Large deviations and renormalization for Riesz
potentials of stable intersection measures

Xia Chen* Jay Rosen'

October 17, 2009

Abstract

We study the object formally defined as

v([0,#)%) :// | Xs — X,.|“drds— E / | X, — X,| 79 drds,
[0,1]2 [0,1]2

(0.1)

where X, is the symmetric stable processes of index 0 < 3 < 2 in R%.
3

When g < 0 < min {55, d}, this has to be defined as a limit, in the

spirit of renormalized self-intersection local time. We obtain results
about the large deviations and laws of the iterated logarithm for ~.
This is applied to obtain results about stable processes in random
potentials.
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Let X; be a d-dimensional symmetric stable process of index 0 < ( < 2.
Thus we assume that there is a continuous function () on R? which is
strictly positive for [A| # 0, with

WrA) = rPp(\) and ¥(=A) =¢(\), r>0, AeR

such that

Eer Xt — =) 4> \eRY (1.1)

It follows that there is a constant C' > 0 such that

CTHAP <o) <CTHAP, A eR™
In this paper we study
n(A) = //A X, — X,|"7drds, ACR: (1.2)
and, more generally,
n*(A) = //A | Xs — X, — 2| 7drds (1.3)

for z € R%. We are particularly interested in the case A = [0,¢]* or [0,¢]2,
where for any ¢t > 0,

0,42 = {(r,s) e [0,4% r< s}.

Thus we will study
(0,42 = // X, = X, — 2|~ drds. (1.4)
(0,12

We can write .

P0.42) = | = sz (da), (15

where p4 for A C R? is the measure on R? defined by

,UA(B)://l{XsXTEB}deS' (16)
A



We refer to 4 as the intersection measure for the stable process X, since
whenever po 2 has a density ay(x) which is continuous at x, ay(x) is the
intersection local time for X;. In particular, if a;(x) is continuous at z = 0,
a;(0) is a ‘measure’ of the set {(r,s) € [0,t]2 | X5 = X, }.

(1.5) shows that n*([0,¢]2) is the Riesz potential of the intersection mea-
sure fugq2 - (In the terminology of [11], n*([0,#]2) is the Riesz-Frostman
potential of the intersection measure.)

Notice that ([0, %) = 2n([0,¢]2).
When 0 < ¢ < min{s, d},

t ps 1
E// | Xs — X, 7drds =E(|X1]77) // ———=drds  (1.7)
0,412 ' 0Jo (s—1)/P

is finite for all ¢ > 0, so that 7([0,#]2) < oo, a.s.

We are interested in Riesz potentials of intersection measures for two rea-
sons. First, our investigation is motivated by applications to polymer models.
Mathematically, a random polymer is modeled as a random path w whose
probability measure is given in terms of the Gibbs measure

P(w) = ieiH’f(‘“) dw. (1.8)
Z

Here Hi(w) > 0 is a suitable Hamiltonian which describes the interaction
between the monomers along the path w = {X,; 0 < s < t}, dw represents
the underlying measure on path space, and Z;, = E (e*#(+)) is the normal-
ization. In most models, the role of H; is to reward or penalize attraction
between monomers. The first case, with +H;, describes a “self-attracting”
polymer, while the second case, with —H;, describes a “self-repelling” poly-
mer. We refer to the recent book by den Hollander, [16], for a systematic
overview of polymer models.

In the existing literature, H, is often taken to be the self-intersection local
time, formally defined as

t pt
H, = // So(X, — X,)drds. (1.9)
0J0

In this model, the monomers along the path interact only when they intersect.



If one believes that all monomers along the path interact, but the strength
of the interaction decreases with distance, then the choice of

¢t
H, = // | X, — Xs| 7drds (1.10)
0Jo

would be a more realistic model.

The second reason for our interest in Riesz potentials of intersection mea-
sures arises from the ”polaron problem”, which originated in electrostatics.
See [15, 24] for general information. The integral in (1.10) is associated with
the asymptotics of the mean-field, or long range interaction, polaron, while

the integral
o—Ir—s|
——————drd
// ——re

is associated with a polaron with interactions which are exponentially damped
in time. Donsker and Varadhan [12] solved a long standing problem in physics
by showing that, for Brownian motion W, in R3,

e
D(@)E}H&%logE{ // IV; W|drds} (1.11)

exists and

j _ sup{// COTW) jrgy - L [ 19(a >|2dx}
—00 gEF> R3 xR3 |95— R3

where (with d = 3 in Donsker and Varadhan’s setting)

={g € L2R); gl>=1 and ||Vgll» < oo}

Mansmann ([23]) showed that for Brownian motion W; in R3, d > 3,

I 11 E 1/t/t L grd (1.12)
1m — —_— .
S og I exp n o Jo |WS—WT‘ T as
2(x)g? 1
sup{ [ [ £ W, o)
geF2 Rt Jra |7 =Yl 2

He was unable to extend this result to dimensions d = 1, 2.



Our first main theorem is the large deviation principle for n([O, t]2<) For

0<o<dlet
Cd,a

Sodfa()\) = |)\|d__a (113>

where Cyp = 7~%/2277T(432) /T (§). Wite
= fA+9f() p ? R "
g ?EEI/HW{ e /TP +7) I+ 00 Y| Pa-o(A)dA. (1.14)

Clearly, p > 0. According to Lemma 1.6 in [3], 0 < p < co when 0 < ¢ <
min{25, d}.

By the scaling property
n([0,42) £ 277 n((0,112), =0, (1.15)

2

we need only consider ([0, 1]2

) in the following theorem.

Theorem 1.1 When 0 < o0 < min{f3,d},
20 —o0o
B

lim a=%/° logP{n([O, 12) > a} = —2_ﬁ/"z< )26;0/)_5/”. (1.16)

a—00 /6

Using scaling, (1.15), and Varadhan’s intergral lemma, [10, Section 4.3], we
obtain the asymptotics

. t et
lim t—?wlogEexp{// |XT—XS|“drds} (1.17)
0J0

t—o0

B—0 16 =N

()
B \26-0

for the partition function in the self-attracting polymer model with Hamil-

tonian defined in (1.10). Note that when d = 3, § = 2 and ¢ = 1 this

becomes

t pt 1 4
lim t 2 logE —drds y = —p°. 1.18
et exp{/o/o W —wi S} 27" (118)

Comparison with (1.11) shows a striking difference between the asymptotics
of polarons with long range interactions and those with exponentially damped
interactions.

Theorem 1.1 implies the following laws of the iterated logarithm for n([0,¢]2).

5



Theorem 1.2 When 0 < 0 < min{f,d},

limsupt ™7 (loglog 1)~/ ([0, 12 ) = 2p(

t—o0

" 280
g) /6<2ﬁ6— 0') i

almost surely.

3
We are also interested in the situation where § < ¢ < min {55, d}. In

this case En([O, t]2<) = 00 by (1.7). We intend to show how to make sense of
the object formally given by

/ / X, — X,|“drds — E / / X, — X,|“drds.  (1.20)
{0<r<s<t} {0<r<s<t}

This is reminiscent of the situation for Brownian intersection local time
in R?. In that case the measure 2 defined in (1.6) has a density a,(x)
which is continuous for all x # 0, but not for x = 0. To make sense of
a¢(0) we must ‘renormalize’. This was first done by Varadhan [30], and has
been the subject of a large literature, see Dynkin [13], Le Gall [21], Bass and
Khoshnevisan [4], and Rosen [26]. The resulting renormalized intersection
local time turns out to be the right tool for the solution of certain “classical”
problems such as the asymptotic expansion of the area of the Wiener and

stable sausage in the plane and fluctuations of the range of stable random
walks. (See Le Gall [20, 19], Le Gall-Rosen [22] and Rosen [25]).

