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1. Introduction

Consider a branching particle system starting from one ancestor at the origin in a
d-dimensional space. Independently, each particle moves to a new site after one time
unit since its birth, gives birth to a random number of offsprings and die. The same
procedure is repeated by all generations. Throughout the migration is governed either
by a d-dimensional simple symmetric random walk or by a d-dimensional Wiener process,
and the reproduction by a Galton-Watson tree whose offspring distribution has the mean
m > 1 and finite variance. This model is called branching random walk (when migration is
executed by random walk), or branching Wiener process (when migration is executed by
Wiener process). Under our assumptions, the random sequence { B(t)};>o with B(t) being
given as the total population in generation ¢ (¢ > 0) is a supercritical Branching chain. Tt
is well known (see, c.f., Athreya-Ney (1972)) that

(1.1) lim 2%

t—o0 mt

=B a.s.

for some random variable B which is not constantly zero.

In addition to their obvious background in the study of population growth and mi-
gration, the models of branching random walks (Wiener processes) had their origins in
the theory of cascade processes. The study of branching random walks as a probability
problem was initiated by Kolmogorov (1941) (The reader is referred to a survey by Ney
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(1991) for historical account and for general information of this field). A central limit
theorem conjectured by Harris (1963, p.75) states that

(1.2) mT Z My, T) — BG(z) a.s.

where A(z,T) is the population of the particles located at z at time 7" and, G(z) is
the d-dimensional normal distribution function attracting the migration random walk
through the classic central limit theorem. See, e.g., Stam (1966), Asmussen-Kaplan (1976),
Athreya-Kaplan (1978), Klebaner (1982), Joffe (1985), Biggins (1990), Bramson-Ney-Tao
(1992) and Révész (1994) for the developments on this subject. Concerning the speed of
above convergence, Révész (1994) proves that for each € > 0,

(1.3) T1/2*6< 3 Ay, T) - BG(z )) —0 as.
y<zvT

Like the classic central limit theorem, the central limit theorem for branching random
walks yields its local version (see also Watanabe (1965), Athreya-Kang (1998) for the
local central limit theorems for a variety of branching Markov processes). In the case of
branching random walk, Révész (1994) shows that

(1.4) T1€(% (47;T>d/2A(:;22TT) - B) 0 as

Naturally, one wonders if (1.3) and (1.4) suggest the exact rates of convergence. In-
deed, a counterpart of (1.4) given in Theorem 4.9 of Révész (1994) says that for each
C > 0, there is a 6 = §(C) > 0 such that

P{‘ 1 (47rT>d/2 A(0,2T)

(15) s\7a ) e

B‘ }>5

for sufficiently large T'. This observation makes him conjecture (p.79, Révész (1994)) that
the sequence

(1.6)

(1 (47rT>d/2 A(0,27)

weakly converges to some non-degenerate random variable as 1" — oo.

This paper is to find the exact convergence rates for these limit theorems, and to settle
the conjecture raised by Révész in particular. Instead of the weak convergence proposed
by Révész, we shall prove his conjecture in terms of almost sure convergence as well as
Lo-convergence. Our tools are some decompositions given in Révész (1994) and martingale
approximations.

The rest of the paper is organized as following: In section 2, we give our results
(Theorem 2.1, Theorem 2.2 and Corollary 2.3) for branching random walks. In section

2



3, we point out their analogues (Theorem 3.1 and Theorem 3.2) in the case of branching
Wiener processes. Theorem 2.1, Theorem 2.2 and Corollary 2.3 are proved in section 4.
Due to similarity, only a sketch is given to the proofs of Theorem 3.1 and Theorem 3.2 in
section 5.

The following notations and assumptions will be kept throughout the article. For
r=(x1,-,2q),y = (21, -,ya) € R, 2 -y and ||z|| will be used, respectively, for the
inner product between x, y and for the Euclidean norm of z. The partial order “x < y” is
defined by the relation 2y < y1,---,2q < yq. Given a measurable A C R4, |A| denotes its
Lebesgue measure. Write

= () [ [

and let ®(z) = & (x).

