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my tortuous methods. Hence, anonymity is best.
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Chapter

-2 [ntroduction

We believe that all students who are seriously interested in mathematics at the Master’s and
Doctoral level should have a passion for analysis even if it is not the primary focus of their
own research interests. So you should all understand that my own passion for the subject will
shine though in the notes that follow! And, it goes without saying that we assume that you are
all mature mathematically and eager and interested in the material! Now, the present course
focuses on the topics of Measure and Integration from a very abstract point of view, but it is
very helpful to place this course into its proper context. Also, for those of you who are preparing
to take the qualifying examination in in analysis, the overview below will help you see why all
this material fits together into a very interesting web of ideas. These ideas are covered in the
we will discuss below. In outline form, these courses would cover the following material using

textbooks equivalent to the ones listed below:

(A): Undergraduate Analysis, text Advanced Calculus: An Introduction to Analysis,
by Watson Fulks. Here these are MTHSC 453 and MTHSC 454.

(B): Introduction to Abstract Spaces, text Introduction to Functional Analysis and Ap-
plications, by Ervin kreyszig. Here this is MTHSC 821.

(C): Measure Theory and Abstract Integration, texts General Theory of Functions and
Integration, by Angus Taylor and Real Analysis, by Royden. Here this is MTHSC
822.

In addition, a nice book that organizes the many interesting examples and counterexamples in
this area is a nice one to have on your shelf. We recommend the text Counterexamples in
Analysis by Gelbaum and Olmstead. There are thus essentially five courses required to teach

you enough of the concepts of mathematical analysis to enable you to read technical literature

3



SENIOR LEVEL ANALYSIS CHAPTER 1:

(such as engineering, control, physics, mathematics, statistics and so forth) at the beginning

research level. Here are some more details about these courses.

1.1 Senior Level Analysis

Typically, this is a full two semester sequence that discusses thoroughly what we would call the analysis
of functions of a real variable. Here, this is the sequence MTHSC SC 453-454. This two semester

sequence covers the following:

Advanced Calculus I: MTHSC 453: This course studies sequences and functions whose domain is
simply the real line. There are, of course, many complicated ideas, but everything we do here
involves things that act on real numbers to produce real numbers. If we call these things that act
on other things, OPERATORS, we see that this course is really about real-valued operators on
real numbers. This course invests a lot of time in learning how to be precise with the notion of

convergence of sequences of objects, that happen to be real numbers, to other numbers.

1. Basic Logic, Inequalities for Real Numbers, Functions
2. Sequences of Real Numbers, Convergence of Sequences

Subsequences and the Bolzano—Weierstrass Theorem

Ll

Cauchy Sequences

o

Continuity of Functions
Consequences of Continuity
Uniform Continuity

Differentiability of Functions

© % N >

Consequences of Differentiability

10. Taylor Series Approximations

Advanced Calculus II: MTHSC 454: In this course, we rapidly become more abstract. First, we
develop carefully the concept of the Riemann Integral. We show that although differentiation is
intellectually quite a different type of limit process, it is intimately connected with the Riemann
integral. Also, for the first time, we begin to explore the idea that we could have sequences
of objects other than real numbers. We study carefully their convergence properties. We learn
about two fundamental concepts: pointwise and uniform convergence of sequences of objects called
functions. We are beginning to see the need to think about sets of objects, such as functions, and

how to define the notions of convergence and so forth in this setting.

1. The Riemann Integral
2. Sequences of Functions
3. Uniform Convergence of Sequence of Functions

4. Series of Functions




THE GRADUATE ANALYSIS COURSES CHAPTER 1:

1.2 The Graduate Analysis Courses

There are three basic courses here. First, linear analysis (MTHSC 821), then measure and integration
(MTHSC 822) and finally, functional analysis (MTHSC 927).

Introductory Linear Analysis: MTHSC 821: We now begin to rephrase all of our knowledge about

convergence of sequence of objects in a much more general setting.

1.

Metric Spaces: A set of objects and a way of measuring distance between objects which
satisfies certain special properties. This function is called a metric and its properties were
chosen to mimic the properties that the absolute value function has on the real line. We learn
to understand convergence of objects in a general metric space. It is really important to note
that there is NO additional structure imposed on this set of objects; no linear structure (i.e.
vector space structure), no notion of a special set of elements called a basis which we can
use to represent arbitrary elements of the set. The metric in a sense generalizes the notion
of distance between numbers. We can’t really measure the size of an object by itself, so we
do not yet have a way of generalizing the idea of size or length.

A fundamentally important concept now emerges: the notion of completeness and how it is
related to our choice of metric on a set of objects. We learn a clever way of constructing an
abstract representation of the completion of any metric space, but at this time, we have no

practical way of seeing this representation.

Normed Spaces: We add linear structure to the set of objects and a way of measuring the
magnitude of an object; that is, there is now an operation we think of as addition and another
operation which allows us to scale objects and a special function called a norm whose value
for a given object can be thought of as the object’s magnitude. We then develop what we
mean by convergence in this setting. Since we have a vector space structure, we can now
begin to talk about a special subset of objects called a basis which can be used to find a

useful way of representing an arbitrary object in the space.

Another most important concept now emerges: the cardinality of this basis may be finite
or infinite. We begin to explore the consequences of a space being finite versus infinite

dimensional.

Inner Product Spaces: To a set of objects with vector space structure, we add a function
called an inner product which generalizes the notion of dot product of vectors. This has
the extremely important consequence of allowing the inner product of two objects to zero
even though the objects are not the same. Hence, we can develop an abstract notion of
the orthogonality of two objects. This leads to the idea of a basis for the set of objects
in which all the elements are mutually orthogonal. We then finally can learn how to build

representations of arbitrary objects efficiently.

Completions: We learn how to complete an arbitrary metric, normed or inner product space
in an abstract way, but we know very little about the practical representations of such

completions.

Linear Operators: We study a little about functions whose domain is one set of objects and
whose range is another. These functions are typically called operators. We learn a little

about them here.




MORE ADVANCED COURSES CHAPTER 1:

6. Linear Functionals: We begin to learn the special role that real-valued functions acting on
objects play in analysis. These types of functions are called linear functionals and learning
how to characterize them is the first step in learning how to use them. We just barely begin

to learn about this here.

Measure Theory: MTHSC 822: This course is about generalizing the notion of the length of an
interval. We learn how to develop the notion of the length of an arbitrary subset of the real line;
This generalization is called a measure on the real line. We then extend this notion to other
euclidean spaces (R™) and finally develop the notion of measures on arbitrary sets of objects. We

use these new generalizations of length to carefully develop a corresponding theory of integration.

The set of objects we now work with is a subset of the power set of of a given set S, P(S). The set
S could be a set of real numbers, a set of vectors or a set of any objects. A measure is a special
kind of real-valued function that acts on sets. The set theoretic nature of this function requires

many new tools and a new level of abstraction.

It is only when we have these tools at our disposal that we can discuss in a illuminating way the
concepts of weak convergence, and convergence in measure. It turns out that we also now have a
way of representing the dual spaces of certain classes of functions. This is extremely powerful in

applications. So, in this class, we discuss the following:

1. The Riemann Integral
Measure in R", integration with respect to the measure

Abstract Measures, abstract integration theory

> W N

Differentiation and Integration

1.3 More Advanced Courses

It is also recommended that at some point you consider taking a course in what is called Functional
Analysis. Here that is MTHSC 927. While not part of the qualifying examination, in this course, we can
finally develop in a careful way the necessary tools to work with linear operators, weak convergence and
so forth. This is a huge area of mathematics, so there are many possible ways to design an introductory

course. A typical such course would cover:

1. The Open Mapping and Closed Graph Theorem
2. An Introduction to General Operator Theory

3. An Introduction to the Spectral Theory of Linear Operators; this is the study of the eigenvalues

and eigenobjects for a given linear operator—lots of applications here!
4. Some advanced topic using these ideas: possibilities include
(a) Existence Theory of Boundary Value Problems

(b) Existence Theory for Integral Equations

(c¢) Existence Theory in Control




TEACHING THE MEASURE AND INTEGRATION COURSE CHAPTER 1:

1.4 Teaching The Measure and Integration Course

So now that you have seen how the analysis courses all fit together, it is time for the main course. So
roll up your sleeves and prepare to work! Let’s start with a few more details on what this course on
Measure and Integration will cover.

In this course, we assume mathematical maturity and we tend to follow the The Enthusiastic “maybe
I can get them interested anyway” Approach in lecturing (so, be warned)! It is difficult to decide where
to start converge in this course. There is usually a reasonable fraction of you who have never seen an
adequate treatment of Riemann Integration. For example, not everyone may have seen the equivalent
of MTHSC 454 where Riemann integration is carefully discussed. We therefore have several versions of
this course. We have divided the material into blocks as follows: We believe there are a lot of advantages
in treating integration abstractly. So, if we covered the Lebesgue integral on R right away, we can take
advantage of a lot of the special structure ® has which we don’t have in general. It is better for long
term intellectual development to see measure and integration approached without using such special
structure. Also, all of the standard theorems we want to do are just as easy to prove in the abstract
setting, so why specialize to R7 So we tend to do abstract measure stuff first. The core material for

Block 1 is as follows:

1. abstract measure v on a sigma - algebra S of subsets of a universe X.

2. measurable functions with respect to a measure v; these are also called random variables when v

is a probability measure.
3. integration [ fdv

4. convergence results: monotone convergence theorem, dominated convergence theorem etc.

Then we develop the Lebesgue Integral in R™ via outer measures as the great example of a nontrivial

measure. So Block 2 of material is thus

1. outer measures in R”
2. caratheodory conditions for measurable sets
3. construction of the Lebesgue sigma algebra

4. connections to Borel sets

Along the way, starting from day one, we have a concurrent thread running which concerns the
Cantor sets of measure 3. We believe there is a lot of value in working out these complicated things as
they serve several purposes. First, they are hard but doable for you no matter what your background.
Also, they absolutely require an abstract approach. You can’t use Matlab to get a good picture of the
construction process. So this helps build your intellectual tool set. So in the first month, while learning
abstract measure theory, you will also be doing projects on Cantor sets. In the second month, we start
you working through the Cantor singular function and the many consequences of that function.

To fill out the course, we pick topics from the following

1. Riemann and Riemann - Stieljes integration. This would go before Block 1 if we do it. Call it

block Riemann.




TEACHING THE MEASURE AND INTEGRATION COURSE CHAPTER 1:

2. Decomposition of measures — I love this material so this is after Block 2. Call it block Decom-

position.

3. Connection to Riemann integration via absolute continuity of functions. this is actually hard stuff
and takes about 3 weeks to cover nicely. Call it Block Riemann and Lebesgue. If this is done
without Block Riemann, you have to do a quick review of Riemann stuff so they can follow the

proofs.
4. Fubini type theorems. This would go after Block 2. Call this Block Fubini.
5. Differentiation via the Vitali approach. This is pretty hard too. Call this Differentiation.
6. Treatment of the usual LP spaces. Call this Block LP.

7. More convergence stuff like convergence in measure, LP convergence implies convergence of a
subsequence pointwise etc. These are hard theorems and to do them right requires a lot of time.

Call this More Convergence.

We have taught this in at least the following ways. And always, lots of homework and projects, as

we believe only hands on work really makes this stuff sink in.

Way 1: Block Riemann, Block 1, Block 2 and Block Decomposition.

Way 2: Block 1, Block 2, Block Decomposition and Block Riemann and Lebesgue.
Way 3: Block 1, Block 2, Block Decomposition and Differentiation.

Way 4: Block 1, Block 2, Block LP, Block More Convergence and Block Decomposition.

Way 5: Block 1, Block 2, Block Fubini, Block More Convergence and Block Decomposition.

So as you can see it will be an interesting ride!
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Chapter

-4 An Overview Of Riemann Integration

In this Chapter, we will give you a quick overview of Riemann integration. There are few real
proofs but it is useful to have a quick tour before we get on with the job of extending this
material to a more abstract setting. Much of this material can be found in a good Calculus
book although the more advanced stuff requires that you look at a book on beginning real

analysis such as ( (3) ) .

2.1 Integration

You should also have been exposed to the idea of the integration of a function f. There are two

intellectually separate ideas here:

1. The idea of a primitive or antiderivative of a function f. This is any function F' which is differ-
entiable and satisfies F'(t) = f(t) at all points in the domain of f. Normally, the domain of f
is a finite interval of the form [a, b], although it could also be an infinite interval like all of R or
[1,00) and so on. Note that an antiderivative does not require any understanding of the process

of Riemann integration at all — only what differentiation is!

2. The idea of the Riemann integral of a function. You should have been exposed to this in your
first Calculus course and perhaps a bit more rigorously in your undergraduate second semester

analysis course.

Let’s review what Riemann Integration involves. First, we start with a bounded function f on a
finite interval [a,b]. This kind of function f need not be continuous! Then select a finite number of
points from the interval [a,b], {z0, 1, ,... ,Zpn—1, T }. We don’t know how many points there are, so
a different selection from the interval would possibly gives us more or less points. But for convenience,
we will just call the last point x, and the first point 3. These points are not arbitrary — x¢ is always

a, T, is always b and they are ordered like this:

11



INTEGRATION CHAPTER 2:

To=a < T < x2< ... < xp1<Tp, =2=0

The collection of points from the interval [a,b] is called a Partition of [a,b] and is denoted by some
letter — here we will use the letter 7. So if we say 7 is a partition of [a, b], we know it will have n+1 points
in it, they will be labeled from x( to x, and they will be ordered left to right with strict inequalities.
But, we will not know what value the positive integer n actually is. The simplest Partition 7 is the two

point partition {a, b}. Note these things also:

1. Each partition of n + 1 points determines n subintervals of [a, b]

2. The lengths of these subintervals always adds up to the length of [a, b] itself, b — a.

3. These subintervals can be represented as

{[xo, z1], [x1,22], ..., [Tn_1,Tn]}

or more abstractly as [x;, 2;41] where the index i ranges from 0 to n — 1.

4. The length of each subinterval is ;41 — ; for the indices 4 in the range 0 to n — 1.

Now from each subinterval [x;, 2;11] determined by the Partition 7, select any point you want and
call it s;. This will give us the points sg from [zg,x1], s1 from [z1, 23] and so on up to the last point,
Sp—1 from [z,_1,2,]. At each of these points, we can evaluate the function f to get the value f(s;).
Call these points an Evaluation Set for the partition w. Let’s denote such an evaluation set by the
letter o. Note there are many such evaluation sets that can be chosen from a given partition w. We
will leave it up to you to remember that when we use the symbol o, you must remember it is associated

with some partition.

If the function f was nice enough to be positive always and continuous, then the product f(s;) x
(zi41 — ;) can be interpreted as the area of a rectangle. Then, if we add up all these rectangle areas
we get a sum which is useful enough to be given a special name: the Riemann sum for the function
f associated with the Partition 7 and our choice of evaluation set & = {sg, ... ,8,—1}. This sum is
represented by the symbol S(f, 7, o) where the things inside the parenthesis are there to remind us that
this sum depends on our choice of the function f, the partition 7w and the evaluations set o. So formally,

we have the definition

12



INTEGRATION CHAPTER 2:

Definition 2.1.1. Riemann Sum

The Riemann sum for the bounded function f, the partition ™ and the evaluation set o =

{50, -+ ,8n—1} from w{xo, X1, ;... ,Tn_1, Tn} is defined by
n—1
S(fimo) = Z f(si) (i1 — @)
i=0

It is pretty misleading to write the Riemann sum this way as it can make us think that the n
is always the same when in fact it can change value each time we select a different partition

. So many of us write the definition this way instead
S(f,mo) = Z f(si) (@ip1 — x) = Z f(si) (i1 — 24)
e ™

and we just remember that the choice of 7 will determine the size of n.

2.1.1 A Riemann Sum Example

Let’s look at an example of all this. In Figure 2.1, we see the graph of a typical function which is always

positive on some finite interval [a, b]

A generic curve f on the interval
[a, b] which is always positive. Note
the area under this curve is the
shaded region.

Figure 2.1: The Area Under The Curve f

Next, let’s set the interval to be [1,6] and compute the Riemann Sum for a particular choice of
Partition 7r and evaluation set 7. This is shown in Figure 2.2.

We can also interpret the Riemann sum as an approximation to the area under the curve as shown

in Figure 2.1. This is shown in Figure 2.3.

13



INTEGRATION CHAPTER 2:

The partition is 7 =
{1.0,1.5,2.6,3.8,4.3,5.6,6.0}. Hence,
we have subinterval lengths of

x1 — x9g = 05,29 — 1 = 1.1,
r3 — T2 = 1.2, T4 — T3 = 0.5,
x5 — x4 = 1.3 and zg¢ — z5 = 0.4,

(1, f(1)) (6, £(6)) giving || P || = 1.3. Thus,

5
S(faﬂ-ao-) = Z f(sl) (xiJrl - :L'Z)

1=0

— @00 — 00— 0 00— 0 000 —

1 6
For the evaluation set o = {1.1,1.8,3.0,4.1,5.3,5.8} shown in red in Figure 2.2,
we would find the Riemann sum is

S(f,mo) = f(1.1)x0.5
+f(1.8) x 1.1
+ f(3.0) x 1.2
+f(4.1) x 0.5
+ f(5.3) x 1.3
+ £(5.8) x 0.4

Of course, since our picture shows a generic f, we can’t actually put in the
function values f(s;)!

Figure 2.2: A Simple Riemann Sum

2.1.2 The Riemann Integral As A Limit

We can construct many different Riemann Sums for a given function f. To define the Riemann integral

of f, we only need a few more things:

1. Each partition 7 has a maximum subinterval length — let’s use the symbol || 7 || to denote this

length. We read the symbol || 7 || as the norm or gauge of .
2. Each partition 7 and evaluation set o determines the number S(f, 7, o) by a simple calculation.

3. So if we took a collection of partitions 71, 72 and so on with associated evaluation sets o1, o3 etc.,
we would construct a sequence of real numbers {S(f, 71, 01), S(f, 72,02),...,,S(f, Tn,on),..., }.
Let’s assume the norm of the partition 7, gets smaller all the time; i.e. lim, _, o || 7n ||= 0.

We could then ask if this sequence of numbers converges to something.

14



INTEGRATION CHAPTER 2:

The partition is 7 =
{1.0,1.5,2.6,3.8,4.3,5.6,6.0}.

(1, £(1)) (6, £(6))

Figure 2.3: The Riemann Sum As An Approximate Area

What if the sequence of Riemann sums we construct above converged to the same number I no
matter what sequence of partitions whose norm goes to zero and associated evaluation sets we chose?
Then, we would have that the value of this limit is independent of the choices above. This is indeed

what we mean by the Riemann Integral of f on the interval [a, b].

Definition 2.1.2. Riemann Integrability Of A Bounded Function

Let f be a bounded function on the finite interval [a,b]. if there is a number I so that

lim S(f,7n,0n) =1

n — oo

no matter what sequence of partitions {m,} with associated sequence of evaluation sets {o}
we choose as long as lim,, _, o || 7n || = 0, we will say that the Riemann Integral of [ on
[a,b] exists and equals the value I.

The value I is dependent on the choice of f and interval [a, b]. So we often denote this value by I(f, [a,b])
or more simply as, I(f,a,b). Historically, the idea of the Riemann integral was developed using area
approximation as an application, so the summing nature of the Riemann Sum was denoted by the 16"
century letter S which resembled an elongated or stretched letter S which looked like what we call the
integral sign f . Hence, the common notation for the Riemann Integral of f on [a,b], when this value
exists, is fj f- We usually want to remember what the independent variable of f is also and we want to
remind ourselves that this value is obtained as we let the norm of the partitions go to zero. The symbol
dz for the independent variable x is used as a reminder that z;11 — x; is going to zero as the norm of
the partitions goes to zero. So it has been very convenient to add to the symbol f; f this information

and use the augmented symbol ff f(x) dx instead. Hence, if the independent variable was ¢ instead of

15
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x, we would use f; f(t) dt. Since for a function f, the name we give to the independent variable is a
matter of personal choice, we see that the choice of variable name we use in the symbol f: f@@) dt is
very arbitrary. Hence, it is common to refer to the independent variable we use in the symbol fab f(t)dt
as the dummy variable of integration.

We need a few more facts. We shall prove later the following things are true about the Riemann
Integral of a bounded function. First, we know when a bounded function actually has a Riemann integral

from Theorem 2.1.1.

Theorem 2.1.1. Existence Of The Riemann Integral

Let f be a bounded function on the finite interval [a,b]. Then the Riemann integral of f on
[a, b], ]: f(&)dt exists if

1. f is continuous on |a,b]

2. f is continuous except at a finite number of points on [a, b].

Further, if f and g are both Riemann integrable on [a,b] and they match at all but a finite
number of points, then their Riemann integrals match; i.e. f: f(t)dt equals f: g(t)dt.

The function given by Equation 2.1 is bounded but continuous nowhere on [—1,1] and it is indeed

possible to prove it does not have a Riemann integral on that interval.

1 if ¢ is a rational number
ft) = { (2.1)

—1 if ¢ is an irrational number

However, most of the functions we want to work with do have a lot of smoothness, i.e. continuity and
even differentiability on the intervals we are interested in. Hence, Theorem 2.1.1 will apply. Here are

some examples:

1. If f(t) is t? on the interval [—2,4], then fg f(t)dt does exist as f is continuous on this interval.

2. If g was defined by

9 =15 1o

{t2 —2<t<landl <t <4
we see ¢ is not continuous at only one point and so it is Riemann integrable on [—2,4]. Moreover,
since f and g are both integrable and match at all but one point, their Riemann integrals are

equal.

