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Abstract

In this paper we prove exact forms of large deviations for local times and
intersection local times of fractional Brownian motions and Riemann-Liouville
processes. We also show that a fractional Brownian motion and the related
Riemann-Liouville process behave like constant multiples of each other with re-
gard to large deviations for their local and intersection local times. As a conse-
quence of our large deviation estimates, we derive laws of iterated logarithm for
the corresponding local times. The key points of our methods: (1) logarithmic
superadditivity of a normalized sequence of moments of exponentially random-
ized local time of a fractional Brownian motion; (2) logarithmic subadditivity of
a normalized sequence of moments of exponentially randomized intersection lo-
cal time of Riemann-Liouville processes; (3) comparison of local and intersection
local times based on embedding of a part of a fractional Brownian motion into
the reproducing kernel Hilbert space of the Riemann-Liouville process.
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1 Introduction

Let BH(t), t > 0 be a standard d-dimensional fractional Brownian motion with index
H € (0,1). That is, B (t) is a zero-mean Gaussian process with stationary increments
and covariance function

E [B"(0)B" ()] = 5 {i?" + 1" |t — s} I,

where I, is the identity matrix of size d. B (t) is also a self-similar process with index
H. The local time L¥(B) of BH(t) at x € R? is defined heuristically as

LE(BY) = /Ot 5. (B"(s)) ds, t=>0.

It is know that L¥(B™) exists and is jointly continuous in (¢,7) as long as Hd < 1.
By the self-similarity of a fractional Brownian motion, L¥(BH) L tl_HdL:f/tH (BH). In

particular,

LO(BHY L ¢1-Hdp0(pH), (1.1)



Our first goal is to investigate large deviations associated with tail probabilities of
L?(BH). By the scaling given above, we may consider only ¢ = 1. In the classical case,
when H = 1/2 and d = 1, it is well known, see the book of Revuz and Yor [38|, p240,
that L9(BY?) £ |U| with U ~ N(0,1). Consequently,
1
lim a2logP {L)(B"?) > a} = —.

a—00 2

In Theorem 2.1 we prove that for a fractional Brownian motion a nontrivial limit

lim o Y#log P{LY(B®) > a}

a—0o0

exists and we give bounds for this limit.

Closely related to the fractional Brownian motion is the Riemann-Liouville process
WH(t) with index H > 0 which is defined as a stochastic convolution

WH(t) = /Ot(t—s)H—l/2 dB(s), t>0, (1.2)

where B(t) is a d-dimensional standard Brownian motion. {W#(t)}:> is a self-similar
zero-mean Gaussian process with index H, as is BH(t), but W#(t) does not have
stationary increments and there is no upper bound restriction on index H > 0. If
LY(WH) denotes the local time of W (¢) at 0, then by the self-similarity we also have

LOWHY L g-Hapo iy (1.3)

The relation between W (t) and B (t) becomes transparent when we write a moving
average representation of B (t), t € R, in the form

B"(t) = CH/ [(t — )12 — (—s) 712 dB(s), (1.4)
where
cn =V2H2"B(1—H, H+1/2)""*, (1.5)

Here B(-,-) denotes the beta function, and B(t), ¢t € R is a standard d-dimensional
Brownian motion (see Lemma A1 for the analytic derivation of cy.) Then we have a

decomposition
it BE(t) = WH(t) + 21 (1), (1.6)
where
ZH(t) = /_ [(t — S)H’l/2 — (—S)H’l/z} dB(s) (1.7)



is a process independent of W (¢).

This moving average representation for fractional Brownian motion was introduced in
the pioneering work of Mandelbrot and Van Ness [34] and used extensively by many
authors, sometimes with different normalizing constant ¢y in (1.5) (e.g., Li and Linde
[30] uses T'(H + 1/2)~! for cy).

We will show that paths of Z%(t), away from ¢t = 0, can be matched with functions
in the reproducing kernel Hilbert space of W (t) (Proposition 3.5, Section 3.2). This
and the independence of Z(t) from W (t) will allow us to show that large deviation
constants of tail probabilities of LY(WH) and of LY(c,;'B?) = ¢4 L%(BH) are the
same (Theorem 2.2). In this context we also want to mention Theorem 3.22 of Xiao,
[44], who established bounds for tail probabilities of the local time L? of the general
(Gaussian processes in the form

1 1
——log{L? > a} < limsup — log{L? > a} < —C:
¢(a) g{ 1 } P ¢(a) g{ 1 } 2

and raised a question on the existence of the limit (Question 3.25, [44]).

—(C1 < liminf
a—0o0

Next we will consider p independent copies B (), ..., B (t) of a standard d-dimensional
fractional Brownian motion B (t). Throughout this paper

p=p/lp—1)

will stand for the conjugate to p > 1. Our next and main goal is to investigate large
deviations for intersection local time o*'(-) of B{’(t),---,BJ/(t), which is a random
measure on (RT)? given heuristically by

p—1
100) = [ TIoo(B o)~ Bia(syea) dos--dsp, AC RV
A

Quantities measuring the amount of self-intersection of a random walk, or of mutual
intersection of several independent random walks, have been studied intensively for
more than twenty years, see e.g. [15], [28], [27], [35], [21], |8], [9]. This research is
motivated by the role these quantities play in quantum field theory, see e.g. [16], in
our understanding of self-avoiding walks and polymer models, see e.g.[33], [23], or in
the analysis of stochastic processes in random environments, see e.g. [22] [18], [2], [17].
In the latter models dependence between a moving particle and a random environment
frequently comes from the particle’s ability to revisit sites with an attractive (in some
sense) environment. Consequently, measures of self-intersection quantify the degree of
dependence between movement and environment. Typically, in high dimensions, this
dependence gets weaker, as the movements become more transient and self-intersections

4



less likely. Investigation of large deviations for intersection local times is closely related
to asymptotics of the partition functions in above models.

There are two equivalent ways to construct o (A) rigorously. In the first way, aff (A)
is defined as the local time at zero of the multi-parameter process

X(ti,-o- o tp) = (Bl (t) = By (t2), -+, ByLi(ty-1) — Byl () (t1,--- tp) € (RT)?
(1.8)

More precisely, consider the occupation measure

,LLA(B) = / ]_B(B{I(Sl)—BQH(SQ), cee ,Bf_l(sp_l)—Bf(sp)) dSl tee dSp, B C ]Rd(p_l).
A

By Theorem 7.1, as Hd < p*, there is a density function a’’(A, -) of pa(-) such that

it A =[0,t;] x - x [0,¢), then of([0,¢;] x --- x [0,t,],7) is jointly continuous in
(t1, -+ ,tp,x). We define o (A) := af (4, 0).

For the second way of constructing o (A), write for any € > 0

P
al(A) = / / pr (Bi'(s;) — x) dsy - - - dsp du, (1.9)
RYJA G
where p. are probability densities approximating d, as € — 0. Notice that
a; (A) = /Ahe(BfI(Sl) = By'(s2), -, B,Li(sp-1) = B}l (sp)) dsy -+ ds,,

= / he(z)a™ (A, x)dx
Rd(p—1)

where
p—1 p—1
he(z1, - ap 1) = / pe(—1x) Hpe<2xk - J:)
]Rd i1 k‘:j
is an probability density on RYP~Y approaching §o(xy,- -+ ,z, 1) as e — 0F.

By the continuity of af(A,z), lim_ g+ o

Lemma 3.1 to the Gaussian field given in (1.8), the convergence is also in £™ for

(A) = af’(A) almost surely. Applying

all positive m. This way of constructing o (A) justifies the symbolic notation
p
afl(A) = / / H(SO(B]H(SJ-) — ) dsy -+ ds,dz.
rRdJA
j=1

In the special case p = 2 and Hd < 2, Nualart and Ortiz-Latorre [36] proved that
o ([0, 1] x [0,¢5]) converges in £2 as € — 0T, with

pe(x) = (267r)_d/2 exp{—|z|?/2¢}. (1.10)
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For the Riemann-Liouville process W (t) an analogous construction of the intersection
local time

/ H (50 ] W]E1(8j+1)) d81 s dSp
/ /H(50 sj) —x)dsy---ds,dr, AC (RT)P
R4

can be done under the same condition Hd < p*.

By the self-similarity of B (t) and W (t), for any ¢t > 0
H([0,47) £ - He=D 7 ([0, 1]7) (1.11)

and
A ([0, 1)) 4 tp—Hd(zo—l)OQlLf([07 7). (1.12)

Finally, we would like to discuss this research in a more general context of Markovian
versus non-Markovian structures. Naturally, most of the existing results on large de-
viation for (intersection) local time have been obtained for Markov processes such as
Brownian motions, Lévy stable processes, general Lévy processes, and random walks.
The underlying Markovian structure has been essential for the methods in these studies;
see Chen 9] for references and a systematical account of such works. Departures from
Markovian models are often driven by the underlying physics to match the required
level of dependence (memory) and smoothness/roughness of sample paths. Fractional
Brownian motion and Riemann—Liouville processes are the most natural candidates
as extensions of Brownian motion into the non-Markovian world. They offer the ex-
istence of the intersection local time for any number p of processes in any dimension
d as long as H is sufficiently small. Therefore, they may help scientists to build more
realistic and robust models while posing serious challenge to mathematicians due to
the non-Markovian nature.

In this paper, we mainly use Gaussian techniques motivated from the study of conti-
nuity properties of local time, and more generally, from theory of Gaussian processes.
It is also helpful to see connections between small ball probability estimates and tail
behavior of the local time. Indeed, large value of the local time at zero means that
the process stayed for a long time in a small neighborhood of zero. By this analogy,
Propositions 3.1 and 3.2 can be motivated by the corresponding results for small balls
(see comments preceding these propositions in Section 3.1).



2 Main results

Theorem 2.1 Let B¥(t) be a standard d-dimensional fractional Brownian motion with
index H such that Hd < 1. Then the limit

lim o Y ) 1og P{LY(B¥) > a} = —6(H, d) (2.1)
exists and O(H,d) satisfies the following bounds
(e /H) ™ go(Hd) < 6(H, d) < (21)"56,(Hd), (2.2)

where cy is given by (1.5) and

Ool) = (%>/ | (23)

Notice that in the classical case of one-dimensional Brownian motion, (2.2) becomes
the equality. The fact that the lower bound is less than or equal to the upper bound
in (2.2) is equivalent to ¢%, < 2H, which can also be seen directly. Indeed, from (3.16)

2

Q‘f—z = Var(B¥(1)|B"(s), s < 0) < Var(B*(1)) = 1. (2.4)

The equality only holds for a Brownian motion, i.e., H = 1/2.

Theorem 2.2 Let WH(t) be a d-dimensional Riemann—Liouville process as in (1.2)
such that Hd < 1. Then the limit

lim o~ YHD 1og P{LO(WH) > a} = —6(H, d), (2.5)

exists with
0(H,d) = (cu) """ 0(H,d), (2.6)

where O(H,d) is as in Theorem 2.1 and cy is given by (1.5).