We use the non-negative integer valued random variable Z to represent the distribution
of the number of children of each individual in our particle system and assume

(1.7) m=EZ>1 and ¢*=Var(Z) < co.

2. Results for branching random walks

We begin with a formal definition of the local population \(z,t). Let ej,es, -, eq4
be the orthogonal unit vectors in the d-dimensional lattice Z¢ and let X be a Z%valued
random variable independent of Z with

1
P{X:eJ}ZQ_d j:1727"'d7

and let
{(X(z,t,k),Z(z,t,k)); z€Z% t=0,1,2,---,k=1,2,---}

be an array of i.i.d. random vector with
(X(0,0,1),7(0,0,1)) = (X, 2).

Intuitively, we coordinate each individual in our particle system by the 3-tuple (z,t, k),
where = represents his birth site, ¢ represents his generation (so the original ancestor
belongs to generation 0) and k is his order number as one of the members who were
born at x in his generation. For given individual (x,t, k), X (z,t, k) is interpreted as the
migration made by him, and Z(x,t, k) is the number of his children. The local population
Az, t) at © € Z? in the generation ¢ is defined as following:

1 if x =0,
A(””’0)_{0 if 2 # 0,



Ma,t)= > > Liy(X(y,t—1,k)Z(y,t - 1,k)

yezd k=1

where = (z1,---,24) € Z% and t = 1,2, ---. Clearly, A(x,t) =0 if t Z 21 + --- + 24 mod
(2).
Write
B(t)= Y M=z,t) t=01,2-.

rcZd

Then {B(t)}+>0 is a supercritical Branching chain starting with B(0) = 1 and having
the offspring distribution £(Z) (see, e.g., Athreya-Ney (1972) for the detail of branching
chains). It is well known that when m > 1, { B(t) };>( survives with positive probability.

Let
F(t) = F{\(z,s); zreZ?, s=0,1,---,t}

be the o-algebra generated by the array
{Nz,s); z€Z% s=0,1,---,t}.

Theorem 2.1. There exist a real random variable M and a R%-valued random vari-
able N such that for each x = (xq,---,24) € Z9,

1 27T\ 2 \(z,T) d||x||? 1
(2.1) T[E( ) S — e { - S| —d(GM AN,

almost surely as well as in La-norm, as T — oo with T = x1 + - -+ + x4 mod(2), where the
random variable B is given in (1.1).

Besides, the random variables M and N satisfy the following:

4(m? + o?)
_ 2 _
(2.2) EM =0 and EM* = A =17
(2.3) EN=0 and cov(N,N)= "=+ g

. =0 and co , = dm—1)? ds
(2.4) (B, M,N) £ (B, M,—N),

Bt) 1

2.5) ) =20 - LS ey r=0

yeZa
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(2.6) E[N|F(t) :—Zy)\y, t=0,1,--,

y€Z4

where 14 is the d X d identity matriz.

Further, if {(Bk, Mk, Ni)}r>1 are independent copies of (B, M,N) and if they are
independent of (X, Z) then

(2.7) (B, M, (N - BX) ) d %i (Bk, My — 2X - Ny, Nk>.
k=1

Theorem 2.2. For each x € Z9,

(2.8) [ S A, T)— BP{Sy < xﬁ}] V&, (Vdz) N
y<x\/_

almost surely as well as in Lo-norm, provided T — oo, where B is given in (1.1), N is
given in Theorem 2.1 and {S;} is the symmetric simple random walk generated by X .

