eisenstein series H(z) discussed in Section 5.

Finally, we summarize previous results regarding #p(z).

Lemma 2.3. For x and D as described above, the following are true:

(a) If x € Q, then #Qp(x) < +00.
(b) If x € R\ Q and z is not algebraic of degree 2 over Q, then #Qp(z) = +00.

Proof. First we prove (a). If z € Q, then we may write z = p/q and note that if aX?+bX +c €
Qp(x), then we have

Dq¢* = |bg + 2ap|2 + 4|a\|ap2 + bpg + cq2].

This bounds each of a, b, and ¢, so #{p(x) < 400 (note: this corrects a typo in [9]).

To prove (b), let z € R\ Q and suppose that x is not algebraic of degree 2 over Q, and
let D as above be non-square (if D is a square, then the proof follows similarly). Suppose
for contradiction that #Qp(z) < 400. Then since Ap(x) has a constant integral value, one
can solve

Z (az® + bx + ¢) = Ap(z)
a,b,ce€Z

b2 —4dac=D
a<0<az?+br+c

to find that z is the root of a quadratic polynomial (this equation cannot be trivial since
each polynomial has negative leading coefficient). This contradicts our choice of x. 0
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2.3. Defining ¢ (a,b,c,n; X) and Q9% (z). Let us explicitly write down the polynomials
which Zagier has mentioned: since

5n - |pn—1 - Qn—1x| - (_1>n(pn—1 - Qn—lx)

by Theorem 8 of [4], we may substitute to find that these expressions from Zagier’s specu-
lation (and Corollary 1.3) can be written as the values of the polynomials

—(Pn = @ X)* F (Pn — X)) Pr1 — @1 X) + (Pao1 — Gu1 X)?

when we plug in the value x for the variable X.

Now we extend this speculation as follows: for 0 < z < 1 and D = 0,1 (mod 4), we
consider polynomials aX? + bX + ¢ € Qp(0) and nonnegative integers n > 0 and use them
to build polynomials of the form

a(pn — nX)? = b(pn — @ X) (D1 = Gn1X) + c(Pn1 — Gn-1X)*.
For ease of notation, we write
(2.2) "yi={(a,b,e,n) € Z* : b* —dac = D,a < 0 < ¢,n > 0}.
For (a,b,c,n) € Z* x Zso, we build the polynomial
U(a,b,¢,n; X) i=a(pp = ¢uX)? = b(pn = 42 X) (Pt = Gu1 X) + e(Pn1 — o1 X)?

—axt x| (= ).

Qn—-1 —Pn-1

noting that ¢(a,b,c,n;x) = ad?,, + bd,410, + cd2. Here, the slash operator is defined by
f(X)] (CCL 2) = (X +d)*f (%) for quadratic polynomials f and 2 x 2 matrices Z
Here, we must make the following remark regarding the case where x € Q. Since the
number of polynomials in Qp(z) is finite if z € Q, rational values of x are less interesting
than irrational values. However, the arguments in this paper hold for € Q as well as
for x ¢ Q (unless otherwise noted). One must be careful in only one regard: if x = p/q
is a rational number between 0 and 1, then its continued fraction expansion terminates, so
x = [0;ay, as, ..., ay], for positive integers N and ay, ..., ay. Thus we can only define finitely

many convergents

cX+d

p-1 P PN
q71’QO’ 7C]N

Y

noting that py /gy = x. We also have finitely many 4y, d1, . . ., 0, 11, noting that oy = 1/¢>
and 0.1 = 0. Thus, when considering the case where z € QQ, one must amend the arguments
which follow by restricting his attention only to values which “make sense” (for example, only
consider ¥(a,b,c,n; X) for n < m). Thus, for simplicity of exposition, we will henceforth
only describe the case where x ¢ QQ, and leave rational values of x to the reader.