Theorem 2.3 Let & () be the intersection local time of p-independent d-dimensional
Riemann—Liouville process W (t), - - - ,Wf(t), where Hd < p*. Then the limit

lim a 7" /H%) 1og P{&" ([0,1]7) > a} = —K(H,d,p) (2.7)

a—0o0

exists and K (H,d,p) satisfies the following bounds

>_;§; < K(H,d,p) (2.8)

Hd Hd\1' 5 / T\ o9 _ " Hd
r(-25) () (1-

p 2Hp F
p* p* H p*

* 1 p
Hd/, — Hd\'-% [ 27 \2 [ [ . ira
A () ([ ey
p p Cyp 0

where cy is given by (1.5).

*




There is a direct way to show that the lower bound is less than or equal to the upper
bound in (2.8). Observe that by Hélder inequality,

1 +t2H Z pl/p(p*>1/p*t2H/p*
which leads to

/ (1 +£21) e tar < p= /@) ()~ ID(1 — Hafp").
0

After cancellation on both sides of (2.8), the problem is then reduced to examining the
relation ¢ < 2H, which is given in (2.4).

Theorem 2.4 Let o™ (-) be the intersection local time of p-independent standard d-

dimensional fractional Brownian motions B{'(t),---, B (t), where Hd < p*. Then the
limit
lim o P"/(Hdp) logP{a"([0,1)") > a} = —K(H,d,p) (2.9)

exists with

K(H,d,p) = c})" K(H,d,p). (2.10)

Our results seem to be closely related to the large deviations of the self-intersection
local times heuristically written as

A7 ([0,4%) /[Ot]<j1"[150 s;) — B (sj11))ds; - - ds,

where
0,t]2 = {(sl,--- ,Sp) € 10,875 51 <0 < sp}.

In the case when Hd < 1, we can rewrite

5(02) = 5 [ [ d

o

To see the connection between ol and S, notice that by Holder inequality and arith-
metic and geometric mean inequality,



Thus, for any 6 > 0

E exp {Hap*H;cgd (aH([O, 1]p)>1/p} <

p*—Hd l/p P
E exp {Gp_la Hap (/ [Lf(BH)}pdx> } .
R4
On the other hand, by Theorem 2.4 and Varadhan’s integral lemma,

* P** 1/p
lim o P"/(H%P) 1o E exp {Qp_la iy <aH([O, 1]7’)) }

= sup{Op~"\'/P — K(H, d,p)Ap*/Hd”}
A>0

— (Hd/(p* K (H, d, p)))H/ @ ~HD (1 _ {1 q/p*)(8/p)?"/ @ ~Hd),
Consequently,

lim inf a ?"/H%) Jog F exp

i Lot ([ ompa)”) e

> p W(Hd/(p*K(H,d,p))) @~ (1 — [Hd/p*)(6/p)r/ @ —HD.
for any A > 0,

1/p
lim a7/ (HdP) 1og IP’{ (/ [Lf(BH)}pdac) > )\al/p}
a—00 R

Hd % *p*
= sup {30 = () K 01 ) 785 0 )07
>
p~ K (H, d,p)A"/HD

If this can be strengthened into equality with limits, then by Géartner-Ellis theorem,

In particular,

lim o ?"/(HdP) Jog P

s { /IR BN de > a} = —p 'K(H,d,p).

The conjecture (2.12) is partially supported by a recent result of Hu, Nualart and Song
(Theorem 1, [25]) which states that when Hd < 1 and p = 2

]E{ /R [LT(BH)]2dx}n <) p

for some C' > 0. Indeed, a standard application of Chebyshev inequality and Stirling
formula leads to the upper bound of the form

lim sup a~ YD Jog P{ / [L3(BM)]*da > )\a} < -1
a—00 R4

(2.12)

1,2,

Y
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where [ is a positive constant. This rate of decay of tail probabilities is sharp by
comparing it with (2.11) for p = 2.

In the case Hd > 1, 6H([0, t]ﬂ) can not be properly defined. On the other hand, this
problem can be fixed in some cases by renormalization. For simplicity we consider the
case p = 2. Hu and Nualart prove (Theorem 1, [24]) that for 1 < Hd < 3/2, the
renormalized self-intersection local time formally given as

VH([(L t}i) = //{O<r<s<t} do (BH(T) — BH(S)) drds

—E / /{ . 8o (B (r) — B"(s)) drds

exists with the scaling property

Y7 ([0,1]2) £ 2745 ([0, 1]2) (2.13)
We also point that an earlier work by Rosen ([39]) in the special case d = 2.
Based on a similar but more heuristic reasoning, it seems plausible to expect that

lim q~/(H4) logP{vH([O, 12) > a} = WD =g (F g 9) (2.14)

We refer the interested reader to Theorem 4, [25] for some exponential integrabilities
established by Hu, Nualart and Song based on Clark-Ocone’s formula.

We leave these problems to the future investigation.

Our large deviations estimates can be applied to obtain the law of the iterated loga-
rithm.

Theorem 2.5 When Hd < 1,
limsupt~ 7D (loglogt) #4L(B") = 9(H,d)"* a.s. (2.15)

t—o00

When Hd < p*,
lim sup t PL=H4/P) (Jog log t)_Hd(p_l)aH([O,t}p) = K(H,d,p)" "= a5 (2.16)

t—o00

limsup ¢ P42 (og log t) H4P=DGH ([0, 1)) = K(H,d,p) =0 45 (217)

t—o0

Theorem 2.5 will be proved in section 6. The proof of the lower bound appears to be
highly non-trivial due to long-range dependency of the model. The approach relies on
a quantified use of Cameron-Martin formula.

Since all main theorems stated in this section have been known in the classic case
H =1/2 (see, e.g., [8] and [11]), we assume H # 1/2 in the remaining of the paper.
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3 Basic Tools

In this section we provide some basic results that will be used in our proofs. We state
them separately for a convenient reference.

3.1 Comparison of local times

We will give general comparison results for local times for Gaussian processes. They
are based on the standard Fourier analytic approach but go far beyond, motivated
mainly by similar small deviation estimates. We start with an outline of the analytic
method typically used in the study of local times for Gaussian processes, in particular
on its the moments, see Berman [6] and Xiao [44].

For a fixed sample function and fixed time ¢ > 0, the Fourier transform on space
variable z € R? is the function of \ € R?,

t
/ ei’\‘”L(t,x)dx:/ e () s,
Rd 0

Thus the local time L(t,z) can be expressed as the inverse Fourier transform:

t
L(t,z) = ! / e e / e X dsd),
(2m)4 Jpa 0

The m-th power of L(¢,x) is

m

1 I
L(t,z)" = —— w-Zk-Mk/ > X(s)) dsi - dsgdAy - d).
(t.2) (2m)md /Rmde o (i =" (o) dov -+ domel

Take the expected value under the sign of integration: the second exponential in the
above integral is replaced by the joint characteristic function of X (s1), -+, X(s,,). In
the Gaussian case, we obtain

EL(t,z)™

1 / LS / 1 -
= — e k=1 "k exp | — =Var M- X(sg)) ) dsy -+ -dspdAy -+ - dA,.
(2m)™4 Jgma 0,4 < 2 (kz:; )>

Interchanging integration and applying the characteristic function inversion formula,
we can get more explicit (but somewhat less useful) expression in terms of integration
associated with det(EX (s;)X (s;))~1/2. Estimates of the moments of local time L(t,z)
thus depend on the rate of decrease to 0 of det(EX(s;)X(s;)) as s; — sj_1 — 0 for
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some j. Here in our approach, we have to make proper adjustment by approximating
L(t, x).

Consider now a random fields X (t) taking values in R, where t = (t1,...,t,) € (RT).
For a fixed Borel set A C (R*)P, recall that the local time formally given as

Lx(A z) = /Aéx(X(s)) ds (3.1)

is defined as the density of the occupation measure
pa(B) = / 15(X(s))ds BCR?
A

if 14(+) is absolutely continuous with respect to the Lebesgue measure on R

Given a non-degenerate Gaussian probability density h(z) on R? and € > 0, the function
he(z) = e ¥2h(e~'/?x) is also a probability density. Define the smoothed local time

L(A,z,€) = /A ho(X(s) - ) ds. (3.2)

Our first proposition provides moment comparison (3.6) which can be viewed as analogy
of Anderson’s inequality in the small ball analog: For independent Gaussian vectors
X, Y, X symmetric,

P(IX +Y] <e) <P(|X] < o).

See Li and Shao [32] for various application of this useful inequality.

Proposition 3.1 Let A C (RT)? be a fived bounded Borel set. Let X (t) (t = (t1,...,t,) €
(R*)?) be a zero-mean R*-valued Gaussian random field with the local time Lx (A, x)

continuous in x € RY. Assume that for every m = 1,2, ...

1 m
/ ds, - ds, /(Rd)m Ay - dA exp{ — 5 Var <Z>\k : X(sk)>} <o, (3.3)

k=1

Then L(A,0) € L™ (i.e., finite m-th moment), with

- 1
ELx(A,0)™ = Gy / dsy - dsy, /(Rd)m A\ -+ dA (3.4)

xexp{ —%Var(g/\k'X(sk)>}

and

lim E|Lx(A,0,¢) — Lx(A,0)|" =0. (3.5)

e—0t
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IfY(t) (t = (t1,...,t,) € (RT)?) is another zero-mean R¥*-valued Gaussian random
field independent of X (t) such that the local time Lx .y (A, z) of X(t) + Y (t) is con-
tinuous in x, then

E[Lxy (A, 0)"] < E[Lx(A,0)"]. (3.6)

Proof: By Fourier inversion, we have from (3.2)

1 .
Lx(A,0,¢) = L /Rd d)\eXp{ — %()\ : F/\)} /Ae_”\'X(S)dS

where I' is the covariance matrix of Gaussian density h(z). Using Fubini theorem,

1
ELx(A,0,¢)™ = G /m dsy - --ds,, /(Rd)m d\y - - d\,

By monotonic convergence theorem, the right hand side converges to the right hand
side of (3.4) as e — 0. In particular, the family

ELx(A,O,E)m (6 > 0)

is bounded for m = 1,2,---. Consequently, this family is uniformly integrable for
m =1,2,---. Therefore, (3.4) and (3.5) follow from the fact that Lx(A, 0, €) converges
to Lx(A,0), which is led by the continuity of Lx (A, x).