However, with that said, in this course, we want to relax the smoothness requirements on the
functions f we work with and define a more general type of integral for this less restricted class of

functions.

2.1.3 The Fundamental Theorem Of Calculus

There is a big connection between the idea of the antiderivative of a function f and its Riemann integral.

For a positive function f on the finite interval [a, b], we can construct the area under the curve function

16
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F(z) = [ f(t)dt where for convenience we choose an z in the open interval (a,b). We show F(z) and

F(x 4 h) for a small positive h in Figure 2.4. Let’s look at the difference in these areas:

x+h x
F(z + h) — F(z) = / £(1) dt f/ F(1) dt

_ /w £t dt + /:+h Ft) dt — / (1) dt
z+h

= / F(t) dt

where we have used standard properties of the Riemann integral to write the first integral as two pieces

and then do a subtraction. Now divide this difference by the change in  which is h. We find

F+h - F@) 1 /Hh F(t) dt (2.2)

The difference in area, f;+h f(¢) dt, is the second shaded area in Figure 2.4. Clearly, we have

z+h
Fla + 1) - Flz) = / (1) dt (2.3)

We know that f is bounded on [a, b]; hence, there is a number B so that f(¢) < B for all ¢ in [a, b].

Thus, using Equation 2.3, we see

F(z + h) — F(z) < /Hh Bdt = Bh (2.4)

From this we can see that

. _ < 1
hhino (F(z + h) — F(z)) hhino Bh

We conclude that F' is continuous at each z in [a, b] as

lim (F(x + h) — F(z)) = 0

h—0

It seems that the new function F' we construct by integrating the function f in this manner, always
builds a new function that is continuous. Is F' differentiable at x? If f is continuous at z, then given a

positive €, there is a positive ¢ so that

flx)—e < f(t) < flx)+eifz—0 <t <z+6

17
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and ¢ is in [a,b]. So, if h is less than §, we have

z+h .13 _ T z+h z+h
2w < HEEREEE L T i< 4 [T v+

This is easily evaluated to give

T x+h
fla)—e < L *hh - / FO)dt < f(x)+e

S~—
\
3
8]
S~—

if h is less than §. This shows that

. F(x + h) — F(z)
hlin%+ h = J@)

You should be able to believe that a similar argument would work for negative values of h: i.e.,

. F(x + h) — F(z)
hliné— h = f@)

This tells us that F’(z) exists and equals f(z) as long as f is continuous at x as

F'(zt) = lim h = f(z)
F'(z7) = lim Po + h})L =@ _ )

This relationship is called The Fundamental Theorem of Calculus. The same sort of argument
works for = equals a or b but we only need to look at the derivative from one side. We will prove this sort
of theorem using fairly relaxed assumptions on f for the interval [a, b] in the later Chapters. Even if we
just consider the world of Riemann Integration, we only need to assume that f is Riemann Integrable

on [a, b] which allows for jumps in the function.

Theorem 2.1.2. Fundamental Theorem Of Calculus
Let f be Riemann Integrable on [a,b]. Then the function F defined on [a,b] by F(x) = [ f(t)dt

satisfies
1. F is continuous on all of [a,b]

2. F is differentiable at each point x in [a,b] where f is continuous and F'(x) = f(x).

18
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(a, f(a))

(b, £ (b))

R - h)

z + h

Figure 2.4: The Function F(x)

2.1.4 The Cauchy Fundamental Theorem Of Calculus

A generic curve f on
the interval [a, b] which
is always positive. We
let F'(z) be the area
under this curve from a
to x. This is indicated
by the shaded region.

We can use the Fundamental Theorem of Calculus to learn how to evaluate many Riemann integrals.

Let G be an antiderivative of the function f on [a,b]. Then, by definition, G’(z) = f(x) and so we know

G is continuous at each z. But we still don’t know that f itself is continuous. However, if we assume f

is continuous, then if we define F' on [a,b] by

F) = fla) + / £(t) dt.

the Fundamental Theorem of Calculus, Theorem 2.1.2, is applicable. Thus, F'(x) = f(x) at each point.

But that means F/ = G’ = f at each point. Functions whose derivatives are the same must differ by
a constant. Call this constant C. We thus have F'(z) = G(z) + C. So, we have
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s
—~

=
~—

Il

b
f(a) + / f(dt = G@) + C©
F(a) = f(a) + /a f)ydt = G(a) + C

But f: f(t) dt is zero, so we conclude after some rewriting

Q
—~
=
~
Il

b
Fa) + / FOdt + C
fla) + C

2
IS
~—
I

And after subtracting, we find the important result

b
Glb) — Gla) = /f(t)dt

This is huge! This is what tells us how to integrate many functions. For example, if f(t) = 3, we can
guess the antiderivatives have the form t*/4 + C for an arbitrary constant C. Thus, since f(t) = t3 is

continuous, the result above applies. We can therefore calculate Riemann integrals like these:

1.
3 43
t
/t?’dt: -
1 41
3¢ 14
- 4
80
T4
2.

4

4 4

t
/ 3 dt -
L, 4

-2

4 (=2
T4 4
_ 26 _ 16
T4 4
_ 20
T4

Let’s formalize this as a theorem. All we really need to prove this result is that f is Riemann inte-
grable on [a, b], which is true if our function f is continuous.

Theorem 2.1.3. Cauchy Fundamental Theorem Of Calculus

Let G be any antiderivative of the Riemann integrable function f on the interval [a,b]. Then

Gb) — Gla) = [V f(t) dt.
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2.1.5 Applications

With the Cauchy Fundamental Theorem of Calculus under our belt, we can guess a lot of antiderivatives

and from that know how to evaluate many Riemann integrals. Let’s get started.

1. Tt is easy to guess the antiderivative of a power of ¢ as we have already mentioned. We know the

antiderivative of the following are easy to figure out:

(a) If f(t) = 5, then the antiderivative of f is any function of the form F(t) = t5/6 + C where

C can be any constant.

(b) If f(t) = t75, it is still easy to guess the antiderivative which is F(t) = t=4/(—4) + C,

where C is an arbitrary constant.

The common symbol for the antiderivative of f has evolved to be f f because of the close connec-
tion between the antiderivative of f and the Riemann integral of f which is given in the Cauchy
Fundamental Theorem of Calculus, Theorem 2.1.3. The usual Riemann integral, f; f@)dt of f on
[a, b] computes a definite value — hence, the symbol fab f(t) dt is usually referred to as the definite
integral of f on [a,b] to contrast it with the family of functions represented by the antiderivative
J f. Since the antiderivatives are arbitrary up to a constant, most of us refer to the antiderivative
as the indefinite integral of f . Also, we hardly ever say “let’s find the antiderivative of f”7 —
instead, we just say, “let’s integrate f”. We will begin using this shorthand now! We can state

these results as Theorem 2.1.4.

Theorem 2.1.4. Antiderivatives Of Simple Powers

If p is any power other than —1, then the antiderivative of f(t) = tP is F(t) = tP™1/(p+1)+C.
This is also expressed as [ P dt = t**1/(p+1) + C

2. The Riemann integral of the function f on [a,b] can also be easily computed. We state this

Theorem 2.1.5

Theorem 2.1.5. Definite Integrals Of Simple Powers
If p is any power other than —1, then the definite integral of f(t) = t? on [a,b] is fab trdt =
b

7+ /(p+1)

a

3. The simple trigonometric functions sin(¢) and cos(t) also have straightforward antiderivatives as

shown in Theorem 2.1.6.

Theorem 2.1.6. Antiderivatives of Simple Trigonometric Functions
(a) The antiderivative of sin(t) equals — cos(t) + C

(b) The antiderivative of cos(t) equals sin(t) + C

4. The definite integrals of the sin and cos functions are then:
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Theorem 2.1.7. Definite Integrals Of Simple Trigonometric Functions

b
(a) fnb sin(t) dt is — cos(t)

a

b

(b) f;} cos(t) is sin(t)

a

2.1.6 Simple Substitution Techniques

We can use the tools above to figure out how to integrate many functions that seem complicated but
instead are just disguised versions of simple power function integrations. Let’s go through some in great
detail.

Exercise 2.1.1. Compute [ (t* + 1)2tdt

Solution 2.1.1. When you look at this integral, you should train yourself to see the simpler integral
| uwdu where u(t) =t* + 1. Here are the steps:

1. We make the change of variable u(t) = t*> + 1. Now differentiate both sides to see u'(t) = 2t.
Thus, we have

/(t2 + 1)2tdt = /u(t) u'(t) dt

2. Now recall the chain rule for powers of functions, we know

Thus,

This then tells us that

/(t2 + 1) 2tdt = /u(t) ' (t) dt

Now, the notation [ ((u(t))Q)/ (t)dt is just our way of asking for the antiderivative of the function

behind the integral sign. Here, that function is (u?)'. This antiderivative is, of course, just u?!
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Plugging that into the original problem, we find

/(t2 + 1)2tdt =

Il
M\HM\H\\
N
—
—~
e
—~
~
N
=
[\v]
SN—
—
-
SN~—
ISH
~

Whew!! That was awfully complicated looking. Let’s do it again in a bit more streamlined fashion.
Note all of the steps we go through below are the same as the longer version above, but since we write
less detail down, it is much more compact. You need to get very good at understanding and doing all

these steps!! Here is the second version:

Solution 2.1.2. 1. We make the change of variable u(t) = t> + 1. But we write this more simply
asu = t2 + 1 so that the dependence of uw on t is implied rather than explicitly stated. This
simplifies our notation already! Now differentiate both sides to see u'(t) = 2t. We will write
this as du = 2t dt, again hiding the t variable, using the fact that ‘é—? = 2t can be written in its

differential form (you should have seen this idea in your first Calculus course). Thus, we have

/(t2+1)2tdt = /udu

2. The antiderivative of u is u*/2 + C and so we have

/(t2 + 1)2tdt = /udu

1
= §U2+C

1
= 3 t* + 1) + C
Now let’s try one a bit harder:

Exercise 2.1.2. Compute [ (t* + 1) 4dt

Solution 2.1.3. When you look at this integral, again you should train yourself to see the simpler

integral 2 [ u3 du where u(t) =t> + 1. Here are the steps: first, the detailed version

1. We make the change of variable u(t) = t> + 1. Now differentiate both sides to see u'(t) = 2t.

Thus, we have

/(t2 LRl = 2 / W) (1) dt
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2. Now recall the chain rule for powers of functions, we know

Thus,

This then tells us that

/(t2 L 1P = 2 / W) (1) dt

Now, the notation [ ((u(t))4)/ (t)dt is just our way of asking for the antiderivative of the function
behind the integral sign. Here, that function is (u*). This antiderivative is, of course, just u*!
Plugging that into the original problem, we find

/(t2 + 1)%4dt = 2 / ud(t) o/ (t) dt

1
1
= 2(152 + D)+ C

Again, this was awfully complicated looking. the streamlined version is as follows:

1. We make the change of variable u(t) = t> + 1. Now differentiate both sides to see u'(t) = 2t
and write this as du = 2t dt. Thus, we have

/(t2+1)34dt = 2/u3du

2. The antiderivative of u® is u*/4 + C and so we have

/(t2—|—1)34dt = 2/u3du

1
§U4+C
1
2

>+ D+ C

Now let’s do one the short way only.

Exercise 2.1.3. Compute [ Vt? + 13tdt.
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Solution 2.1.4. When you look at this integral, again you should train yourself to see the simpler
integral 3/2 [ u/? du where u(t) =t*> + 1. Here are the steps: we know du = 2t dt. Thus

/\/t2+13tdt = g/u%du
31 4
= ——u§+c’
23
32
= ;3@ +DE+C

Exercise 2.1.4. Compute [ sin(t? + 1) 5t dt.

Solution 2.1.5. When you look at this integral, again you should train yourself to see the simpler
integral 5/2 [ sin(u) du where u(t) =t*> + 1. Here are the steps: we know du = 2t dt. Thus

/ sin(u) du

(—cos(u)) + C

/sin(t2 + 1)5tdt =

| Ot N Ot

5
= -3 cos(t* + 1) + C
Now let’s do a definite integral:
Exercise 2.1.5. Compute [ (t2 + 2t + 1)% (¢ + 1) dt.

Solution 2.1.6. When you look at this integral, again you should train yourself to see the simpler
integral 1/2 [ u® du where u(t) =t? + 2t + 1. Here are the steps: we know du = (2t + 2)dt. Thus

5 1 t=5
/ (t* + 2t + D)2t + )dt = = / u? du
1 2 t=1

where we label the bottom and top limit of the integral in terms of the t variable to remind ourselves that

the original integration was respect to t. Then,

I 1w,
R =
= 11(t2+1)35
23 1
1 3 3
= 5 (267 - 2%)

We will prove general substitution theorems for Riemann Integrable functions later. But it is really
just an application of the chain rule!

2.2 The Riemann Integral of Functions With Jumps

Now let’s look at the Riemann integral of functions which have points of discontinuity.
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2.2.1 Removable Discontinuity
Consider the function f defined on [—2,5] by

2t —2<t<0
) = 1 t=0
(1/5)t2 0 <t <5

Let’s calculate F(t) = ffz f(s) ds. This will have to be done in several parts because of the way f
is defined.

1. On the interval [—2, 0], note that f is continuous except at one point, t = 0. Hence, f is Riemann
integrable by Theorem 2.1.1. Also, the function 2¢ is continuous on this interval and so is also
Riemann integrable. Then since f on [—2,0] and 2¢ match at all but one point on [—2,0], their

Riemann integrals must match. Hence, if ¢ is in [—2,0], we compute F' as follows:
t
F@t) = / f(s)ds
-2
t

= / 2s ds
-2

2. On the interval [0, 5], note that f is continuous except at one point, ¢ = 0. Hence, f is Riemann
integrable by Theorem 2.1.1. Also, the function (1/5)t? is continuous on this interval and is
therefore also Riemann integrable. Then since f on [0,5] and (1/5)t*> match at all but one point

on [0, 5], their Riemann integrals must match. Hence, if ¢ is in [0, 5], we compute F' as follows:

[ sas
/ F(s)ds + / £(5) ds
0 t

/72 2s ds + /0 (1/5)s% ds

0 t

F(t)

2+ (1/15)s®

-2
= —4 + t3/15

0

Thus, we have found that

t2 — 4 2<t<0
Fit) = {4 " =t
/15 —4 0<t<5
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Note, we didn’t define F at ¢t = 0 yet. Since f is Riemann Integrable on [—2, 5], we know from the
Fundamental Theorem of Calculus, Theorem 2.1.2; that F' must be continuous. Let’s check. F' is clearly
continuous on either side of 0 and we note that lim; _, - F(¢) which is F/(07) is —4 which is exactly the

value of F(01). Hence, F is indeed continuous at 0 and we can write

2 — 4 -2<t<0
F(t) = ==
/15 —4 0<t <5

What about the differentiability of F'? The Fundamental Theorem of Calculus guarantees that F' has a
derivative at each point where f is continuous and at those points F’(t) = f(t). Hence, we know this

is true at all ¢ except 0. Note at those t, we find

2t -2 < t
Pl = , 2sted
(1/5)2 0 <t <5

which is exactly what we expect. Also, note F/(07) = 0 and F’(07) = 0 as well. Hence, since the right
and left hand derivatives match, we see F’(0) does exist and has the value 0. But this is not the same

as f(0) = 1. Note, F is not the antiderivative of f on [—2, 5] because of this mismatch.

2.2.2 Jump Discontinuity
Now consider the function f defined on [—2,5] by
2t -2<t<0

f) = 1 t=0
2+ (1/5)t2 0<t<5

Let’s calculate F'(t) = fi2 f(s)ds. Again, this will have to be done in several parts because of the
way f is defined.

1. On the interval [—2, 0], note that f is continuous except at one point, ¢ = 0. Hence, f is Riemann
integrable by Theorem 2.1.1. Also, the function 2¢ is continuous on this interval and hence is also
Riemann integrable. Then since f on [—2,0] and 2¢ match at all but one point on [—2,0], their

Riemann integrals must match. Hence, if ¢ is in [—2, 0], we compute F as follows:
t
F(t) = / f(s)ds
—2
t

= / 2s ds
-2

= - (=27 =t —-14

2. On the interval [0, 5], note that f is continuous except at one point, ¢ = 0. Hence, f is Riemann

integrable by Theorem 2.1.1. Also, the function 2 + (1/5)t? is continuous on this interval and so

27



THE RIEMANN INTEGRAL OF FuNcTIONS WITH JUMPS CHAPTER 2:

is also Riemann integrable. Then since f on [0,5] and 2 + (1/5)t? match at all but one point on
[0, 5], their Riemann integrals must match. Hence, if ¢ is in [0, 5], we compute F' as follows:

F(t) = / £(s) ds

= /02 F(s)ds + /Ot £(s) ds
0 t

= [2 25 ds + /0 (2 + (1/5)s?) ds
0

t

s?| 4+ (2s + (1/15)s%)
-2

= —4+ 2+ 8315

0

Thus, we have found that

2 — 4 —2<t<0
Ft) = 3
—4 + 2t +t3/15 0 <t <5

As before, we didn’t define F at t = 0 yet. Since f is Riemann Integrable on [—2, 5], we know from the
Fundamental Theorem of Calculus, Theorem 2.1.2, that F' must be continuous. F' is clearly continuous
on either side of 0 and we note that lim, _, o- F(¢) which is F(07) is —4 which is exactly the value of

F(07). Hence, F is indeed continuous at 0 and we can write

2 — 4 —2<t<0
Fit) = 3
-4+ 2t 4+3/15 0<t <5

What about the differentiability of F'? The Fundamental Theorem of Calculus guarantees that F' has a
derivative at each point where f is continuous and at those points F’(t) = f(t). Hence, we know this

is true at all ¢ except 0. Note at those ¢, we find

2t -2 <t 0
F(t) = , =%
24+ (152 0<t<5

which is exactly what we expect. However, when we look at the one sided derivatives, we find F/(07) = 0
and F’'(07) = 2. Hence, since the right and left hand derivatives do not match, we see F”(0) does not

exist. Finally, note F' is not the antiderivative of f on [—2, 5] because of this mismatch.
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2.2.3 Homework
Exercise 2.2.1. Compute fi:& f(s)ds for
3t -3<t<O0
fity = ¢ 6 t=0
(1/6)t> 0 <t <6
1. Graph f and F carefully labeling all interesting points.

2. Verify that F is continuous and differentiable at all points but F'(0) does not match f(0) and so
F is not the antiderivative of f on [—3, 0]

Exercise 2.2.2. Compute fg f(s)ds for

—2t 2<t<5H
f@e) = 12 t=25
3t —25 5 <t<10
1. Graph f and F carefully labeling all interesting points.

2. Verify that F is continuous and differentiable at all points but F'(5) does not match f(5) and so
F is not the antiderivative of f on [2,10]

Exercise 2.2.3. Compute fjg f(s) ds for

3t -3 <t<O0
f@)y = 6 t=20
(1/6)t> +2 0 <t <6
1. Graph f and F carefully labeling all interesting points.

2. Verify that F' is continuous and differentiable at all points except 0 and so F' is not the antideriva-
tive of f on [—3,6]

Exercise 2.2.4. Compute fot f(s)ds for
-2t 2<t<5H
ft) = 12 t=5
3t H<t<10
1. Graph f and F carefully labeling all interesting points.

2. Verify that F is continuous and differentiable at all points except 5 and so F is not the antideriva-
tive of f on [2,10]
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Chapter

-4 Functions Of Bounded Variation

Now that we have seen a quick overview of what Riemann Integration entails, let’s go back and look at
it very carefully. This will enable us to extend it to a more general form of integration called Riemann
- Stieljes. From what we already know about Riemann integrals, the Riemann integral is a mapping
¢ which is linear and whose domain is some subspace of the vector space of all bounded functions. Let
Bla, b] denote this vector space which is a normed linear space using the usual infinity norm. The set of
all Riemann Integrable Functions can be denoted by the symbol RI[a,b] and we know it is a subspace of
Bla, b]. We also know that the subspace Cla, b] of all continuous functions on [a, ] is contained in RI]a, b].
In fact, if PC[a, b] is the set of all functions on [a, b] that are piecewise continuous, then PC[a,b] is also a
vector subspace contained in RI[a, b]. Hence, we know ¢ : RI[a,b] C Bla,b] — R is a linear functional

on the subspace RI[a,b]. Also, if f is not zero, then

| o f@dt | fy | f@) | dt

Nfllo 7 | 1o
b
< Jo Il f Il dt
N 1 f Moo
= b—a

Thus, we see that || ¢ ||op is finite and ¢ is a bounded linear functional on a subspace of Bla,b] if we
use the infinity norm on RI[a,b]. But of course, we can choose other norms. There are clearly many
functions in Bla, b] that do not fit nicely into the development process for the Riemann Integral. So let
Nl[a,b] denote a new subspace of functions which contains RI[a,b]. We know that the Riemann integral
satisfies an important idea in analysis called limit interchange. That is, if a sequence of functions

{fn} from RI[a,b] converges in infinity norm to f that the following facts hold:

1. fis also in RIla,b]
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2. the classic limit interchange holds:

b b
lim fat)dt = / ( lim f, (t)) dt
We can say this more abstractly as this: if f,, — fin|| - ||e in RI[a,b], then f remains in RI[a,b|
and
lim ¢(fa) = ¢( lim fa)
But if we wanted to extend ¢ to the larger subspace NI[a,b] in such a way that it remained a bounded

linear functional, we would also want to know what kind of sequence convergence we should use in order
for the interchange ideas to work. There are lots of questions:

1. Do we need to impose a norm on our larger subspace NIla,b]?
2. Can we characterize the subspace NI[a,b] in some fashion?