At first glance, it seems correct to consider the polynomials ¢ (a, b, ¢, n; X) for (a,b,c,n) €
(Y, since adding up the resulting values gives Ap(x) (for non-square D) as desired:
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Z W(a,b,c,n;x) = Z Z n+1+b5n+15 —i—cé Z Za§2+1+052

(a,b,c,n)€Q, (a,b,c)€Z3 n>0 (a,b,c)ez® n=0
a<0<c a<0<c
—4ac=D b2—4dac=D
= E E ((adz ) +c62) + (—copyy —ady)) + g E (adZ,, +cd?)
(ab,c)ez®  n=>0 (a,b,c)€zZ® n>0
a<0<c a<0<c
b%2—4ac=D b%2—4ac=D
—a< Df’? <e —a=c=\/ P b2
E /‘ E 2 2 E /‘ E 2
- (C - (I)((Sn 5n+1) + 5 5n+1
(ab,c)ez? n=>0 (ab,c)ez®  n=>0
a<0<c a<0<c
b2 —4ac=D b2 —4ac=D
—a< Dzb2 <c —a=c= D%};Q
= E (c—a)+ E c= E c=Ap(0) = Ap(z).
(a,b,c)€Z3 (a,b,c)€Z3 (a,b,c)€Z3
a<0<c a<0<c a<0<c
b2—4ac=D b2—4ac=D b%2—4ac=D
—a< D—b? <c —a=c=y/ 212

4

However, the story is not so simple; as Zagier notes in [9], only some of the ¥ (a,b,c,n;z)
actually appear as summands on the right hand side of (1.1). In fact, if (a,b,¢,n) € ),
then one can easily use (2.1) to check that 1 (a,b, ¢, n; X') has discriminant D, but it is not
necessarily true that ¢ (a, b, c,n; X)y < 0 or that ¢ (a,b,c,n;x) > 0 as one would require, or
that ¥(a, b, ¢,n; X) is distinct from other polynomials of the same form. Here, ¢(a, b, ¢, n; X ),
denotes the coefficient of X? in the polynomial v (a, b, c,n; X).

Thus we define Q% (z) C Q) by

P(a,b,c,n; X)a <0< (a,b,c,n;x), and
Op(z) = (a,b,en) € Qs dlabye,n; X) # v(a, B,y,m; X)
for all (o, 8,7y, m) € ), with m > n

First note that for fixed n, all of the polynomials of the form v (a, b, c,n; X) are distinct
since we have the following:

Lemma 2.4. If (a,b,c,n), (o, 8,7,n) € Z* x L>q satisfy
w(a7 b7 C7 n; X) = w(a7 /87 77 n; X)?
then (a,b,c,n) = («, 5,7, n).

Proof. Suppose that ¥ (a, b, c,n; X) = ¥(a, 8,7, n; X). Then substituting p, /g, for X gives
¢ = (since pp_1 — G 1pn/qn # 0 by (2.1)). Slmllarly, = «, so it follows that b = [ as
desired. O

Also note that we have
{¢(a,b,c,n; X) : (a,b,c,n) € Q% (z)} C Qp(x)

by construction, and Theorem 1.1 asserts that this is an equality for non-square D.
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2.4. A Useful Partition of Q7 \ Q% (z). In order to prove Theorem 1.1, we will develop
a better understanding of the behavior of ¢ (a, b, c,n; X) for (a,b,c,n) € QO \ Q% (z). Thus
we will study the sets

¢(avba C7n;X)2 <0< ¢(avba C,n;l’), and
Qp(x) == ¢ (a,b,c,n) € ) : there exists (o, 8,7, m) € O, with m > n and
17/}(0/7 b? c7 n; X) = w(&7 5’77 m; X)
() ={ ) € Qp :1(a,b,¢,n; X)2 > 0> 1(a,b,¢,n;x)}
0% (2) = {(@.b.cn) € Dy - ¥la,b, e, X)a < 0, b(ab,e.niz) < 0}
p(@) = { ) 1Y(a,b,e,n; X)s >0, ¥(a,b,c,nyz) > 0}
0% (2) = {(a,b,,n) € Uy : $(a,b, e, X)y = 0 or ¥(a b, ;) = 0)

and for convenience we will often drop the dependence on x. We wish to study the behavior
of these sets with respect to the map ¢ : Z® X Zsq — Z* X Z+q given by

(a,b,c,n) = (—c, —b — 2an41¢, —a — api1b — ai qe,n + 1),
which is found by taking the coefficients of
—(aX? +bX + )| (O L ) :
1 Apy1

We first state the following straightforward lemma, whose proof we leave to the reader.