There are now several ways to ‘renormalize’ the Brownian intersection
local time «a;(0). We briefly recall one such method, since we will use a
similar method to renormalize 77([0, t]2<) Let us write a(z, A) for the density
of the measure p4. Thus, a;(z) = a(z,[0,t]2). It can be shown that for any
a <b<c<d, fijapx[,q has a continuous density a(x, [a, b] x [c,d]). We then
note that [0,¢]2 has a decomposition as

0,82 = U2, UP S Af (1.21)
where o0 2A+1 A+1 2+2
k_
A = gt g t) x| et e t) (1:22)
It can then be shown that
oo 2F—1
ST (a0, AF) - E(a(0, AF))) (1.23)
k=0 [=0



converges, and the limit is called renormalized intersection local time.

In the following section we shall carry out a similar program to renormalize
77([0, t]2<), which will give meaning to the formal expression in (1.20). The
resulting object will be denoted by ”y([O, t]2<) This will make perfectly good
sense in the context of (1.8), which will now be “renormalized” to

1

Py(w) = ?eiw([o’tm dw. (1.24)
¢

The second main result of this paper is to show that 7([0, t]2<) has large
deviation properties and laws of the iterated logarithm similar to those es-
tablished above for ([0, t]%) when 0 < ¢ < min{g, d}.

3
Theorem 1.3 When 0 < ¢ < min {Eﬁ,d},

26 — o\ 5

lim a=%/° logIP’{y([O, 12) > a} = —2_’8/Uz< 3 )JU,O_B/U. (1.25)

a—00 /8

Consider the special case 3 = 0 < d. Combined with the scaling property
given in (2.9) below, Theorem 1.3 shows that the self-attracting polymer
measure (1.24) ‘collapses’ in finite time, by which we mean that

E exp {7([0,75]2)} { = > i i ﬁ:: (1.26)

Theorem 1.3 also indicates that the self-attracting polymer with H, =
7([0,%]%) is not well defined when ¢ > 3. But it is not hard to show that

Eexp{ - ’y([O,t]i} < 00

3
for every t > 0 if 0 < ¢ < min {§ﬁ,d}. A problem relevant to the self-

repelling polymer is to investigate the asymptotics of

Eexp{ = n([0.12) } or Eexp{ —5([0,12)}
as t — 0o. We leave this to future study.

Theorem 1.3 implies the following laws of the iterated logarithm for ([0, ¢]%).

7



Theorem 1.4 When § < o < min {gﬁ,d},

B\
?ﬂ—0> . (1.27)

hmsupt (loglogt) J/ﬁ'V([Ovt]i) - 2p<§>0/6(

t—o0
almost surely.
We next describe an application to the study of stable processes in a
Brownian potential. Let W denote white noise on L?(R%, dz). That is,

for every f € L*(RY, dx), W(f) is the mean zero Gaussian process with
covariance

EW(HW(g)) = ” f(@)g(x) de, (1.28)

which we take to be independent of our stable process X;. W(f) can be
considered as a stochastic integral

WA = [ )W) (129

with respect to the Brownian sheet, [31].
Recall the identity

o 1
|z — z|_T|y — z|_ﬂdz =C———,
Rd |z —y|”

o P -
o(d+o —o\’ '
() (=)

see [11, p. 118,158] or [28, p. 118. (8)]. Then, if we set

z,y € R (1.30)

where

&(t,x) / | X —m|_m ds, (1.32)
we see by Fubini’s theorem that

n([0,¢*) =C | &(t,2)’de < oo, a.s. (1.33)

Rd



Hence, almost surely with respect to X,

F(t) = W(Et) = [ &to)W(de) (1.34)

R4

is a mean zero normal random variable with
2
E(F?(t)) = 577([0,15]1). (1.35)

By a stable process in a Brownian potential we mean the process described
by the measure

1 t
Qt = —e fO V(Xs)ds —Pt7 (136)
t
where P is the probability for the stable process {Xg; 0 < s <t}, Z; is the
normalization and the potential function V(z) is of the form

Vi) = [ K- oWy, (137
R
where K(x) is a function on R? known as the shape function. Roughly
speaking, (1.37) represents the interaction with a field generated by a cloud
of electrons W (dy) with random signed charges and locations in R¢. We refer
[6] and [29] for more information.

When K (z) = do(x), the action fg V(X)ds corresponds to a stable process
in Brownian scenery ([17], [18], [5] and [8]). When K(z) is bounded and
locally supported, the long term behavior of fot V(X,)ds is similar to that of
the stable process in Brownian scenery.

d d
Let 3 < p < min {d, %ﬁ} The random potential function

1

V() z/ W(dy), zcR? (1.38)
. Re |y — xfP

has a very intuitive physical meaning. When d = 3 and p = 1, it represents

the electrostatic potential energy generated by a cloud of electrons W (dy).

Unfortunately, the random potential function (1.38) is not well-defined, since

IEVP2(;1:) = oo for every x € R%. However, as we have seen,

F(t) = /R [/Ot Iy—d—iﬂp} W (dy) (1.39)



is well defined. Here we have taken o = 2p — d. Because of (1.36), we refer
to F'(t) as the action for a stable process in a Brownian potential.

It is easy to see that for each t > 0,

4 28-2p+d

Ft) 275 (1), (1.40)

The following corollaries about large deviations and laws of the iterated log-
arithm for F'(¢) will follow from Theorem 1.1.

Corollary 1.5 ]f < p < min {d %ﬁ} then

lim q % logP{ + F(1) > a} (1.41)
_6+2p—d<&)ﬁ+zw<2ﬁ—2p+d> Pt
p 8pp 5

where the constants

)

Y
ST

and

Pp = Sup
1 fll2=1 /R4

/ { FOA+7)f()
re /1 + VA +7)v/1+9(7)

come from C and p defined in (1.31) and (1.14), respectively, with o = 2p—d.

2
dv} Pad—p)(A) dA

Corollary 1.6

limsupt~ A (log log t) N { + F(t)} (1.42)

t—o0

B \EEE, g
j/%f(m) =

10



We have also obtained a variational expression for p. Let

&f ) = 2m [ APIFFax (1.43)

and
Fo={f € L*(R)|fllz=1, &(f, f) < oo}. (1.44)
We show in [3] that

R (= L S

ge€F3 |.I' + y|U

when 0 < 0 < min{24,d} and we derive a relation, [3, (1.20)], between p
and A,.

Outline: In Section 2 we show how to renormalize 7([0,#]2) when 3 <
o < min(3/3/2,d), and establish some exponential estimates for n([0,¢]2) and
7([0,%]2). In Section 3 we establish high moment asymptotics for n([0,]%)
and ([0, ¢]2) which lead to the proof of our main theorems on large devia-
tions, Theorems 1.1 and 1.3, in Section 4. The corressponding laws of the
iterated logarithm are established in Section 5. Section 6 deals with F'(t),
the action for a stable process in a random potential. Finally, in a short
Appendix, Section 7, we give details on approximation of p which is used in
Section 3.

Conventions: We define

7o) = /R () da (1.46)

With this notation
flz) = (2m)7 /R ) e~ A F(N) da, (1.47)
Frg) =TGN, Fgh) = (2m) () *g(N), (1.48)

and Parseval’s identity is

(f.9) = (2m)~f.9). (1.49)

11



If ® € S’(R?), the set of tempered distributions on R%, we use F(®) to denote
the Fourier transform of ®, so that for any f € S(R?)

F(@)(f) = 2(]). (1.50)
It is well known. e.g. [11, p. 156], that ¢, , € S'(R?) for any 0 < o < d and
Floae) = (1.51)
Pd—o) = 7 5- .
|z
2 Renormalization
We begin by proving an exponential integrability result for 77([0, 1]2<)
Theorem 2.1 [f0 < ¢ < min{f,d}, there is a ¢ > 0 such that
2\B/c
E exp {cn([(), 1%) } < 00. (2.1)

Proof. Recall that by (1.33), for each t > 0, £(t,z) € L*(R?, dz) almost
surely. By the triangle inequality, for any s,¢ > 0,

{ Rdé(s+t,x)2dx}1/2
<{ Rd«w)?dx}m +{ [ Tt 5<s,x>}2daz}l/2-

Notice that the integral

/Rd [é(s +t,x) — f(s,$)]2dx

=0t // 1 Xy, — X, dudv
[s,5+1]?