Finally, (3.6) follows from the comparison

1 m
/ dsy -+ - dsy, /(Rd)m dAy - - d)\y, exp { — §Var < 521 A (X (sk) + Y(Sk)>}
</ dsy---ds / dAy - dN, exp —EVar<§m)\-X(sk)> .
- m " (Rd)m " 2 —1

O

In certain situations we can also reverse bound in (3.6) as a result of the Cameron-
Martin Formula. In small ball setting, this is motivated by the Chen-Li’s inequality [10]
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which can be used to estimate small ball probabilities under any norm via a relatively
easier Lo-norm estimate. See also the survey of Li and Shao [32]. Let X and Y be any
two centered Gaussian random vectors in a separable Banach space B with norm || - .
We use | - |,(x) to denote the inner product norm induced on H, by u = £(X). Then
for any A > 0 and € > 0,

P(|X + Y| <€) > P(|X]| < Xe) - Eexp{—27"N|Y[2 ) }.
Next we provide the local time counterpart of this inequality, which is crucial in our
estimates. Suppose that the process X (t), t € [0, T], where T = (T3,...,T,) € (R})?,
can be viewed as a Gaussian random vector in a separable Banach space B such that
the evaluations x — z(t) are measurable (say B = C([0, T]; R?), for concreteness). Let
H(X) denote the reproducing kernel Hilbert space (RKHS) of X (t), t € [0, T| equipped

with the norm |[|-||. Now we will make a crucial assumption that the independent process
Y (t), t € [0, T] has almost all paths in H(X).

Proposition 3.2 In the above setting, under the assumptions of Proposition 3.1, we
have
E[Lxiy (4,0 > Ee "B [Lx(A,0)"]. (3.8)

for every A C [0, T] and m € N.
Proof: Applying Lemma 3.6(ii), for g(x) = [[,—, he(z(sk)), z € B, we get

E[Lxiy(4,0,6)™" = /m dsy - dsy, B ] he(X(st) +Y(s1))
k=1

>Ee 21V / dsy - ds, E [ [ he(X(s0)))
" k=1

=Ee 2R [Ly(A4,0,¢)™] .

Applying (3.5) for both processes, X and X + Y, we get (3.8). O

3.2 The remainder in the decomposition of B (t)

Assume that H € (0,1/2) U (1/2,1) and recall the decomposition (1.6),
' BI(t) =WH#)+ Z7(t), t>0

where the remainder process Z(t) can be written as
210 = [ {(e+ )" = ) aB(s), (3.9)
0

14



with B(s) := B(—s), s > 0. Clearly, Z(t) is a self-similar process with index H and
the processes W (t) and Z# (t) are independent. With the aim to use bound (3.8), we
examine whether paths of Z# (t) are in the RKHS of W (t), considered as a Gaussian
random vector in C([0, T]; R%).

Proposition 3.3 Process {ZH(t)} has C*°-sample paths. Moreover,

t>0
ZH(t) = 1[ZHPvH (1), (3.10)

where I¢, is defined in (A6) and VH(t) is a (—%)—self—sz’milar Gaussian process given
by

= —1 o t%stH*% _
VIO =5 | T B (3.11)
2

Proof: Foreveryne Nandt >0

O g1 on— 1
prd (t)—(H—§)"'(H— 5

) /Ooo(t + 5)H-nHD/2 1B ()

is well defined n'i-derivative process with continuous paths on (0, 00).

For the second part of the proposition, put

t,s>0. (3.12)

Notice that for every ¢ > 0, [;° K (t,s)*ds < oo and that for every s > 0
I PG (8) = (4 )12 = 112

Interchanging the order of stochastic and deterministic integrations we get (3.10). The
self-similarity of order (—3) follows directly from (3.11). O

Lemma 3.4 Almost surely {VH<t)}te(0 1 ¢ L5[0,T], for every T > 0. Therefore,

almost surely, sample paths of {Z"(t)} are not in the RKHS of {WH(t)}

t€[0,T t€[0, 17"

Proof: Since
T ) T
/ E[(VH(t)) } dt:C/ tdt = oo,
0 0

the lemma follows by the integrability a Gaussian seminorm and the zero-one law. [J

The next proposition is fundamental to our technique relating the local times of B (t)
and WH(¢).
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Proposition 3.5 For any a > 0 there is a Gaussian process {Zf(t)}t>0 such that

(i) ZE(t) = ZH1(t) for allt > a;

(ii) Almost all sample paths of {ZH(t)}
for any T > 0.

| belong to the RKHS of {WH(t)}

t€[0,T tel0,7)

Proof: First consider H € (0, 3), so that m = [H + 1/2] = 1. Define
zi(py = w? (@) 0st=a
ZH(t), t>a.

By Corollary A4 it is enough to verify that Z(¢) has paths in AC}[0, T] and Z(0) = 0.
But this is obvious by Proposition 3.3.

Now we consider H € (1, 1), so that m = [H + 1/2] = 2. Define
(32" (a) — aZ"(a))(t/a)? + (= 2Z"(a) + aZ"(a))(t/a)?, 0<t<a

Z,'(t) =
ZH(t), t>a

: 9]
where ZH (t) := EZH(t) . By Corollary A4 it is enough to verify that Z(t) has paths

in AC2[0,T] , Z#(0) = 0 and Z¥(0) = 0. The continuity of Z¥(t) and ZH(t) at t = a
follows by a direct verification and the rest of the claim by Proposition 3.3. [

3.3 Technical lemmas

The following auxiliary results and formulas are used in the proofs of main theorems.
They are given here for a convenient reference.

Lemma 3.6 Let p be a centered Gaussian measure in a separable Banach space B.
Let g : B — R, be a measurable function. Then

(i) if {x € B : g(x) > t} is symmetric and convex for every t > 0, then for every
y€e B

/B g+ ) ulde) < [ gla) (o)

B
(ii) if g is symmetric (g(—x) = g(z), x € B), then for every y in the RKHS 'H,, of u
1
[ st +wntae) = esp {31012} [ oo ntao),
B B

where ||y||,, denotes the norm in H,.
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Proof: Part (i) follows from Anderson’s inequality

/ 9(x +y) p(dr) =/ p{z € B: gz +y) > thdl
B 0
S/ p{r € B: g(x) = t}dt = / 9(x) p(dz).
0 B
Part (i) uses Cameron-Martin formula and the convexity of exponential function
1
[ ot v wutan) = [ ataresn { o~ 3ol | atan
B B
1 1
=5 [ 9(@)exp oy = llyll p nlde)
B
1 1
5 [ 9@ expq —(z,y)u = 5llylli o wlde)
B

+

O

The next lemma is well-known and goes back at least to 1950s in equivalent forms,
see Anderson [1|, p42, Berman [5], p293, [6], p71. The basic fact is that conditional
distribution of X} given all the X;,1 <17 < k is a univariate Gaussian distribution with
(conditional) mean E(X| X7, ..., X;_1) and (conditional) variance

det(Cov(Xy,..., X))/ det(Cov(Xy, ..., Xk_1))

for 1 < k < m. For the completeness we provide an equivalent geometric argument for
the validity of this lemma, see Appendix, Lemma A5.

Lemma 3.7 Let (Xi,...,X) be a mean-zero Gaussian random vector. Then

det(Cov(Xy,..., X)) = Var(X;)Var(Xs | X1) - - - Var(X,, | Xon—1, ..., X1).

Let BH(t) be given by its moving average representation (1.4). By the deconvolution
formula of Pipiras and Taqqu [37] we also have

By =y [ (-9 - o) aB(), (313)

where ¢i; = {cyI'(H 4+ 1/2)T'(3/2 — H)} " and the integral with respect to B (t) is
well-defined in the L?-sense. It follows from (1.4) and (3.13) that for every ¢t € R

Fi=0{B"(s); —oo<s<t}=0{B(s); —oo<s<t}, (3.14)

17



where the second equality holds modulo sets of probability zero. Then for every s < ¢
# H

BB"(0)|F) =cn [ (160"t - (-w)

—00

_1
) dB(u). (3.15)
If d =1, then for every s <t

Var (B (t)| F,)

E{ [BH@ —E(BH () \]—"5)]2\.7-“8}

E{ /:(t—u)H% dB(u) \]—"5}

2

t
_ C
—ch/s (¢ — 0" du = L (1 5)? (3.16)

For the reader’s convenience we also quote the following lemma due to Konig and
Morters, [26, Lemma2.3].

Lemma 3.8 Let Y > 0 be a random variable and let v > 0. If

. 1 m
nll—l»%oﬁlog (m!)vEY =K (3.17)
for some k € R, then
1
i — R/
;Lrlolo v logP{Y >y} ~ye 7, (3.18)

4 Large deviations for local times

4.1 Proof of Theorem 2.1 — superadditivity argument

In the light of Lemma 3.8, it is enough to show that the limit in (3.17) exists for
Y = LY(Bf) and for v = Hd. We will prove it by a superadditivity argument. Let 7
be an exponential time independent of B (t). We will first show that for any integer
m,n > 1,

m—+n

EP%B%mﬂ}z( *

)E [LQ(BH)W]E[LQ(BH)”} (4.1)

Let t > 0 be fixed. Notice that by Theorem 7.1, the Gaussian process B (t) satisfies

18



the condition (3.2) posted in Lemma 3.1. By (3.4), therefore,

E|L0(B")"]
1 1 m
= dsy---dsp, d\; -+ d\,, _ IV \. . BH
(27r)md /[o,t]m 51 s /(Rd)m 1 exp{ 5 ar(kz:: k (sk)>}
1 / ds+ - - ds / d\; - - - d\,, exp _lvar<i>\BH(3 )) d
(27T)md 0.m 1 m N 1 m 5 ¥ By k

where BE (t) is 1-dimensional fractional Brownian motion.