Lemma 2.5. The map ¢ satisfies the following:

(a) if (o0, B,7,m+ 1) = B(a, by, m), then B2 — dac = 52 — dary,
(b) ¢ is bijective with inverse given by

(a,b,c,n) — (—a’a + an,b — c,2a,a — b, —a,n — 1),
(C) and w<a7 b7 C,n; X) = _w<¢(a’7 b7 C, TL), X)

Now, we give the following lemma, which describes the behavior of the sets % with
respect to the map ¢.

Lemma 2.6. We have that
(a) ¢ : Q% — QI is a bijection, and
(b) & :Qp — Q% is a bijection.

Proof. First we prove (a). Let us consider the map ¢ : Q3, — Q%. We need only show that
¢ maps 3, into Q3,, and that the map ¢~* given above maps Q% into Q3.
Suppose that (a,b,c,n) € Q3,. To establish that ¢(a,b,c,n) € Q%, (by Lemma 2.5(a)) we
need only check that
—c<0
—a — Qpy1b — aiﬂc >0
w(gb(a, b7 G, Tl), X)2 >0
U(9(a,b,c,n);z) > 0.
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Note that the first inequality is clear since ¢ > 0, and the third and fourth inequalities hold
by Lemma 2.5(c) since (a,b,c,n) € Q3,. To establish the second inequality, note that

(p(a,b,e,n);x) = —05i+2 + (=b—2a,41¢)0n420n11 + (—a — apy1b — aiﬂc)éi“ >0

and thus
On On
—a — app1b —a,c o2 (c 2 4 h4 2an+1c> .
5n+1 5n+1
5n+2

Thus we have the desired inequality if b > —c3 2a,41c. If not,

+1

O,
+2
—b>c + 2an416,

5n+1
SO

2 n—+2 2
—Q — Gpp1b—a, > —a+appc— +a; >0
5n+1

as desired.

Now, suppose that (a,b,c,n) € Qf. Notice that n > 1, since if n = 0, we would have
P(a,b,c,0; X)y = (aX?+bX +¢)y = a < 0. Thus ¢~!(a, b, c,n) is defined, and one can show
that ¢='(a,b,c,n) € 23, by a similar argument as above. This completes the proof of (a).

In order to establish (b), let us consider the map ¢ : Q}, — Q2. As above, we need only
show that ¢ maps QL into Q%, and that ¢—! maps 92, into QL.

First suppose that (a,b,c,n) € Q2. As above, one can check that both ¢(a,b,c,n) €
QL UQY and ¢ (a,b,c,n) € Q5 U QY. Thus it follows that ¢~'(a,b,c,n) € Q},, as desired.

Now suppose that (a, b, c,n) € QL and choose (a, 8,7, m) € ) with m minimal such that
m > n and ¥(a,b,c,n; X) = (a, B,7,m; X). As before, to check that ¢(a,b,c,n) € Q% we
need only show that —a — a,41b — a2, ¢ > 0.

First, consider the case where m = n + 1. Then we have that

(e, B,v.n+ LX) =1(a,b,e,n; X) = —(d(a, b,c,n); X)
=Y(e, b+ 2ap410,a + ap1b+ aiﬂc, n+1),

so by Lemma 2.4 we have that (o, 5,7) = (¢,b + 2a,41¢, a + api1b + a2 ¢) ¢ Qp, which is
a contradiction, so we cannot have m =n + 1.