3. If the extension is called ri;, we want to make sure that ngS is exactly ¢ when we restrict our attention
to functions in RI[a, b]

Also, do we have to develop integration only on finite intervals [a, b] of ®? How do we even extend
traditional Riemann integration to unbounded intervals of 7 All of these questions will be answered in
the upcoming chapters, but first we will see how far we can go with the traditional Riemann approach.
We will also see where the Riemann integral approach breaks down and makes us start to think of more
general tools so that we can get our work done.

3.1 Partitions

Definition 3.1.1. Partition

A partition of the finite interval [a,b] is a finite collection of points, {xg,...,x,}, ordered
so that a = xg < x1 < --+ < x, = b. We denote the partition by w and call each point z; a
partition point.

Foreach j=1,...,n—1, welet Az; = ;11 —x;. The collection of all finite partitions of [a, b] is denoted
IJa, ).

Definition 3.1.2. Partition Refinements
The partition m1 = {Yo, ..., Ym} is said to be a refinement of the partition 7o = {xg,...,Tn}
if every partition point x; € my is also in wi. If this is the case, then we write Ty = m, and

we say that w1 is finer than mo or mo is coarser than .

Definition 3.1.3. Common Refinement
Given 1,9 € lla, b], there is a partition w3 € [a, b] which is formed by taking the union of
w1 and Ty and using common points only once. We call this partition the common refinement
of m and w and denote it by w3 = W V 7.
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Comment 3.1.1. The relation < is a partial ordering of Ma,b]. It is not a total ordering, since
not all partitions are comparable. There is a coarsest partition, also called the trivial partition. It is
given by mo = {a,b}. We may also consider uniform partitions of order k. Let h = (b — a)/k. Then
m={xo=a,xo+ h,x0+2h,...,x5_1 = x0 + (k — 1)h, 2, = b}.

Proposition 3.1.1. Refinements and Common Refinements

If w1,y € Ma, b], then m = 7o if and only if w1 V wy = ma.

Proof. If my < ma, then m1 = {zo,...,2p} C {Y0,...,yq} = ma. Thus, m Umy = ma, and we have
m V g = my. Conversely, suppose w1 V mo = mo. By definition, every point of m is also a point of

w1V Ty = . So, ™ =X Ta. [ |

Definition 3.1.4. The Gauge or Norm of a Partition

For m € Il[a,b], we define the gauge of w, denoted |||, by ||7|| = max{Az; : 1 <j <p}.

3.1.1  Homework
Exercise 3.1.1. Prove that the relation = is a partial ordering of I[a, b].

Exercise 3.1.2. Fiz w1 € l[a,b]. The set C(m) = {m € a,b] : m = 7} is called the core determined

by m1. It is the set of all partitions of [a,b] that contain (or are finer than) m.
1. Prove that if my =< o, then C(my) C C(my).
2. Prove that if ||| < €, then ||| < € for all m € C(m).

3. Prove that if |m1]] < € and w3 € L[a, b], then || V m2| < €.

3.2 Monotone Functions

In our investigations of how monotone functions behave, we will need two fundamental facts about

infimum and supremum of a set of numbers which are given in Lemma 3.2.1 and Lemma 3.2.2.

Lemma 3.2.1. The Infimum Tolerance Lemma
Let S be a nonempty set of numbers that is bounded below. Then given any tolerance €, there

1s at least one element s in S so that
inf(S) < s < inf(S) + €

Proof. This is an easy proof by contradiction. Assume there is some € so that no matter what s from

S we choose, we have
s > inf(S) + ¢

This says that inf(S) + € is a lower bound for S and so by definition, inf(S) must be bigger than or equal
to this lower bound. But this is clearly not possible. So the assumption that such a tolerance € exists is

wrong and the conclusion follows. |
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and

Lemma 3.2.2. The Supremum Tolerance Lemma

Let T be a nonempty set of numbers that is bounded above. Then given any tolerance €, there

is at least one element t in T so that

sup(T) — e < t < sup(7T)

Proof. This again is an easy proof by contradiction and we include it for completeness. Assume there

is some € so that no matter what t from T we choose, we have
t < sup(T) — ¢

This says that sup(T) — € is an upper bound for T and so by definition, sup(T) must be less than or
equal to this upper bound. But this is clearly not possible. So the assumption that such a tolerance e

exists is wrong and the conclusion must follow. |

We are now in a position to discuss carefully monotone functions and other functions built from

them. We follow discussions in ( (2) ) at various places.

Definition 3.2.1. Monotone Functions
A real-valued function f : [a,b] — R is said to be increasing (respectively, strictly increasing)
if T1,22 € [a,b], 1 < x2 = f(x1) < f(2) (respectively, f(z1) < f(x2)). Similar definitions

hold for decreasing and strictly decreasing functions.

Theorem 3.2.3. A Monotone Function Estimate
Let f be increasing on [a,b], and let m = {xg,...,xp} be in Ilja,b]. For any c € [a,b], define

fet) = lm f(@) and  f(c)= lim f(x),

z—ct T—c~

where we define f(a™) = f(a) and f(b") = f(b). Then

Proof. First, we note that f(z™) and f(x™) always exist. The proof of this is straightforward. For
z € (a,b], let T, = {f(y) : a <y < x}. Then T, is bounded above by f(x), since f is monotone
increasing. Hence, T, has a well-defined supremum. Let € > 0 be given. Then, using the Supremum
Tolerance Lemma, Lemma 3.2.2, there is a y* € [a,x) such that supT, — e < f(y*) < supT,. For any
y € (y*, ), we have f(y*) < f(y) since f is increasing. Thus, 0 < (sup T, — f(y)) < (sup T, — f(y*)) < e
fory e (y*,x). Let 6 = (x —y*)/2. Then, if 0 <z —y <4, supT, — f(y) < e. Since € was arbitrary,
this shows that lim,_,,.— f(y) = supT,. The proof for f(xz™) is similar, using the Infimum Tolerance
Lemma, Lemma 3.2.1. You should be able to see that f(x™) is less than or equal to f(z™) for all z. We
will define f(a™) = f(a) and f(bT) = f(b) since f is not defined prior to a or after b.
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To prove the stated result holds, first choose an arbitrary y; € (xj,2j41) for each j =0,...,p— 1.
Then, since f is increasing, for each j =1,...,p, we have f(y;—1) < f(z;) < f(mj) < f(y;). Thus,

fa) = flay) < flyy) = Flyi-). (3.1)

We also have f(a) < f(a™) < f(yo) and f(yp—1) < f(b7) < f(b). Thus, it follows that

D (FEH = 1) = f@d) = fag)+ D = = f@7)] + f)) = fla)
j=0 j=1

Fla®) = @)+ Y [y — Fly-0)] + FOF) = £(b7)
Jj=1

IN

using Fquation 3.1 and replacing xo by a and x, with b. We then note the sum on the right hand side
collapses to f(yp—1) — f(yo). Finally, since f(a™) = f(a) and f(b*) = f(b), we obtain

(f7) = f(27) < f@®) = fl@)+ f(yp-1) — f(yo) + f(b) — f(b7)
j=0
< flyo) = fla) + f(yp—1) — f(b7) + f(b) = f(yo)
< f(0) = fla) + fyp—1) — f(07).

But f(yp—1) — f(b7) <0, s0

Theorem 3.2.4. A Monotone Function Has A Countable Number of Discontinuities

If f is monotone on [a,b], the set of discontinuities of [ is countable.

Proof. For concreteness, we assume f is monotone increasing. The decreasing case is shown similarly.
Since f is monotone increasing, the only types of discontinuities it can have are jump discontinuities.
If © € [a,b] is a point of discontinuity, then the size of the jump is given by f(z) — f(z~). Define
Dy ={x € (a,b) : f(zt)— f(z™) > 1/k}, for each integer k > 1. We want to show that Dy, is finite.
Select any finite subset S of Dy, and label the points in S by x1,...,2p with x1 < 29 < -+ < xp. If
we add the point xg = a and xp41 = b, these points determine a partition w. Hence, by Theorem 5.2.3,

we know that

ST = f@)] < Y] = fa))] < Fb) - fla).

Jj=1 s
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But each jump satisfies f(x;r) — f(z;) > 1/k and there are a total of p such points in S. Thus, we must

have

p/k < Z[f(xj)—f(w;)] < f(b) = f(a).

Hence, p/k < f(b)— f(a), implying that p < k[f(b)— f(a)]. Thus, the cardinality of S is bounded above by
the fired constant k[f(b) — f(a)]. Let N be the first positive integer bigger than or equal to k[f(b) — f(a)].
If the cardinality of Dy, were infinite, then there would be a subset T of Dy with cardinality N + 1. The
argument above would then tell us that N +1 < k[f(b) — f(a)] < N giving a contradiction. Thus, Dy
must be a finite set. This means that D = U2, Dy, is countable also.

Finally, if x is a point where f is not continuous, then f(x*)— f(xz=) > 0. Hence, there is a positive
integer ko so that f(x%) — f(x™) > 1/ko. This means x is in Dy, and so is in D. |

Definition 3.2.2. The Discontinuity Set Of A Monotone Function

Let f be monotone increasing on [a,b]. We will let S denote the set of discontinuities of f on
[a,b]. We know this set is countable by Theorem 3.2.4 so we can label it as S = {x;}. Define

functions u and v on [a,b] by

o(e) = { @) = @), = €la,b)
0, r=">

In Figure 3.1, we show a monotone increasing function with several jumps. You should be able to
compute u and v easily at these jumps.
There are several very important points to make about these functions u and v which are listed

below.

Comment 3.2.1.

1. Note that u(x) is the left-hand jump of f at x € (a,b] and v(z) is the right-hand jump of f at
x € [a,b) .

2. Both u and v are nonnegative functions and u(z) +v(z) = f(z™) — f(x ™) is the total jump in f
at x, for x € (a,b) .

3. Moreover, f is continuous at x from the left if and only if u(x) =0, and f is continuous from the

right at « if and only if v(z) =0 .
4. Finally, f is continuous on [a,b] if and only if u(z) = v(x) =0 on [a,b] .

Now, let Sy be any finite subset of S. From Theorem 3.2.3, we have
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16 & f0m)
15

12
11 e
102 A generic curve f
on the interval [a, b]
which is always pos-
8 itive. We show four
7%5 ¢ points of discontinu-
ity x1, 2, x3 and x4.
Note u(z1) = 0.5,
u(z2) = 0.5, u(xz) = 1
and u(zs) = 1. Also,
f we see v(z1) = 0.5,
35 ’U(m2) = 0. ,U(.Ig) = I
/ 3 and v(z4) = 0.
(a, f(a))
1 T2 T3 T4 = b
a
Figure 3.1: The Function F(x)
> fah) - f@) < f(b) - fla)
x€So
This implies
> ul@) +ol@) < fb) - fla)
x€So
doul@) + Y vl@) < fb) - fla)
z€So z€So

The above tells us that the set of numbers we get by evaluating this sum over finite subsets of S is
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bounded above by the number f(b) — f(a). Hence, 2?21 u(z;) and Z;;l v(x;) are bounded above by
f(b) — f(a) for all n. Thus, these sets of numbers have a finite supremum. But v and v are nonnegative
functions, so these sums form monotonically increasing sequences. Hence, these sequences converge to

their supremum which we label as >°7% | u(z;) and 3777 v(x;).

Now, consider a nonempty subset, T, of [a,b], and suppose FF C S NT is finite. Then, by the

arguments already presented, we know that

D ulzy) + Y vlzg) < f(b) — fla). (3-2)

;€ F z;€EF
This implies
> ou(xy) < fO)—fla)  and > () < () - fla).
z;EF T EF

From this, it follows that

Z u(z;) = sup{ Z u(z;) + F C SNT, Ffinite}.

z;€SNT r;€F

Likewise, we also have

Z v(z;) = sup{ Z v(z;) : F C SNT,F finite}.

z;€8NT r;€EF

Definition 3.2.3. The Saltus Function Associated With A Monotone Function
For z,y € [a,b] with © <y, define

Slz,y] = SN[z,yl, Slr,y) = SNlr,y), S(z,y] = SN (x,y] and S(z,y) = SN (z,y)

Then, define the function Sy : [a,b] — R by

Sy =14 1O o
f(CL) + ijGS(a,x] U(LL‘J‘) + ijGS[a,x) U(‘Tj)7 a < S b

We call Sy the Saltus Function associated with the monotone increasing function f.

Intuitively, S¢(z) is the sum of all of the jumps (i.e. discontinuities) up to and including the left-hand

jump at z. In essence, it is a generalization of the idea of a step function.
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Theorem 3.2.5. Properties of The Saltus Function

Let f : [a,b] — R be monotone increasing. Then

1. Sy is monotone increasing on [a,b];
2. if v <y, with z,y € [a,b], then 0 < S¢(y) — Sy(x) < f(y) — f(x);

3. S is continuous on S° N [a,b] where S¢ is the complement of the set S.

Proof. Suppose x <y. Then

doulay) = > ulm) + Y, vl — Y, ()

Siy) = Sp(x)

z;€5(a,y] z;€S(a,x] z;€S[a,y) z;€S[a,x)
= > )+ Y vy

IJES(I7y] :rjES[a:,y)
> 0.

This proves the first statement. Now, suppose z,y € [a,b] with x < y. Let F be a subset of [a,b] that
consists of a finite number of points of the form F = {xo = x,x1,...,2p, =y}, such that t = xo < 21 <

- < xp =y. In other words, F is a partition of [x,y]. Then, by Equation 3.2 we know

Yoo ulm) + Y @) < fly) - fla).

z;€FNS(z,y] z;EFNS|[x,y)

Taking the supremum of the left-hand side over all such sets, F', we obtain

S+ > vlay) < fly) - ).

z;€8(x,y] z;€8(z,y)

But by the remarks made in the first part of this proof, this sum is exactly S;(y) — Sy(x). We conclude
that Sy(y) — S¢(x) < f(y) — f(x) as desired.

Finally, let © be a point in SN [a,b]. Then f is continuous at x, so, given € > 0, there is a 6 > 0
such that y € [a,b] and |z —y| < 6 = |f(x) — f(y)| < e. But by the second part of this proof, we have
|S¢(z) — Sr(y)| < |f(y) — f(z)] <e. Thus, Sy is continuous at x. [ ]

So, why do we care about S;? The function Sy measures, in a sense, the degree to which f fails
to be continuous. If we subtract Sy from f, we would be subtracting its discontinuities, resulting in a

continuous function that behaves similarly to f.

Definition 3.2.4. The Continuous Part of A Monotone Function
Define fe : [a,b] = R by fe(z) = f(z) — Sf(‘L)

Theorem 3.2.6. Properties of f.
1. f. is monotone on [a,b).

2. fe is continuous also.
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Proof. The proof that f. is monotone is left to you as an exercise with this generous hint:

Hint. Note if x < y in [a,b], then

fely) = fe@) = (f(y) = f(2)) — (Sp(y) — S¢(2)).

The right hand side is non negative by Theorem 5.2.5. |

To prove f. is continuous is a bit tricky. We will do most of the proof but leave a few parts for you

to fill in.

Pick any x in [a,b) and any positive €. Since the f(zT) exists, there is a positive § so that 0 <
fly) = faT) <eifx <y < x+46. Thus, for suchy,

fely) = fel@) = [f(y) = Sp(y)] = [f(x) = Sp(@)]

f(y)—{ Soul) + U(%‘)}

z;€S5(a,y] z;€S5[a,y)

—f($)+{ > ula) + Y v(ffj)}

z;€5(a,x] z;€S[a,x)

Recall, S(a,y] = S(a,z] U S(z,y] and S[a,y) = Sla,z) U S[z,y). So,

xz;€5(x,y] z;€S[x,y)

fely) = felx) = [fly) — { Yoooulz) + Y v(%‘)} - flz)

Now, the argument reduces to two cases:

1. if y and x are points of discontinuity, we get

foy) = fela) = J@)—ul) = D ule)+ D vlwg)p— flz) (@)

z;€S(z,y) z;€S(z,y)

= f) - - fy ) -4 D ulz)+ D wvlg)p - fl@) = (f@T) - f(@)

z;€S(z,y) z;€S(z,y)

IN
=
<
\_l
|
~
—
&
+
~—

2. if either x and/ or y are not a point of discontinuity, a similar argument holds

Thus, we see f. is continuous from the right at this x. Now use a similar argument to show continuity

from the left at x. Together, these arguments show f. is continuous at x. |
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3.21 Worked Out Example

Let’s define f on [0, 2] by

-2 z =0
x3 0<z<1

flz) = 9/8 z =1
/4 +1 1<z <2
7 r = 2

1. Find v and v
2. Find Sf
3. Find f.

4. Following the discussion in Section 2.2 explain how to compute the Riemann Integral of f and
find its value (yes, this is in the careful rigorous section and so this problem is a bit out of place,

but we will be dotting all of our i’s and crossing all of our t’s soon enough!)

Solution 3.2.1. First, note f(0~) = —2, f(0) = —2 and f(0") = 0 and so 0 is a point of discontinuity.
Further, f(17) = 1, f(1) = 2 and f(17) = 5/4 giving another point of discontinuity at 1. Finally,
since f(27) = 5, f(2) = 7 and f(2%) = 7, there is a third point of discontinuity at 2. So, the set of
discontinuities of f is S ={0,1,2}. Thus,

0 0<z<1 0 0<z<i
x
S(0,z] = {1} 1<z <2 andS[0,2)= -
{0,1} 1 <az<2
(1,2} 2 =12
Also,
0 =0 0—(-2)=2  z=0
0 0<ax <1 0 0<z <l
u(z) = 9/8—1=1/8 z =1 and v(x) = § 5/4—9/8=1/8 = =1
0 1<z <2 0 1<z <2
Now, here
Sg(x) = -
f(O) + Zz_jES(O,z] ’U,({,Cj) + ZIjES[O,x) ’U(iCj) 0 <z<2
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Thus,
-2, z=0
—24+0v(0)=-2+2=0 0<z <1
Sp(x) = —2+u(l)+v(0)=-2+1/842=1/8 r =1
—2+4u(l)+0(0)+v(l)=—2+1/8+2+1/8=1/4 1 <2 <2
—2+4u(l) +u2) +v(0) +v(l)=—2+1/8+2+2+1/8=9/4 z = 2
So, Sy is the nice step function and f. = f — Sy gives
—2, =0 —2-(=2)=0 z =0
0 O0O<z<l1 3 —-0=21/3 0<z<1
S¢(x) = 1/8 =z =1 and fo(x) = ¢ 9/8—1/8=1 z =1
/4 1 <2 <2 ot/d+1-1/4=2%/44+3/4 1 <z <2
9/4 x =2 7-9/4=19/4 z =2

We see f. is continuous on [0,2]. Finally, we can compute the Riemann integral of f on [0,2].

Let’s calculate F(t) = fot f(z) dz. This will have to be done in several parts because of the way f
is defined.

1. On the interval [0,1], note that f is continuous except at two points, x = 0 and x = 1. Hence, f
is Riemann integrable by Theorem 2.1.1. Also, the function x> is continuous on this interval and
s0 is also Riemann integrable. Then since f on [0,1] and x® match at all but two points on [0,2],

their Riemann integrals must match. Hence, if t is in [—2,0], we compute F as follows:

F(t) = /Ot f(x) dx
= /Otxgda:

t
= z%/4

0
= t'/4

2. On the interval [1,2], note that f is continuous except at the two points, v = 1 and z = 2.
Hence, f is Riemann integrable by Theorem 2.1.1. Also, the function 1 + z*/4 is continuous on
this interval and so is also Riemann integrable. Then since f on [1,2] and 1 + x*/4 match at all

but two points on [1,2], their Riemann integrals must match. Hence, if t is in [1,2], we compute
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F as follows:

) = /0 (@) da
1 t
= [ s@an+ [ e
1 t
= / xgdx—t—/ (1 + z'/4) dx
0 1
= a'/afp + (@ + 2°/5) |1
= 1/4 + (t + £°/5) — (1+1/5)
= t°/5 +t — 19/20
Thus, we have found that
i 0<t<1
F(t) = {t5/5+t—19/20 1<t<?2

Note, we know from the Fundamental Theorem of Calculus, Theorem 2.1.2, that F' must be continuous.
To check this at an interesting point such ast = 1, note F is clearly continuous on either side of 1
and we note that lim, _, - F(t) which is F(17) is 1/4 which is exactly the value of F(17). Hence, F is

indeed continuous at 1/

What about the differentiability of F? The Fundamental Theorem of Calculus guarantees that F has a
derivative at each point where f is continuous and at those points F'(t) = f(t). Hence, we know this
is true at all t except 0, 1 and 2 because these are points of discontinuity of f. F' is nicely defined at 0

and 1 as a one sided derivative and at all other t save 1 by

3 0<t<l1
F'(t) = A =
t*+1 0<t<?2

However, when we look at the one sided derivatives, we find F'(07) = 0 # f(0) = =2, F/(27) = 17 #
f(2) = 7Tand F'(17) = 1 and F'(1") = 2 giving F'(1) does not even exist. Thus, note F is not the

antiderivative of f on [0,2] because of this mismatch.