By integration with respect to Gaussian measures

/m d\; -+ d)\,, exp{ - %Var (éAkBg(Sk)>}

= (27)™/? det {COV <Bgf(sl), . ,Bgf(sm)> }‘1/2
Therefore,
E|L9(B")"]
- @m;md/?/m]m dsl---dsmdet{cov (Bg(sl),"' ,Bg(sm))}_d/Q (4.2)

m! —d/2
= W/ dsl---dsmdet {COV <Bgl(51), 7B£I(sm)>} .
(0,7

In (4.2) and elsewhere, for any A C RT and an integer m > 1, we define
—{sl, ,Sm) € A™; 51<-~<sm}.
Put
Alsr, e os) = o{ B (s1). Bl (o)}, k=10 ,m,
and A(sy, -, s5) = {0,Q} when £ = 0. By Lemma 3.7,

E [LS(BH)M] (4.3)

m! .
= —(27T)md/2 /[Ot]m cdsp, HVar( (s1)|Bg (s1), -+, B} (Sk—1)>

We are ready to establish (4.1). Put

—d/2

Pmls1, -+ wsm) = [ Var (BE ()| B (1), -+ . Bl (s1-1) ) "2

k=1
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and let m,n > 1 be integers. Then, for any s; < --- < sp1p and n+1 < k <n+m,

Var (B (si)| B (s1), -+ B! (s1-1))
= Var (Bf/(s1) = Bfl (su)|By/(s2). -+ . BY (s1-1))
= Var (B (si) = BE (su)| BE (1), B (50), B (su11) = B (s0),
B (sk-1) = B (1)
< Var (B! (si) = BE (su)| B (sns1) = B (su), -, B (s41) = BE ()
= Var (BY! (51— s0)| B! (5001 = 50+, Bl (s1 = s1)).

where the last step follows from the stationarity of increments. Thus

90n+m($1, s a3n+m) > @n(sla s asn)@m(sn—i-l — Snytt , Sndm Sn)'
Notice that from (4.2)

m m!
E[LQ(BH) ] = (277')—md/2E/[0 . dsy -+ -dsp, Spm(sly"' 7Sm)
Tl

m!
h (277-)—mCl/2E [1<--.<5m 157n<7'd81 tee dSm Som(sl, e 7Sm)

Consequently,
E [Lg(BH)mm} = (2(7:3:;—57:));/2 /(R+)n+m A1~ dSnim Prim(S1,- 1 Snpm)eSmtm
<

x Spm(sn_g_l — Sny s Sndm Sn)e_(8"+m_5n)
(n+m)! / )
= — dsl"'dSnSOn(Sl,"' 75n>€ Sn
(2m)(F M2 f gy

></ dty - dtpy om(ty, - tm)e ™
R

_ (” - m>IE‘, Lo(B ) B[ Lo )]

m

1
We proved relation (4.1) that says that the sequence m — log —E [LQ(BH)’”} is
m!
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super-additive. By Fekete’s lemma the limit

1 1 1 1
lim — log —E[LO(BH) ] = sup — log —E[LO(BH) ] =logL, (4.5)

m—oo M m>1 m

exists, possibly as an extended number.

By the scaling property (1.1),
E|L2(B)"| = E[r0- 0| B|L3(B™)" |
—T(1+(1- Hd)m) E[L?(BH)’”] .
From (4.5) and Stirling’s formula we get

1
lim — log
e 8 ()

E[LO(BH) } 1og{(1—Hd)*<1*Hd>L}. (4.6)

Applying Lemma 3.8 we establish (2.1) with

0(H,d) = Hd(1 — Hd)~*T1/Hd-1/Hd (4.7)

To obtain (2.2) and complete the proof it is enough to show that

(2r)~4*T(1 — Hd) < L < (H—lmg)d/ “T(1 - Hd). (4.8)

By (4.1)

Laeny] 2 (5" — (0450 - )

where the equality comes from (4.4) (for m = 1). This proves the lower bound in (4.8).
To prove the upper bound, we first notice that

Var (Bgf(sk) | BH (s,), - - ,BH(sk_1)> > Var (Bgf(sm Bo(s), s < sk_1> (4.9)

02 2H
2H<Sk — Sk— 1)

9

where we used (3.16). Hence the function ¢ defined above satisfies

P51,y sm) < (2H/ )™ | [

k=1
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and by (4.4),

E[LE(BH)’”} < (2H/E)™ m) /

(RH)Z

dsy---ds,, 1_[(3;C — Sp_y) Hdemom (4.10)
k=1

m

— (2H/c%)™ " m! { / ¢Hdt dt} — (2H/)" " mT(1 — Hd)™ .
0

This establishes (4.8) and completes the proof. [

4.2 Proof of Theorem 2.2 — comparison argument
First we note that
L} (¢’ B") = ¢, L} (B"). (4.11)
Thus, from the decomposition (1.6) and (3.6) for every m € N,
¢H'E [LY (BM)™] <E[L) (WH)™]. (4.12)
To prove a reverse inequality (up to a multiplicative constant) we use notation (3.1).

Fix a € (0,1) and let let ZX(t), t > 0 be the process specified in Proposition 3.5 that
is also independent of W#(t), t > 0. We have

C?{Ltl) (BH) = Lc;BH([Ov 1]7 O) > LC;IIBH<[G> 1]7 O) = LWH—i-Zf([a? 1]7 O)'
Thus, by (3.8) we get
HE [LY (B™)"] >E [Lwn, zu([a,1],0)"] > K.E [Lyx([a, 1],0)™]
=IE [(LiWT) — Low™))™]
> K, {E [L5W )]~ [y )
=K, (1—a" ") E [LYW")"]

where the last equality uses self-similarity (1.3) and K, = Eexp {—1||ZZ[]*} . Here
|1ZH]| < oo as. is the RKHS norm associated with {W#(t)},ep0,1) and computed for
paths of {Z (t)}ie,1) - This together with (4.12) yields

U [L9 (BY)"] < E[L0 (W)™ < K. (1— a'9) ™ B [10 (B")™] .
Applying the limit as in (4.6) to both sides and then passing a — 0 gives

lim - log ;E[L?(WH)W] = log {cgu - Hd)—“—Hd)L}.

m—oco M, (m!)Hd

Therefore, by Lemma 3.8 the limit in (2.5) exists and §(H, d) = c;II/HQ(H, d) by (4.7).
U
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5 Large deviations for intersection local times

5.1 Proof of Theorem 2.3 — subadditivity argument

Let a”(A) be defined analogously to (1.9) by

p
a'(A) _/ / Hpe(WJH(Sj> — ) ds; - ds, dz,
RYJA G

where p. is as in (1.10). We will first prove the subadditivity property: for every
m,n € N,

E[af([0,7) x -+ x [0,5))"""] (5.1)
m+n P ~H m ~H n
< o E[oz6 ([0, 71] x -+ x [0, 7)) ]E[ae ([0, 71] x -+ x [0, 7)) ],
where 7, ..., 7, are iid exponential random variables with mean 1 and independent of

Wi (t),...,W}I(t). Indeed, since

df([o,tﬂ X o X [O,tp])m = /( ., cdx,, HH/ pe Sjk —fk) ds; 1,
R m

j=1k=1

we can write

E [df([ov 7—1} X X [07 Tp]>m+n] = / ., dxl T dxm-‘rn f(l‘l, cee 7a7m+n)p7 (52)
(]R )m-HL

where
%) m4+n
g(xlu-”?xm—kn) :/ dte_t/ dsl"'d8m+nE Hpe(WH<Sk) _Q:k>~
0 [0,¢]m+n Pl
Let
Dy ={(s1,...,8m4n) € [0,8]™*" - min{sy, ..., s} <min{Spi1, ..., Sman}] -

There are exactly (™") permutations o; of {1,...,m + n} such that {J,0; 'D, =
[0,2]™*" and o; ' D; are disjoint modulo sets of measure zero (here, o (s, ..., Spmin) =
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(80(1), Ce ,Sg(m_,_n))). Therefore,

m+n
/ . dSl e dsm—i-nE H De (WH(Sk) - xk)
[0,¢]mtm

k=1
m+n

=3 [ s dsun B ][0 0 ) - )
i O'i_lDt k=1

m-+n

= Z/D d51 . 'd8m+nE H pe Sk — ZLo; (k))

which gives by Holder inequality
m—+n

g(xlv"'axm-i-n)p: {Z/ dte_t/ dsl"'dsm-‘rnEHpe
i 0 Dy

m+n

p—1 [e%¢)
< <m—|—n) Z{/ dte_t/ dsl---dstrn]EHpe(W
m - 0 Dy k1

1

Substituting into (5.2) yields

E[df([o,ﬁ] ‘o x [O,TP])mM} < (m; ”)pl Z:/(Rd)m+n dz,
WH (1) = o,h)) }p

00 m—+n
X {/ dt et/ dsy - dspmin E H pe(
0

k=1

p
H(s) = Touh)) }

H(sp) — %xk))} :

e dTpn

m4+n p

m+n\? +
= dxy - dTpan dt dsy - dsyinE (WH — .
( m ) /(Rd)m+n L+ {/ e /Dt 510 ASmy Hp( (sk) xk)}

Since the last integrand can be written as

k=1

o] m—+n p
{/ dt eit / dSl tc dSernE H Pe (WH<Sk> — xk)} = / dtl . dtpe*(tl+“'+tp)
0 Dy R+

k=1

p m+n p
X / <Hd3j,1 dsj m+n> E H Hpe
Dt1><-~~><Dtp

j=1 k=1 j=1

after integrating with respect to xy, ..., 2, We get

Sjk’ _xk)a

p
E[df([om] X e X [O,Tp])m+n] < (m+n> /<R+> dty - - dtye~ Bt (5.3)

m

p m—+n
X / <Hdsj71---dsj7m+n>IE H gs(WIH(st),...,
Dy X--X Dy, k=1

24
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where

ge(y1, - - vyp '_/ Hpe (5'4)

= (2me) /2 / o~ (2P =22g+p~" S0, il )p/ (2€)
Rd

= (2me) =1/ exp{——ZIy]—yl I3

and 7 :=p~ 'SPy, for y1,...,y, € RL Moreover,

p m—+n
/ (H ds;p - dsm%) E ] ge (W (s1)s - W (5p)) (5.5)
Dtl ><---><Dtp

j=1 k=1
/ (HdSﬂ dsjm) / (Hdsj mal dsj,ern)
[0,t]™ * 7 [0,t—s*]n N
m—+n
X ]Eng A (s14), T spn)) T 9e(W (514 s1n)s- - W (s34 ).
k=m+1
where
t=(1, - 1), sT=(s1, " .8),
and

s; = max{s;): 1 <k <m}.

Assuming that W/ (t) are given by (1.2) with independent Brownian motions B;(t),
define Fg« = U{Bj(Uj) ru; <k j=1,. ,p}. Put also

*

sj—l—s 85
Yj(s;‘f,s) :/ (s;‘f%—s—u)H_%dBj(u) and Z(sj,s) :/ (3;+s—u)H_%dBj(u),
s 0

*
J

so that Wj(s} + s) = Y;(s}, s) + Z;(s}, s). The last expectation can be written as

{ng Wi S1k)s W, (Spk))

m—+n
X ]E[ H Ge (KH(ST7 Sl,k) + Z{{<5’167 Sl,k)v T 7}/1;H(8;7 Spvk) + Zf(SZ, Sp,k)) }fs*i| }
k=m+1
m m+n
E[H gE(WIH(st), e ,Wf(spﬁk))}E[ H e (YIH(S’{, S1k), ’ypH(s;, Sp,k))}
k=1 k=m+1
m m+n
= B[ TLoe W 1. W (spu) [E[ TT 0 (W Gs1), o W 5p0) .
— k=m+1
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where the inequality follows from Lemma 3.6(i) (see the evaluation of g, in (5.4) and
the positive quadratic form associated with it) and the last equality from that

(Yl(s*f, S1k);-- - ,Y;,(SZ, sp,k)) 4 (WlH(st), . Wf(sp,k)).