= 0_1 // |X5+u — Xs+v|_a du dv (22)
[0,£]2

12



is independent of {X,; 0 <wu < s} and has the same distribution as

£(t, x)%de.

R4

The process
1/2
{ g(t,x)2d:c} , t>0, (2.3)
Rd

is therefore sub-additive. By Theorem 1.3.5 in [7],

1/2
E exp {0{ f(t,x)de} } < oo, VO,t>0,
Rd

and for any 6 > 0, the limit

t—o00

1 1/2
L(#) = lim n log E exp {0{ §(t,:c)2dx} }
Rd

exists with 0 < L(0) < co. Using Chebyshev’s inequality we find that

1
lim sup — logIP’{ E(t,x)dr > t2} < =1
]Rd

t—o00 t
for some [ > 0. By the scaling property given in (1.15),

1
lim sup i log ]P’{ €1, x)*dx > ta/ﬁ} < -,
R4

t—o00

which leads to (2.1). m

3
We now show how to renormalize 7([0,¢]2) when 8 < o < min {55, d}.

Recall that in this case En([0,]2) = co. We will show how to make sense of
the object formally given by (1.20).

To proceed further, let X, be an independent copy of X; and define the
random measure

C(A) ://A X, — X,|%dsdt A cC (R)2 (2.4)

13



By [3, Theorem 1.1}, ((A) < oo a.s. for every bounded A and

¢([0,4%) £ -7/%¢([0,1)?), t>0. (2.5)

Further, by [3, Theorem 1.2] there is a # > 0 such that

E exp {ec([o, 1]2)"/"} < . (2.6)

Note that for any 0 < a < b < ¢ < 00,
n([a,0] x [b,¢]) = ¢([0,b— a] x [0,¢ —b]). (2.7)

To make sense of (1.20) we shall use Varadhan’s triangular approximation
(see, e.g., Proposition 6, p.194, [21]). Let ¢ > 0 be fixed. Recall the subsets
AF defined in (1.22). By (2.5) and (2.7) we have

a4 £ ([0, o] ) L2 e (0,17, (2.8)

In addition, for each k > 0, the finite sequence
n(AF), 1=0,1,---,2F -1
is independent. Consequently,

2k 1

Var ( Z n(Af)) — (9~ (3-20/B)k
1=0

Under 0 < 0 < min{3/3/2, d}, therefore,
:|2}1/2

Eb>
o3 fra (Soe) ) o

2k_1

> (nAh) — Encah))

=0

k=0
k=0 1=0
Consequently, the random series
0o 2k
S {3 (ot - Eaa) }
k=0 ~ 1=0

14



convergences in L?(Q, A,P). We may therefore define

v([0,£2) = i { 2’“2—1 (U(Af“) - En(z‘ﬁ“)) }

k=0 =0

This will be our definition of the the object formally given in (1.20). As in
(1.15),

~([0,82) £ 2755 (j0,1]%), ¢ >0. (2.9)

As in Theorem 2.1, we have the following exponential integrability.
. (3 :
Theorem 2.2 [f0 < ¢ < min {ﬁﬁ,d}, there is a ¢ > 0 such that

Eexp {ch([O, 1]2<)‘ﬂ/0} < 0. (2.10)

Proof. When o < (3 this follows trivially from Theorem 2.1. We can there-
fore assume that p = 8/0 < 1. Again, we use the triangular approximation
based on the partition (1.22) with ¢ = 1.

In view of (2.6) and (2.8), applying Lemma 1, [2] to the family of the i.i.d.
sequences

{2(k+1)(2—0/ﬁ) [C(A}) —E¢(4))]; 1=0,1,---,2F — 1}, k=0,1,---

gives that for some 6 > 0

2k 1
sup E exp {9’2_’“/2 > MR [C(AF) — BG(A)] ’ﬁ/ } < 00,

k=0 1=0
or
2k 1 8o
e® = supE exp {20’“9’ Z [C(A}) — EC(A})] ‘ } < 0 (2.11)
k=0 1=0
where 35
=22 150
a4 20



For each N > 1 set
N
bi=0, by =0]] (1 - 2*@0‘*1)), N=23,
j=2

By Holder’s inequality and the triangular inequality
N 2k
E exp { Z Z
k=0 =0
N—
Eexp { Z
k=

Eexp {2“ (N=1),

2k—1

—EB(A})] r/a}

—EB(A47)] ‘%}] 1-27e

9—a(N-1)

=0

z; mmm\ﬁ”}]

Notice that by < . By (2.11) we have

N 2k-1 8/c
E exp {bN Z Z — EB(A)] }
N—-12k—1
< exp {CTW*U}Eexp {le Z —EB(A})]
k=0 [=0

6/0}

Repeating the above procedure gives

N 2k—1

Blo
>3 s -maad)]| |

cop{eS ) coplo(i-2) <

k=0

E exp {bN

Observe that .
=0 (1-270"") >0,
j=2
By Fatou’s lemma, letting N — oo we have

Eexp{ ‘7(01 )|ﬁ/ }Sexp{C’(l—Q‘“)_1}<oo.

16



Among other things, we now show that the family

{7(0.42) =0}

has a continuous version.

3
Lemma 2.3 Assume 0 < o < min{iﬁ, d}. For any T > 0 there is a
c=c(T) > 0 such that

7 ([0,12) = 7([0,5]2) "
orelor Eexp {c [t — 5| /(20) } < 0.

s#t

Proof. For 0 <s<t<T,
v([0,812) = ~([0,52) = v([s,1]2) +~([0, 5] x [s,]).

Notice that .
v([s,812) = (t = 9)*77P5((0,1]2).

By Theorem 2.2, there is a ¢; > 0 such that

(s, 82)]7"
s,tself{,)T]EeXp{c |t — s|@3-0)/o— 1} < 00
s<

In addition, by (2.7)
7(10, 8] x [s,8]) £ ¢([0, 5] x [0, — 5]) —EC([0, 8] x [0, — s]).

In view of (1.30),
C([O,s] x [0,t — s]) =C Rdf(s,a:)é(t— s, x)dx,

where

o+d

t t
g(t,x):/ |Xu—x|_UT+ddu and {(t,$):/ X, — 2|72 du.
0 0

17



By independence, for any integer m > 1,
E[¢([0,5) x [0,t = 5])""]

_om /(Rd)m day -« da,, {Eﬁf(s, mk)} {]Eﬁ&(t - s,a:k)}

k=1 k=1
m 24 1/2
SC’m{/ dx1-~dxm[]EH§(s,xk)] }
(RE)™ k=1
m 24 1/2
X dzy - - dz, {E E(t— s, xp) }
. Il

2ﬁfo'm Qﬂfo'm m
=5t — ) 5 E[g([o,u?) }
Checking (2.6), there is ¢ > 0 such that

sup Eexp {02‘7([078] . [S’t])‘ﬁ/g} < 0.

5,t€[0,7] It — s T
s<t

The proof is now complete. ]

Recall that a function ¥: Rt — R is a Young function if it is convex,
increasing and satisfies U(0) = 0, lim, o, V(z) = oo. The Orlicz space
Ly(92, A, P) is defined as the linear space of all random variables X on the
probability space (2,4, P) such that

[X|e = inf{c > 0; E¥(c'|X]) <1} < o0

It is known that || - ||¢ defines a norm (called Orlicz norm) under which
Ly (92, A, P) becomes a Banach space.