3.2.2 Homework

Exercise 3.2.1. Prove f. is monotone.
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Exercise 3.2.2. Let’s define f on [0,2] by

-1 z =0
z2 0<z <l

flx) = 7/4 r =1
Ve+3 1 <z<?2
3 r = 2

1. Findu and v

2. Find Sy

3. Find f.

4. Do a nice graph of u, v, f, f. and Sy

5. Following the discussion in Section 2.2 explain how to compute the Riemann Integral of f and find
its value (yes, this is in the careful rigorous section and so this problem is a bit out of place, but

we will be dotting all of our i’s and crossing all of our t’s soon enough!)

3.3 Functions of Bounded Variation

The next important topic for us is to consider the class of functions of bounded variation. We will develop
this classically here, but in later chapters, we will define similar concepts using abstract measures. We
are going to find out that functions of bounded variation can also be represented as the difference of two
increasing functions and that there classical derivative exists everywhere except a set of measure zero
(ves, that idea is not defined yet, but I believe in teasers!). Let’s get on with it.

Definition 3.3.1. Functions Of Bounded Variation
Let f : [a,b] — R and let 7 € I[a,b] be given by 7 = {xg = a,z1,...,2, = b}. Define
Af; = f(z;) — f(zj-1) for 1 < j <p. If there exists a positive real number, M, such that

SIAf <M

for all m € Ma,b], then we say that f is of bounded variation on [a,b]. The set of all

functions of bounded variation on the interval [a,b] is denoted by the symbol BV [a,b].

Comment 3.3.1.

1. Note saying a function f is of bounded variation is equivalent to saying the set {d>  _|Af;| : m €

I[a, b]} is bounded, and, therefore, has a supremum.

2. Also, if f is of bounded variation on [a,b], then, for any x € (a,b), the set {a,x,b} is a partition
of [a,b]. Hence, there exists M > 0 such that | f(z) — f(a) | + | f(b) — f(z) |< M. But this

implies

[ @) [ =[f@)] < [fl@)=fla)|+ [f0)-fle)|< M

44



FuUNCTIONS OF BOUNDED VARIATION CHAPTER 3:

This tells us that | f(z) | <| f(a) | + M. Since our choice of x in [a,b] was arbitrary, this shows
that f is bounded, i.e. || f ||oo < 00.

We can state the comments above formally as Theorem 3.3.1.

Theorem 3.3.1. Functions Of Bounded Variation Are Bounded
If [ is of bounded variation on [a,b], then f is bounded on [a,b].

Theorem 3.3.2. Monotone Functions Are Of Bounded Variation
If f is monotone on [a,b], then f € BV][a,b).

Proof. As usual, we assume, for concreteness, that f is monotone increasing. Let m € Il[a,b]. Hence,

we can write m = {Tg = a,®1,...,Tp—1,%p = b}. Then

DAL =Y fay) = flrim) |-

Since f is monotone increasing, the absolute value signs are unnecessary, so that

STIAL=Y AL =Y (fla) - flaj-).

T

But this is a telescoping sum, so

> Af = flap) — flwo) = () - f(a).

Since the partition m was arbitrary, it follows that Y Af; < f(b) — f(a) for all m € Il[a, b]. This implies
that f € BV|a,b], for if f(b) > f(a), then we can simply let M = f(b) — f(a). If f(b) = f(a), then f
must be constant, and we can let M = f(b) — f(a) +1=1. In either case, f € BV]a,b]. [ ]

Theorem 3.3.3. Bounded Differentiable Implies Bounded Variation
Suppose f € Cla,b], f is differentiable on (a,b), and || f' ||co< 00. Then f € BV]a,b].

Proof. Let m € ll[a,b] so that m = {z9g = a,x1,...,2p, = b}. On each subinterval [x;_1,x;], for 1 <j <
p, the hypotheses of the Mean Value Theorem are satisfied. Hence, there is a point, y; € (xj_1,x;), with
Af; = f(z;) — f(zj-1) = f'(y;)Az;. So, we have

| Af; =] f'(y) | Azj < BAw;,

where B is the bound on [’ that we assume exists by hypothesis. Thus, for any 7 € [a,b], we have

Z|Afj |§BZij:B(b—a)<oo.

T

Therefore, f € BV|a,b]. [ |
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Definition 3.3.2. The Total Variation Of A Function Of Bounded Variation
Let f € BV[a,b]. The real number

V(fia,b) = sup{z |Afj|:me H[a,b}}
is called the Total Variation of f on [a,b)].
Note that this number always exists if f € BV|[a,b].
Comment 3.3.2. For any f € BV]a,b], we clearly have V(f;a,b) = V(—f;a,b) and V(f;a,b) > 0.

Moreover, we also see that V(f;a,b) =0 if and only if f is constant on [a,b].

Theorem 3.3.4. Functions Of Bounded Variation Are Closed Under Addition
If f and g are in BV]a,b], then so are f £ g, and V(f £ g;a,b) <V(f;a,b) + V(g;a,b).

Proof. Let m € Il[a,b], so that m = {zg = a,x1,...,2, = b}. Consider f + g first. We have, for each
1<j<p

[A(f+9)i | = [(f+9)(xj) = (f+9)(zj-1)]
< | f(@g) = flzg—) |+ T glzg) —glzj-1) |
< |Afj|+Ag;|.

This implies that, for any 7 € I[a, b],

DIAF+ IS TAL T+ Agy |

Both quantities on the right-hand side are bounded by V(f;a,b) and V(g;a,b), respectively. Since w €
I[a, b] was arbitrary, we have

V(f+g5a,b) <V(fia,b) +V(g;a,b).
This shows that f + g € BV]a,b] and proves the desired inequality for that case. Since V(—g;a,b) =
V(g;a,b), we also have

which proves that f — g € BV|a, ). |

Theorem 3.3.5. Products Of Functions Of Bounded Variation Are Of Bounded Variation
If f,g € BV]a,b], then fg € BVi]a,b] and V(fg;a,b) < || ¢ l|leo V(f;a,0)+ || f |loo
V(g;a,b).
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Proof. By Theorem 3.3.1, we know that f and g are bounded. Hence, the numbers || f |lco and || g |loo
exist and are finite. Let h = fg, and let m = {xg = a,x1,...,x, = b} be any partition. Then

| Ah; | = [ f(z;)9(x;) — f(zj-1)g(zj-1) |

= | f(z;)g9(z)) — 9(zj) f(2j-1) + g(z;) f(2j-1) — f(zj—1)9(2j-1) |
| g@;) [| Af; |+ f(zj-1) | Ag; |
g ool Afi |+ 1] fllocl Ag; |

IN

IN

Thus,

A

STUAR T < lgllee Y IALT+ 1 fllee D [Ag)|

19 lleo V(f;0,0) + || flloo V(g;a,b)

IN

Since ™ was arbitrary, we see the right hand side is an upper bound for all the partition sums and hence,

the supremum of all these sums must also be less than or equal to the right hand side. Thus,

V(fg;a,b) < |lgllee V(f;a,b)+ || fllee V(g;a,b)

Comment 3.3.3. Note that we have verified that BV [a,b] is a commutative algebra (i.e. a ring) of

functions with an identity, since the constant function f =1 is of bounded variation.

It is natural to ask, then, what the units are in this algebra. That is, what functions have multiplicative

inverses?

Theorem 3.3.6. Inverses Of Functions Of Bounded Variation
Let f be in BV|a,b], and assume that there is a positive m such that | f(x) | > m > 0 for all
x € [a,b]. Then 1/f € BV[a,b] and V(1/f;a,b) < (1/m?*)V(f;a,b).

Proof. Let m = {zg = a,z1,...,x,} be any partition. Then

1 1 1
'A<f>j ‘f(xy T 1)
‘f(x] 1) f xj)
Jx;) f(xj-1)
_ | A5 |
|f( i) Il flzj—1) |

Thus, we have
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Y1a(5), 1 £ mXlan]
implying that V(1/f;a,b) < (1/m?)V(f;a,b). |

Comment 3.3.4.

1. Any polynomial, p, is in BV[a,b], and p is a unit if none of its zeros occur in the interval.

2. Any rational function p/q where p and q are of bounded variation on [a,b], is in BV[a,b] as long

as none of the zeros of q occur in the interval.
3. e* € BV|a,b]. In fact, e“®) € BV|[a,b] if u(z) is monotone or has a bounded derivative.
4. sinx and cosz are in BV [a,b] by Theorem 3.3.5.

5. tanz € BV{a, b] if [a,b] does not contain any point of the form (2k+1)w/2 for k € Z, by Theorem
3.3.6.

6. The function

sinl7 O0<z<1
- {

0, =0
is not in BV[0,1]. To see this, choose partition points {xo,...,zp} by o =0, z, =1, and
2 1<5< 1
Ti=——— —1.
I r@p—2j+1) =J=P
Then
2p—1
Afi = sin(%) —_—

Afy = sin(@) — sin(w) =42,

and continuing, we find

m(2p—2(p—1)+ 1)) 3 Sin<7f(2p —2(p—-2)+1)

Afp1 :sin( 5 5

):ﬂ,

Af,=sinl —sin(37/2) =sinl + 1.

Thus,
p—1
So= [AAL+ D IAf] +sinl+1
T j=2

2(p—1) + sinl.
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Hence, we can make the value of this sum as large as we desire and so this function is not of

bounded variation.

3.3.1 Homework

Exercise 3.3.1. Prove that if f is of bounded variation on the finite interval [a,b], then a f is also of

bounded variation for any scalar o. Do this proof using the partition approach.

Exercise 3.3.2. Prove that if f and g are of bounded variation on the finite interval [a,b], then o f + Bg
is also of bounded variation for any scalars o and 3. Do this proof using the partition approach. Note,

these two exercises essentially show BV [a,b] is a vector space.

Exercise 3.3.3. Prove BV|[a,b] is a complete normed linear space with norm || - || defined by

LAl = [f@) ]| +V(fab)

Exercise 3.3.4. Define f on [0,1] by

fa) = {Jc cos(z™?) z#0¢€(0,1]

0 z=0

Prove that f is differentiable on [0, 1] but is not of bounded variation. This is a nice example of something

we will see later. This f is a function which is continuous but not absolutely continuous.

3.4 The Total Variation Function

Theorem 3.4.1. The Total Variation Is Additive On Intervals
If f € BV]a,b] and c € [a,b], then f € BV]|a,c], f € BV]c,b], and V(f;a,b) = V(f;a,c) +

V(f;c,b). That is, the total variation, V, is additive on intervals.

Proof. The case c = a or ¢ =b is easy, so we assume c € (a,b). Let m; € I[a,c| and my € e, b] with
m ={xo=a,z1,...,2p =c} and ™2 = {yo = ¢, y1,...,Yq = b}. Then m V my is a partition of [a,b] and
we know

STUAL =D IAL+D AL IS V(f;a,b).

mT1 V1o ™1
Dropping the ma term, and noting that w1 € Il[a, c| was arbitrary, we see that

sup Y [Af; [<V(fa,b),

m1€lla,c]

which implies that V(f;a,¢) < V(f;a,b) < co. Thus, f € BV]a,c|]. A similar argument shows that
V(f;e,b) <V(f;a,b), so f € BV][c,b].

Finally, since both m and mo were arbitrary and we know that

DALY IAL S V(fia,0),
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we see that V(f;a,¢) +V(f;c,b) <V(f;a,b).

Now we will establish the reverse inequality. Let m € Il[a,b], so that m = {xg = a,z1,...,2p = b}.
First, assume that c is a partition point of 7, so that ¢ = x, for some ko. Thus, 7 = {xg,..., Tk, } U
{Tkgs-- - xp}. Let m = {xo,..., 2k, } € a,c] and let mo = {xp,, ..., xp} € [c,b]. From the first part
of our proof, we know that f € BV|a,c] and f € BV]c,b], so

STIAfT = D IAf I+ 1Af]

< V(f;a,¢) +V(f;c,b).

Since w € I[a,b] was arbitrary, it follows that V(f;a,b) < V(f;a,¢) + V(f;c,b). For the other case,
suppose ¢ is not a partition point of w. Then ¢ must lie inside one of the subintervals. That is, ¢ €
(Tko—1,Tk,) for some ko. Let m’ = {xg,...,Thy—1,C Thy,...,Zp} be a new partition of a,b]. Then 7’

refines w. Apply our previous argument to conclude that

STIAL IS V(fia,0) + V(feb).

!

Finally, we note that

DIALISYIAS

T !
since

| f(@ro) = flano—1) [<] flane) = f(0) [+ F(e) = fane-1) |-
Thus, we have
STIAF IS V(fia0) + V(feb).

Since m was arbitrary, it follows that V(f;a,b) <V (f;a,c)+V(f;¢,b). Combining these two inequalities,

we see the result is established. [ |

Definition 3.4.1. The Variation Function Of a Function f Of Bounded Variation

Let f € BV]a,b]. The Variation Function of f, or simply the Variation of f, is the
function Vy : [a,b] — R defined by

Vf(l')—{ > o

V(fia,z), a<zx<b

Theorem 3.4.2. V; and V; — f Are Monotone For a Function [ of Bounded Variation
If f € BVla,b], then the functions Vy and Vy — f are monotone increasing on [a,b)].

Proof. Pick x1,29 € [a,b] with ¥1 < x9. By Theorem 3.4.1, f € BV|a,x1] and f € BV][a,z3]. Apply

this same theorem to the interval [a,x1] U [x1, z2] to conclude that f € BV [x1,xz2]. Thus
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Vilz2) = V(fia,ea) = V(fia,z1) + V(fizna) = Vi(a) + V(fie1,22).

It follows that Vi(x2) — Vi(z1) = V(f;z1,22) > 0, so Vy is monotone increasing. Now, consider
(Vi — f)(x2) — (V¢ — f)(x1). We have

(Vi = N@2) = (Vi = f)(w1) = Vi(we) = Vi(z1) — (f(22) = f(21))
= V(fia,22) = V(fia,21) — (f(22) — f(21))
= V(fia,22) = (f(22) — f21))-

But {x1, 22} is the trivial partition of [x1,x2], so

Z |Af; ] < sup Z|Afj|:V(f;x1,x2).

(21,22} well[zy,z2] T

Thus, V(f;21,22) — (f(z2) — f(x1)) > 0, implying that V; — f is monotone increasing. |

Theorem 3.4.3. A Function Of Bounded Variation Is The Difference of Two Increasing
Functions

Every f € BV[a,b] can be written as the difference of two monotone increasing functions on
[a,b]. In other words,

BVi]a,b] = {f:[a,b] — R|Ju,v: [a,b] = R, u,v monotone increasing, f = u — v}.

Proof. If f = u — v, where u and v are monotone increasing, then u and v are of bounded variation.
Since BV [a,b] is an algebra, it follows that f € BV|a,b].
Conversely, suppose f € BV]a,b|, and let u =Vy and v = Vy — f. Then u and v are monotone

increasing and u —v = f. |

Comment 3.4.1. Theorem 3.4.3 tells us if g is of bounded variation on [a,b], then ¢ = u — v where u

and v are monotone increasing. Thus, we can also use the Saltus decomposition of u and v to conclude

fo= (ue+8) — (ve+Sy)
= (ue —vc) + (Su—5u)

The first term is the difference of two continuous functions of bounded variation and the second term
is the difference of Saltus functions. This is essentially another form of decomposition theorem for a

function of bounded variation.
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3.5 Continuous Functions of Bounded Variation

Theorem 3.5.1. Functions Of Bounded Variation Always Possess Right and Left Hand
Limits

Let f € BV]a,b]. Then the limit f(x") exists for all x € [a,b) and the limit f(x™) exists for

all z € (a,b].

Proof. By Theorem 3.4.2, V§ and Vy — f are monotone increasing. So Vi(xt) and (Vy — f)(z™) both

exist. Hence,

f@®) = lim_f(x)

= xlirgr Vi(z) — (Vi = f)()]
= lim Vy(@)+ lim (V= f)(2)

= Vi@ +(Vy = N)a").

So, f(zT) exists. A similar argument shows that f(x™) exists. [ |

Theorem 3.5.2. Functions Of Bounded Variation Have Countable Discontinuity Sets
If f € BV][a,b], then the set of discontinuities of [ is countable.

Proof. f = u—v whereu and v are monotone increasing. By Theorem 3.4.3, S1 = {x € [a, b]|uis not continuous atx}
and Sz = {z € [a,b] | vis not continuous atx} are countable. The union of these sets is the set of all the

points of possible discontinuity of f, so the set of discontinuities of f is countable. |

Theorem 3.5.3. f € BV|[a,b| Is Continuous If and Only If V; Is Continuous

Let f € BV[a,b]. Then f is continuous at ¢ € [a,b] if and only if Vy is continuous at c.

Proof. The case where ¢ = a and ¢ = b are easier, so we will only prove the case where ¢ € (a,b). First,
suppose f is continuous at c. We will prove separately that Vi is continuous from the right at ¢ and
from the left at c.

Let € > 0 be given. Since f is continuous at ¢, there is a positive & such that if x is in (¢ —0,c+6) C
[a,b], then | f(z) — f(c) |< €/2. Now,

V(fie,b)= sup > [ Af],

mell[c,b] 1
So, there is a partition w9 such that
€
V(fie:b) =5 < Y IALISV(fieb) (%)
o)
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If my’ is any refinement of my, we see that

DIALISYIAS

since adding points to wy simply increases the sum. Thus,

V(fieh) =5 < DIALIS Y IAL IS Vfied)

7T(J/

for any refinement o’ of mo. Now, choose a partition, w1 which refines mo and satisfies || 71 ||< §. Then

€
V(fieh) -5 < S OIAL IS V(fieb). (%)
So, if m = {x0 = ¢,x1,...,%p}, then | 1 — xo |< 0. Thus, we have | z1 — ¢ |< 6. It follows that

| f(z1) — f(c) < €/2. From Equation %+, we then have

V(Fieb) =5 < Y IAL

T

= [fle)—fl) |+ > |Af]

rest of w1

€
< 97T Z | Afj |

rest of w1

< % + V(f;21,b).
So, we see that

V(fied) = 5 < 5+ VIfienb),

which implies that

V(fie,b) =V (f;w1,0) < -+ =e

N
N ™

But V(f;c,b) =V (f;x1,b) = V(f;c,x1) which is the same as Vy(x1) — Vy(c). Thus, we have
Vi(z1) = Vi(e) < e
Now V is monotone and hence we have shown that if x € (c,z1),
Vi(x) =Vi(e) < Vi(z1) =Vi(e) < e

Since € > 0 was arbitrary, this verifies the right continuity of V¢ at c.
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The argument for left continuity is similar. We can find a partition m of [a,c] with partition points

{zo=a,z1,...,2p_1,2p = c} such that || m1 ||< d and

Vifiao =5 < [f@)—Fflapm) |+ D |Af]
rest of m1

< | fle) = flap—1) | +V(fra,2p-1).

Since || m ||< 0, we see as before that | f(c) — f(zp—1) |< €/2. Thus,

€ €
V(f;a,c) — 3 < 3 +V(fia,xp_1),

and it follows that

V(f7 a, C) - V(f7 a’7zp—1) <eg
or
Vi(e) = Vi(ap1) < e
Since Vy is monotone, we then have for any x in (x,—1,c) that
Vi(e) = Vi(z) < Vi(e) = Vi(zp_1) <€

which shows the left continuity of V; at c. Hence, Vy is continuous at c.
Conversely, suppose Vy is continuous at ¢ € (a,b). Given € > 0, there is a positive § such that
(c=6,c+0) C la,b] and | Vi(x) — Vi(c) |[< € for all x € (¢ — 6,¢+6). Pick any x € (¢c,c+ ). Then

{c,z} is a trivial partition of [c,x]|. Hence

0 <[ f(z) = flc) ISV (f;c,2) =V (f;a,2) = V(f;a,c)

or

0 <[ f(z) = fle) |= Vi(x) = Vi(c) <e
Hence, it follows that [ is continuous from the right. A similar argument shows that f is continuous

from the left. [ |

We immediately have this corollary.

Theorem 3.5.4. f € BVJa,b] N Cla,b] If and Only If V; and V; — f Are Continuous and

Increasing

f € Cla,b)N BV]a,b] if and only if V; and Vi — f are monotone increasing and continuous.
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Chapter

¢ 'T'he Theory Of Riemann Integration

We will now develop the theory of the Riemann Integral for a bounded function f on the interval [a, b].
We followed the development of this material in ( (3) ) closely at times, although Fulks does
not cover some of the sections very well.

4.1 Defining The Riemann Integral

Definition 4.1.1. The Riemann Sum

Let f € Bla,b], and let w € Il[a,b] be given by m = {x9 = a,x1,...,2, = b}. Define
o ={s1,...,sp}, where sj € [x;_1,z;] for 1 < j <p. We call o an evaluation set, and we
denote this by o C w. The Riemann Sum determined by the partition w and the evaluation
set o is defined by

S(fJT,O') = Zf(sj)ij

Definition 4.1.2. Riemann Integrability Of a Bounded f

We say f € Bla,b] is Riemann Integrable on [a,b] if there exists a real number, I, such

that for every € > 0 there is a partition, wo € I[a,b] such that
| S(f,TLO’) -1 ‘< €
for any refinement, w, of wy and any evaluation set, o C w. We denote this value, I, by

I=RI(f;a,b)

We denote the set of Riemann integrable functions on [a,b] by RI[a,b]. Also, it is readily seen that
the number RI(f;a,b) in the definition above, when it exists, is unique. So we can speak of Riemann

Integral of a function, f. We also have the following conventions.
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1. RI(f;a,b) = —RI(f;b,a)
2. RI(f;a,a) =0

3. f is called the integrand.