Now, suppose that m = n+2. Since 1(a, b, ¢, n; X) = ¥ (a, 8,7, m; X), it follows by Lemma
2.4 that ¢(a,b,c,n) = ¢~ (a, 8,7, m), and thus

(—¢,=b—2cayi1, —a — ban41 — cas, ) = (—aal, + Bam — v, 2aa, — b, —aq).

Thus we have that —a — a, 110 — aiﬂc > 0 as desired.

Finally, consider the case where m > n + 2, and here assume for the sake of contradiction
that —a — an41b — a2, ;¢ < 0. By minimality of m, note that ¢~ '(, 5,7,m) ¢ QF, so it
follows that

—ozafn—i-ﬁam —v>0.
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Since (¢ (a,b,c,n); X) = (¢~ e, 8,7, m); X), we have
62 o+ (a+bagir +cal )02 1 + (b4 2¢an11)00 410012
=(aa, — Bay, + )62, + adZ,_ | + (B — 2aam)6m—10m
Gy + (@4 baniy + caly)gy — (b+ 2¢an11)qnGnia
=(aay, = Bam + 7)1 + G5 = (B — 20am)Gm—2Gm-1
and thus we have
(B8 — 20a,) 0 —10m — (b + 2¢ap11)0n 410012
= Oy + (a4 by +cap )0y, — (aay, — Bag, +7)0;, —adn,_; >0
(8 = 20am)Gm—2Gm—1 — (b + 2€an11)GnGni1
= —cqp1 — (a+banys + cal))g; + (aal, = Bam + 7)1 + agh,_5 < 0.

Together, these give
5n+16n+2 5 - 2aam < dndn+1
5m—15m — b + 2can+1 o qm—29m—1 .

.o .o . L. ” 5116
This is a contradiction, since it is known that It <] < Zpimds, O

Now, we present a lemma which highlights the differences between the case where D is a
square and the case where D is not a square.

Lemma 2.7. (a) D is not a square, then
Z w(a,b,c,n;x) = 0.
(a,b,c,n)eﬂ%
(b) If D =m? for some positive integer m, then

. B(ma) — B(mxz)
Z Y(a,b,c,n;x) = 5 ,

(a,b,c,n)€NS,

(¢) We have that

1 1 m?2 m
S w(—a,m,0:3) = sB(ma) — — + o — T p(a).
2 (—a,m,0;z) 5 (max) 75 + 5 5 k(x)

1<a<man4+1

Proof. First we consider the case where D is not a square. Let (a,b,c,n) € ), and set
¥(a,b,e,n; X) = aX?+ X + . One can check that 82 — 4ay = b? — dac = D, so since D
is not a square, we have that ¢ (a,b,c,n; X)s = a # 0. Thus

> w(abeniz) =0,

(a,b,c,n)€N3,

completing the proof of (a).

Now set D = m?. We wish to characterize (a,b,c,n) € Q5 such that ¥ (a,b,c,n; X)s = 0.
That is, we wish to study (a, b, c,n) € ), with
Gn—1 An
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For such tuples, it follows that
W(a,be,n; X) = ((=1)"(aqs — c@2_1)/@ndn-1) X + (1) (apngn — cPr-14n-1)/@ndn—1
= (=1)"" (mX —no)

where ng is a positive integer and n # 0.
For such tuples with n = 1, one can check that (a, b, ¢, 1) = (—ng, m—2nga;, ma; —nga?, 1).
Here we have

¢71(_n07 m — 2n0a17 ma; — noa’i 1) = (07 —m, Ny, O) g Q/Da

but if n > 1 we have

nQGn—3  CQp— agn  CQn_
gb_l(a,b,c,n):( 2 A 2,2ana—i—g,—a,n—l>EQ'D,

qn—1 dn qn—1 dn
Thus the 4-tuples we wish to characterize here are of the form
¢k(0> —m, Ny, 0)

for k > 1 and ng > 1. We need only work to determine which choices of k& and ng give
"0, —m, ng,0) € Q.