We now choose the Young function W(-) such that W¥(z) ~ exp{z”/?} as
x — oo. By Lemma 2.3, for any 7" > 0 there is ¢ = ¢(d, 8,0,T) > 0 such
that

(0. 2) =7 (0.52) |y < elt—s|®*VCD stefo 1) (212)

18



By Lemma 9 in [9], the family {7([0, 2) ¢t > O} has a continuous version

and in the future we will always use this version. Furthermore, for any

0<b< 27,
0,t%2) — ([0, s]?
ap 2O () |
0<s<t<1 |t — s ¥
Equivalently, there is ¢ > 0 such that
B/o
7 ([0,42) — ([0, 5)2)] }
Eexp<c su < 00. 2.13
p{ ogectsl |t — s[*0/e (2.13)

3 High moment asymptotics for the smoothed
version

Throughout this section we assume that
0 < o0 < min{24,d}. (3.1)

We define the probability density function

d :
9 2
=C! H ( s;n.x]> ;o x=(ry, - ,1q) €R? (3.2)
j=1 !

where C' > 0 is the normalizing constant:

/Rdl—[ 2sm:ck> diy - dey,

Clearly, h is symmetric. One can verify that the Fourier transform B is

h(\) = / Aw)edz = O 2m) (Loy e+ 1o e ) (V).
R4

In particular, his non-negative, continuous, with compact support in the set
[—2,2]¢, and
h(A\) < h(0) = 1. (3.3)



For each € > 0, write

he(z) = e ?h(e'z), z€RL (3.4)
Let R
Cd gh2(€)\)
A) = — .
pa,e( ) o+ |)\|d—o" (3 5)

and note that by (3.3)

pa,é()‘) S @0,6()‘) S (Pd—a(/\)- (3.6)
Set
Ope(x) = /Rd e 00c(N) dA, (3.7)

and for any A C R? define
Do (A) = / / e (X, — X,,) ds dss. (3.8)
A

Then

Nae([0,7]?) = / / / dei(Xsl_X$2)')‘g9a76()\)d)\dsldSQ (3.9)
0 0 R

T 2
= / Pac(N) / e ¥ods
R4 0

dA.
Let f()\) be a continuous and strictly positive function on R? such that

FEN) =F) and [ AN pac(NdA = 1.
R
By the Cauchy-Schwartz inequality

/R ) Pac (N () { /0 ' e“'XSds] d)\'.

Do ([0, 712) % >

Hence,

E [0, (10,71%)""]

z/n d)‘l"‘d)‘n(ljpa:e(/\k)f(/\k)ﬁ/

[0,7]"

dsy - - - ds, exp {iZ)\k . Xsk}.
k=1
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Let 3, be the permutation group on the set {1,--- ,n} and adopt the nota-
tion
0,4 = {(51,..- (50) €0, s << tn}.

We have

E/ d31-~-dsnexp{i2)\k-Xsk}
[0,7]" k=1
= dte™t / dsy - --ds,Eexp {2 Z Ak Xsk}
0 [0,¢]" =
= Z / dte_t/ dsy---ds,Eexp {z Z Ao(k) * Xsk}.
0 [Ovt]z k=1

O'Ezn

Write

I
VN
>~
S
o,

S
N———
—~
Is

ol
Is

ol

I

SN—

Z )\U(k‘) ’ Xsk
k=1

By independence,

n n n 8
E exp {z > Aoy - Xsk} = exp { =) (56— s6-1)| D Aeis) }
k=1 k

k=1 J=
Therefore,
E/ dsl---dsnexp{iz)\k'Xsk}zZHQ<Z)‘UU)>
(0,7]™ k=1 oes, k=1 j=k
where Q(\) = (1 + w()\))_l-
Hence,
]E|:7704,e<[0a 7_]2)”/2} (3.10)
>3 / aAr--dh [T oac) fOx) TTQ( - o)
oex k=1 k=1 =
= n‘/ di---dh (T @a,e(M:)f()\k) I1 Q( Aj>
" k=1 k=1 =k



By a change of variables
/n dA; - - dAn(H pa,e(Ak)f(Ak) I1 Q(Z Aj)
k=1 el

_ / Ay - -dAn(ﬁ Oae e — Me1) fF (O — A;H)Q(Ak)),

where we follow the convention A\g = 0.

Applying an argument based on the spectral representation of self-adjoint
operators in L? (see, (3.7)-(3.10) in [3]) to the right hand side,

.1 1
liminf —log — [ dA;---d\, (H Oae( M — Mo—1) f( A — )\k—1)Q()\k))

n—oo n n: Jgrn

> log sup /deae [/ VOA+71)VR()g(A+7) (v)dv]dk

llgll2=1
(3.11)
Write
2
Pa,e = SUp / Pere (A {/ VOA+71)VQR()g(A+7) (V)d’V} dx. (3.12)
llgll2=1

Taking the supremum over f on the right hand side of (3.11) leads to the
conclusion that

1 1
hmmf—log E[nae([O %) /2} > §logpa,€. (3.13)

n—oo M

|

We note for future reference that it follows easily from (3.3) and [3, Lemma
1.6] that

R2(eN)| A4
0<p=pacs sw | (1—&> o) (3.14)
R4

llgll2=1 o+ A4

U VAl + VMg +7) (v)dvrcM

MR | i
o+ [A|de g
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< C sup
[lgll2=1

)

2




so that
im pae = p. (3.15)

a,e—0

Note also for future reference that for any ¢ > 0 and ¢ > 0,

L Caoh®(el
Nae([0,ct]2) = / / /Rd l(Xs1 = Xsp) A 2y |)\|(§ )d)\dsl dso (3.16)

; C h2(6)\)
2 i(Xes; —Xesy ) A — 40 d\ds: d

d )-cl/B Odoh (e))
= ————~d\ds; d
/ / /Rd ot N S1 A8
= d/ﬁ/ / / i(Xsy— st)/\Cd”hQ(E)\/cl/ﬁ> dXdsy dssy
Rd

a+ |\/cl/B|d=o

72 1/
— 2 U/ﬁ/ / / 1(Xsy =Xsp)A Cdah <€>\/C ) d)\dSl dss
Rd

acld=)/B 4 | \|d—

= 2 Cf/ﬂntlc(fi—ff)/ﬁ,ec_l/’6 ([O’t]<)

Lemma 3.1

. 1 1 2\ n/2 1
hinﬁsolipglog HE [770676([0,7] ) } < 510%904,6- (3.17)
Proof: Let R
—~ e Cdgh(e)\)
Oae(x) = [ =202 dA, 3.18
o) = [ e o] (318)
and
_ / / 6o (X, — Xo, — 2) ds1 dsp. (3.19)
A
Then

T T h A
ac(0.7) = / / / e!t¥™ Xeg—xw—cda A inds, ds,
. o Jo JRrd + [A]d=e

N 2
— / e—iz-)\ Cd,O'h(E)\) / eiA'XSdS d)\, (320)
Rd a+ A7 ] o
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so that

770476([0,7]2) :/hg(a:) 2,5([077]2) dx. (3.21)

Let M > 0 be a large but fixed number. Define the random measure 1;26()

as 3
L (A) = yuite(a)
yEZ4
and write
= Z he(yM + x).
y€Z4
Then

He(0.712) = 3 /[ M 2 (0,7

< /[ o FO Ttz

In addition, by Parseval identity,

By the periodicity of A,

/[OM he(x )exp{—z—ﬂ(y x)}dx

27

((zM + z) exp { —i—(y - x)}dx
eZd OM]d M

2
/ zM+x)exp{—i—7T(y-(zM—i—x))}dm
z€74 [0,0]¢ M

- [ e a2

24



Similarly,

/[OM ) 2 ([0,7]%) exp {z%(yx)}dz
/ (U exp{—z’%(y-x)}dw
odah(;@ey) /Texp{i%(st)}ds

ot Byl
where the last step follows by (3.20).

= (2m)*

Y

Summarizing the computation,

Nae ([0, T]Q) (3.22)

< (31) 2 e (57)

y€EZ4a
2\ d 21 T 27 2
= (1) T ou (G)| | oo {57t X pas]
yer 0
where MM
E:Wﬁ——g—}
me TeE

and the last step follows from the fact that h()) is supported on [—2, 2]
Write

27
7Tcu,e,M(y) = Pa,e (My) .

Let H be the finite dimensional U-space of the complex-valued functions g(y)

on F with
1/2
||g||={2|g S~ >} .

yelk
Let the subset U C 'H be defined by the property

9(y) =g9(—y) yek
Let 6 > 0 be a small but fixed number. There are fi,--- , f; € U such that

lgll < (1+0) max |[(f;,9)] g e€U.

