
Homework 2 (Chapter 2)

Exercises in Chpater 2
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On the other hand, let Y be a simple random variable with 0 ≤ Y ≤ X.. All we need

to prove is that (why is this enough?)

lim
n→∞

EXn ≥ EY

Indeed, given ε > 0,

EXn ≥ EXn1{Xn≥Y−ε} ≥ E(Y − ε)1{Xn≥Y−ε}

≥ −ε+ EY 1{Xn≥Y−ε}

By the fact Xn ↑ X we have that Y 1{Xn≥Y−ε} ↑ Y as n→∞. By monotonic convergence,
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In summary,
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n→∞
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Letting ε→ 0+ ends the proof.

12.3(a) Notice g(x) = log+ max{1, x} is non-negative on [0,∞]. By Theorem 12.1
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By variable substitution u = ex
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By integral test, the right hand side is finite if and only if
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Problems in Chpater 2
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Computation of variance (optional). Set

ξk = (Xk − µ)2 − E(Xk − µ)2 = (Xk − µ)2 − σ2
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Here and elsewhere, we make use several times of the identities

V ar(Y ) = V ar(Y + C) and V ar(Y ) = EY 2 − (EY )2



For the first term,
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as wished.

15. By Fubini’s theorem,∫ ∞
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Notice that ∫ ∞
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19. First,

lim
n→∞

n
1

X(ω)
1{X(ω)>n} = 0 and lim

n→∞

1

n

1

X(ω)
1{X(ω)> 1

n}
= 0

for every ω ∈ Ω. Indeed, the first claim follow from 1{X>n} = 0 as n > X(ω). As for the
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So the conclusion follows from the dominated convergence with dominating random var-
iable Y ≡ 1.

20. By Borel-Cantelli lemma, P{Ani.o.} = 1 if and only if
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Therefore all we need is to show that
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if and only if (1) holds.

By Morgan’s law, and independence,
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Finally, the conclusion follows from the fact that with P (An) < 1,
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if and only if (1) holds.
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It is possible that P{An i.o.} = 0 at the same time. Indeed, the “P (AN ) = 1 for some N”
and
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may co-exist. By Borel-Cantelly lemma,

P{An i.o.} = 0