In order to do this, we must better understand ¢*(0, —m, ng,0), which is computed by
iteratively applying k£ matrices to the polynomial —m.X + ngy. That is, we need only find the
coefficients of the polynomial

cvmrenn(§ I ) ()

Since one can prove inductively that

1 ai) \1 a L ay Q-1 qr )’
we have that ¢*(0, —m, ng,0) is found by taking the coefficients of the polynomial
(ZD (=mXno) (z:j g:) = (1) [ak—1 (Roqr—1 — mpr—1) X + (- ) X + qx (noge — mpy)] -
That is, ¢*(0, —m, ng, 0) € ), if and only if
(—=1)*(nogr—1 — mpy—1) <0
(—1)*(nogr — mp) > 0,
ie.,
_1)k 1k 1,
(=D, _ (=10 _ (=1)"pe-1
dk m qk—1

Finally, since py/qx > @ when k is odd and py/qx < = when k is even, and ¢(¢*(0, —m, ng, 0); X) =
(—=1)*1(mX — ng), we have that

Z ¢(¢k(0a —m,ng,0);z) = {mx —ng 0< < .

—~ 0 otherwise
¢k (0,7’”1;1,0 70) ES-ZID
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Then summing over ng > 1 gives

Yo dlabemz)=> > ("0, —m,ng,0); )
(a,b,c,n)€N3, no>1 k>1
% (0,—m,no,0)€Q,

= Z max (0, mx — ng)
no>1
_ B(mz) — B(ma)
- 5 ,
as desired (note that the last equality can be found on page 1162 of [9]).
Finally, in order to establish (c), we follow a computation in Section 10 of [9]. Define

man+1

Ep 1= Z Y(—a,m,0,n;x).

a=1

By rearranging as in [9], one can prove that &, = 2 (md2 — md2, 5 — 6,0n41 + Gps10n42) , SO

it follows as in [9] that

m
2

> 1 1 m? m
Z w(_aa m, Oa l') = ;gn = §Bg(mx) — E + 7 — 5%(1’),

n>0
1<a<man+1

as desired. O

3. PROOFS OF THEOREM 1.1 AND COROLLARIES 1.2 AND 1.3

3.1. Proof of Theorem 1.1. First consider the case where D is not a square. Recall from
Section 2.3 that that all of the polynomials of the form v (a, b, ¢, n; X), where (a, b, c,n) € Q%,
are distinct and contained in €2p, so we need only check that there are no others. In order
to do this, we need only show that

Z w(aa ba C,?”L;ilf) :AD<:C>
(a,b,c,n)eNy

To see this, recall from Section 2.3 that Z(&b’c’n)eﬂb ¥(a,b,c,n;x) = Ap(0). Thus we have

Z Y(a,b,c,n;x) = Z (a,b,c,n; )

(a,b,c,n)EQOD (a,b,c,n)EQOD

+ Z + + Z Y(a, b, c,n;x)

(oz,b,c,n)EﬂlDUQ%j (a,b,c,n)EQ%UQ‘}D (a,b,c,n)EQsD

— Z Y(a,b,c,n;x) = Ap(0) = Ap(x)

(a,b,e,n)eQ,

by Lemma 2.5(c), Lemma 2.6, and Lemma 2.7. This completes the proof of Theorem 1.1 for
non-square D.
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If D = m?, then the proof is similar; here, the computation in Section 2.3 gives that

Z w(aa b7 c,n;m) = :712<O)7

(a,b,c,n)€Q,
so we have
Z W(a,b,e,n;x) + Z (—a,m,0,n;x) — 1Eg(mat) + ﬂ2/-$(313)
b 0o n>0 2 2
(a,b,c,n)€N], 1 <aZiman 1
1 1 2 2
=l X - > |Ybema)+ (§B<mx> — S+ - %m)
(a,b,c,n)€Q,  (ab,e,n)eN,
1— m?