Theorem 4.1.1. RI[a,b] Is A Vector Space and RI(f;a,b) Is A Linear Mapping
RI[a,b] is a vector space over % and the mapping I : RI]a,b] — R defined by

In(f) = RI(f:a.b)

is a linear mapping.

Proof. Let f1, fo € RI[a,b], and let o, 3 € R. For any 7 € I[a,b] and o C m, we have

S(afi+Bfamo) = > (afi +Bf2)(s;)Az;
= a) fils))Ar;+BY fas;)Az;

= aS(fl,ﬂ,U)‘i‘ﬁS(anﬂ-aa)‘

Since f1 is Riemann integrable, given € > 0, there is a real number I = RI(f1,a,b) and a partition
71 € I[a,b] such that

€
S(fr,m,0)—1T < *

for all refinements, ©, of w1, and all ¢ C 7.

Likewise, since fo is Riemann integrable, there is a real number Iy = RE(f2;a,b) and a partition

7y € Ifa,b] such that

| S(fo,m0) = I | < (%)

2(] 81 +1)

for all refinements, w, of wo, and all o C 7.
Let wy = w1 V wo. Then my is a refinement of both w1 and mwo. So, for any refinement, 7, of 7y, and

any o C m, we have Equation * and Equation *x are valid. Hence,

€

| S(fi,mo)-L| < 2al+D)

|S(f277730.)712‘ < 27(|ﬁ‘+1)

Thus, for any refinement @ of wo and any o C 7, it follows that
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| S(afl +Bf2aﬂ-ao-) - (Oé[l +612> | ‘ O[S(fl,ﬂ'70'> +ﬁs(f27ﬂ-70-) _all _ﬁIQ ‘
la |l S(fr,mo) =L [+ |8 S5(f2,m 0) =12 |

€
o AT IRy
€.

IN

| 2(J o | +1)

AN

This shows that o f1 + B f2 is Riemann integrable and that the value of the integral RI(cf1 + B f2;a,b) is
given by aRI(f1;a,b) + BRI(f2;a,b). It then follows immediately that I is a linear mapping.
|

Theorem 4.1.2. Fundamental Riemann Integral Estimates
Let f € RI[a,b]. Let m = inf, f(z) and let M = sup,, f(z). Then

m(b—a) < RI(f;a,b) < M(b—a).

Proof. If w € Il[a,b], then for all o C =, we see that

ZmAaﬂj < Zf(sj)ij < ZMA:L']'.
But )’ Az;=b—a, so

m(b—a) < Zf(sj)ij < M(b—a),

or

m(b—a) <S(f,m o) < M(Ob-a),

for any partition w and any o C 7.
Now, let € > 0 be given. Then there exist wo € Il[a,b] such that for any refinement, , of ™o and

any o C T,

RI(f;a,b) —e < S(f,m,0) < RI(f;a,b) +e.

Hence, for any such refinement, 7, and any o C 7, we have

m(b—a) <S(f,m,0) < RI(f;a,b) +¢

and

M®—a)>S(f,w,0)>RI(f;a,b) —¢.

Since € > 0 is arbitrary, it follows that

m(b—a) < RI(f;a,b) < M(b—a).
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Theorem 4.1.3. The Riemann Integral Is Order Preserving

The Riemann integral is order preserving. That is, if f, f1, f2 € RI]a,b], then

(i)
f>0= RI(f;a,b) > 0;
(1)
fi < fo= RI(f1;a,b) < RI(f2;a,b).

Proof. If f > 0 on [a,b], then inf, f(x) =m > 0. Hence, by Theorem 4.1.2

/bf(x)dm > m(b—a) > 0.

This proves the first assertion. To prove (ii), let f = fo— f1. Then f >0, and the second result follows
from the first. [ |

4.2 The Existence of the Riemann Integral: Darboux Integration

Although we have a definition for what it means for a bounded function to be Riemann integrable, we
still do not actually know that RI[a,b] is nonempty! In this section, we will show how we prove that the

set of Riemann integrable functions is quite rich and varied.

Definition 4.2.1. Darboux Upper and Lower Sums
Let f € Bla,b]. Let w € I[a,b] be given by m = {xg = a,z1,...,x, = b}. Define

;= inf 1<5<
mj=_ mf f(z) <j<p,
and
M;= sup f(x) 1<j5<p.
Tj1<e<a;

We define the Lower Darboux Sum by

L(f,m) = ijij

and the Upper Darboux Sum by

s

Comment 4.2.1.
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1. It is straightforward to see that
L(f,m) < S(f,mo) < U(f,m)
for all ™ € Ia, b].
2. We also have

U(f,m) = L(f,m) = Y (Mj—m;)Az;.

T

Theorem 4.2.1. w < «’ Implies L(f,7) < L(f,n’) and U(f, =) > U(f,w’)
If w < 7w’ that is, if ®' refines m, then L(f,w) < L(f, =) and U(f, =) > U(f, ).

Proof. The general result is established by induction on the number of points added. It is actually quite

an involved induction. Here are some of the details:

Step 1 We prove the proposition for inserting points {z1,. .., zq} into one subinterval of w. The argu-

ment consists of
1. The Basis Step where we prove the proposition for the insertion of a single point into one
subinterval.

2. The Induction Step where we assume the proposition holds for the insertion of q points into

one subinterval and then we show the proposition still holds if an additional point is inserted.

3. With the Induction Step verified, the Principle of Mathematical Induction then tells us that

the proposition is true for any refinement of ™ which places points into one subinterval of 7.

Basis:

Subproof. Let w € IIa,b] be given by {xo = a,x1,...,2, = b}. Suppose we form the refinement,

7', by adding a single point x' to w. into the interior of the subinterval [Tr,—1,Tk,]. Let

m' = inf  f(x)
[Tk —1,2']
m” = inf f(2).
[x’,mko]
Note that my, = min{m/,m"} and
kaAxkO = Mg, (l'kg - xkofl)

Mk, (xko - LL'/) + M, (.Z‘/ - xko*l)

IN

m" (zg, — ") +m/ (2 — zp,—1)

IN

m" Az +m/ Az,

where Ax" = xp, — 2’ and Az’ =2’ — xp,—1. It follows that
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L(f,7") = Z m;Az; +m/Ax’ +m" Az”
Jj#ko
> Z m; AT + mp, Az,
J#ko
> L(f,m).
O
Induction:
Subproof. We assume that g points {z1, ..., 24} have been inserted into the subinterval [Tr,—1, Tk,).

Let 7’ denote the resulting refinement of w. We assume that

L(f,m) < L(f,n")

let the additional point added to this subinterval be called ' and call ' the resulting refinement
of w'. We know that ®' has broken [xp,—1,%k,] ©nto ¢ + 1 pieces. For convenience of notation,
let’s label these g+ 1 subintervals as [y;—1,y;| where yo is Tp,—1 and yg+1 is Tx, and the y; values
in between are the original z; points for appropriate indices. The new point x' is thus added to
one of these q + 1 pieces, call it [y;,—1,yj,] for some index jo. This interval plays the role of the
original subinterval in the proof of the em Basis Step. An argument similar to that in the proof of
the Basis Step then shows us that

L(f, =) < L(f=")

Combining with the first inequality from the Induction hypothesis, we establish the result. Thus,
the Induction Step is proved. O

Step 2 Next, we allow the insertion of a finite number of points into a finite number of subintervals of
7. The induction is now on the number of subintervals.
1. The Basis Step where we prove the proposition for the insertion of points into one subinterval.

2. The Induction Step where we assume the proposition holds for the insertion of points into
q subintervals and then we show the proposition still holds if an additional subinterval has

points inserted.

3. With the Induction Step verified, the Principle of Mathematical Induction then tells us that
the proposition is true for any refinement of w which places points into any number of

subintervals of .

Basis

Subproof. Step 1 above gives us the Basis Step for this proposition. O
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Induction

Subproof. We assume the results holds for p subintervals and show it also holds when one more
subinterval is added. Specifically, let 7' be the refinement that results from adding points to p
subintervals of 7. Then the Induction hypothesis tells us that

L(f,m) < L(f.n)

Let w'’ denote the new refinement of ™ which results from adding more points into one more
subinterval of . Then w' is also a refinement of 7' where all the new points are added to one
subinterval of w'. Thus, Step 1 holds for the pair (=’ " ). We see

L(f,=") < L(f,=")

and the desired result follows immediately. ]

A similar argument establishes the result for upper sums. |

Theorem 4.2.2. L(f,m) < U(f,m2)
Let w1 and w9 be any two partitions in Il[a,b]. Then L(f,m1) < U(f,m2).

Proof. Let w = w1V mwy be the common refinement of wy and wo. Then, by the previous result, we have

Theorem 4.2.2 then allows us to define a new type of integrability for the bounded function f. We
begin by looking at the infimum of the upper sums and the supremum of the lower sums for a given
bounded function f.

Theorem 4.2.3. The Upper And Lower Darboux Integral Are Finite

Let f € Bla,b]. Let & = {L(f,w)|w € Ia,b]} and % = {U(f,w)|w € I[a,b]}. Define
L(f) =sup?, and U(f) = inf % . Then L(f) and U(f) are both finite. Moreover, L(f) <
U(f).

Proof. By Theorem 4.2.2, the set £ is bounded above by any upper sum for f. Hence, it has a finite
supremum and so sup.Z is finite. Also, again by Theorem }.2.2, the set % is bounded below by any
lower sum for f. Hence, inf % 1is finite. Finally, since L(f) < U(f,w) and U(f) > L(f, =) for all w, by
definition of the infimum and supremum of a set of numbers, we must have L(f) < U(f). |

Definition 4.2.2. Darboux Lower And Upper Integrals

Let f be in Bla,b]. The Lower Darboux Integral of f is defined to be the finite number
L(f) =sup.%, and the Upper Darboux Integral of f is the finite number U(f) = inf % .

61



THE EXISTENCE OF THE RIEMANN INTEGRAL: DARBOUX INTEGRATION CHAPTER 4:

We can then define what is meant by a bounded function being Darbouz Integrable on [a, b].

Definition 4.2.3. Darboux Integrability

Let f be in Bla,b]. We say f is Darbouz Integrable on [a,b] if L(f) = U(f). The common
value is then called the Darboux Integral of f on [a,b] and is denoted by the symbol DI(f;a,b).

Comment 4.2.2. Not all bounded functions are Darbouzx Integrable. Consider the function f : [0,1] — R
defined by

1 t € |0,1] and is rational
7o) = { 01

—1 t€[0,1] and is irrational

You should be able to see that for any partition of [0,1], the infimum of f on any subinterval is always
—1 as any subinterval contains irrational numbers. Similarly, any subinterval contains rational numbers
and so the supremum of f on a subinterval is 1. Thus U(f,w) =1 and L(f,7) = =1 for any partition
7 of [0,1]. It follows that L(f) = —1 and U(f) = 1. Thus, f is bounded but not Darbouz Integrable.

Definition 4.2.4. Riemann’s Criterion for Integrability

Let f € Bla,b]. We say that Riemann’s Criteria holds for f if for every positive € there
exists a 7o € I[a,b] such that U(f,w) — L(f, ™) < € for any refinement, w, of my.

Theorem 4.2.4. The Riemann Integral Equivalence Theorem

Let f € Bla,b]. Then the following are equivalent.

(i) f € RIa,b].
(ii) f satisfies Riemann’s Criteria.

(iii) f is Darboux Integrable, i.e, L(f) =U(f), and RI(f;a,b) = DI(f;a,b).

Proof.

(1) = (i)

Subproof. Assume f € RI[a,b], and let e > 0 be given. Let IR be the Riemann integral of f over [a,b].
Choose o € I[a,b] such that | S(f,m o) — IR |< €/3 for any refinement, 7, of wo and any o C 7. Let
7 be any such refinement, denoted by ® = {xg = a,x1,...,xp, = b}, and let mj, M; be defined as usual.
Using the Infimum and Supremum Tolerance Lemmas, we can conclude that, for each j =1,... p, there

exist 55,15 € [xj_1,x;] such that

It follows that
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Thus, we have

3(b—a)

Multiply this inequality by Ax; to obtain

(Mj —mj)Az; —

Now, sum over m to obtain

U(fvﬂ-) _L(fvﬂ-)

3(b—a)

= D (M; —m;)Az
T LA+ () (1) Aa.

<
This simplifies to
€
> (M —myj)Az; — 5 < > (f(sy) = f(t;)) Az, (%)
Now, we have
I (F(si) = FED)) Ay | = | Y fs)) Az — > f(t;) Ay |

= | > f(s))Ax; —IR+IR =Y f(t;)Ax |

< D flspAw; — IR |+ f(t;)Ax; — IR |

= |S(f77raa-s)_IR|+|S(f7ﬂ-70-t)_IR|7
where g = {s1,...,8p} and o, = {t1,...,tp} are evaluation sets of w. Now, by our choice of partition

7, we know

Thus, we can conclude that

| S(f,m,05) —IR| < §
| S(f,m o) —IR| < §
|3 (FGs) — S0) Ay <

™

Applying this to the inequality in Equation *, we obtain
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Z(Mj —m;)Azx; <e.

™

Now, ™ was an arbitrary refinement of wg, and € > 0 was also arbitrary. So this shows that f satisfies

Riemann’s condition. O

Subproof. Now, assume that f satisfies Riemann’s criteria, and let € > 0 be given. Then there is a
partition, wog € Ila,b] such that U(f,w) — L(f,w) < € for any refinement, w, of wy. Thus, by the

definition of the upper and lower Darbouz integrals, we have

U(f) <U(f,m) < L(f,m) +e < L(f) +e

Since € is arbitrary, this shows that U(f) < L(f). The reverse inequality has already been established.
Thus, we see that U(f) = L(f). O

(idi) = (i)

Subproof. Finally, assume f is Darbouz integral which means L(f) = U(f). Let ID denote the value
of the Darboux integral. We will show that f is also Riemann integrable according to the definition and
that the value of the integral is ID.

Let € > 0 be given. Now, recall that

ID = L(f) = sgrpL(f,ﬂ)
= U(f) = nfU(f,7)

Hence, by the Supremum Tolerance Lemma, there exists 1 € Il|a,b] such that

ID—e=L(f)—e< L(f,m1) < L(f)=1ID

and by the Infimum Tolerance Lemma, there exists wo € I[a,b] such that

ID=U(f)<U(f,me) <U(f)+e=1ID+e.

Let wg = w1 V mo be the common refinement of w1 and wo. Now, let ™ be any refinement of g, and let

o C m be any evaluation set. Then we have

ID—e < L(f,m) < L(f,m0) < L(f,m) < S(f,m,0) < U(f,m) < U(f,m) < U(f,m2) < ID+e.
Thus, it follows that
ID—¢ < S(f,mo0) < ID+e.

Since the refinement, m, of wg was arbitrary, as were the evaluation set, o, and the tolerance €, it follows

that for any refinement, , of wo and any € > 0, we have
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| S(f,m,0)—ID |<e.

This shows that f is Riemann Integrable and the value of the integral is ID. (|

Comment 4.2.3. By Theorem 4.2.4, we now know that the Darbouz and Riemann integral are equiva-
lent. Hence, it is now longer necessary to use a different notation for these two different approaches to

what we call integration. From now on, we will use this notation
RI(f;a,b) = DI(f;a,b) E/ f@t)dt

where the (t) in the new integration symbol refers to the name we wish to use for the independent variable
and dt is a mnemonic to remind us that the || 7 || is approaching zero as we choose progressively finer

partitions of [a,b]. This is, of course, not very rigorous notation. A better notation would be
RI(f;a,b) = DI(f;a,b) = I(f;a,b)

where the symbol I denotes that we are interested in computing the integral of f using the equivalent
approach of Riemann or Darbouz. Indeed, the notation I(f;a,b) does not require the uncomfortable lack

of rigor that the symbol dt implies. However, for historical reasons, the symbol [ f(t) dt will be used.

Also, the use of the [ f(t) dt allows us to very efficiently apply the integration techniques of substi-

tution and so forth as we have shown in Chapter 2.

4.3 Properties Of The Riemann Integral

We can now prove a series of properties of the Riemann integral.

65



PROPERTIES OF THE RIEMANN INTEGRAL

CHAPTER 4:

Theorem 4.3.1. Properties Of The Riemann Integral
Let f,g € RI[a,b]. Then

(i) | f e Rlfa,b];
(ii)

/abf(w)dw S/ablfldx;

(1ii) f+ =max{f,0} € RI|a,bl;
(iv) f~ =max{—f,0} € RI[a,b];
(v)

/abf(x)dx _ /ab[er(x) dm—/f+ dx—/ - (2)dz

dz—/ i der/ f(x)dz

\
T~
=
kﬁ
+
+
\H

/alblf(:r)ldx

(vi) f% € RIa,b];
(vit) fg € RIa,b];

(viii) If there exists m, M such that 0 < m <| f |< M, then 1/f € RI[a,b].

Proof.
(4)

Subproof. Note given a partition ®# = {xg = a,x1,...,xp, = b}, for each j =1,...

show that the supremum over order pairs can be computed in either order.

sup  (f(z) = f(y) = sup sup  (f(z) — f(y))

T,y —1,75] yE[rj—1,2;5] yE[rj—1,74]

= sup sup  (f(z) — f(y))

z€lwj_1,x;] yE[r;—1,7;]

Thus,

sup  (f(z)— fly)) = sup sup  (f(z) — f(y))

z,y€(z;—1,7;] y€lzj—1,2;] z€[zj—1,7;]
= sup  (M; — f(y))
y€z;—1,2;]
= M;+ sup (=f(v))

yE[zj-1,7;]

= M;— _inf (f(y))

y€[z;j—1,75]
= Mj —my

Now, let m’; and M; be defined by

, P we can easily
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m/ = inf | f(z) |

[zj—1,25]
Mj= sup |f(z)].
[zj—1,2;]
Then, arguing as we did earlier, we find
Mj—mj= saup [ f(@)|—|f(y)]-
z,y€[zj—1,2;]

Claim: sup, , | f(z) — f(y) [= M; —m;
To see this is true, note

flx) = fly), f(=)=>f(y)
fy) = f(x), flz)<f(y)

In either case, we have | f(x)—f(y) |< Mj—m; for all z,y, implying that sup, ,, | f(x)—f(y) |< M;—m;.

| f(@) = fy) |= {

To see the reverse inequality holds, we first note that if M; = m;, we see the reverse inequality holds
trivially as sup, , | f(x) = f(y) |> 0 = M; —m;. Hence, we may assume without loss of generality that
the gap M; — myj is positive.

Then, given 0 < € < (1/2(M; — m — j), there exist, s,t € [x;_1,x;] such that M; —€/2 < f(s) and
mj +€/2 > f(t), so that f(s) — f(t) > M; —m; —e. by our choice of €, these terms are positive and so
we also have | f(s) — f(t) |> M; —m; —e. It follows that

s | f(x) = fQ) =] f(s5) = f(t5) [> My —m; —e€
T,YE(Tj—1,T;
Since we can make € arbitrarily small, this implies that
sup | f(z) — f(y) = Mj —m;.
T, y€lz;-1,7;]

This establishes the reverse inequality and proves the claim .

Thus, for each j =1,...,p, we have

Mj—m;= sup | f(z)—f(y)].
z,y€lz;—1,7;]
So, since | f(x) | — | f(y) |<] f(=) = f(y) | for all x,y, it follows that M} —m/ < M; —mj, implying
that Zﬂ-(M]/ —mj)Ax; <37 (Mj—my)Az;. Since f is integrable by hypothesis, by Theorem 4.2./, we
know the Riemann criterion must also hold for | f|. Hence, | f | is Riemann integrable. O

The other results now follow easily. (it)

Subproof. We have f <| f| and f > —| f |, so that

67



PROPERTIES OF THE RIEMANN INTEGRAL CHAPTER 4:

/abf(x)dw < /ablf(x)dx
[ e = [ 1w

V

from which it follows that

_/ab|f(x)d$</abf(x)dx</abf($)|dm

/abf S/:Ifl,

and so

(i) and (iv)
Subproof. This follows from the facts that f© = (| f | +f) and f~ = 5(| f | —f) and the Riemann
integral is a linear mapping. O
(v)
Subproof. This follows from the facts that f = f* — f~ and | f |= f* + f~ and the linearity of the
integral. O
(vi)
Subproof. Note that, since f is bounded, there exists K > 0 such that | f(z) |< K for all x € [a,b].
Consequently, for all z,y € [a,b], we have | (f(z))2—(f(y))? |< 2K | f(x)—f(y) |. Thus, the integrability
of f and the Riemann criterion imply that f? is integrable. O
(vii)

Subproof. To prove that fg is integrable when f and g are, simply note that

fg=(1/2) ((f +9)* - f* - 92>-

Property (vi) and the linearity of the integral then imply fg is integrable. O
(viid)

Subproof. Suppose f € RI[a,b] and there exist M, m > 0 such that m <| f(x) |[< M for all xz € [a,].
Note that

1 1 fly) = flz)

f@) fly)  f@)f(y)

Let m = {zg = a,x1,...,xp, = b} be a partition of [a,b], and define
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Then we have

Since f € RI[a,b], given ¢ > 0 there is

M]’-—m’j =
<
<
<

_ b

B [xj 1 :r] f(x)
1

B [Wjuif:xj m

‘ fy) — f(=z)
x,ye[szljljl,z]] f(x)f(y)

. | fly) — f=@) |
velayna) | @) TF@) ]
i | f(y) = f(z) |
Mj — mj

m2

a partition o such that U(f,

) —

L(f,

) < m2e for any

refinement, pi, of wo. Hence, the previous inequality implies that, for any such refinement, we have

u

1

I

)-1(hn) -

Z(M]' —mj) A,

< oo Z —m;)Az;

< W(U(f,w)—L(fm))
m2€

< W = €.

