Homework 1
Problems in 1.6.
4. We need to establish the relations

o({Ar-- A}) Co({Bry--.Ba}) and o({Ar,---, An}) 5 o({Buis---. Bo})
Set Ay = ¢. By the fact the Ay,---, A, are disjoint, Ay = By \ Bx_1 € a({Bl, . -,Bn})

(k=1,---n). Or, {A1,---,A,} Co({B1,---,Byn}). Since 0 ({41, -+, A,}) is the smallest
o-algebra that takes {Aq,---, A,} as its sub-class. So we must have

U({Ah T 7An}) C U({Blv e 7Bn})
Another direction can be established in a similar way.

5. (a). Indeed, we can prove that for any € > 0 there is a subsequence {ny} such that

P 4n) 21

By assumption, for each k£ > 1, there is ng such that

Clearly, we can make ny < ngyq for any £ > 1. By Morgan’s law,

p({ﬁlflnk}'“‘):p(g%k) zp . giik _

(b). Assume that {A4,,} C F be an independent sequence with P(4,) = a > 0 (you
may think A,, is the event of “success in game n” in a Bernoulli trial). Then for any ny,

P( N Ank) - [ PA
k=1 k=1
(c). By continuity theorem (Theorem 3.1, p.11)

P< ﬁ An> = lim P(4,) >0

(d). By Morgan’s law



Notice A¢ is non-increasing with
PAS)=1—-P(4,)>1—-«
Applying the conclusion of Part (c¢) to the sequence {A¢},

P( ﬂ A%) >1-«
n=1
So we have

P A, <«
(U4
11. By Morgan’s law and independence,
p(Ua) =1-P({Ua} ) =1-P( N 45) =1-T] P(45) = 1-T] (1- P(x))
k=1 k=1 k=1 k=1 k=1
12. By the inequality e™* > 1 — = (x > 0) and the identity from Problem 11,

P<I£JlAk):1 ﬁ P(Ay)) >1—Hexp{ PAk)}—l—eXp{—kz:P(Ak)}

k=1 k=1
Assume that

Y P(A,) = o0

n=1

By continuity theorem
P( U Ay) = P( U U Ak) = h—>HoloP( U Ak> >1 —nli_{réoexp{ _ZP(A’“)} =
n=1 n=1 k=1 k=1 k=1
13. The problem is to prove

N U An#0

n=1m=n

A(ﬁ Ej Am)2n>0

n=1m=n

All we need is to show

Indeed, by continuity
)\(ﬂ UAm>_ hmA(UA )
n—o0
n=1m=n m=n

So the conlusion follows from the relation
o0

A( U Am) > MAL) >

m=n