1<5<1
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In particular,

{ZMEM

exp {ZQMW(y X )}d

vl
(149) oo ZM ) e {1500 X0 s
= (1+0) max yezZ:dW“M 0 fily /exp{z%(y-xs)}ds.
By (3.11),
E [na,e([O, )" 2} (3.23)
<A+ (%)MZ E| D Tocn(®)fi(y /eXp{i%(y-Xs)}dsn
=1 | ez

We now intend to establish

n

T 27
hflf;ip - log IE Z Taem(y) fi(y) /o exp {zﬁ(y : Xs)}ds (3.24)
y€Z4
1 1
2 OglL16A4
for each j =1,--- [, where
2T
Pa,e,M = SUP Pa,e\ 7, (325)
m2=1;§%; <A4- )
2
{Z\/Q :r+y \/Q x+y)g(y)] ,
yeZd

where the supremum is over all functions g(z) on Z? satisfying

lglo = { >, gQ(y)}l/2 =1

yeZd
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Write f = f;. Using estimates of the form
1/2 1/2
E|X|2m+1 < {]E|X|2m} {E|X’2(m+1)} :

we need only consider the case n = 2m. That is, we need only to show that

2w
lim sup — . log @m)] ‘ZWMM f]( )/ eXP{ZM(ZﬁXs)}dS

2m

1
< 5 10g pae. - (3.26)
Indeed,
E|' S oo (@) f( )/Tex {@'2—”( X)}ds "
—~ a,e,M ) 0 p M ) s
Yy

- Z (H WavevM(yk)Waye,M(ym+k)f(ylc)f(ym+k))

Y1 yam€Zd k=1
Z |: ym—f—k X5m+k)i|}

XE/ dsl---dSQ,neXp{i
(0,72 k=1

- Z (H Tov,e. (Un) f ()

Y1, Y2m €24 =

Sk

2m

2
E dsy -+ - dsopm p X)) b
/[Oﬂzm 51+ + dSom €XP {@MZ(yk k)}

k=1

Similar to the computation for (3.11), (with n = 2m), the right hand side
is equal to

(2m)! Z (HWQEM Yo — Yk—1)f(Yx — yk—l)@(%))-

Y1, 5Y2m ez -

Observe that the same argument of spectral representation used in the
proof of (3.11) gives

2m

lim QL log Z (HWQ,G,M(yk — Yr—1)f (g — %4)@(3/19))

m—oo LM,
Y1, y2m€LE k=1

= log pa,e,M(f)
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where

pucn($) = 510 3wl =)~y Q) @ () atroto)

=1
lgl2 z,yeZd

= o Xm0 oG )y o x+y>g<y>]-

1912=1 70 yezd

Hence, (3.26) follows from the fact that pocnm(f) < /Paerm, (Cauchy-

Schwartz).
By (3.23) and (3.24),

1 n 1 2m\d
hmsup—log E[nag([o ]2) /2] < §1Og{<Mﬂ> ,Oa,e,M}-

n—oo TN
We show in Theorem 7.1 below that

2T
lim sup <M> PaeM < Pae-

M —o0
This will then show that

1 n 1
lim sup — log E[nae([O %) /2} élogpwe

m
Combining (3.13) and Lemma 3.1, we have shown that
1 n 1

lim — log E[nae([o %) /2} = élogpave. (3.27)

n—oo M,
By Taylor’s expansion,

< oo for @ <p_1/2
(3.28)

Eexp [9 (na,ﬁ ([0, 7] ) 1/2}

=o0 for 6> ,0;16/2.

¢
/ e Xudy
0

In addition, replacing 7 by ¢ in (3.20),

e (0.7) = [ 0

28
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By the triangle inequality one has that for any s,¢t > 0

t 2 1/2
{/ pa,e()\>‘/ QM'X"dU d/\}
R4 0
s 2 1/2
< { / Dac(N) / e X duy dA}
R4 0
s+t 2 1/2
+{ / pa,e(A)‘ / e X dy d/\} :
R4 s

Notice that the random quantity

s+t )
/ pa,e(/\) / ez)vXu du
R4 s
t
:/ pa€<)‘) / ei)\.(Xs_‘—u_XS)du
Rd 0

is independent of 7,.([0, s]*) and has the same distribution as 7. ([0, ¢]?).
Consequently, for any 6 > 0,

log E exp {9<na,e([0, s +t]2)>1/2}
< logE exp {e(na,e([o, 3]2))1/2} +logEexp {e(na,e([o, t]2)> 1/2}.

Thus, the limit

2

dA

2

dA

L(0) := lim % log E exp {e(na,g([o, t]2)> 1/2} (3.29)

exists as extended real number. In view of the relation

E exp {e(na,e([o, ) 1/2} _ /OOO dte"E exp {6(%,6([0, t]2)>1/2},

and by (3.28) and the relation 7, ([0, ]?) = 2n4.([0,7]%),

<1 for 6< p2

lim %ngexp {0(7]&76([0,75]@)1/2} (3.30)

t—o0
>1 for 9>,/%.
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Let (X,,7) be an independent copy of (X;,7) and recall that the random
measure ((-) is defined in (2.4). Define

¢*(A) = //A X, — X, — x| dsdt, AcC (R)?

Coe(A) = /R Ba(2)C7(A)dr. (3.31)
By [3, Lemma 5.1], (with p = 2),
11 .
Jlim limsup—log WE[C([O, 7] % [0,7)) = Care ([0, 7] x [0, %])} — 0.

This leads, by an similar argument, to the fact that for any 6 > 0

lim limsup ! log E exp {H‘C([O, t1?) — Cae ([0, 1))

a,e—0t too T

1/2} —0.  (3.32)

4 Large deviations

In spite of their similarity, the large deviations in (1.16) and (1.25) require

different strategies. When 0 < o < min{3,d}, both parts, off and near

the time diagonal, make contribution to the large deviation given in (1.16).
3

When g < ¢ < min {iﬁ’ d}, on the other hand, renormalization makes the

off-diagonal part the only source that contributes to the large deviation given
in (1.25). Accordingly, different proofs are given for the two cases.

4.1 Proof of Theorem 1.1, 0 < o < min{3, d}

Recall (1.30)-(1.33). Since

nz([O, t]2) =C E(t,x)E(t, x + z)dx, (4.1)

R4

and translation is continuous in L?(R?), we see that n?

[0,¢]?) is continuous
in z, almost surely. Hence if f(z) € S(RY) with [ f(z)dz =1,

and defining

30



fs as in (3.4) we have

}siir(l) <//[07ﬂ2 |1 X — X, — 2|77 drds) fs(z) dz =n([0,1]%).

But

/ (// | Xs — X, — 2|77 drds) fs(x) dx

[0,£]?
_ // (/ X, — X, — 2|7 f3(2) da:) drds
[0,£]2

= / |z| 77 F5(x) dz,

where

Fs(z) = / - fs(x + X, — X,)drds
y

is in S(R?) with

2

¢
/ e Xsdsl| .
0
t 2
/ e X s
0

F\g(l‘) = //[o . ei(Xs_XT)'Af(é ) drds = J?((S A)

Hence using (1.51)

~

[ el Fstwyde = [ gaa 760 ax

This shows that

Hence using (3.20)

2

n([O,t]Q) - %,e([O,t]Q) = / [@d—a()‘) - @a,e()‘)}

R4

t
/ e Xs ds
0

Note that 7([0,#]?) — 7. ([0, %) > 0 by (3.6).

31
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As in the proof of (2.3), n([0,¢]?) — 7([0,#]?) is sub-additive. Hence, for
any 6 > 0
1 1/2
e {0108 ma(019) "}
T 2\ 1/2
o _ iIAXs
_ilprifologEexp {9(/Rd [0a—0(A) = Pae(N)] /0 e eds d/\) }
1 2\ 1/2
< IOgEeXP {9 (/ [@d*G<A> - pa,e<)\)] / elA.Xst d)\) }
R4 0

Applying the dominated convergence theorem (based on Theorem 2.1) to the
right hand side leads to

i lim %E exp {e(n([o,t]2) - na,e([o,tP))l/Q} —0  (48)

for each 6 > 0.