Thus 1/ f satisfies the Riemann Criterion and hence it is integrable.

4.4 What Functions Are Riemann Integrable?

Now we need to show that the set RI[a,b] is nonempty.

functions on [a, b] will be Riemann Integrable.

Theorem 4.4.1. Continuous Implies Riemann Integrable

If f € Cla,b], then f € RI[a,b].

We begin by showing that all continuous

Proof. Since f is continuous on a compact set, it is uniformly continuous. Hence, given € > 0, there is

a d >0 such that z,y € [a,b], |z —y |< d =| f(z) —
||7T0 ||< 6, andletﬂ':{[ljoza,zl’_."

fy) |<e/(b—

a). Let 7y be a partition such that

xp = b} be any refinement of wo. Then w also satisfies || 7 ||< 6.
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Since f is continuous on each subinterval [x;_1,x;], f attains its supremum, M;, and infimum, m;, at
points s; and t;, respectively. That is, f(s;) = M; and f(t;) = m; for each j = 1,...,p. Thus, the

uniform continuity of f on each subinterval implies that, for each j,

€

My —m; =] f(s) = f{t;) 1< .

Thus, we have

U(f,m) = L(f.m) = D (M = mj)Az; < o3 Aw; =

™

Since ™ was an arbitrary refinement of wy, it follows that f satisfies Riemann’s criterion. Hence,
f € RIla,b|. [ ]

Theorem 4.4.2. Constant Functions Are Riemann Integrable

If f : [a,b] — R is a constant function, f(t) = ¢ for all t in [a,b], then f is Riemann Integrable
on [a,b] and fab f)dt = c(b— a).

Proof. For any partition w of [a,b], since f is a constant, all the individual m;’s and M;’s associated
with 7 take on the value c. Hence, U(f,w) —U(f,w) =0 always. It follows immediately that f satisfies
the Riemann Criterion and hence is Riemann Integrable. Finally, since f is integrable, by Theorem
4.1.2, we have

c¢(b—a) < RI(f;a,b) <c(b—a).

Thus, f; ft)dt = c(b—a). [ ]

Theorem 4.4.3. Monotone Implies Riemann Integrable

If f is monotone on [a,b], then f € RI[a,b].

Proof. As usual, for concreteness, we assume that f is monotone increasing. We also assume f(b) >
f(a), for if not, then f is constant and must be integrable by Theorem 4.4.2. Let € > 0 be given, and let
o be a partition of [a,b] such that || 7o ||< €/(f(b) — f(a)). Let # = {xo = a,z1,...,2, = b} be any
refinement of wo. Then m also satisfies || ™ ||< ¢/(f(b) — f(a)). Thus, for each j =1,...,p, we have

fb) = fla)

Since f is increasing, we also know that M; = f(x;) and mj = f(x;_1) for each j. Hence,

Aa:j <

U(fvﬂ-)_L(fvﬂ-) = Z(Mj_mj)ij

= Z[f(xj)_f(xjfl)]ij
< mZU(%)*f@j—ﬁl

K
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But this last sum is telescoping and sums to f(b) — f(a). So, we have

U(.ﬂﬂ-)_L(.ﬂﬂ-) < T

Thus, [ satisfies Riemann’s criterion. |

Theorem 4.4.4. Bounded Variation Implies Riemann Integrable

If f € BVa,b], then f € RI|a,b].

Proof. Since f is of bounded variation, there are functions u and v, defined on [a,b] and both monotone
increasing, such that f = uw — v. Hence, by the linearity of the integral and the previous theorem,
f € RIla,b|. |

4.5 Further Properties of the Riemann Integral

We first want to establish the familiar summation property of the Riemann integral over an interval

[a,b] = [a, ] U]c,b]. Most of the technical work for this result is done in the following Lemma.

Lemma 4.5.1. The Upper And Lower Darboux Integral Is Additive On Intervals
Let f € Bla,b] and let ¢ € (a,b). Let

b b
| / f(x) dz = L(f) and / f(z) d = U(f)

denote the lower and upper Darbouz integrals of f on [a,b], respectively. Then we have

bf(a:)d:b = /Cf(x)d:L' + /bf(x)dx

Proof. We prove the result for the upper integrals as the lower integral case is similar. Let w € Il[a, b]

be given by m = {xg = a,x1,...,x, = b}. We first assume that ¢ is a partition point of w. Thus, there is
some index 1 < ko < p—1 such that x,, = c. For any interval [, 5], let UP(f,m) denote the upper sum of
f for the partition 7 over [a, 5]. Now, we can rewrite w as ™ = {20, 1, ..., Tky } U{Thy, Tho+1s-- -, Tp}-
Let 71 = {xo,..., Tk, } and wo = {xpy,...,2p}. Then w1 € l[a,c|, o € e, b], and

Ub(fom) = US(fimy) + UL(f )
Y b
/ f(x)d + / f(z)de,

by the definition of the upper sum. Now, if ¢ is not in 7, then we can refine ™ by adding c, obtaining

Y

the partition ©' = {xo,1,..., Tk, C, Thot1,---,Tp}. Splitting up w' at ¢ as we did before into w1 and
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™y, we see that @' = 7 V 7y where w1 = {xo,..., Tk, c} and 7o = {c,Tpy41,...,2p}. Thus, by our

properties of upper sums, we see that

e b
US(fom) > U(fom) = US(f,m0) + UL (f ) > / f(x)dz + / f(@)dz

Combining both cases, we can conclude that for any partition w € II[a,b], we have

vl (f,m) > / f)da + / ' fa)

which implies that

/“bf(x)d:p > /:f(x)dx + /cbf(x)d:c.

Now we want to show the reverse inequality. Let € > 0 be given. By the definition of the upper integral,
there exists w1 € Ila, c] and 7y € [¢,b] such that

faﬂ-l dx"_*

fa7r2 dl’+*

Let m# = w1 Ume € Ia,b]. It follows that

c b
UL(f,70) = US(f. 1) + UL (fom2) < / f(@)de + / f(x)d + e

But, by definition, we have

b
/ J(@)de < UL (f, )

for all w. Hence, we see that

/abf(:v)dx < /acf(x)dx + /cbf(x)dx +e

Since € was arbitrary, this proves the reverse inequality we wanted. We can conclude, then, that

/abf(x)dm = /:f(x)dx—i—/cbf(x)dx.

Theorem 4.5.2. The Riemann Integral Exists On Subintervals
If f € RI[a,b] and c € (a,b), then f € RI[a,c| and f € RI[c,D].
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Proof. Let e >0 be given. Then there is a partition wy € I[a,b] such that UL(f,w) — LY(f,7) < € for
any refinement, w, of wy. Let ¢y be given by mo = {x¢ = a,x1,...,z, = b}. Define w) = mo U {c}, so
there is some index ko such that xp, < ¢ < xg,4+1. Let w11 = {0, ..., %y, ¢} and w3 = {¢, Tpyt1,-- -, Tp}-
Then 71 € Il[a, c] and 7wy € I[e, b]. Let ©) be a refinement of wi. Then ™) Uy is a refinement of o,
and it follows that

Us(f.mh) = Li(fomh) = Y (M; —my)Ax;

/

™
< Y (My—my)Ax,
T Umy
< Ub(f,m) Umy) — LE(f, 7} Ums).

But, since 7 U s refines mo, we have

Ub(f, ) Umy) — LY(f, w) Ums) <e,

implying that

Ut(zz(.ﬂﬂ-ll) _Ltcz(fvﬂ-ll) <e€

for all refinements, ©y, of 1. Thus, [ satisfies Riemann’s criterion on [a,c], and f € RI[a,c]. The

proof on [c,b] is done in exactly the same way. [ ]

Theorem 4.5.3. The Riemann Integral Is Additive On Subintervals
If f € RI|a,b] and c € (a,b), then

LVMM—AVmM+l%mm

Proof. Since f € Rl[a,b], we know that

[fron=['10

Further, we also know that f € RI[a,c| and f € RI[c,b] for any ¢ € (a,b). Thus,

/ucf(x)dac
/be(:c)dz

So, applying Lemma 4.5.1, we conclude that, for any c € (a,b),

Kf@m_/ m_/f m+/ m_/f w+/f
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4.6 The Fundamental Theorem Of Calculus

The next result is the well-known Fundamental of Theorem of Calculus.

Theorem 4.6.1. The Fundamental Theorem Of Calculus
Let f € RI[a,b]. Define F : [a,b] — R by

2) = / " ftyat

Then
(i) F € BV]a,b];
(i1) F € Cla,b];
(i11) if f is continuous at ¢ € [a,b], then F is differentiable at ¢ and F'(c) = f(c).

Proof. First, note that f € RI[a,b] = f € Rla,x] for all x € [a,b], by our previous results. Hence, F

is well-defined. We will prove the results in order. (i)

Subproof. Let w € Ifa,b] be given by @ = {xg = a,x1,...,x, = b}. Then the fact that f € Rla,z;]
implies that f € Rlx;_1,x;] for each j =1,...,p. Thus, we have

Tj
mjAa:j S / f(t)dt S MjAaﬁj.
Tj—1

This implies that, for each j, we have

[ s <Ii £ Il s
Thus,
|AF; | = [ F(zj) = F(zj-1) |
- / F(t)dt — / " rar
- / Ft)dt
< || f ||oo ij'

Summing over 7, we obtain

ZIAF |<||f|\ooZA%— b—a) || flleo< o0

Since the partition ™ was arbitrary, we conclude that F € BVa,b]. O
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(12)
Subproof. Now, let xz,y € [a,b] be such that x < y. Then

[lnf f@t) (v —2) f )dt < sup f(t) (y — ),

[=,y]

which implies that

| Fy) = F(z) |= <[l (y = ).

/z "t

A similar argument shows that if y, x € [a,b] satisfy y < x, then

Yy
[F@) - F) = | [ f0d] <] £ I (2= 0).
Let € > 0 be given. Then if
|2~y |< T
| f [loo +17
we have
1S llso
Fly)—F@) |<|| fllo]ly—z|< —————€<ee.
| Fy) — F(z) <[] f I]oo] | T F o 1
Thus, F is continuous at x and, consequently, on [a,b]. O

Subproof. Finally, assume f is continuous at ¢ € [a,b], and let € > 0 be given. Then there exists § > 0
such that © € (¢ — d,¢+d) N [a,b] implies | f(z) — f(c) |< €/2. Pick h € R such that 0 <| h |< § and
c+ h € [a,b]. Let’s assume, for concreteness, that h > 0. Define

m = inf f(t) and M = sup f(t).
[e,c+h] [e,e+h]

Ifc <x <c+h, then we have x € (¢ — d,c¢+ ) N [a,b] and —e/2 < f(z) — f(c) < €/2. That is,

JQ) =5 <f@<f@+5 Vacleth.
Hence, m > f(c) —€/2 and M < f(c) + ¢/2. Now, we also know that

c+h
mh < / F(t)dt < Mh.

Thus, we have

Fle+h)~F(e) _ [7" f@ydt— [7 fndt [ p@yae
h n h B h '

Combining inequalities, we find
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yielding

if ¢ € [c,c+ h).
The case where h < 0 is handled in exactly the same way. Thus, since € was arbitrary, this shows that F
is differentiable at ¢ and F'(c) = f(c). Note that if c = a or ¢ = b, we need only consider the definition

of the derivative from one side. O

Comment 4.6.1. We call F(x) the indefinite integral of f. F is always better behaved than f, since
integration is a smoothing operation. We can see that f need not be continuous, but, as long as it is

integrable, ' is always continuous.

The next result is one of the many mean value theorems in the theory of integration. It is a more

general form of the standard mean value theorem given in beginning calculus classes.

Theorem 4.6.2. The Mean Value Theorem For Riemann Integrals

Let f € Cla,b], and let g > 0 be integrable on [a,b]. Then there is a point, ¢ € [a,b], such that

Proof. Since f is continuous, it is also integrable. Hence, fg is integrable. Let m and M denote the
lower and upper bounds of f on [a,b], respectively. Then mg(x) < f(x)g(x) < Mg(x) for all x € [a,].

Since the integral preserves order, we have

mLZwmslﬂwmmMSMLme.

If the integral of g on [a,b] is 0, then this shows that the integral of fg will also be 0. Hence, in this
case, we can choose any ¢ € [a,b] and the desired result will follow. If the integral of g is not 0, then it

must be positive, since g > 0. Hence, we have, in this case,

b
d
i@
T JJe@de T
a
Now, f must be uniformly continuous, implying that it attains the values M and m at some points.

Hence, by the intermediate value theorem, there must be some c € [a,b] such that

b
P f@)g(a)da
f; g(x)dz
This implies the desired result. |

f(e)

The next result is another standard mean value theorem from basic calculus. It is a direct con-
sequence of the previous theorem, by simply letting g(x) = 1 for all € [a,b]. This result can be

interpreted as stating that integration is an averaging process.
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Theorem 4.6.3. Average Value For Riemann Integrals

If f € Cla,b], then there is a point ¢ € [a,b] such that

b
o [ Twda = £

The next result is the standard means for calculating definite integrals in basic calculus. We start

with a definition.

Definition 4.6.1. The Antiderivative of f
Let f :[a,b] — R be a bounded function. Let G : [a,b] — R be such that G’ exists on [a,b] and

G'(z) = f(x) for all x € [a,b]. Such a function is called an antiderivative or a primitive

of f.

Comment 4.6.2. The idea of an antiderivative is intellectually distinct from the Riemann integral of
a bounded function f. Consider the following function f defined on [—1,1].

B 2?sin(1/2?), x#0, z € [-1,1]
o - {r T

It is easy to see that this function has a removable discontinuity at 0. Moreover, f is even differentiable

on [—1,1] with derivative

fllz) = { (Q)xsin(l/x ) — (2/x) cos(1/x?), iig, ze[-1,1]

Note f' is not bounded on [—1,1] and hence it can not be Riemann Integrable. Now to connect this to
the idea of antiderivatives, just relabel the functions. Let g be defined by

g(z) = { ixsin(l/ﬂ)—(2/x)cos(1/w2), iig e [-1,1]
then define G by
Ol) = { gzsin(l/xQ), iig, ze[-1,1]

We see that G is the antiderivative of g even though g itself does not have a Riemann integral. Again,
the point is that the idea of the antiderivative of a function is intellectually distinct from that of being

Riemann integrable.

Theorem 4.6.4. Cauchy’s Fundamental Theorem

Let f : [a,b] — R be integrable. Let G : [a,b] — R be any antiderivative of f. Then
b
= G(b) — G(a).

/b F(t)dt = G(1)

7
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Proof. Since G’ exists on [a,b], G must be continuous on [a,b]. Let e > 0 be given. Since f is integrable,

there is a partition 7o € I[a,b] such that for any refinement, w, of wy and any o C 7, we have

< €.

b
S(fm.0) - / f(@)de

Let w be any refinement of wy, given by m = {xo = a,z1,...,2, = b}. The Mean Value Theorem
for differentiable functions then tells us that there is an s; € (zj_1,2;) such that G(x;) — G(zj_1) =
G'(sj)Axj. Since G' = f, we have G(xj) —G(xj_1) = f(s;)Ax; for each j =1,...,p. The set of points,
{s1,...,8p}, is thus an evaluation set associated with 7. Hence,

Z[G(xj) (zj-1) ZG (sj)Ax; = Zf(sj)ij

™

The first sum on the left is a collapsing sum, hence we have

= G(b) —G(a) = S(f,m,{s1,---,p})-

We conclude

< €.

- /ab f(z)dz

Since € was arbitrary, this implies the desired result. |

Comment 4.6.3. Not all functions (in fact, most functions) will have closed form, or analytically

obtainable, antiderivatives. So, the previous theorem will not work in such cases.

Theorem 4.6.5. The Recapture Theorem
If f is differentiable on [a,b], and if f' € RI|a,b], then

/ " Pt = f(@) — fla).

Proof. f is an antiderivative of f. Now apply Cauchy’s Fundamental Theorem 4.6./. |

Another way to evaluate Riemann integrals is to directly approximate them using an appropriate
sequence of partitions. Theorem 4.6.6 is a fundamental tool that tells us when and why such approxi-
mations will work.

Theorem 4.6.6. Approximation Of The Riemann Integral

If f € RI[a,b], then given any sequence of partitions {7y} with any associated sequence of

evaluation sets {on} that satisfies || 7wy, ||— 0, we have

lim S(f,n,on) = / flx
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Proof. Since f is integrable, given a positive €, there is a partition wg so that

b
|S(f,7r70')f/f(x)d:c| < €2, mg 2T, 0Cm. (%)

Let the partition 7o be {xo,x1,...,xp} and let £ be defined to be the smallest Ax; from mwg. Then since

the norm of the partitions 7, goes to zero, there is a positive integer N so that

7 |l < min (& e/(4P | f[)o0)) (*)

Now pick any n > N and label the points of wn as {yo,y1,...,yq}t- We see that the points in my, are
close enough together so that at most one point of mg lies in any subinterval y;_1,y;| from my,. This
follows from our choice of £&. So the intervals of 7, split into two pieces: those containing a point
of mo and those that do not have a o inside. Let </ be the first collection of intervals and A, the
second. Note there are P points in g and so there are P subintervals in #8. Now consider the common
refinement 1, V wo. The points in the common refinement match m, except on the subintervals from
B. Let [y;j_1,y;] be such a subinterval and let y; denote the point from o which is in this subinterval.

Let’s define an evaluation set o for this refinement mw, V 7o as follows.

1. if we are in the subintervals labeled <f , we choose as our evaluation point, the evaluation point
s; that is already in this subinterval since o C m,. Here, the length of the subinterval will be

denoted by (<) which equals y; — y;—1 for appropriate indices.

2. if we are in the the subintervals labeled A, we have two intervals to consider as [y;—1,y;] =
[Yi—1,7] U [74,Y4]. Choose the evaluation point v; for both [y;_1,7] and [7y,y;]. Here, the length
of the subintervals will be denoted by 6;(#). Note that 6;(B) =v; — yj—1 or y; — ;-

Then we have

S(f,mn Vo, a) = > f(s;)0;()+ Y [(3)5;()
B

of

= > )i =y + Y, ()W =) + FO) (G —y5-1)
of B

= > )=o)+ Y, ()Y —vi-1)
of B

Thus, since the Riemann sums over 1, and 7, V 7o with these choices of evaluation sets match on <,

we have using Equation * that

| S, n) = S(fmn Vw0, @) | = | D0 (Flsg) = F0) w5~ v5-0) |
of
< 2 (Fs) 1+ 1) D (s = 950 |
o
< P2 flloo Il mn |l
< P2 ke 7
= €/2
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We conclude that for our special evaluation set o for the refinement my, V 7o that

b
||S(f,71’n,0'n)—/ f(x)dx| = |S(faﬂ-nyo'n)_S(faﬂ-n\/ﬂ'ﬂaa)+S(f77rn\/77070')_ f(x)dac|

S |S(f,7Tn,0'n)_S(f,7Tn\/ﬂ'0,O')|+|S(f771'n\/770,0')_ f(l')dl"
< €/24+¢€/2=¢

using FEquation * as 7, V g refines wg. Since we can do this analysis for any n > N, we see we have

shown the desired result. [ |

4.6.1 Homework

Exercise 4.6.1. Let f(z) = 22 on the interval [-1,3]. Use Theorem J.6.6 to prove that f: f(z)dz =
28/3.

Hint. We know f is Riemann integrable because it is continuous and so this theorem can be applied.
Use the uniform approxzimations x; = —1 + 4i/n for i =0 to i = n to define partitions mw,. Then using
left or right hand endpoints on each subinterval to define the evaluation set oy, you can prove directly
that ffl 22dz = lim S(f, mp,00) = 28/3. Make sure you tell me all the reasoning involved. O

Exercise 4.6.2. If f is continuous, evaluate

lim — (foth

rT—a T — Q

Exercise 4.6.3. Prove if [ is continuous on [a,b] and f; f(@)g(z)dxz =0 for all choices of integrable g,
then f is identically 0.

4.7 Substitution Type Results

Using the Fundamental Theorem of Calculus, we can derive many useful tools.

Theorem 4.7.1. Integration By Parts

Assume u : [a,b] — R and v : [a,b] — R are differentiable on [a,b] and v’ and v’ are integrable.
Then

Proof. Since u and v are differentiable on [a,b], they are also continuous and hence, integrable. Now

apply the product rule for differentiation to obtain
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By Theorem /.3.1, we know products of integrable functions are integrable. Also, the integral is linear.