Combining the above bound with (5.5) and then with (5.3) we obtain

p
E[df([O,ﬂ] X e X [O,Tp])mn} < (m—i— n) / dty - - - dt,e” (T
RH)P

m
p m
X / (Hdsj,1 : ..dsj,m)Eng(W{f(st), W (spn)
[0,6]™ ™5y k=1
p m+n
X / <H al5]~7m+1 . dsj,ern) H gE 51 k ’WPH(sp,k))
[0,6—s*]" 54 k=m-+1

P m
NESTA T, R

o o (sittsp) / dt - - dt 05D+ s
5 oolp

X /[ot e (Hdsgmﬂ d53m+n>E nﬁl ge (51 k) 7Wf(spvk))
_ (mr—; n) E[df([o,ﬁ] VR [O,Tp})m] E[&f([O,ﬁ] X oo X [O,Tp])n],

where in the last equality we use
6_(ST+"'+5;) = / 6_(t1+m+tp) H 1[s*,t}(31,k7 ey Sp,k) dty--- dtp
(Ry)P k=1
and the definition of g, in (5.4). The subadditivity (5.1) is thus proved for any ¢ > 0.
Now we would like to take ¢ — 0 on the both sides of (5.1) in an attempt to establish
Ea" ([0,7] x -+ % [0,7,)""" (5.6)

< (m;-n) EdH([O,Tl] Xoee e X [O,Tp])mEdH([O,Tl] X oo X [O,Tp])n,

To this end we need to show that for any m > 1, @ ([0, 7] x - - x [0,7,]) is indeed in
Lm(Q, A, P) and

lim E[ H([0, 7] x -+ % [o,rp])m} :E[&H([O,ﬁ] SRR [o,Tp])m]. (5.7)

e—0t

26



Indeed, using (5.1) repeatedly we have that
E[al([0.7] % - x [0.5))"] < (miyE[a (10,7] x -+ x [0,7,])]
Notice that

E[&f([o,rﬂ X - X [O,Tp])] - /Rd {/OOO e~Ep, (W (t) —x)dtr

LU Lo omewal] w

where t* = (2H) 2" and the last step follows from the easy-to-check fact that
WH(t) ~ N(0,(2H)"'*11,). By Jensen inequality, the right hand side is less than
or equal to

oo p o0 p
/ / pe(y—@[ e’ / pt*(y)dy} dydz = / { / e’ / pt*(y)dy} dy
R4 JR4 0 R4 R4 0 R4
[e%e] o0 p
= | at,---at e_(t1+"'+t”)/ pe () da
/0 /0 ! P RdH tj( )

d( 1)/2 d/2
/77 p— / / —(t14- +tp Z H t2H> dty ---dt,

j=1 1<k#j<p
where the last step follows from a routine Gaussian integration.

By arithmetic-geometric mean inequality,

P30 R I G

] 1 1<k#5j<p J= 11<k‘7éj<p

So we have

d(p—1)/2 % »
E[al (10,7] x -+ x [0.5)] < (#/7) " pd/?( /  Hd(p-1) dt)
0
d(p—1)/2
= (H/7T> P pfd/QI“(l o Hd/p*)p

Summarizing our computation, we obtain

oty B[ 0.m]xx 0.5)) "] < (i) rerna - gy )
(5.8)
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By Theorem 7.1, the process
X (11, ty) = (W) = W (1), W () — W (1))

satisfies the condition (3.2) with A = [0,t] = [0,¢;] x ---[0,¢,] for any ¢;,--- ,¢, > 0
and ~H
& ([0,71] x -+ x [0,7))

= Jou he (W (1) = Wy (s2), -+, Wl (spm1) = W, (sp)) dsy -+ ds

=)

where

h(xy, - 2y 1) = /del(—x)]ﬁm(pzjxk —x>d:p

=1
is a non-degenerate normal density on R¥*~Y. By Lemma 3.1, & ([0, 1] x - - -x[0,2,]) €
£7(Q, A, P) and

lim E[df([o,tl} XX [o,tp])m} - E[@H([O,tl] XX [o,tp])m} . (5.9)

e—0+
In addition, by the representation (3.7) one can see that for any € < e,
E[&f([o,tl] XX [O,tp})m] < E[&f([o,tl] X e X [o,tp])m] .
Thus, (5.7) follows from monotonic convergence theorem and the identities
al ([0,7] x -+ x [0,7,]) (5.10)

= / e_(t1+"'+tp)E|:&£{([07 t] x - x [0, tp])m} dty---dt,
(R+)P

and
a([0,71] x -+ x [0,7,)]) (5.11)

- / e—<t1+'"+tp>E[aH([o,t1] XX [o,tp])’”} dt - - dt,.
By

Further, by (5.8) we obtain the bound

d(p—1)/2 "
) p—d/2r(1—Hd/p*>p> .

(5.12)

(m!)_pE[&H([O,ﬁ] X e X [O,Tp])m} < ((H/?T

The inequality (5.6) implies that the sequence m — log(m!)PE&" ([0, 7] x- - -x[0, 7,])™
is sub-additive. Hence the limit

lim l1og(m!)—plﬁzo~/q([o,Tl] x - x [0,7,))" = e(d, H,p) (5.13)

m—oo M,
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exists, possibly as an extended number. Further, by (5.12)
d(p—1)/2
c(d, H,p) < log { (H/7T> T - Hd/p*)p} :

Now we will deduce the moments behavior of & ([0, 1]7).
Notice that 7, = min{r,---,7,} is an exponential time with parameter p.
Ea" ([0, 7] x --- x [0,7,))" > E&" ([0, 7.]")"
= Erp-Hde=mEaM ([0, 1)7)™
= p~ P A= (1 4 (p — Hd(p — 1))m)Ea* ([0,1]")"

By Stirling’s formula,

lim sup % log {(m!)_Hd(”_l)EdH([O, 7)™}

m—00

<c(d,H,p) + (p— Hd(p —1))log(1 — Hd/p").

On the other hand, for every t;,...,t, > 0,

£ (0.0 % - x [0,1,))"
= - dT, 1+ -dsp,E C(WH (sp) = 2
/(]Rd)m H/Ot] kllp( ( ) )

IN

=1

Il
—

(Ba7([0.,7)" 1

€

J

Letting € — 0, from (5.9) we get

p p
~ m ~ my 1 m
Ea ([0, .] x -+~ x [0,4,])" < [] {E&" ([0,¢,]7)"}"" = 114
j:l j:l
where the last equality uses self-similarity (1.12). Hence
Ea" ([0, 7] x -+ x [0,7,])"
= / dty -+ dt, e TR ([0,4] x -+ x [0,2,])"
(R+
< Ea™ m/ -t e*(t1+"-+tp)(t1 . .tp)m(lfHd(pfl)/p)
(R+)p

— Ea” ([0, 1] )’”r 1+ m(1 — Hd(p —1)/p)>p.
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(5.14)

m py 1/p
{/ dxy -+ dz,, (/ dsl---dsmEHpe(WH(sk)—:L'k)> }
(Rd)m (0,¢5]™ k=1

Hd/p

(5.15)



By Stirling’s formula again,

liminf — log {(m})~Hie=DE&" ([0, 1]7)"}

m—oo M
>c(d,H,p)+ (p— Hd(p—1))log(l — Hd(p — 1)/p).
We have shown that

lim — log { (m!)~#»=VE&" ([0,1)")"} = C(d, H,p), (5.16)

m—oo M,

where by (5.14),
C(d,H,p) = c(d,H,p) + (p — Hd(p — 1)) log(1 — Hd(p — 1)/p) (5.17)

dp-1)/2
< log { (k7)™ R0 = Hafp (1 - Hd/p*)p_Hd(p_l)} .

On the other hand, let &(A) be the intersection local time generated by c;' B (t),--- , ez BY

We have that
a(A) =P Va4), Ac ®Y). (5.18)

In view of the decomposition (1.6), by Lemma 3.1 we have that

Eay ([0.17)"] = E[an ([0.17)"] = =" B[ an (10, 17)"]. (5.19)
It follows from (5.25) below that

d(p—1) P e [T omy—d/2 ¢ .\
C(d,H,p) > log < cy (p*) 2™ (2m) 2~ / (1+¢") " e tdt
0

x (1 — Hd(p — 1)/p)P—Hd<p—1>} : (5.20)

Applying Lemma 3.8 leads the first conclusion (2.7) of our theorem with

~ C(H,d,p)
K(H,d,p)=Hd(p—1 -
(Hidop) = Ha(p = exp { = =45}
and therefore the bounds given in (2.8) follows from (5.17) and (5.20). O

5.2 Proof of Theorem 2.4 — comparison argument

In connection to (5.16), we first show that
1 m
lim — log {(m!)_Hd(p_l)EaH([O, ")} = C(d, H,p) — d(p — 1) log cu, (5.21)
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The upper bound follows immediately from (5.16) and the comparison (5.19). To
establish the lower bound, we once again consider the intersection local time af(A)
generated by the normalized fractional Brownian motions

By'(t) = ci BY'(t),- . B, (t) = cf B, (1).

For any € > 0, define

//Hpe (85) =) dsy -+~ dsy du, (5.22)

Let 0 < § < 1 be a small but fixed number. Notice
Ea.([0,1]")" > Ea.([6, 1]7)"

p 1

= /(Rd)m dzy - - - dx,, I_IE/(5 pe(Bj(s) — xk)

= -d mE € 7BH
/({5,1]p) > Hg ( (s18). P (Sp”“)>

where g(z1,--- ,x,) is defined by (5.4) and we adopt the notation sk = (s14, - Spi)-

Consider (Wf(ty),--- ,WE(t,) (t = (t1,---.t,) € [0,1]") as a Gaussian random
variable taking values in the Banach space ®§:10{[0, 1]p,Rd}. Then the reproduc-

ing kernel Hilbert space of (W{J(tl),~-- ,WpH(tp)> is Hy = ®@%_ Hw. For each
(frltr) -+ fp(1)) € Hy

(A L), = ZI!J‘;HHW

where || - ||, is the reproducing kernel Hilbert norm of Hyy.
Let Zj%(t),---, Z§(t) be the processes constructed in Lemma 3.5 (with a = d) by
Z{'(t), -, Z]'(t), respectively. For each (s1,--- ,sp) € [§,1]?)™ by the decomposition

(1.4) we have
E H ge( ($14), " Bf(sp,k))
_E ng( (51 + 28 (s0i), -+ Wi 5pa) + 201 (5 )
B[ L0 (W (o100 + ZE st W (500 + 2250
k=1
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Fixed (s1,--- ,sm) € [0,1]7)™. Applying Lemma 3.6(ii) to the functional g(f1,--- , f,)
on ®@4_,C{[0,1]7, R?} defined by

g(fr, 5 fo) = ng (f1(31,k), T 7fp(5p,k)> (i, fp) € ®§:1C{[Ov 1]pde}7
k=1
then the right hand side is greater than
1 p
(o { - 528y, } ) Balwi,oo 0

P m
::<Eemy{_%uz§mm})}EII%(W#%aﬁLH.J%f@RQ)
k=1

Summarizing our estimate, we have

Ea.([0,1))"

> (E —1ZH2 ’ d d]Em wH wH

> exp §|| 5 1 - sy ---ds,, ng Hsip)y - WH (s,)
1Py k=1

~ (Bew { - 302015, }) Ba(oap)"

By Lemma 3.1, letting € — 0T on both sides yields
m 1 P ~ m
Ba((0.11)" > (Eexp { - 31121, } ) Ba.(5.1)"
In view of (5.18),

lim inf E log(m!)~A4r-DR [aH([O, 1]p)m} (5.23)

m—oo 1M,

1 m
>d(p—1)logecy + limniio%f - log(m!)Hd(p_l)E[&H([é, 1]7) ]

To establish the lower bound for (5.21), therefore, it remains to show that

1 .
lim inf lim inf — log )E[&H([é, 17) ] > C(H,d,p). (5.24)

§—0t m—oo m (m!)Hd(p—l

Write
a([0,1]7) = a([6,1] x [0,1]771) + &([0,6] x [0,1]71).