Using (3.30) and (3.15) we obtain that

, 1 L |12 5
hmsupglog]EeXp Gl‘n([O,t]<)‘ <1, 6;<,y/-,
t—o0 p

1 2
liminleogEexp {92 } >1, 03> 4/-.

a(0.2)]"*

For any 6 > 0, using the substitutions

t—o00

0 \z=73 0\ =75
t:aﬂ/”<01>2 7 and t = aﬁ/a<0_2>2 7
together with the scaling (1.15) we obtain

lim sup a =¥ log E exp {Qaﬂ/“_lﬂ‘n([(), 1]2<)

a—00

a—00

2 (ﬁ>23/a,
=g
1/2} . <g>m
=5,
Letting 61,605 — \/2/p gives
lim a7 log E exp

i {‘)aﬁ/ "2 (o, l]i))m} = 97073 (p/2) 7775, (4.9)

Therefore, the large deviation given in (1.16) follows from the Gértner-Ellis
theorem (Theorem 2.3.6, [10]).

liminf =% log E exp {Qaﬁ/a—l/Q

n([0,1]%)

|
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4.2 Proof of Theorem 1.3, § < ¢ < min {gﬁ, d}

Notice that for a > 0,

P{|7(0,12)] = a} =P{5(0,112) = o} + P{ = 7(10,1]2) = a}. (4.10)
We claim that

lim a=%/7 1ogIP>{ — ([0, 112) > a} — . (4.11)

a—00

Let m > 1 be a fixed but arbitrary integer and write

We note that

([0.112) = 9(D) = En(Dn) + D2 ([ ==

By (2.7) we see that En(D,,,) < oo for m fixed. Thus,

lim sup a~%/° log]P’{ —([0,1]2) > a}

a—00

< limsupa?/7 logIP’{ Z'y -1, k; > mQ—O/ﬂa}.

a—00
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Let ¢ > 0 satisfy (2.10). By Chebyshev’s inequality,

P{ - i’y([k —1,k2) > mQ—U/Ba/}

m B/o
<ol (Shie-]) 2w ]

k=1
< exp{ — cm%/“’laﬂ/"}

el (o))

< exp{ _ szﬁ/a—laﬁ/a} (]Eexp {C|’Y([O, 112) ‘ﬁ/o})

For the last inequality we used /0 < 1 and the fact that the v([k — 1, k]%)
are i.i.d. Therefore,

lim sup a %7 logP{ — 7([07 1]2<) > a} < —em?2Plo-t

Letting m — oo gives (4.11).
By (4.10), therefore, it remains to show that

28 — o\ ¥
lim a7 logP{H([O, 12)[ > a} = —25/0%<%> p7. (4.12)

To this end, we need the following lemma.

Lemma 4.1 There is a C' > 0 independent of € and an o« > 0 such that for
any 6 > 0

1
lim sup — log E exp {9’7([0, t]2<)

t—o00 t

1/2 9
} < Cf2=a75 (4.13)

1
lim sup n log [E exp {Gna,e (10,42) 1/2} <Ch o773, (4.14)

t—o00
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Proof. Note that since §/o > 2/3,if V > M?t7/8 then

M2Blo=1/2)yB/c  _  pp28/0=1/2)y/B8/0—1/21/1/2 (4.15)

Hence any M > 0,

Eexp {|7(0,42)["*}

< Mty E(exp {\y([O,t]i) ]1/2}; lv([0,42)| > M2t2)

— Mg E(exp {72 (0,112)] s [((0,112)] = Mzta/ﬁ>
< Mt L Eexp {M’Q(ﬁ/"’lﬂ)h([o, 1]2<) ‘ﬁ/a}.
By Theorem 2.2, the above estimate shows that

C = limsup%log]Eexp {|’y([0,t]2<)‘1/2} < 00.

t—o0

Replacing t by gr=o75 yields (4.13).
Observe that for any € > 0, pa. < p. Hence by (3.30)

1 1/2
1tlim n log E exp {)\(naye([O,t]i)) } <1 (4.16)
for any \ < \/%
On the other hand, by (3.16), for any ¢ > 0 and ¢ > 0,

Nav,e ([0, Ct]2<) 4 Cz_o—/ﬁnac(dfa)/ﬁjecfl/ﬁ ([O, t]2<) (4.17)

()

and replacing t by ct, a by ac™ @9/ and € by ¢'/P¢ in (4.16),

lim %logEexp {9(7]0476([0715]&))1/2} < (%)2%'/5

t—o00

Taking

35



Letting A — \/% leads to

1 1/2 2 1
tlirgo n log E exp {9<na,e([0,t]2<)> } < Q775 (p/2) 777 ,

We now show for any 6 > 0,

1 1/2
lim limsup zlogEeXp {9‘7([0@1) - na,e([o,t]i)‘ } = 0. (4.18)

a,e—0t 00

Indeed, let the integer N > 1 be large but fixed and let the sets

A 1=0,1,---,2 =1, k=0,1,--- N
be defined as in (1.22). Consider the decomposition
7([0 t]2) - 7704,6([07 t]2<) (4.19)

oN+1 2k 1

_Z{Py 770““ ([QNth 2N+1] )—i_ki();{’y 77016 Ak

Notice that for each [ = 0,1,---,2¥ =1 and k = 0,1,--- , N, and using
(2.5) and an argument similar to (3.16)

{7 = ma}(AF) £ 276D L ((0,]2) — BC(10,42) — Gae([0.1)
where @ = a2~ (F+Dd=0)/8 & — 2(k+1)/8 " Also by (2.5)
E¢([0,t)%) = O<t2—”/ﬁ>.

By (3.32), using the fact that N is fixed, we have that

N 2k—1

1/2
lim hrnsup—logEeXp{ ‘Z Z {7 = Nac J(AF) ‘ } =0. (4.20)

0+
WETET t=oo k=0 I=1
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Note that

I—1 1 12\ 4 o2
([t gwnt] ) £ ([0 gvm] )

Replacing ¢ by 2=(V+V¢ in (4.13) and (4.14) we have
1 R ENTO Co7s
limsup 7log Besp 8 [grts gwert] )| § < e

I—1, 1 q2\[2| _ Co%s
(gt gert] )| g < e

t—o0

lim sup — logEexp {9
fori=1,...-2N+1,

By the fact that ;2= > 2, and by Part (b), Theorem 1.2.2 in [7],
2\ _ oo
) b=

I—1 1 12\\"*) _ cow=s
"a’ﬁ([zNHt’ 2N+14<)D }S QNHL

Combining this with (4.19) and (4.20) leads to (4.18).

oN+1

) 1 [—1 [ 2
hrtriizlpglogEeXp{ (Z ‘7([21\7_,_1 ) 2N+1t] )

2N+l

1
limsup = log Eexp < 6 E
tgroop & P { ( =

Using (3.30) and (4.18), we find as in the proof of (4.9) that for any 6 > 0

1/2
ahj& a=Plo log E exp {8@6/0_1/2‘7([0, 1]2<) } - 92_3/5 (p/g)z_(lf/ﬁ'

Then the large deviation given in (4.12) follows from the Gértner-Ellis the-
orem (Theorem 2.3.6, [10]).

O

5 Laws of the iterated logarithm
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Proof of Theorem 1.2: Using the scaling property (1.15), our large devi-
ation result (1.16) can be re-written as

tlim (loglog t)_llogIP’{ ([0 t2) > M2=7/8(log log t)%} (5.1)

_ o %ﬁ(%ﬁ ) L)

Fix @ > 1 and let ¢, = 0" (n =1,2,---). Let the fixed numbers A\;, Ay > 0

satisfy » s
o) ()

By (5.1),

ZP{n([O,tn]i) > Mt277/F(loglog t,, )%} 0.

n

Using the Borel-Cantelli lemma,

limsupt, ®=/(loglogt,) ™"/ n([0,t,)%) < A1, a.s.