—51832 (mx) + 7/{@)

_ ( ' 0) B(mx) — IB%(m:r)) n }me) _Lym lﬁg(mx)

[\

as desired.

3.2. Proof of Corollary 1.2. By Lemma 2.3, we need only show that #Qp(z) = +o0 if
is quadratic over Q. Without loss of generality, suppose that 0 < z < 1.

It is known [2] that there is at least one binary quadratic form aX? + bXY + cY? of
discriminant D which is reduced, i.e., (since D is positive)

<\/E—b VD +b

0 <1<
2|al 2|al

Note that a and ¢ have opposite signs, since if they have the same sign, we have D =
b2 —dac < b2, so D — b2 < 0, and this contradicts the fact that 0 < /D —b < v/D + b. Thus
we may assume without loss of generality that a < 0 < ¢ (since either aX? + bXY + cY? or
—aX?+bXY — cY? will satisfy this property).

For these reduced binary quadratic forms , we now claim that the polynomials ¥ (a, b, ¢, n; X)
(for n > 0) are all distinct and contained in Qp(z), i.e., that (a,b,c,n) € QY. Note that

U(a,b,¢,n, X)2 = aqy — bGudn-1 + cqn_y = gy [A(qn/@n1)" = b(gn/@n-1) +¢] <0
since ¢n/¢n_1 > 1, and aX? — bX + ¢ < 0 for X > 1 since VDb 1, Similarly,

2|a|

Y(a,b,c,n,x) = ad, 4 + bbpi16, + ¢ = 62 [a(841/00)% + b(0ns1/0,) 4+ ¢] > 0

since d,41/6, < land 1 < @Tb. Thus we have that (a,b,c,n) € QLUQL. If (a,b,¢,n) € O},

then v (a, b, c,n) € Q% and in particular

—a — bayq — calq > 0.

This is a contradiction since ﬁ <1< @Tb. Thus (a,b,c,n) € QY for all n > 0 as desired.
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3.3. Proof of Corollary 1.3. Suppose that D =5 and 0 < x < 1. Then recall from Section
1 that

As(0) = {-X?+ X +1,-X? — X +1},
so by Theorem 1.1 we have that
Qp(z) C{yY(-1,1,1;X):n>0}U{y(-1,-1,1; X) : n > 0}.

Also, since —X?2 4+ XY +Y? is a reduced binary quadratic form, it follows from the proof of

Corollary 1.2 that

Since ¢(—1,+1,1;2) = =62, £ 0,0n41 + 5n, this proves the first statement of Corollary 1.3.
Furthermore, suppose that n is chosen such that a, # 1 and a,,; # 1. One can show that

(=1,-1,1,n) € QY as in the proof of Corollary 1.2, so —02,, — 0,,0,41 + 02 appears as a

summand as desired.

4. EXAMPLES

Here we consider discriminant D = 5, and various choices of . Recall that

Q5(0) = {—-X*+ X +1}.

If we first consider z = Y31 = [0;1,1,...], one can compute that the polynomials ¢)(—1, —1, 1, n; X)

2
are given by

(-1, -1,1,0;X) =~ X2+ X + 1€ Qy ((\/5— 1)/2)

D=1, -1,1,1; X) = — X2+ 3X — 1 € Qs ((\/5 . 1)/2)

Y(-1,-1,1,2X) == 5X2 45X — 1€ 0 (V5 - 1)/2)