By triangular inequality,

(e ny] )"
< {E[d([é, 1] % 0,171)""] }W - {E[d([oﬁ] x [0, 1]”‘1)’””
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Given € > 0,

]E[&e([d, 1] % [0, 1]?*1)”‘]

:/ d:r;l---dxm{/ EHpe(WH(sk)—xk)dsl---dsm}
(Rd)m [571}m

k=1

X [/ EHpE(WH(sk) —xk)dsl---dsm]
[0,1™ =
m py 1/p
§{/ dx1-~-dxm{/ EHpe(WH(sk)—a:k)dsl---dsm} }
(Rd)m [6,1]™

p—1

k=1
m py (p—1)/p
x{/ dxl'--dxml/ ]EHpE(WH(sk)—xk)dsl'--dsm] }
(R)m 0,1™  r—q

) {E[de([& 1]?)’”} }UP{E[@([O, 1]p>m] }(pl)/p
Letting € — 07 yields

a0, = {efae. )]} {efao.)])
Similarly,

sfao.0x .7y < {mfaqo.on] ) (e fao.)7])
So we have

lefagor]} ™ < Lefato ]} ™+ {ela.om])

By scaling,

(»-1)/p

(r—1)/p

1/mp

E[a([0,0]7)" | = g ae-0mg 6 ((0,1)" |

Thus mp
E[a([5,17)"] = [1 = ¢4 B (0, 17)"].

Therefore, (5.24) follows from (5.16).

To bound the limit in (5.21) from below, we claim that

lim — log { (m!)~"**=VEa" ([0,1]7)" }

m—oo M,

> plog {(1 ~ Hafy) 1 ) ) [ (1 t“)‘d/%_tdt}‘
0
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Let 71,---,7, be i.i.d. exponential times independent of Bf(t),--- ,Bf(t). Given
e>0

E[af([@,ﬁ] X oo X [O,Tp])m} :/ dry - dey, QP (z1, -+, Tp)

(RE)™
where
Qclzr,++ \ Tm) :/ e_t[/ dsl..-dsmEHpE(BH(sk)—xk) dt .
0 (0,4 Pt
Let f(z1, -+ ,x,) be a rapidly decreasing function on (R4)™ such that

Pday - dr, = 1.

/ ’f(l'la"'?mm)
(RE)m

By Holder inequality,

{E[@f([o,ﬁ] oo x [o,Tp])}m}

>/ duy - dey f(1, 0 2m)Qe(@1, -+, )
(Rd)m

=/ e_t/ {/ dwy - dey f(21, - ) Hg (21, -+ - ,xm)] dsy -« - dsy, dt,
0 [0,¢]™ (Rd)m

where

1/p

Hs,e(xh e 7xm) - ]EHpe(BH(Sk) - xk) 5 = (317 e 7Sm)-
k=1

Consider the Fourier transform

~

FAL, 5 Am) :/ dzry - dry, f(x1, -+, Ty)exp {zz/\kxk}
(Rd)m 1

[t is easy to see that

Hoehy-oe ) = exp{ — 5>l - %Var (> n- B 0w) } .
k=1 k=1

By Parseval identity,

/(d) dxl"'dxmf(xlf” axm>HS,€(xlv"' >$m)
R m

1 / ~
— Ay - A fOL - Am)
@2m)md Jgaym '
€ 5 1 i "
xexp{—§Z|)\k] —§Var<2)\k-B (sk))}

k=1 k=1
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Thus,
{E[ ([0, 7] x - ofp)} }W
> ¢ md/ ‘tdt/[m]m ---dsmU(Rd) dAs -+ d

(A, exp{——Z]/\k\Q——Var<Z)\k )H

We now let € — 07 on the both hand sides. Noticing that the left hand side falls into
an obvious similarity to (5.7),

K’ﬂ

X

m~y 1/p
{E[QH([O,ﬁ] X [o,Tp])} } (5.26)
1 o0
> d/ e tdt ds; -dsm{/ dX\i - -d\,
(2m)md J [0, (Rdym
~ 1 e -
X f(A1, -+, Am) €xp 2Var Z/\k B" (sg)
k=1
We now specify the function f(z1,---,x,) as

f($1, U 7xm) =Cc" le(xk‘>
k=1

where

We have

—~ 1 m
dAi - dAn f(Ag, - - ,)\m)exp{ — —Var e - BE() }
/(Rd)m 2 (; )
1 m 1 m d
_ m 2 H
=C [/md)\l---d)\mexp{ — §;Ak — §Var (;)\kBO (s@)}]

where B (t) is an 1-dimensional fractional Brownian motion.

Let &, - -+ &y be iid. standard normal random variable independent of BJ(t). Write
nk:§k+35{(8k) k=1,---.m.

We have

m

%ki:: X Var (Z )\kBgI(sk)) = %Var <§:} AM%).

k=1
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By Gaussian integration,

m

/md)\l---d)\mexp{ —gixi—%Var(ZAkBgf(sk))}

k=1 k=1
—1/2

= (2m)™? det {Cov (1, ,nm)}

When s; < -+ < s,,,, by Lemma 3.7,

det {COV (- ,nm)} = ﬁ\/ar ("7k|7]17 e ,nk_1>
k=1

—

{1 + Var (Bg(skﬂBgI(sl), e ,Bé{(skq))}

i
I

<

=

{1 + (s, — sk,l)QH}

>
Il
—_

where the last step follow from the computation
Var (BE (sl Bf!(s1), -+, Bl (s1))
= Var (Bf!(si) = B (s41) | B! (51), -+ . Bl (s11))

< Var (Béq(sk) - Bé{(sk_l)> = (s, — sp_1)*".
Summarizing our argument since (5.26), we obtain
{E[@H([O,Tl] X oo X [O,Tp])}m}
S m —d/2
> m!(C(Qﬂ)_d/Q) / e_tdt/ dsy -+ dsm, H {1 + (s — Sk_1)2H}
0 0,4

k=1

= ml(C(2m) )" [/Ooo (1+ tQH)_d/Qe—tdt} "

1/p

E{oﬁ([o,ﬁ} XX [o,Tp])]m (5.27)

> (ml) (C(2m)~12)™ [ /O “ag tQH)d/ze‘tdtr |

On the other hand, with obvious similarity to (5.15)

P

E[a”([0,7] -+ x [o,Tp})}m <E[a" (0, 1]?)}’"{111 +m(1 - Hd(p—1)/p)}
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Hence, (5.25) follows from (5.27) and Stirling formula.

By (5.17) and (5.25), the limit given in (5.21) is finite. By Lemma 3.8, the large
deviation given in (2.9) holds with

C(H7 dap> _ d<p - 1) lOch}
Hd(p —1)

C(H,d,p)

 Hd(p—1)

K(H,d,p) = Hd(p — 1)exp{ —

= cllq/HHd(p - 1) exp{ } = chf((H, d,p).

6 The law of the iterated logarithm

We will prove Theorem 2.5 in this section. Due to the similarity of arguments, we will
only establish (2.17). By the self-similarity property (1.12), the large deviation limit
of Theorem 2.3 can be rewritten as

tlim (loglogt) ' log IP’{&H([O, tP) > AP~ HAP=1) (Jog log t)Hd(p*l)}

= —K(H,d,p)\""/H (X >0). (6.1)

Therefore, the upper bound

lim sup 1077 (log log 1) #*01a™ ([0,4)") < K(H,d,p) """V a.s

t—o0
is a consequence of the standard argument using Borel-Cantelli lemma.

To show the lower bound, we proceed in several steps. First let N > 1 be a large
but fixed number and write t, = N™ (n = 1,2,---). For each n, let (H,,| - ||m,) be
the reproducing kernel Hilbert space generated by W#(.) when viewed as a Gaussian
random variable in C’([O, tni1l; ]Rd). Define the d-dimensional process

Q)= [ 120
0

where B(u) is a standard d-dimensional Brownian motion. Now we define the following
modifications of Q¥ (t) (cf. the proof of Proposition 3.5).

When H € (0,1/2), we put

i@f(tn), 0<t<t,
QI(t), t>t,.

G(r) = {
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When H € (3,1), GE(t) is defined by

GH(t) = {(3625“”) — QI () (/1% + (=200 () +1.QI (1)) (¢/1,)°, 0 <t <ty
Q' (1), t> 1y

Lemma 6.1 Almost surely {GY (t)} e,y C Hn, for every n > 1. Furthermore,

sup E[| G 1% < oc. (6.2)

Proof: Obviously, it suffices to consider the case d = 1. By the same argument as
in Proposition 3.5, we infer that {G (¢)}icpo,,,) C H,, almost surely. If H € (0,1/2),
then m = [H 4+ 1/2] = 1 and by Corollary A4

1 tn41 7 .
G, = e |, Ve

2

dt.  (6.3)

t
/ (t —s)"HHYDGH (5 ds
0

1 tnt1
T T(H+1/2)2T(1/2— H)? /0

Fort > t,,
t tn
/ (t— $)~ DG (6) ds — 1=1QH (1) / (= 5)~U1/2) g
0 0
tn t
+(H—1/2) / { / (£ — )~ (HH12) (g 4 ) =512 ds] dB(u).
0 tn

Thus

2 2

E‘ / (= ) DG () th,;?]E[Qf(tn)f{ / tn(t_s)—(H+1/2)dS}
0 0

+ (2H — 1)E{ /Otn [/t:(t — 5) T HHD) (5 ¢ u)H?’/?ds] dB(u)}

< c{ef Aty (6.4)

2

where C' is a constant depending only on H (C' > 0 will be allowed to be different at
different places). Indeed,

21 —1 (2H

oH (6.5)

E[QF (tn)]2 = /O n(tn 4+ )2 du =

tn 2
t— )y HH/) gy « = 41/2-H
/0 (t=s) =120 ’
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and
2

]E{ /t”{/t(t s)<H+1/2>(s+u)H3/2ds] dB(u)}

2
H+1/2)(8+U)H 3/2 dS:| du

2
{ H+1/2)(S+U)H 3/2 ds} du
2

9 F1—2H  2H~1 1
—d =
(1—2H) /0 truz 1

where in the last two steps we used the identities

9 l/2—Hy H-1/2

1—-2H t+u

t
/ (t _ 8)7(H+1/2)(8 _'_U)H73/2 ds =
0

and

J1—2H, 2H~1 1
/ —————du=7(1—-2H)csc(2rH) -
o (t+u)? t

Combining these estimates we get (6.4).