Hence, the integral of both sides of the equation above is defined. We obtain

/x (u(t)v(t) dt = /w o' (t)v(t) dt + /w u(t)v' (t) dt

a

Since (uv)’ is integrable, we can apply the Recapture Theorem to see

u(t)v(t)

- / ’ W (tv(t) dt + / ' u(t)v'(t) dt

This is the desired result. |

Theorem 4.7.2. Substitution In Riemann Integration

Let f be continuous on [c,d] and u be continuously differentiable on [a,b] with u(a) = ¢ and
u(b) = d. Then

[wazzlwwmwmw

Proof. Let F be defined on [c,d] by F(u) = [ f(t)dt. Then since f is continuous, F is continuous and
differentiable on [c,d] by the Fundamental Theorem of Calculus. We know F'(u) = f(u) and so

F'(u(t)) = f(u(t)), a < t <D

implying

!
—
<
—~
=
:\
—~
=
|
=
£
=
~—
~—
ﬁ\
—
~
~
S
IN
~
IN
(=l

By the Chain Rule for differentiation, we also know
(Fouw)(t)=Ful®)u'(t),a <t < b

and hence (Fow) (t) = f(u(t))u'(t) on [a,b].
Now define g on [a,b] by

(Fow(®) u'(t) = flu(t)) u'(t)
= (Fou().

g(t)

Since g is continuous, g is integrable on [a,b]. Now define G on [a,b] by G(t) = (F o u)(t). Then
G'(t) = f(u(®)u'(t) = g(t) on [a,b] and G’ is integrable. Now, apply the Cauchy Fundamental Theorem
of Calculus to G to find
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or

b
/ flu@)u'(t)dt = Fu®)) — F(u(a)

Theorem 4.7.3. Leibnitz’s Rule
Let f be continuous on [a,b], u : [¢,d] — [a,b] be differentiable on [c,d] and v : [e,d] — [a,]]
be differentiable on [c,d]. Then

v(x) !
(/( : ft) dt) = J(@)v'(z) - flu(z)v'(z)

Proof. Let F' be defined on [a,b] by F(y) = [ f(t)dt. Since f is continuous, F is also continuous and
moreover, F is differentiable with F'(y)) = f(y). Since v is differentiable on [c,d], we can use the Chain
Rule to find

(Fov)(z) = F(v(z))v'(2)
= f(v(@)v'(x)

This says

v(x) !
(/ f@ﬁ> = Fo@) (@)

Next, define G on |a,b] by G(y) = fyb ftydt = ff f(t) = [ f(t)dt. Apply the Fundamental Theorem of

Calculus to conclude
¢t = ([ rwa) = s

Again, apply the Chain Rule to see

(Gou)' (z) = G'(u@) v(x)
= —f(u(@)) v'(x).

We conclude

b /
(/Uf®ﬁ> = f(ul) ()
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Now combine these results as follows:
u(x) b

b v(z)
t)dt = t)dt + t)dt + t)dt
/a £(t) / £(t) / Lo [ g

or

b u(x)
(Fov)(x) + (G ou)(x) — / fdt = - / F(tydt

Then, differentiate both sides to obtain

(Fov)(z)+(Gou)(x) = flo@)'(x) — flu(@)(z)

which is the desired result. |

4.8 When Do Two Functions Have The Same Integral?

The last results in this chapter seek to find conditions under which the integrals of two functions, f and

g, are equal.

Lemma 4.8.1. f Zero On (a,b) Implies Zero Riemann Integral

Let f € Bla,b], with f(x) =0 on (a,b). Then f is integrable on [a,b] and
b
/ f(x)dx = 0.

Proof. If f is identically 0, then the result is follows easily. Now, assume f(a) # 0 and f(x) on (a,b).
Let € > 0 be given, and let § > 0 satisfy

€
| fla) |

Let wy € Il[a, b] be any partition such that || o ||< d. Let m = {xo = a,z1,...,x,} be any refinement

of wo. Then U(f,w) = max(f(a),0)Az; and L(f,w) = min(f(a),0)Ax;. Hence, we have

0 <

U(f,m) = L(f,m) = [max(f(a),0) — min(f(a),0)]Az1 =| f(a) | Az:.
But

| f(a) | Azy <] f(a) | 5 <| f(a) | W —c

Hence, if 7 is any refinement of my, we have U(f,7) — L(f,7) < e. This shows that f € RlI[a,b].

Further, we have
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U(f,m) =max(f(a),0)Azy = U(f) =infU(f,m) =0,
since we can make Axy as small as we wish. Likewise, we also see that L(f) = sup,. L(f,7) = 0,
implying that
b
U(H =L(H) = [ fw)iz =0,
a

The case where f(b) # 0 and f(xz) =0 on [a,b) is handled in the same way. So, assume that f(a), f(b) #
0 and f(z) =0 for x € (a,b). Let € > 0 be given, and choose § > 0 such that

€

* < Y| @) 1 FO) I}

Let 7o be a partition of [a,b] such that |y |< 0, and let 7 be any refinement of . Then

U(f,m) =max(f(a),0)Az; + max(f(b),0)Axz,

L(f,m) = min(f(a),0)Az1 + min(f(b),0)Az,.

It follows that

U(f,w)— L(f,pi) = [max(f(a),0)— min(f(a),0)]Az; + [max(f(b),0) —min(f(a),0)]Az,
| f(a) | Azyi+ | £(b) | Azy
| fla) |6+ f(b) |6

€.

VANEVAN

Since we can make Az and Az, as small as we wish, we see

/ab f(z)dz = 0.

|
Lemma 4.8.2. f =g on (a,b) Implies Riemann Integrals Match
Let f,g € RI[a,b] with f(x) = g(x) on (a,b). Then
b b
/ fla)dx = / g(z)dz.
Proof. Let h = f — g, and apply the previous lemma. |
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Theorem 4.8.3. Two Riemann Integrable Functions Match At All But Finitely Many Points
Implies Integrals Match

Let f,g € RI[a,b], and assume that f = g except at finitely many points c1,...,c,. Then

b b
f(x)dx:/ g(x)dx.

Proof. We may re-index the points {c1,...,ck}, if necessary, so that ¢; < ca < --- < ¢x. Then apply

Lemma 4.8.2 on the intervals (cj_1,c¢;) for all allowable j. This shows

/ f(t)dt:/:jl g(t)dt.

Then, since
b Cj
/f(t)dt:Z/ f(t)dt
a j=1 Cj—1

the results follows. |

Theorem 4.8.4. f Bounded and Continuous At All But One Point Implies f is Riemann
Integrable

if f is bounded on [a,b] and continuous except at one point ¢ in [a,b], then f is Riemann

integrable.

Proof. For convenience, we will assume that ¢ is an interior point, i.e. ¢ is in (a,b). We will show that
f satisfies the Riemann Criterion and so it is Riemann integrable. Let ¢ > 0 be given. Since f is bounded
on [a,b], there is a real number M so that f(x) < M for all x in [a,b]. We know f is continuous on
[a,c—€/(6M)] and f is continuous on [c+e€/(6M),b]. Thus, f is integrable on both of these intervals and
f satisfies the Riemann Criterion on both intervals. For this € there is a partition 7o of [a,c — ¢/(6M)]
so that

U(f,P)*L(f,P) < E/3a Zfﬂ-OjP
and there is a partition w1 of [c+ €/(6M),b] so that

Let wa be the partition we get by combining 7)o with the points {c — e/(6M),c+ ¢/(6M)} and )1.

Then, we see

U(fvﬂ-2) - L(fa 7‘-2) = U(faﬂ-O) - L(fa 7r0) + ( sup f($)>€/3 + U(faﬂ-l) - L(fa 7r1)
(6M)]

z€[c—e/(6M),c+e€/
< €/3+Me/(3M)+¢/3 = ¢

Then if wa < 7 on [a,b], we have

U(f,m)— L(f,®) < €
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This shows f satisfies the Riemann criterion and hence is integrable if the discontinuity c is interior to
[a,b]. The argument at ¢ = a and ¢ = b is similar but a bit simpler as it only needs to be done from one

side. Hence, we conclude f is integrable on [a,b] in all cases.. ]

It is then easy to extend this result to a function f which is bounded and continuous on [a, b] except

at a finite number of points {x1,xa, ...,z } for some positive integer k. We state this as Theorem 4.8.5.

Theorem 4.8.5. f Bounded and Continuous At All But Finitely Many Points Implies [ is
Riemann Integrable
if  is bounded on [a,b] and continuous except at finitely many points {x1,xa,...,x} in [a,b],

then f is Riemann integrable.

Proof. We may assume without loss of generality that the points of discontinuity are ordered as a <
21 <@g < ...<axp <b. Then f is continuous except at x1 on [a,x1] and hence by Theorem 4.8.4 f is

integrable on [a,x1]. Now apply this argument on each of the subintervals xy_1,xy] in turn. |
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-4 Further Riemann Integration Results

In this chapter, we will explore certain aspects of Riemann Integration that are more subtle. We begin
with a limit interchange theorem. A good reference for this is ( (3) ).

5.1 The Limit Interchange Theorem for Riemann Integration

Suppose you knew that the sequence of functions {x,,} contained in RI[a,b] converged uniformly to the
function = on [a,b]. Is it true that fabm(t)dt = limy,— 00 Zn(t)dt? The answer to this question is Yes/

and it is our Theorem 5.1.1.

Theorem 5.1.1. The Riemann Integral Limit Interchange Theorem

Let {x,} be a sequence of Riemann Integrable functions on [a,b] which converge uniformly to

the function x on [a,b]. Then x is also Riemann Integrable on |a,b] and

n—oo

b
/ s(O)dt = lim an(t)dt

Proof. First, we show that x is Riemann integrable on [a,b]. Let € be given. Then since x, converges
uniformly to x on [a,b),

35> 05 [za(t)—a(t)| < mVn>N,te[a,b] (a)

Fiz any ny > N. Then since z,, is integrable,
dme € Ua,b] > U(zp,,w) — L{(xy,,®) < fracebVmy =X m (8)
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Since x, converges uniformly to x on [a,b], you should be able to show that = is bounded on [a,D].

Hence, we can define

M; = sup  x(t), Mj1 = sup @n, (1)
[zj—1,75] [zj—1,7;]

m; = inf  x(¢), mJ1 = inf z,,(t)
[zj-1,25] [xj—1,7;]

Using the Infimum and Supremum Tolerance Lemma, there are points s; and t; in [z;_1,x;] so that

M; — ﬁ < x(s;) < M (v
and
mi < alt) < my o+ s ©
Thus,
Uz, m) — = > (M; —m;)Az,

The term on the right hand side can be rewritten using the standard add and subtract trick as

> (Mj —x(s5) +2(85) — Tny (85) + Tny (85) — Ty () + T, (8) — 2(t5) +2(t5) — mj) Az

™

We can then overestimate this term using the triangle inequality to find

U(x’ﬂ-) - L(xvﬂ-) < Z( S] A$] + Z Ty 8]))ij + Z xnl 8] xn1(tj))ij
+ Z(mnl( ) — z(t;)Az; + Z —m;)Az;

™

The first term can be estimated by Equation v and the fifth term by Equation £ to give

Uz, m) — L(z, ) ZA% + Z — T (55)) Az + Z Tny (87) = Tny () A

+ Z(xm(tj) —z(t;))Ar; + ﬁ > A

Thus,
Ulw,m) = Lwm) < 20+ Y (alsy) - wu,(57))Aa
D (@ (85) = T () AT + > (@, (t) - 2(t;)) Az
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Now apply the estimate from Equation o to the first and third terms of the equation above to conclude
€
Ux,m) — L(z,m) < 45 + Z(wﬂl (SJ) Ty (tj))ij
Finally, note

| wny (55) —@n, () | < Mj — mj

and so

D (@ (55) —@ny () Az < Y (M) — mj)Az;

™

< €/5

by Equation B. Thus, U(x,7) — L(z,7) < €. Since the partition  refining 7o was arbitrary, we see x

satisfies the Riemann Criterion and hence, is Riemann integrable on |a,b].

It remains to show the limit interchange portion of the theorem. Since x,, converges uniformly to x,

given a positive €, there is an integer N so that

sup |z,(t) —x(t)| < €/(b—a), ifn > N. ©)

a<t<b

Now for any n > N, we have

b b b
|/ 2(t)dt — / waBdt] = | (x(t)—xn(t)>dt|

< /b 2(t) — 2 ()| dt
b
< [ sw o0 -l | de

< /abe/(b—a)dt

using Equation ¢. This says lim f: T (t)dt = fb x(t)dt. [ |

The next result is indispensable in modern analysis. Fundamentally, it states that a continuous real-
valued function defined on a compact set can be uniformly approximated by a smooth function. This is
used throughout analysis to prove results about various functions. We can often verify a property of a
continuous function, f, by proving an analogous property of a smooth function that is uniformly close
to f. We will only prove the result for a closed finite interval in . The general result for a compact
subset of a more general set called a Topological Space is a modification of this proof which is actually
not that more difficult, but that is another story. We follow the development of ( (5) ) for
this proof.
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Theorem 5.1.2. Weierstrass Approximation Theorem

Let [ be a continuous real-valued function defined on [0,1]. For any € > 0, there is a polyno-
mial, p, such that |f(t) —p(t)| < e for allt € [0,1], that is || p— [ ||cc< €

Proof. We first derive some equalities. We will denote the interval [0,1] by I. By the binomial theorem,

for any x € I, we have

En: <n>x’“(1—az)""“ = (z4+1-2)"=1. (a)

k=0 k

Differentiating both sides of Equation o, we get

0=y (Z) (Wla —2)"* — - k) x)"k1>
k=0
- kz_o (Z>xk1(1 — )kl (k:(l z) — z(n— k))
= kznzzo (Z) 2F1(1 — g)nhl (k — nx))

Now, multiply through by x(1 — x), to find
0= >

k=0

(Z) 2 (1 — 2)"*(k — na).

Differentiating again, we obtain

0 = f: (Z) % (xk(l — )"k (e — m)>.

k=0

This leads to a series of simplifications. It is pretty messy and many texts do not show the details, but

we think it is instructive.

" [—mzk(l — )" %+ (k — nx) ((k —n)zh(1 —2)" T kR - x)"ik)}

(
S (" [—na (1= 2)" %+ (k= na) (1 = 2)" 12k (k=)o + k(1 - )]
(
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Thus, since the first sum is 1, we have

n

R )

k=0
and multiplying through by x(1 — x), we have
ne(l—z) = Z <Z> (k —nx)?zF(1 — )"k
z(l—2) = (n\k—na\? ek
n B Z(k)( n )x(l—x)

This last equality then leads to the

SIS

k=0

We now define the n** order Bernstein Polynomial associated with f by

k=0
Note that
" /n e k
@)= Bat@) = 3 (3)eta—ar=+[r - 1(5))
Also note that f(0) — Bn(0) = f(1) — B,(1) =0, so f and B, match at the endpoints. It follows that

n

n e k

5@ =B | < 3 ()t - ar s - 1 (5)] )
k=0

Now, f is uniformly continuous on I since it is continuous. So, given € > 0, there is a § > 0 such that

lz—E| < 6= |f(z)— f(E)] < §. Consider x to be fired in [0,1]. The sum in Equation v has only n+1

terms, so we can split this sum up as follows. Let {K1, Ky} be a partition of the index set {0,1,...,n}

such that k € K1 = |z — 2| <6 and k € Ky = |z — £| > 5. Then

o= atate 3 (et e 1)+ 52 (D))

keKy
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which implies

fo -l < 5 Y (1ot B (D)ata oo - 1(2))

keK, keEK,
o k
- +g%() oy @) - ()],

Now, f is bounded on I, so there is a real number M > 0 such that |f(x)| < M for all x € 1. Hence
n\ g e _

Z(k)xk(l—x) k’f() ( )‘<2MZ(> (1— )",

keKo keKso

Since k € Ky = |z — %| > ¢, using Equation 3, we have

23 (1)ra-ar s 3 () (- B et a0,

keKso keKso

This implies that

and so combining inequalities
_ 2Mz(1 — x)
n—k
oM Y ( ) (1)t < =
kEK,
We conclude then that
n\ ek k 2Mz(1 — x)
2 (k:)x (=@ = ()] < =5
keKo
Now, the mazimum value of x(1 —x) on I is %, s0

5 (D)oo ()] <

keKso

Finally, choose n so that n > FMG. Then % < € implies % < 5. So, Equation ~y becomes

| f(@) = Bale) IS 5+ 5 =

Note that the polynomial B,, does not depend on x € I, since n only depends on M, §, and €, all of

which, in turn, are independent of x € I. So, B, is the desired polynomial, as it is uniformly within €

of f.

Comment 5.1.1. A change of variable translates this result to any closed interval |a,b].

5.2 Showing Functions Are Riemann Integrable

We already know that continuous functions, monotone functions and functions of bounded variation are

classes of functions which are Riemann Integrable on the interval [a,b]. A good reference for some of
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the material in this section is ( (2) ) although it is mostly in problems and not in the text!
Hence, since f(x) = y/z is continuous on [0, M] for any positive M, we know f is Riemann integrable on
this interval. What about the composition /g where g is just known to be non negative and Riemann
integrable on [a, b]? If g were continuous, since compositions of continuous functions are also continuous,
we would have immediately that ,/g is Riemann Integrable. However, it is not so easy to handle this
case. Let’s try this approach. Using Theorem 5.1.2, we know given a finite interval [c,d], there is a
sequence of polynomials {p,(x)} which converge uniformly to v/x on [¢,d]. Of course, the polynomials
in this sequence will change if we change the interval [c, d], but you get the idea. To apply this here,
note that since g is Riemann Integrable on [a, b], g must be bounded. Since we assume g is non negative,
we know that there is a positive number M so that g(z) is in [0, M] for all  in [a,b]. Thus, there is a

sequence of polynomials {p, } which converge uniformly to /- on [0, M].

Next, using Theorem 4.3.1, we know a polynomial in g is also Riemann integrable on [a,b] (f? = f- f
so it is integrable and so on). Hence, p,(f) is Riemann integrable on [a,b]. Then given € > 0, we know

there is a positive N so that

| pn(u) —Vu| < € ifn> Nandu € [0, M].
Thus, in particular, since g(x) € [0, M], we have

| pn(g(z)) —Vg(x)| < € ifn>Nandu € [0, M].

We have therefore proved that p,, o g converges uniformly to /g on [0, M]. Then by Theorem 5.1.1, we
see /g is Riemann integrable on [0, M].

If you think about it a bit, you should be able to see that this type of argument would work for any
f which is continuous and g that is Riemann integrable. We state this as Theorem 5.2.1.
Theorem 5.2.1. f Continuous and ¢ Riemann Integrable Implies fog is Riemann Integrable

If f is continuous on g([a,b]) where g is Riemann Integrable on [a,b], then f o g is Riemann
Integrable on [a, b).

Proof.

Exercise 5.2.1. This proof is for you.

In general, the composition of Riemann Integrable functions is not Riemann integrable. Here is the

standard counterexample. This great example comes from ( (2) ) . Define f on [0,1] by

0 ifo<y<l
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and g on [0, 1] by

1 ifx =20
glx) = 1/p ifxz=p/q,(p,q) =1,z € (0,1] and x is rational
0 ifz € (0,1] and x is irrational

We see immediately that f is integrable on [0, 1] by Theorem 4.8.4. We can show that g is also Riemann

integrable on [0, 1], but we will leave this as an exercise.

Exercise 5.2.2.

1. Show g is continuous at each irrational points in [01,] and discontinuous at all rational points in
[0,1].

2. Show g is Riemann integrable on [0, 1] with value fol g(x)dx = 0.

Now f o g becomes

f() ifr=0 1 ifx=0
flg(x)) = f(/p) ifz=p/q,(p,q) =1,z € (0,1] and x rational = 0 ififx rational € (0, 1]
1(0) if 0 < z < 1 and z irrational 1 ifif x irrational € (0, 1]

The function f o g above is not Riemann integrable as U(f og) = 1 and L(f o g) = 0. Thus, we have

found two Riemann integrable functions whose composition is not Riemann integrable!

5.3 Sets Of Content Zero

We already know the length of the finite interval [a, b] is b—a and we exploit this to develop the Riemann
integral when we compute lower, upper and Riemann sums for a given partition. We also know that
the set of discontinuities of a monotone function is countable. We have seen that continuous functions
with a finite number of discontinuities are integrable and in the last section, we saw a function which
was discontinuous on a countably infinite set and still was integrable! Hence, we know that a function
is integrable should imply something about its discontinuity set. However, the concept of length doesn’t
seem to apply as there are no intervals in these discontinuity sets. With that in mind, let’s introduce a

new notion: the content of a set. We will follow the development of a set of content zero as it is done in

( (4) 1974) .
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Definition 5.3.1. Sets Of Content Zero
A subset S of R is said to have content zero if and only if given any positive € we can find a

sequence of bounded open intervals {JS = (an,by)} either finite in number or infinite so that
S C Uy,

with the total length
Z (bp —an) <€

If the sequence only has a finite number of intervals, the union and sum are written from 1 to
N where N is the number of intervals and if there are infinitely many intervals, the sum and

union are written from 1 to oco.

Comment 5.3.1.

1. A single point ¢ in R has content zero because ¢ € (¢ —€/2,c+ €/2) for all positive €.

2. A finite number of points S = {c1,...,cx} in R has content zero because B; = ¢; € (¢;—¢€/(2k), ¢;+
€/(2k)) for all positive €. Thus, S C U;7_,B; and the total length of these intervals is smaller than
€.

3. The rational numbers have content zero also. Let {c;} be any enumeration of the rationals. Let
B; = (c; —€/(2Y),¢; +¢€/(2Y)) for any positive e. The Q is contained in the union of these intervals
and the length is smaller than € > o 1/2 = e.

4. Finite unions of sets of content zero also have content zero.

5. Subsets of sets of content zero also have content zero.

Hence, the function g above is continuous on [0, 1] except on a set of content zero. We make this
more formal with a definition.
Definition 5.3.2. Continuous Almost Everywhere

The function f defined on the interval [a,b] is said to be continuous almost everywhere if the
set of discontinuities of f has content zero. We abbreviate the phrase almost everywhere by

writing a.e.