B(-1,-1,1,3 X) = — 11X + 15X —5 € Qs ((\/5— 1)/2)
and one has that —02,, + 0,0n+1 + 02 = (—1,—1,1,n;x) appears in (1.1) for all n (as
guaranteed by the proof of Corollary 1. 3) The w( 1,1,1,n; X) are given by

w(—l,l,l,O;X):—X2—X+1g_ng,((\/g—l/2)
D111, X) =X2+ X —1¢Qy ((\/5—1)/2>
D(=1,1,1,2; X) = —XQ—X+1§ZQ5((\/5—1)/2>
Y(-1,1,1,3X) =X2+ X —1 ¢ Qs ((\/5— 1)/2)

and one can verify that none of the terms appearing in (1.1) are of the form ¢(—1,1,1,n;x) =
=02, 1 — 0nbpi1 + 02
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On the other hand, for z = /2 —1=10;2,2,...], we have
B(-1,-1,1,0,X) == X*+ X +1€ 0 ((V5-1)/2)
(=1, -1,1,1; X) = — 5X2 4+ 5X — 1 € O ((\/3 - 1)/2)
(=1,-1,1,2 X) = = 31X2 4+ 25X — 5 € O (V5 - 1)/2)

Y(-1,—1,1,3;X) = — 179X° + 149X — 31 € 05 (V5 - 1)/2)

and
D-L,1,1,0: X) = — X2~ X + 1€ ((\/5—1)/2>
Y1111 X) == X2 43X — 1€ 05 (V5 -1)/2)
D-1,1,1,2X) = —11X2+7X — 1€ Qy ((x/S— 1)/2)
W(—1,1,1,3; X) = — 59X2 + 51X — 11 € O ((\/5 - 1)/2)

2

and one can show that all of the values —¢;

1 £ 0nOng1 + 62 appear.

15

As Zagier described in [9], if z = % then some of these values appear as summands, while

others do not.

5. PROOF OF THEOREM 1.4 AND COROLLARY 1.5

First let us define the weight g Cohen-Eisenstein series. For nonnegative integers N, we
define H(2,N) as follows: if N = 0, then set H(2,0) := ((—3), and if N = 2,3 (mod 4),
then set H(2, N) := 0. For a positive integer N with Dn? = N2, where D is a fundamental

discriminant, set

(5.1) H(2,N) = L(=1,xp) Y _ u(d)xp(d)dos(n/d).
dn

Now define the Cohen-FEisenstein series by

11 T, 2 25

Hy(z):=Y H2N)¢" =— ——qg— =" - ¢ - =¢" — .
2(2) szo (2,N)q DT L L Y

Cohen [1] proved that Hy(z) € M;5/2(I'g(4)), and we have that

Ha(z) = ﬁ (6(=)° — 200(=)F(2)) .

where 0(2) 1= 320° _ ¢" € Myp(To(4)) and F(2) := 3220 01 (2n 4+ 1)¢**' € My(T(4)).

Now if D is a positive fundamental discriminant, note that

“5H(2,D) = —5L(~1,vp) = Ap(z)
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by Lemma 2.2. In fact, more is true; Zagier [9] showed that
—5H(2, D) = AD(Q?) = Qp

for all nonnegative integers D which are congruent to 0 or 1 modulo 4. Thus we must study

1 5 35 125
C5Hy(2) = —— + g+ g+ 24° + 5+ Y an
2(2) 24+12(J+12q + 2¢° +5¢° + q + - n>0a q".

We first note that —5H,(2) behaves well under the Hecke operator T)2. For f(2) = >~ -, a(n)q" €
Ms5,5(T'9(4)) and a prime p > 2, the Hecke operator is defined by

FET = 3 [atwn) +( ot + otn/s®)|

n>0

and it is known that f(z)|T,2 € M5/2(I'9(4)). First we show that —5H,(z) is an eigenfunction
of the Hecke operator T2 with eigenvalue 1 + p?.