When 0 <t <t,,

¢
/ (t —s)"HHYAGH () ds =
0

Taking expectation in (6.3) and using bound (6.4) together with the above equality
and (6.5) we get

2

+ tl/Q—H

tn
BIGY|E, < 0+ cer [

tn

+1 tn+1 1
e dt + C/ —dt
tn 1
=C + C |:<tn+1/tn>272H - 1] + Clog(tn+1/tn)
< ON*2H
because t,,1/t, = N > 2 is fixed. The proof is complete in the case H € (0,1/2).

If He(1/2,1), then m = [H + 1/2] = 2 and by Corollary A4

1 tnt1

IG I, = m/ 15 VDG ()2 dt
0

2

dt.  (6.6)

/Ot(t — )V HGH (5) ds

i 1 1
- T(H +1/2)2I'(3/2 — H)? /0

Put
& = (300 (t) = QI (1)) 122 = (=200 (0) + Q1 (1)) £
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so that GH(t) = &,1% + n,t3 when 0 < t < t,.
Then, for 0 <t <t,,
t t t
/ (t —s)V2HGH (5) ds = 2§n/ (t — )2 H ds 4 677n/ (t —s)/* Hsds,
0 0 0

so that
E‘/ s)V2HGH (5 )ds‘2 < CEE T+ Ep t9727]
Since
EE: < O |t BQY (t.)* + £, EQ]I (t,)?] = C £27~
and
En; < C [ BQ (t)* + 1 EQ) (1)) = C &2,

we get for 0 <t <t,,
E‘/ §)V/2HGH (g )dsr < O [2H-1 321 | 2H6 y5-2H] (6.7)
If t > t,, then
/Ot(t — )V HGH (5) ds = /Otn(t — 5)V2HGH (5) ds
+(H —1/2)(H - 3/2) /Otn [/t(t — )2 (5 )T/ ds} dB(u).
tn

Similarly as above,

E(/ §)/2-HGH (g )ds‘2

tn 2 tn 2
E&? (/o (t —s)/2H ds) + En? (/0 (t —s)t/27Hs ds) ]

S C [tTQZH—4 t3_2H + t721H_6 tB_QH} ’ (68)

which is the same kind estimate as (6.7). Then, as ¢, <t < t,.1,

E{ /Otn Utt e CE ds] dB(U)}2
/otn {/t(t )1/2—H(s+u)H—5/2 dsrdu

<C

) [
(2 (;_)“Hﬁm Dl e



where the first inequality comes from the mean value theorem. Combining (6.6)—(6.9)
we obtain

tn
E|GEZ <C / [¢2H 43 =2H y g2H=645=2H1 gy
0

n+1 1

tn+1
+C / [(2H 4320 2065211 gy O(N — 1)*21 / —dt
tn tn
< C ltniaftn = V7 4 C (b fta = 1) 4 C (N = 1 og(tas /1)
< O( )6 2H
This bound, independent of n, concludes the proof. O
Define the sigma field

Fi :0{(31(8),"' >BP(S)); §< t}'

We claim that for any A < I?(H, d,p)~H4P=Y  one can take N sufficiently large, so
that

> P{a (2t tua]?) = A (loglog ts) 10

n

Ftn} =00 a.s. (6.10)

Let € > 0 be fixed and write

al ([2tn, tns1]?) :/ dsy - dsp ge (Wi (s1),- -+ . W1 (sp))
[Qtn,tn+1]p
:/ d51~--dspg€(W1H(tn+sl),--- ,WpH(tn+sp))
[tn n+1 tn]p
:/ sy sy 0 (1) 20 o), 3 ) + 2 ).
tn tn+1 tn|P
where g.(z1,---,x,) is given in (5.4) and
tn+t tn
YA (t) :/ (tn +t —8)7712aB;(s), ZH(t) :/ (tn +t —s)7712aB;(s)
tn 0

J

(=1-,p)

Consider a symmetric set A C ®_ C{[O, tn+1],Rd} defined by
A - {(fh e pr) € ®?:1C{[07tn+1]7Rd};

/ dSl o 'dsp Je (f1(31>> T 7fp< )) > )‘tZ+11{d p=1) (1Og logt )Hd(p_l)} .
[tn tnt1 tn}
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For any (f1,---, f,) € ®,_H,, applying Lemma 3.6-(ii) to the indicator of A leads to
1 p
PLWI + fi,o Wi+ g € A zexo { = 03I, R v, wy) € al,
j=1

if fi,---,fp, € H,.
Notice that

{270 tn<t<tun} 2{QE@: ta<t<tun} = {GHW): 1<t <t}

(Y0 te <t <t} LWt <t <t}
and Y (t) and Z# (t) are in dependent. By Lemma 6.1,

H H H
{Y + 2z Y +ZP)EA‘7-}”}
> e

wf - %Zueﬁjuﬁn}ﬂm{<w«-- W)€ 4}
j=1

7. }

1 p
= exp{ 3 Z 1G5, }P{df([tnatn-i—l —t,P) > MDY Hde=1) (log log t41) d(p_l)},
j=1

or

P{a (2t tual?) 2 ML log log b))

Letting ¢ — 0" on the both sides yields

P{&H([2tn,tn+1} ) > AP (log log B, )40

7 }

> exp{ - —Z IGY &, } { ([t tpgr — 7)) > AP (1og log 1)Hd(P—1)}'

By (6.1) and by an argument similar to the one used for (5.24), for A < K (H, d, p)~#®-1)
and any small § > 0, one can take N sufficiently large so that

P{dH([tn,tn+1 — tn)P ) > Nt Hd(p= 1)(log log th)Hd(p’l)}
> exp{ —(1-19) loglogtn+1} = (nlog N)~1*
for large n.

To establish (6.10), therefore, it suffices to show that for any €, > 0,

1
P

p
1{ Z IG5, < elog logtn+1} =00 a.s. (6.11)
j=1
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Indeed, by Lemma 6.1 GZ can be viewed as a Gaussian sequence taking values in H,,.
By the Gaussian tail estimate, see [29], p.59, there is u = u(e) > 0 such that for large
n

p
1
P{ Y- IG |, > cloglog i } < .
j=1

Then for 0 < 6 < u,

1
>

n

p
1{ Z IG5, = eloglogth} <00 a.s.

which leads to (6.11).
By Corollary 5.29, p. 96 in [7], (6.11) implies that

limsuptfﬂp VP (Joglog tny1) 74P Vg T2ty tha?) > X as.

n—oo

which leads to

lim sup t#4P=V=P(loglog t H1P—Yg T(0,4) > X a.s.
t—o0
Letting A — K (H,d,p)~ 79D on the right hand side leads to the lower bound as
claimed. ]

7 Local times of Gaussian fields

We begin with mentioning the work of Geman, Horowitz and Rosen ([19]) on the
condition for the existence and continuity of the local times of the Gaussian fields, see
also recent work of Wu and Xiao [42]. Let X (t) (t € (R")?) be a mean zero Gaussian
field taking values in R? such that there is a v > 0 such that for any ¢+ > 0 and
m=1,2--,

/ ds, - - -dsm/ Ay - - d (7.1)
([0,¢]P)m™ (Rd)m
(H|>\k|7) exp{——\/ar(z/\k ))} < 0.
k=1

Geman, Horowitz and Rosen (Theorem (2.8) in [19]) proved that the occupation time
[,Lt<B) = / 1{X(S)EB} ds B C Rd
[0,t]
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is absolutely continuous with respect to the Lebesgue measure on R?. Further, the
correspondent density function formally written as

([0, t],z) :/[Ot] 0.(X(s)) ds

is jointly continuous in (t,z). For fixed z, the distribution function «([0,t],z) (t €
(R*)F) generates a (random) measure a(A,z) (A C (RT)?) on (RT)? which is called
the local time of X (t).

In this paper, the result of Geman, Horowitz and Rosen is applied to the following four
Gaussian fields:

1. The d-dimensional fractional Brownian motion X;(t) = B¥(t).
2. The d-dimensional Riemann-Liouville process Xo(t) = W (¢).
3. The d(p — 1)-dimension Gaussian field

X3(t17 U 7tp) = (Bfl(tl) - Bér{(tQ)v e 7Bz€{—1(tp—1) - Bz{{(tp>>
4. The d(p — 1)-dimension Gaussian field

Xiltry o ty) = (W (0) = WH (1), WL () = W (1) ).

Theorem 7.1 Under Hd < 1, Xi(t) and Xs(t) satisfy the condition (7.1); under
Hd < p*, X3(t) and X4(t) satisfy the condition (7.1). Consequently, X1, Xa, X3 and
X4 have continuous (jointly in time and space variables) local times.

Proof: Due to similarity we only verify (7.1) for X3, which becomes

/ dsy - dsy, / Ay - dhp, (7.2)
([0,¢]p)m (Rd(p=1))m

1 mo mo
X exp{ — EVar (;)\k . X<Sk)>},!_[1 |Ak|? < o0

where we use the notation
st = (tets o teyp) and Mg = Nty o5 Apot) -

Notice that

Var <§: g - X(sk)> = Z\/ar <i()\k7]‘ — Agjo1) - BH(Sk,j)>



with the convention ;o = Ar, = 0. By suitable substitution, a bound

p
el < C T max{1, [ Auj = Ajoa|}

j=1
we have
/ d}l---dj\mexp{—%Var<§:5\k-X(Sk))}ﬁ|:\k|W
(Re(p—1))m k=1 k=1
< O/ dS\l"'dS‘p—lﬁHj(;\])
(Rmd)p=1 j=1
where

H(\) = (Hmax{l |A,”|v}) exp{ - —Var(Z)\k] (s,w.))}

fOI' S\j = (/\173‘,' o 7)\m,j> (1 S ] S P — 1) and j\p = —(5\1 4+ o+ )\pfl).
Write

p

[100 =11 T oo

j=1 7=11<k#3j<p

By Holder inequality

p
dhy - dhy || H (L
/(Rmd)p1 1 P 1}:[1 ]( J)
4 B B B 1/p
< H{/ dhi--dh [ HeOw) } :
( 1<k#j<p

When j = p,

/(Rmd) y cddpor [ HeOw)? —H AP dA.

1<k<p Rmd
As for 1 < j < p—1, recall that 5\1, =M+ F 5\;,_1). By translation invariance,

H,(\,)P d\; = H,(\)P d\.