Remark. Taking x = 0 in (2.1) we see that the sequence in (1.6) converges almost
surely as well as in Lo-norm. So the conjecture made by Révész (1994) is proved. From
(1.5) one can also see that the random variable M in Theorem 2.1 is unbounded. By
Proposition 1.2.5 of Lawler (1991),

PT(aj) EP{ST:x}:2<i>d/2eXp{ B M}+O(T2d/2)

27T 2T
as T — oo with T =21 + - - - + 24 mod (2). Therefore (2.1) is equivalent to
Xz, T) d /2
1+d/2 ’ T
(2.9) T [7 ~ BP (:v)] —d(5-) (M +2N).

Nevertheless, P {ST <zVT } in Theorem 2.2 can not be replaced by @d(\/ax). Indeed,
we have

Corollary 2.3. For each x € Z¢,

(mT > Ay, T) — BOy(Vix))
(2.10) y<zVT

= Vd, (Vi) - (BF(ﬁx) - 2N) +o(l) (T — o)

almost surely as well as in Lo-norm, where B is given in (1.1), N is given in Theorem
2.1, F(z) = (f(xl), . -,f(xd)) and f: (—o0,00) — (— %, %) is a periodic function with
period 1, f(k) =0 (k=0,£1,£2,---) and

1—26

0<6<1.
5 <<

f(0) =




Corollary 2.3 shows that asymptotically, the sequence

< T Z ANy, T Bq)d(\/a:v)> T=1,2--
" y<zVT

oscillates in a finite random interval. So the exact rate for the global central limit theorem
is established.

3. Results for branching Wiener processes

The construction of the branching Wiener process is similar. Let W (t) be a standard
d-dimensional Wiener process independent of Z and write W = W(1). Let

{(W(x,t,k), Z(z,t,k)); v€RY t=0,1,2,-- k=1,2,---}
be a set of i.i.d. random vectors such that

(W(0,0,1),2(0,0,1)) = (W, 2).

Define
1 ifz=0
A(””’O)_{o if 2 # 0,
A(y,t—1)
=) Z (y+ Wyt —1,k)Z(y,t —1,k)
yeRd k=1

where z € R and t = 1,2, ---. Clearly, A(z,t) = 0 for all but finitely many x € R¢. Define
the random measure

A(y,t—1)

=) Az, t)= > Z Li(y+W(y,t — 1,k)) Z(y, t — 1,k)

€A yeRd k=1
for all measurable A C R%. Let

F(t)=F{\z,s); z€R% s=0,1,---,t}
= F{Y(A,s); ACR? s=0,1,---,t}

be the o-algebra generated by
{Nz,s); z€Z s=0,1,---,t}.

Theorem 3.1. There exist a real random variable M and a Re-valued random vari-
able N such that for each A C R* with |A| > 0 and [, ||z||dz < +oo,

31) T (%T)dﬂ% —B/Aexp{ . ||2xj|l2}dx} — |A|(%M—|—3‘3A-N)
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almost surely as well as in Lo-norm, as T — oo, where B is given in (1.1) and

i/
Tqa=— | xdx.
Al J 4

Besides, the random variables M and N satisfy the following:

2d(m? + o?)(m + 1)

(3.2) EM =0 and EM? = (18 ,

(3.3) EN =0 and cov(N,N)= %Id,

(3.4) (B, M,N) £ (B, M,—N)

(35 BDIFO)] = deo )~ [ylPedn ) =01,

(3.6) E[N|F@®)] = %/yzﬁ(dy,t) t=0,1,---

Further, if {(By, My, Ni)} are independent copies of (B, M, N) and if they are inde-
pendent of (W, Z) then

(3.7) (B, (M = (d— ||W|?)B), (N —BW) ) d %Z (Bk, (My — 2W - N), Nk>.
k=1

Theorem 3.2. For each z = (z1---,24) € RY,

zVT},T)

(3.8) ﬁ[w({y v ~B 4@)] — - a@)-N

m

almost surely as well as in Lo-norm, as T — oo, where B is given in (1.1) and N is given
in  heorem .1.

roo o0 Theorem 2. Theorem 2.2 oro r 2.3

roof of heorem .1. (21) (2 )
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