Using the monotonicity of 7([0,]2) we see that for any ¢, <t < t,41,

t=(@=a/B) (loglogt) "/577([0 t]2<)

o/B
n+1 (lOgIOgt +1) —(2—0/B) —0/3 2
t loglogt, 0,%, .
= 127/5(loglog )P ([0, t,2) " (oglogtuia)=*n ([0, tun])
Consequently,
limsup t~=7/#)(log logt)"’/’@n([o,t]i) < 95" A1, a.s.
t—o0

Since 6 can be arbitrarily close to 1 and A\; can be arbitrarily close to

o 28-c
wo(2) (=)

we have proved the upper bound for (1.19).
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On the other hand, notice that the sequence

n([tnatn+1]2<>, n = 1727...

is independent and for each n,

n([tn7tn+l]2<) i 77([07 tn—i—l - tn]2<)

By (5.1), one can make 6 sufficiently large so

S B (fttul2) = Mot 75 loglog ) } = oc.

n

By the Borel-Cantelli lemma,

lim sup t;—glia/ﬁ) (10g log tn-&-l)_a/ﬁn([tna tn+l]2<) Z )\27 a.s.

n—oo

Using the monotonicity of 77([0, t]2<), this leads to

limsupt~ @~/ (loglogt) ="/ n([0,t]2) > Xs,  a.s.

t—o00

Letting

2B8—0o

A = 2p<§>0/5<25ﬁ— 0> B

yields the lower bound for (1.19).

Proof of Theorem 1.4:

We now turn to the proof of (1.27). With A, A\; > 0 as above and using
(1.25), we also have

limsupt, ®=/(loglogt,)""/Pv([0,£.)2) <\, a.s. (5.2)

n—oo

for any 6 > 1; and

lim sup t;flio/ﬁ) <log lOg tn+1>70/ﬂ7([tna ZfnJrl]2<) Z )\27 a.s. (53>

n—oo

for sufficiently large 6.
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However, we can not continue as above due to the fact that v([0,¢]2) is
not monotone in t. Instead, we first observe that for any ¢ > 0

P{ sup [7(10,112) = 7([0.t.)2)] = Eti’”/ﬁ(loglogtn)”/ﬂ}

tngtgtn-kl

:IP’{ sup ‘7([0,t]2<) —7([0,9 )| > €l (loglogt )"/ﬂ}

0-1<t<1

By Chebyshev’s inequality and (2.13),

Z]P’{ sup |([0,¢]2) —~([0,67"] )’>69 “7 (loglog t, )”/5} 00

o-1<t<1
when @ is sufficiently close to 1. Consequently,

limsupt;®=7/?(loglogt,) /%  sup 17([0,82) =7 ([0,t:)2)]| <€,  as.

n—oo tn <t<tni1
(5.4)
Combining this with (5.2) leads to the upper bound for (2.10).
For the lower bound, observe that
([0, tnia]?) = v([tn,tnﬂ] ) + 7([0 t ] ) +7([0 tn) X [tn, tni1])
Given € > 0, an argument similar to the one used for (5.4) shows that
hmsuptnfrl /B (log logtnﬂ)_a/ﬂh([O,tn]i)‘ <e€ a.s. (5.5)
for 6 sufficiently large.
In addition
B ([0, ba] X [t tas1]) = BC(0,ta] X [0, s — tal) = O(62,77).
Combining this with (5.3) and (5.5) yields
lim sup t;ffa/ﬂ)(log log tn1) Py ([0, tps1]2 )= X —¢€ as.
Consequently,
limsupt~ @~/ (loglogt) ™7 ([0,#]2) > X2 —¢, a.s.
t—o00
This leads to the lower bound for (1.27). 0
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6 The stable process in a Brownian potential

Throughout this section, we take o = 2p — d.
Proof of Corollary 1.5: From (1.35), we have that

F) LU %n([o, 1]2)

where U is a standard normal random variable independent of X;. The
remainder of the proof for (1.41) follows from (1.16) and a standard compu-
tation. O

Proof of Corollary 1.6: Since {—F(t); t > 0} L {F(t); t> 0}, we
need only show that

. _26—0¢ _otB
limsupt™ 25 (loglogt) 25 F(t) (6.1)
t—o00
o8 20

B )T e

Using the scaling property (1.40), our large deviation result (1.41) can be
re-written as

tlim (loglogt)™* logIP{F(t) > A3 (loglog t)%} (6.2)
_ B+oyC Gtz (28 — 0\ B . 28
== <%> ( 5 ) AT, A > 0.

Fix § > 1 and let ¢, = 0" (n =1,2,---). Let the fixed numbers A\;, Ay > 0
satisfy

8pf B N\ [ B N\
A > E<a+5> <2ﬁ—a> > A
By (6.2),
S B{F(1) = Mt (loglogt) ™ } < oo (6.3)

n

41



for any # > 1 and

28—o a+B
ZIP’{F(tn) > otn® (loglog tn)w} — (6.4)

n

for @ > 1 sufficiently large.

Conditioning on the stable process {X;}, F(t) is a centered Gaussian
process with variance

£(t,z)?dx.

Rd
For s < t, the variance of F'(t) — F(s) is

/Rd [f(t,:c) — §(s,x)}2dx.

The relation
/ [t 2) — &(s, x)fdx < | &t x)de — | €(s,x)%dx
R4 Rd R4

shows that, conditionally on on the stable process {X;}, F(t) is a P-sub-
additive Gaussian process ([18]). By Proposition 2.2, [18],

IP’{ sup F(s) > a} < ZP{F(t) > a}, a,t > 0.

0<s<t

Using (6.4) and the Borel-Cantelli lemma we see that

. -(35%) —ot8
limsupt, * "(loglogt,) 2% sup F(t) < X\, a.s. (6.5)

n—o0 t<tn

which leads to the desired upper bound in (6.1).
It remains to establish the lower bound.

We will say that a countable set of random variables Y7, Y5, . .. is associated
if for any n and any coordinate-wise non-decreasing measurable functions
f,9: R" — R we have

Cov (f(Y,-- Ya)g(Yi, -+ . Ya)) >0, (6.6)
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and that the sequence (now the order counts) of random variables Y7, Y5, ...
is quasi-associated if for any ¢ < n and any coordinate-wise non-decreasing
measurable functions f: R +— R, g: R"" +— R we have

Cov (f(Y1,--+,Yi)g(Yigr, -+, ¥n)) 2 0. (6.7)

Let Y,, z € Z% be i.i.d. standard normals. By [14, Theorem 2.1] the set
Y,, x € Z% is associated. Let h(x,y) be a non-negative function on Z¢ x Z¢
such that

h(z.a') =Y h(z,y)h(z',y) < oo, (6.8)

yezad

and set V,, = Zyezd h(z,y)Y,. The collection V,, z € Z? is Gaussian process
with covariance

E(ViVar) = f(a,). (6.9)

For each m < oo, let V,,,, = Zyezd,mgm h(z,y)Y,. Since V,,, is a non-
decreasing function of the Y, |y| < m, it follows from [14, (P,)] that the set
Vinz, T € Z% is associated, and since by [14, (P5)] association is preserved
under limits, we also have that V,, z € Z% is associated.

Let now S = {5, S1,...} be a random walk in Z%. Set g,(m) = >1", Vs,
and gp,(k,1) = gn(k) — gn(l). It follows from the proof of [18, Proposition 3.1]
that for any n and 0 < s <t < wu < v,

grn([ns], [nt]) and gp([nu], [nv]) are quasi-associated. (6.10)

Using the stability of quasi-association under weak limits, we now show
that (6.10) implies the following Lemma.

Lemma 6.1 For any 0 < s <t <wu<w, the pair
F(t)— F(s), F(v)— F(u) (6.11)
1S quasi-associated.