Rmd Rmd

By Fubini theorem, for fixed j,

/(]R dyp—1 ddy - Ay H Hy(A)” = H Hi(

1<k#j<p 1<krj<p/R™

>

Y.
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Summarize our argument,

/ ds, / e dy,
([Oat}P)’" (Ré(p= 1))m

X exp{ - §Var (Z/_\k : X(sk.)> } H IXe|”
k=1 k=1
SC{ /[O’t]mdsl'"dsm{/(Rd)md)\l---d)\m<k1;[1max{1,\)\k ) )

p

X exp{ - %*var (i)\k : BH(sk)> H W} .

k=1

Hence all we need is to find v > 0 such that

ds, - ds,, W (TT Al |
/[O’ﬂ"b o {/(Rdw 1 <,£[1| ’“|> (7.3)
* " 1/p*
xexp{—%Var(Z/\k_BH(sk))H o
k=1

for all m = 1,2---. Further separating variable and substituting variable, the above is
reduced to

/[O,t]m dsy - ..dsm{/m d); - ..d)\m<H ’)\k‘“y) (7.4)

k=1

1 m d/p*
X exp{ - §Var (Z /\kBé{(sk)) H < 00.
k=1

By (4.9), for any s; < --- < s,

Var (B{ (sx) — By (sk—1)|Bg (s1), -+, B (sx-1))

1 1
> ﬁ(sk — sp1)? = ﬁ\/ar (Bé{(sk) - Bg(sk—l))~

This property is generalized into the notion known as local non-determinism. By
Lemma 2.3 in Berman [6], there is constant ¢,, > 0 such that for any A;,--- , A\, € R
and any s; < -+ < S

Var(Z)\k(BgI(sk)_BH Sp_1 > Z Sk — Sk_1) H)\i.
k=1 k=1
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Consequently,

m

[ o dkm(f_} ) esp { v (3 (o) b
=[x <,ﬁ — Nl _

x exp{ - Lvar (kﬁ?k (B (s0) §<sk-1)))}

g/ o dAm(_ﬁm—Ak_m) exp{_cmi@k_sk_l)wxz}.

k=1 k=1

—

Using triangle inequality (for which we take v < 1)

LT = e < TT (0l + i) = Z Hmm
k=1 k=1 - gm k=1
where 0;, =0, v or 2. Notice that

TT e < TT v e < TTV [A)>
k=1 k=1 k=1

Notice the number of the terms in the previous summation is at most 2. Thus,

TT % = Ml <2m [TV D>
b1 ket

In this way, the problem is reduced to finding v > 0 such that

/{W dsy - ds, Um dAl---d)\m<H|>\kP>

k=1

m d/p*
X exp { — Cm Z(Sk - Sk—1)2H/\zH < 00. (7.5)

k=1
Observe that

/ d)\l"'d)\m<H\)\k]7)eXp{ Zsk—sk 1 2H)\z}
" k=1 k=
— H /OO |)\’7€*CM(5k*3k71)2H)‘2d)\
k=1 =
_ {/ |)\”Y€—cm)\2d)\} H(Sk B Skil)—(l-&-'y)H_

k=1
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Therefore, we need to find v > 0 such that

/ dsy -+ -ds,, H(sk — sk_l)_(lﬂ)Hd/p* < 0.
[0,¢]2 k=1

This is always possible because Hd < p*, so that there is a v > 0 such that
(1+~)Hd < p*

and we finish the proof. O

8 Appendix

The constant

Lemma A1l Let {BH(t)}icr be a standard fractional Brownian motion given by

BY(t) = cy /t ((t — S)H—I/Q _ (_S)f—l/z> dB(s), (A1)

—00

where {B(t) }ier s a standard Brownian motion. Then
ey =VvV2H2"B(1— H H+1/2)""*, (A2)

where B(a,b) = fol 2271 (1 — 2)" L dw is the usual beta function.

Proof. Since Var(Bf(1)) = 1 we get

00 1 —-1/2
cg = {/ ((1 + x)H71/2 _ fol/z)z du + ﬁ} . (A3)
0
Put -
I= / ((1 + g)H-12 xH_1/2)2 dx .
0
Then
I = lim (1+ g)H=12 xH’l/Q)z e "dx
p—0T Jg
= Jim. {<e“ 1) T QH) — ey (2H, ) — 2 / (14 2) Y212 dfc}
pu—0 0
1 e]
- li 2 n/2 72HF 2H _2/ 1 H-1/2 H-1/2 —nz g
2H+,Lfél+{€ po T TRH) =2 | (L) e e de
Ly im 2e"2 M (2H) — i6#/21“(H + 1) K ()
2H u—0t+ ﬁ 9 —-H 9 ’
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where v(z,z) and K,(z) are the incomplete gamma function and modified Bessel
function of the second kind, respectively. The third equality uses the facts that
e’ ~y(2H, 1) = 5= + o(1), and that (e + 1) =27 = 2er/2 =21  o(1) for H < 1, as
i — 0. The forth equality applies formula 3.3838 in [20].

Using the duplication formula

22H71 1
I'(2H) = 7 I(H)(H + 5),
see 8.3351 [20], we get
=+ Lr@wely i {222 e () — o " K (D)} (A9)
2H ' /7 2/ u—o+ 2

Notice that - ,
M72H22HF(H) — / IHflef”T:v dl’,
0

and by the identity
1 v > 22
K,(z) = —(E) / e dt,
2227 [,

see 3.4326 in [20], we also get

© 2
2~ KH(g) = / el T3 .
0

Hence, as u — 0,

o0 12
p 22T (HY — 2 KH(%) = / M te= (1 — e_i) dx

0
e xH_l(l—e‘i)dx:Zl_HH_lF(l—H).
0

The last expression comes from change of variable and integration by parts. Substi-
tuting this into (A4) we conclude that

1 TQ-HI'(H+1 1 B(1-HH+1
2H V4 H 2H 2HAH
I'(@)I'(

y)
———= (see, e.g., 8.3841
[z +y) ( &

[20]). Combining (A5) with (A3) yields the formula (A2) for cy. O

The last equality follows from well-known formula B(z,y) =

Below we give a plot of ¢y as a function of H € (0, 1).
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The RKHS of a Riemann—Liouville process

Consider the Riemann-Liouville process W# (t) with index H > 0 defined by (1.2).
The reproducing kernel Hilbert space (RKHS) H of {WH(t)}te[O T follows standard
theory of RKHS, see [31] and [4]. A convenient form for us can be found in van der

Vaart and van Zanten [41, Lemma 10.2] as H = I[ﬁH/Q(LQ [0,77]), where
I ;
Jgft:_/ t— ) f(s)ds, telo0,T A6
0= gy [ -9 ) 0,7] (A6)

is the Riemann-Liouville fractional integral of order a > 0; for a = 0, I{, f := f. In
this section we address the question, given f € C([0,77]), how to verify that f is in H?
The results are used in Sections 3.2.

Let AC™[0,T] denote the space of functions f which have continuous derivatives up to
order m — 1 on [0, 7] with f(™=1) absolutely continuous on [0, 7], where m € N. Put

ACTa, b] = {f € AC™[a,b] : /ab | £ (2)|? da < oo} : (A7)

Proposition A2 Let H > 0 and let m be the smallest integer greater than or equal
to H+ 1/2. For f € C[0,T], put fy = ]gr(Hﬂ/Q)f. The RKHS of the process
{WH(t)}te[D oo viewed as a random element in C[0,T), is a Hilbert space

H = {feC[O,T]: fur € AC0,T) and £(0) = 0, fork;:(),...,m—l}.
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The RKHS-norm of [ is given by

T 1/2
Il = s (17 Oar) (48)

Proof: By [41, Lemma 10.2] we have H = [éfl/z(Lg[O,T]) and
1 gl = T(H +1/2) 7" lgllcaporry > 9 € L2[0, 7). (A9)

Let f € H, so that f = Ié{:lﬂg for some g € Lo[0,T]. By the semigroup property of
{15, - o> 0} (see [40, Theorem 2.5],

m—(H 2) tH m
Ju=1Ioy ey )[o++1/29 = Iy} 9.

Hence fy € AC3'[0,T] and fl(f)(O) =0for k=0,...,m — 1. Moreover, fl(qm) =g €
Ly[0,T]. Clearly (A8) follows from (A9).

Conversely, if for a continuous function f we have that fg € AC3*[0,T] with fgc)(()) =0
for k=0,...,m — 1, then

m—1 (k) O 1 t
k=0

where fl({m) € L[0,T]. Again by the semigroup property,
0= ](ﬁ—(H‘*‘l/?)f . Igjrfl(—lm) _ Ig”:(H‘H/Q) (f . IH+1/2f]({m)) )

Since the operator IQE;(H“/?) : L2[0,T) — Ly[0,T] is injective (see |40, Theorem 13.1]),
we get f = Iﬁ“mfl({m). O

Remark A3 Proposition A2 also covers the well-known cases of a Brownian motion

and k-times integrated Brownian motion, k =0,1,.... In these cases H+1/2 =k +1
is a positive integer, so that fg = 10, f = f. Consequently, f € H if and only if
f e ACK™0,T] and £(0) = --- = f®)(0) = 0.

The following is a simple sufficient condition for function to belong to the RKHS of
{WH(t)}te[o,T]'

Corollary A4 Let m = [H + 1/2] be as in Proposition A2. Then any function f in
ACP[0,T), with f(0) = --- = fm=Y(0) = 0, belongs to H and

1 L mey2) 2
Il = g (] 12 ma)

ol



Proof: We can write f = Ii" f™ where f(™ € L,[0,T]. Then we have
fu = ] (H+1/2)f —(H+1/2) ]m f(m ]61 (Igj_—(H‘H/Q)f(m)) ‘

Hence f47(0) = 0 for k = 0,...,m — 1 and f5" = 17" F*+/2 gm) ¢ 120 T]. The
formula for the norm is a consequence of the last equality and (AS). O

Determinant of a Gaussian covariance

Lemma A5 Let z4,...,x, be vectors in a Hilbert space with the inner product (-,-)
and let C' = [(z;, %)), ; ;<,,- Then
det(C) = [|o1]|* [lz2 — projy, (z2)|I* -+ |l — Proj, ., _, (@a)|I*

where proj,, (x;) denotes the orthogonal projection of x; onto the linear space

SLi—1
spanned by x1,...,T;_ 1.

Proof. Notice that vectors y; = x; — proj,, ..  (z;),i=1,...,n, are orthogonal and
T = anyr + 0+ QinYn

for some a;; € R with a;; = 1 and a;; = 0 for j > 7. Since

$z>$] Zazka]kHka

we have C' = AAT, where A = [aij||yjll],<; j<, is a lower triangular matrix with [/y;[|’s
on the diagonal. Hence

det(C) = det(A)* = T llval.
i=1
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