Lemma 5.1. Let p > 2 be prime. Then we have that
—5Hy(2)| T2 = —5(1 + p*) Ha(2).
Proof. First note that dime¢ Ms/2(I'(4)) = 2, so we need only check that

—(1+p%)  5(1+p°
—5H2(Z)‘Tp2: <24 >+ ( 19 >C]+

To see this, note that

n
—5Hy(2)|T)2 = Z {apzn + p(}—)) ay, +p3an/p2] q",

n>0
so when n = 0 we have
—(1+ 3
ap+0+pPag = (14 p*)ag = %
and when n = 1 we have

5
oy + poy +0 = —5H(2,p%) + —p = —5((—=1) > _ pu(d)dos(p/d) +
dlp
5 5 5(1+ p?)
g pP=—————
12 12 12
as desired. ]

Before we prove Theorem 1.4, let us first define

—5Hy(2)|Up 1= u,(n)g"

n>0

“5H(2)|V; = 3 wyln)g

n>0
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where

up(n) = apn

vp(n) == sy i pln :
P 0 otherwise

It is known that —5Hs(2)|U,, —5Ha(2)|V, € Mo (To(4p), (2)) [7).

We also recall a useful theorem of Sturm [8], which states that if f(z) = > 7 ja(n)¢" €
M (To(N), x) is a modular form with integral coefficients, and a(n) = 0 (mod ¢) for all
k
n < 5[Fo(1) - To(N)),

then f(z) =0 (mod ).

Proof of Theorem 1.4. First note that since p = —1 (mod /), Lemma 5.1 implies that

A2, = (g) O + Q2 (mod £)

for all n > 0.
Note also that u,(0) = v,(0), and

Up(p) = 0y = a1 = vy(p) (mod 0),
but —5H,(2)|U, # —5H2(2)V,, (mod ¢). To see this, note that since p = 2,3 (mod 5), we
have

0,(5p%) = e = (}%) as =—2 (mod /)
u,(5p*) = agpr = a5 =2 (mod ¢),

s0 v, (5p®) # u,(5p?) (mod ¢).
Since the Sturm bound for —5Hs(2)|U, + 5Ha(2)|V,, € M55 (To(4p), (2)) is

5/2 5 3 p+1 5
—1e(1) : Todp)| = — -4p- = —— = — 1) <2
it follows that there exists some number 1 < n, < %(p + 1), ng # p such that

up(np) # vp(np) =0 (mod £).
This completes the proof since A,, (z) = u,(n,). O
Proof of Corollary 1.5. Let py,ps, ... denote the primes (in increasing order) which satisfy

the congruence conditions for p in Theorem 1.4. If ¢+ < j < k and piny, = pjn,, = prny, =: D
in the notation of Theorem 1.4, it follows that p;p;px|D, so

5
PiDiPr < PP
which is a contradiction. Thus at least half of the primes pq, po, ... result in distinct values
n,p as described in Theorem 1.4.
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The result then follows by Dirichlet’s Theorem on primes in arithmetic progressions, since
the primes pq, po, . .. constitute two arithmetic progressions modulo 5¢, and for each such p
we have

5
nypp < Zp(p +1).
O

Note that Corollary 1.5 only gives a lower bound for the number of nonzero coefficents
of —5H5(z) modulo ¢, which is not expected to be sharp (and does not even prove that a
nonzero proportion of the coefficients are nonzero modulo ¢). Naively, one might expect the
proportion of nonzero coefficients mod ¢ to be E;—;, since half of the coefficients are 0, and
we might guess that the other half are distributed evenly among the congruence classes mod
(. We give these expected proportions for the primes ¢ = 5,7,13 in the table below.

(| 7 11 13

= \ 0.4286 0.4545 0.4615

This guess, however, seems to be a bit higher than numerics suggest. To see this, we chose
various primes ¢ > 5 and computed the proportion

50, X) = #{0<D=0,1 (mo)c}él)gX : U1 Ap(z)}

for various large X. The following table lists the results.
X \ 07, X) 6(11,X) d(13,X)
102 0.42 0.43 0.49
103 | 0.382 0.421 0.462
10| 0.3767  0.4118  0.4485
10° | 0.37427 0.40910  0.44696

This table suggests that the values of the coefficients are not evenly distributed among the
congruence classes modulo ¢. Presumably, these numbers follow a distribution analogous to

the Cohen-Lenstra distribution which is predicted for class numbers of imaginary quadratic
fields.
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