Proof of Lemma 6.1:
Note that we can write g,(m) = 3= 74 > " h(Si,y)Y,. Let

6—e|x\
fe(@) = ——. (6.12)
|z| 2 + ¢

43



fe(x) is a positive, continuous integrable function of x, monotone decreasing
in |z|. We now define

y
Renm (T,y) = nmd/2fe( 75 —). (6.13)

m

It is clear that he, (2, y) satisfies (6.8). For notational conveinience we set

g€7’l’b,m(r) = ghe,n,m (T) (614)

We take our random walk S to be in the normal domain of attraction of X.
We now show that

lim (genn([ns], [08]), Gemam([nt], [n0])) = (Gen(s, 1), Gem(u,v)),  (6.15)

n—oo

where

Gem(s,t) md/2 Z ( s fe( X, —y/m) dr)Y (6.16)

yezd

To see this we first note that

B ((exp {i (agenm([n5], [91]) + bgepm(lmal, [ne]) ) }) - (6.17)
= B (e~ Henm(@bstun)/2)

)l

where

ni (6.18)

]
~ Si
Hepm(a,bs,tuv) = a® Y0 hm <n1/ﬂ’n1/ﬁ

i,j=[ns]+1

[nt] [nv]
S Sl <n1/

i=[ns]+1 j=[nu]+1

[nv]
~ S; S, 1
2 ? J
+b Z he,m (nl/ﬁa Tll/ﬁ) ﬁ

i,j=[nu]+1

and

%E,m(x,x’) = % Z fe (x — %) fe (:c’ — g) ) (6.19)

yezd
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Similarly

E(exp{i (aGem(s,t) + b Gem(u,0)) }) (6.20)
- E (e—H;,m(a,b,s,t,um)/Q) ,

where

H{,,(a,b,s,t,u,v) =a2/ hen(Xp, Xov) dr dr’ (6.21)
112

+2ab / e (X, Xp0) dr di’ + b? / hem (X, Xp) dr dr.
[s,¢] x [u,v] [u,v]2

Thus to prove (6.15) it suffices to show that

lim H,m(a,b, s t,u,v) = H,,(a,b,s,t,u,v), (6.22)

n—oo

and, since FfVLQm(:c,:z:’) is continuous, this follows directly from Skorohod’s
theorem, [27].

We next show that

m (Gem(8,t), Gem(u,v)) = (G(s,1), Ge(u,v)), (6.23)

m—0o0

where, using the notation of (1.29),

Go(s.1) = /R d ( / hX ) dr) W(dz). (6.24)
But clearly

E(exp {2 (aGe(s,t) + bGE(u,v))}) (6.25)
- B (67Hé(a,b,s,t,u,v)/2> 7

where

H.(a,b, s, t,u,v) = a2/ he(X,, X,) dr dr’ (6.26)
[s,t]?

—|—2ab/ he(X,, X, dr dr' + b° / he( X, X)) dr dr’
[s,t] X [u,v] [u

w]?
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and now

he(z,2') = fe(x —y) fe (2" —y) dy. (6.27)

yERY

Thus to obtain (6.28) it clearly suffices to show that

lim H,, (a,b,s,t,u,v) Z H!(a,b, s, t,u,v). (6.28)

m—00

To see this we note first that

7 . 1 e—€lz—y/m|
su r,r) < sup— _— 6.29
sup (1) < m}gmdz > (6.29)
yezd
1 e—€lz—yl/m
< s oy g
m,|z|<1 yezd
1 e—€lyl/m
< sup—; — < C
m yezd

and therefore (6.28) follows easily from the dominated convergence theorem.

Finally, to prove our Lemma it now suffices to show that

lim (Ge(s, 1), Ge(u,v)) 2 (F(t) — F(s), F(v) — F(u)). (6.30)

m—0o0

As before, it suffices to show that

2
lin%Hé(a,b,s,t,u,v) Z H'(a,b,s,t,u,v), (6.31)
where
H'(a,b, s, t,u,v) = a2/ E(XT,XT/) dr dr’ (6.32)
[s,t]2
+2ab / (X, X, drdr' + b / h(X,, X,0) dr dr'
[s,¢] X [u,v] [u,v]?
and
-~ o4 o ]_
) = [ o= gy e (639
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Since Eg(x, x') increases to ﬁ(:p, x') as € — 0, (6.33) follows easily from The-
orem 2.1 and the dominated convergence theorem. ]

To complete the proof of the lower bound, we recall from (1.32) and (1.30)
that

E((F(t) = F(s))(F(v) — F(u))) (6.34)
= IE// X, — X, dadb

t rv
. 1
= CE(|X1| ) // mdadb

It then follows as in the proof of [18, Theorem 5.2] that for any 0 < A\ < 1,
Hfo<s<A<t<u<M<uwo, then

Con (F(t) —F(s) F(v)— F(u)) . ( % )a/m' .

(t — s)1=0/26" (v — y)1-0/28

The lower bound for our LIL then follows as in the proof of [18, Theorem
1.1]. O

7 Appendix: The limit as M — oo

Theorem 7.1 Let p, . be defined in (3.17) and po. . be defined in (3.25).
We have

limsup M~ po.enr < Pae- (7.1)

M—oo
Proof. For any x = (xy,--- ,14) € R, we write [z] = ([x1],-- -, [x4]) for the
lattice part of x (We also use the the notation [-- -] for parentheses without
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causing any confusion). For any f € £2(Z%) with ||f]l. = 1,

Y P (QMW:U) { ZZd \/Q<2M7T(fv +)) \/Q(%@f@f + y)f(y)} 2

le|<(2m)~1 Ma

21
= o€ _)\
/{ws@ oy (M[ ])
p

™)1 Ma}
{ y \/ Q0+ 1) J Q(Zm) £+ h])f(h])dv} ax
- <%>d/{wsa} v (%[%M)
() [ yfaulr+ 25 [20)) vaut

(5 G (GrDe] o o2

2T o1t o
where
Qun=0(f7[5]). Aem &
Write Ve y
o= (), rex
We have
/Rd G = (%)d/R f2<[%)\]>d)\ _ /R PO =Y Pl =1

(7.5)
We can also see that under this correspondence,

G) (Gl + o) =a(o+ 7 5]) Avemt o
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Therefore, we need only to show that for any fixed a > 0

TP e /{|A|<a} v (% [%AD D
{/Rd \/QM 7+— — ) Qu(y )9(7+%[%A]>9(7)dvrdk

2
< sup/ h(eX)Pa—o (A [/ VO + 1)V g\ +7) ()dv} dA.
{IAl<a}

llgll2=1

To this end, note that by the inverse Fourier transformation the function

N /R VQu (Y +N)VQu()g(y + Ng(v)dy (7.8)

is the Fourier transform of the function

Vi) = (2710(1 / Upr(Ve=7d (7.9)

e \/QM (v + MVQu (M) gy + Ng(v)dy

e " Qur (V) g(MV Qur (7)g(v)dAdy

d

A eVt
e is (A—%[%ADH

' / e/ Qu(7)9(7)dy

+ 1 / (AP
€
(2m)? Jpa
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2
dz

2
dz. (7.10)

/R ) e/ Qu(7)g(v)dy




By Parseval’s identity and by the fact @y < 1,

2n) / €7/ Qur(7)g(7)dA
7T d Rd
/ Qu ()9 (7)dy < /Rd g (y)dy = 1.

Hence, the first term on the right hand side of (7.10) tends to 0 uniformly
over A € R? and over all g € £2(R?) with ||g|]|s = 1 as M — oo. The second
term on the right hand side of (7.10) is equal to

da (7.11)

[ artodds = U (3) = [ VOuNF )V Qulah+ g

(7.12)
Consequently, we will have (7.7) if we can prove
2r .M
limsup sup / pa,e(—ﬂ[—)\]) (7.13)
M—oo |lglla=1 J{|A|<a} M 27

U VA + V() g(A+7)g (v)d'yrcu

2
< sup/ Dac(A {/ VOA+NVRM)gA+7) (v)dv} dX.
{nl<a}

llgll2=1

By uniform continuity of the function @) we have that Qu () — Q()
uniformly on R?. Thus, given € > 0 we have

sup
A, yERY

VA )VOu() - VR + VRGN < e (T14)

for sufficiently large M. Therefore,

1/2

{/{AM} [ VOuA+7)VQu(Mg( +7)g (v)dvr} (7.15)

<d [ o] [aoeam])”

+{ /{A|<a} { Rd VOO +7)VR(MgA+)g (v)dv} 2}1/2.
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Also, since ||g]|2 = 1,

/{Mga} dA [/Rdg(A + v)g(v)dvr < Cyat, (7.16)

where Cy is the volume of a d-dimensional unit ball. (7.13) then follows using
the uniform continuity of pa, (). O
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