We are now ready to prove an important theorem which is known as the Riemann - Lebesgue
Lemma. This is also called Lebesgue’s Criterion For the Riemann Integrability of Bounded

Functions . We follow the proof given in ( (4) ).
Theorem 5.3.1. Riemann - Lebesgue Lemma
(i) f € Bla,b] and continuous a.e. implies f € RI[a,b].
(i) f € Rlla,b] implies [ is continuous a.e.

Proof. The proof of this result is fairly complicated. So grab a cup of coffee, a pencil and prepare for a
long battle!

(1):
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Subproof. We will prove this by showing that for any positive €, we can find a partition g so that
the Riemann Criterion is satisfied. First, since f is bounded, there is are numbers m and M so that
m < f(z) < M for all x in [a,b]. If m and M we the same, then f would be constant and it would
therefore be continuous. If this case, we know f is integrable. So we can assume without loss of generality
that M —m > 0. Let D denote the set of points in [a,b] where f is not continuous. By assumption, the
content of D is zero. Hence, given a positive € there is a sequence of bounded open intervals J, = (ay, by,)

(we will assume without loss of generality that there are infinitely many such intervals) so that
D CUJy, > (by—an) < €/(2(M —m)).

Now if x is from [a,b], x is either in D or in the complement of D, D€. Of course, if x € D€, then f

18 continuous at x. The set o
E=la,bN <UJn>

is compact and so f must be uniformly continuous on E. Hence, for the € chosen, there is a § > 0 so
that

| F(y) = f(x) [< €/ (8(b = a)), (*)
ify € (x — 6,z + )N E. Next, note that
O ={J,,Bs2(z) |z € E}

is an open cover of [a,b] and hence must have a finite sub cover. Call this finite sub cover O’ and label

its members as follows:
O = {Jn,,-- I, Bssa(1), ..., Bsja(xs)}

Then it is also true that we know that
[a, b] co” = {Jnl, RPN S B5/2(.T1) NE,..., B(;/Q(JJS) N E}

All of the intervals in O” have endpoints. Throw out any duplicates and arrange these endpoints in

increasing order in [a,b] and label them as y1,...,Yyp—1. Then, let

o = {yO =a,Y1,Y2,-- - Yp—1,Yp = b}

be the partition formed by these points. Recall where the points y; come from. The endpoints of the
Bsja(xi) N E sets are not in any of the intervals J,,. So suppose two successive points y;_1 and y;
satisfied y;_1 is in an interval Jp, and the next point y; was an endpoint of a Bs/a(x;) N E set which
is also inside Jy,, . By our construction, this can not happen as all of the Bs/y(x;) N E are disjoint
from the J,,, sets. Hence, the next point y; either must be in the set Jy,, also or it must be outside. If
yj—1 s inside and y; is outside, this is also a contradiction as this would give us a third point, call it z
temporarily, so that

Yji—1 < 2 <Yy
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with z a new distinct endpoint of the finite cover O". Since we have already ordered these points, this
third point is not a possibility. Thus, we see (yj_1,y;) is in some Jp, or neither of the points is in any
Jy, . Hence, we have shown that given the way the points y; were chosen, either (y;_1,y;) is inside some
interval J,,, orit’s closure [y;_1,y;| lies in none of the Jy,, for any 1 < q < r. But that means (y;-1,Y;)
lies in some Bg/2<.’1}i). Note this set uses the radius 0/2 and so we can say the closed interval [y;_1,y;]

must be contained in some Bs(x;).

Now we separate the index set {1,2,...,p} into two disjoint sets. We define Ay to be the set of all
indices j so that (y;—1,Y;) is contained in some J,,. Then we set Ay to be the complement of Ay in the
entire index set, i.e. Ay = {1,2,...,p — Ay. Note, by our earlier remarks, if j is in Az, [yj_1,y;] is

contained in some Bs(x;) N E. Thus,

U(f;mo) — L(f,m0)

I
\E
—
=
|
3
~
>
&

I
™
2
A/
=
|
3
~__—
>
&

Jr
™
A/

=
|
3
~_—
>
&

Let’s work with the first sum: we have

> (Mj_mj>ij < (M—m> S Ay

JEAL JEA;
< (M—m)e/(2(M —m)) = €/2

Now if j is in Ag, then [y;j_1,y;] is contained in some Bs(x;)NE. So any two points w and v in [y;_1, y;]
satisfy | u—x; |< 0 and | v—x; |< §. Since these points are this close, the uniform continuity condition,

Equation *, holds. Therefore

[ fw) =) | < [ F(u) = flz) |+ ] f(0) = flai) | < €/(4(b - a)).

This holds for any w and v in [y;—1,y;]. In particular, we can use the Supremum and Infimum Tolerance

Lemma to choose u; and v; so that
Mj —¢/(8(b—a)) < f(u;), m;+¢/(8(b—a)) > f(uvj).

It then follows that
Mj —mj < f(u;) = f(v;) + €/(4(b — a)).
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Now, we can finally estimate the second summation term. We have

> <Mjmj>ij < > <| f(Uj)f(vj)+6/(4(ba))>ij

JjEA2 JEA2
< > <| Fluz) = f(v >>ij +e/(d(b—a)) D Ay
JEA JEAg
< ¢/(4 Z Ay; + €/(4 Z Ay;
JEA2 JEA2
< €/2

Combining our estimates, we have

U(f,m0) — L(f,m0) = Z (M _mJ>Ay] + Z ( _mJ>Ay]

JjEAL JEA2
< €/2+¢/2 =

Any partition 7 that refines wo will also satisfy U(f,w) — L(f,7) < e. Hence, f satisfies the Riemann
Criterion and so f is integrable. O

Subproof. We begin by noting that if f is discontinuous at a point x in [a,b], if and only if there is a
positive integer m so that
V>0, Jye(z—0z+6)Nfab > |fly)—flx)|>1/m.
This allows us to define some interesting sets. Define the set E,, by
En, = {z€[ab]|V§>03ye(z—06z+d)NJa,b] > f(y) — flx)|>1/m,}

Then, the set of discontinuities of f, D can be expressed as D = U2 Ep,.
Now let m = {xg, 21, ...,2,} be any partition of [a,b]. Then, given any positive integer m, the open

subinterval [xy_1,x] either intersects E,, or it does not. Define
A = {k e{1,...,n}|(zp—1,2) N Epy, # Q]},

Ay = {ke {1,...,n}|(xk1,:ck)OEm:®}

By construction, we have A; N Ay =0 and Ay U Ay = {1,...,n}.
We assume f is integrable on [a,b]. So, by the Riemann Criterion, given € > 0, and a positive integer

m, there is a partition 7o such that

U(f,m) — L(f,m) <¢/(2m), Vg < 7. (%)
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It follows that if wo = {Yo,Y1,---,Yn}, then

n

U(f,m0) = L(f,m0) = Y (Myx —mp)Ayy

k=1
= > (M —mp)Ay, + Y (Mg —my) Ay
keA; keAs

If k is in Ay, then by definition, there is a point uy in E,, and a point vy in (yr—1,yr) so that |
flug) — f(vg) |= 1/m. Also, since uy and vy, are both in (yp—1,Yk),

My, —my >| fug) — f(ve) |-

Thus,

Yo My —mp)Aye = > | flu) = flon) | Ay = (1/m) Y Ay

keA, keA, keA,

Also, the second term, 3y c 4. (M) — my)Ayy, is non-negative and so using Equation *x*, we find

e/(2m) > U(f,mo—L(f,mo > (1/m) Y Ay
keA;

which implies Y ;. c 4 Ayr < €/2.

The partition 7 divides [a,b] as follows:

@b - (ukeAl (ymyk)> U (uk% (ymyk)> U <{yo,...,yn}>

= ClUCQUﬂ'O

By the way we constructed the sets E,,, we know E,, does not intersect Cy. Hence, we can say

Em = (Cl ﬂEm> U (Emﬂﬂ'o>

Therefore, we have C1 N By C Ugea, (Yk—1,Yk) with Y o4 Ayr < €/2. Since € is arbitrary, we see
C1 N E,, has content zero. The other set E,, N o consists of finitely many points and so it also has
content zero by the comments at the end of Definition 5.3.1. This shows that E,, has content zero since
it is the union of two sets of content zero. We finish by noting D = UFE,, also has content zero. The

proof of this we leave as an exercise.

Exercise 5.3.1. Prove that if F,, C [a,b] has content zero for all n, then F = UF, also has content

ZEero.
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Chapter

-2 Cantor Set Experiments

We now begin a series of personal investigations into the construction of an important subset of [0, 1]
called the Cantor Set. We follow a great series of homework exercise outlined, without solutions, in a

really hard but extraordinarily useful classical analysis text by Stromberg, ( (6) ) .

6.1 The Generalized Cantor Set

Let (a,,) for n > 0 be a fixed sequence of real numbers which satisfy

apg = 1,0<2a, <an_1 (6.1)

Define the sequence (d,,) by

dn =ap_1— 2a,

Note each d, > 0. We can use the sequence (ay) to define a collection of intervals J,  and I, as

follows.

(0) Jo,1 = [0,1] which has length ao.

(1) Jii = [0,a1] and J12 = [1 —ai1,1]. You can see each of these intervals has length a;. We
let Wi = Ji1UJi2 and 117 = Jo,1 — Wi,1 where the minus symbol used here represents set
difference. This step creates an open interval of [0, 1] which has length dy > 0. Let P, = J; 1 UJ 2.

This is a closed set.

(2) Set Jo1 = [0,a2], Ja2 = [a1 — a2,a1], Ja3 = [1 —a1,1 + az —aq], and Ja4 = [1 — ag, 1]. These
4 closed subintervals have length as. It is not so mysterious how we set up the J;j intervals.
Step (1) created a closed interval [0, a;], an open interval (a;,1 — a1) and another closed interval

[1 —aq,1]. The first closed subinterval is what we have called J; ;. Divide it into three parts; the
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first part will be a closed interval that starts at the beginning of J; ; and has length as and the
third part will be closed interval of length as that ends at the last point of J; ;. When these two
closed intervals are subtracted from J; ;, an open interval will remain. The length of J; ; is a;. So
the open interval must have length a; — 2as = da. A little thought tells us that the first interval
must be [0, az] (which we have named J3; ) and the third interval must be [a; — a2, a1] (which we
have named Js2). To get the intervals Jo 3 and Jo 4, we divide J; 2 into the same type of three
subintervals as we did for J; ;. The first and third must have length as which will give an open
interval in the inside of length do. This will give Ja 3 = [1 — a1,1 — a1 + a2] and ja 4 = [1 — a9, 1].
Then let Wa 1 = Jo1 U Ja o, and Wa o = Jo 3 U Jo 4. Then create new intervals by letting 12,1 =
Jig —Waq and 12,2 = Jy 2 — Wy 2. We have now created 4 open subintervals of length da. Let
Py =Jy1UJaoUJa3UJay. We can write this more succinctly as Py = U{J2 x|l <= k <= 2%}.
Again, notice that P, is a closed set that consists of 4 closed subintervals of length as.

Let’s look even more closely at the details. A careful examination of the process above with pen
and paper in hand gives the following table that characterizes the left hand endpoint of each of

the intervals J3 j.

J271 0

Jao  as+ds

Jos  2a9+da+dy
Joa  3as +2dy +dy

Since we know the left hand endpoint and the length is always ao, this fully characterizes the
subintervals Ja ;. Also, as a check, the last endpoint 3as + 2dz + d; plus one more as should add
up to 1. We find

4as + 2dy + dy 4a9 + 2(@1 — 2&2) + (0,0 — 2&1)

= (1021.

Step (2) has created 4 closed subintervals J i of length a2 and 2 new open intervals I ; of length
dy. There is also the first open interval I ; of length d; which was abstracted from [0,1]. Now
we repeat the process described in Step (2) on each closed subinterval Jo ;. We do not need to
use the auxiliary sets W3 ; now as we can go straight into the subdivision algorithm. We divide
each of these intervals into 3 pieces. The first and third will be of length az. This leaves an open
interval of length d3 between them. We label the new closed subintervals so created by J3 j where

k now ranges from 1 to 8. The new intervals have left hand endpoints

Jz1 0

J32 az+ds

Js3s  2as3+ds+ds

Js.a  3as + 2ds + d

Js5  4das+2ds +de +dy
J3e Daz+ 3dz + ds + dy
Js7  6as + 3ds + 2ds + dy
J3g Taz+ 4dz + 2ds + d;
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Each of these subintervals have length az and a simple calculation shows (7Tas+4ds+2ds+d;)+as =
1 as desired. There are now 4 more open intervals I3 ; giving a total of 6 open subintervals ar-

ranged as follows:

Parent Length
Iin Joa dy
Io1  Jia da
Ioo  Ji2 ds
I3y J21 ds
I3o  Ja2 ds3
Iss  Ja3 ds

I34  Joa dy

We define Py = U{J3 x|l <=k <= 23} and note that P, N Py N P3 = Ps.

We can, of course, continue this process recursively. Thus, after Step n, we have constructed 2" closed
subintervals J,, ; each of length a,,. The union of these subintervals is labeled P, and is therefore defined
by P, = U{J, x|l <= k <= 2"}. The left hand endpoints of J, ; can be written in a compact and
illuminating form, but we will delay working that out until later. Now, we can easily see the form of the

left hand endpoints for the first few intervals:

Jna 0

Jna  an+dy

Ins  2ap +dy +dp—1
Jna  3an +2d, +dn—1

Definition 6.1.1. The Generalized Cantor Set

Let (an), N > 0 satisfy Equation 6.1. We call such a sequence a Cantor Set Generating
Sequence and we define the Cantor Set generated by (ay,) to be the set P = N2 P,,, where the
sets P, are defined recursively via the discussion in this section. We will denote the generalized

Cantor Set generated by the Cantor Sequence (a,) by Cy.

Comment 6.1.1. The Cantor Set generated by the sequence (1/3™), n > 0 is very famous and is called
the Middle Thirds set because we are always removing the middle third of each interval in the construction
process. We will denote the Middle Third Cantor set by C'.

Exercise 6.1.1. Write out the explicit endpoints of all these intervals up to and including Step 4.

Illustrate this process with clearly drawn tables and graphs.

Exercise 6.1.2. Write out explicitly Py, Py, P35 and Py. Illustrate this process with clearly drawn tables
and graphs.

Exercise 6.1.3. Do the above two steps for the choice a,, = 37" for n >= 0. Illustrate this process with

clearly drawn tables and graphs.
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Exercise 6.1.4. Do the above two steps for the choice a,, = 5~" for n >= 0. Illustrate this process with

clearly drawn tables and graphs.

Exercise 6.1.5. As mentioned, the above construction process above can clearly be handled via induction.

Prove the following:

(a) Pp_1— P, = U{Imk |1 <=k <= 271,—1}

(b) Let P ="y P,. Then Py— P =UX, (PM - Pn>

6.2 Representing The Generalized Cantor Set

We are now in a position to prove additional properties about the Cantor Set C, for a Cantor generating
sequence (a,). Associate with (a,) the sequence (r,) whose entries are defined by r, = a,—1 — a,. Let
S denote the set of all sequences of real numbers whose values are either 0 or 1; i.e. S = {x = (2,) |z, =

Oorx, = 1}. Now define the mapping f : S — C, by

f(x) = anrn (62)
n=1

Theorem 6.2.1. Representing The Cantor Set
1. f is well - defined.
2. f(z) is an element of Cyq.
3. fis1—1 from S to C,.
4. f is onto Cl.

Proof. You will prove this Theorem by establishing a series of results.
Exercise 6.2.1. For any Cantor generating sequence (ay), we have lim, a, = 0.

Exercise 6.2.2. Show

o0 m
E r; = lim g r; = lim(an — am) = an
m m
j=n+1 Jj=n-+1
Exercise 6.2.3. 7, > > . 7.

Exercise 6.2.4. For n >= 1 and any finite sequence (z1,xa,...,x,) of 0’s and 1’s, define the closed
interval

n n
J(x1,.yxpn) = [Z LTy, ap + ijrj]
j=1 j=1

Show

104



REPRESENTING THE GENERALIZED CANTOR SET CHAPTER 6:

1. Show J(O) = [0,&1] = J171,
2. Show J(].) = [rl,al +7“1] = [1 —ay, 1] = JLQ.

3. Now use induction on n to show that the intervals J(x1,...,x,) are exactly the 2" intervals Jy j

for 1 <=k <= 2" that we described in the previous section.

Hint. i.e. assume true for n—1. Then we can assume that there is a unique (1, ..., xp—1) choice
so that Jp_1k = J(T1, ..., Tn—1)-

Recall how the J’s are constructed. At Step n — 1, the interval J,_1 1 is used to create 2 more
intervals on level n by removing a piece. The 2 intervals left both have length a, and we would
denote them by Jy, ox—1 and Jp k. Now use the definition of the closed intervals J(x1,...,xy) to

show that (remember our x1,...,Tn—1 are fized)

J(@1, s n—-1,0) = Jypop—1

J(xla-"vxn—hl) = Jn,2k:

This will complete the induction. O

Exercise 6.2.5. Let x be in S. Show that f(x) is in J(x1,...,x,) for each n.

Sketch Of Argument: We know that each J(x1,...,xy) = Ju i for some k. Let this k be written k(x,n)
to help us remember that it depends on the x and the n. Also remember that 1 <= k(z,n) <= 2". So
f(x) ds in Jy j(zn) which is contained in P, Hence, f(x) is in P, for all n which shows f(x) is in Cyg.

This shows f maps S into Cyg.

Exercise 6.2.6. Now let x and y be distinct in S. Choose an index j so that x; is different from y;.
Show this implies that f(z) and f(y) then belong to different closed intervals on the j* level. This
implies f(x) is not the same as f(y) and so f is1—1 on S.

Exercise 6.2.7. Show [ is surjective. To do this, let z be in C,. Since z is in Py, either z is in J(0)
or z is in J(1). Choose x1 for that z is in J(x1). Then assuming x1,...,Xn—1 have been chosen, we have

z isin J(x1,...,2p—1). Now z is in
P.nJ(x1,.yxpn_) =J(@1, ..., Tp—1,0) UJ (21, ..., Tp—1, 1).

This tells us how to choose x,,.

Hence, by induction, we can find a sequence (x,) in S so that z is in intersection over n of
J(x1, .., Tpn). But by our earlier arguments, f(x) is in the same intersection!

Finally, each of these closed intervals has length a,, which we know goes to 0 in the limit onn. So z
and f(x) are both in a decreasing sequence of sets whose lengths go to 0. Hence z and f(x) must be the

same. (This uses what is called the Cantor Intersection Theorem,).

We can also prove a result about the internal structure of the generalized Cantor set: it can not

contain any open intervals.

Exercise 6.2.8. Prove Cg, contains no open intervals.
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In addition, we have the following result:

Exercise 6.2.9. The limit of 2"a,, always exists and is in [0, 1].

6.3 The Cantor Function

We now prove additional interesting results that arise from the use of generalized Cantor sets via a
series of exercises that you complete. As usual, let (a,) be a Cantor Set generating sequence. Using the
function f defined in the previous section, let’s define the mapping ¢ by

o((zn)) = Y o (1/2)

j=1
Hence, ¢ : S — [0,1]. and ¢o f: S — [0,1]. Let the mapping ¥ = ¢o f~1. Note ¥ : C, — [0, 1].

Exercise 6.3.1. ¢ maps S one to one and onto [0,1] with a suitable restriction on the base 2 represen-

tation of a number in [0, 1].
Exercise 6.3.2. x <y in Cq implies U(x) < ¥(y).

Exercise 6.3.3. ¥(z) = ¥(y) if and only if (x,y) is one of the intervals removed in the Cantor set

construction process, i.e.

n—1 n—1
(x,y) = (Z i1 + Gn, Z i1y + Tn>
j=1 j=1

Exercise 6.3.4. In the case where W(x) = U(y) extend the mapping ¥ to [0,1] — C, by

<

=
I
<

&
I

Uy), z<t<y.

Finally, define ¥(0) = 0 and ¥(1) = 1. Prove ¥ : [0,1] — [0,1] s a non increasing continuous map
of [0,1] onto [0,1] and is constant on each component interval of [0,1] — C, where component interval

means the I, ; sets we constructed in the Cantor set construction process.

Comment 6.3.1. If C, is the Cantor set constructed from the sequence (1/3™), we call ¥ the Lebesgue

Singular Function.

Now, let C be a Cantor set constructed from the generating sequence (a,,) where lim 2"a,, = 0. Let ¥
be the mapping discussed above for this C. Define the mapping g : [0,1] — [0, 1] by g(x) = (¥(z)+z)/2.

Exercise 6.3.5. Prove g is strictly increasing and continuous from [0,1] onto [0, 1].
Exercise 6.3.6. Prove that
oo oo
9Q_ i) =D w7
j=1 j=1
where i1 = (1/27 +r;) /2.

Exercise 6.3.7. Prove C’ = g(C) is also a generalized Cantor set.
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Comment 6.3.2. Note that the sequence aj = (1/2)(1/27 4 a;) is also a Cantor generating sequence

that gives the desired ;! for the previous exercise.

Exercise 6.3.8. Compute the content of the Cantor set generated by a, when lim2™a, = 0 and also
the content of the Cantor set C' = g(C).

In later chapters, this function g will be of great importance!
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Chapter

- ['he Riemann-Stieltjes Integral

In classical analysis, the Riemann-Stieltjes integral was the first attempt to generalize the idea of the
size, or measure, of a subset of the real numbers. Instead of simply using the length of an interval as a

measure, we can use any function that satisfies the same properties as the length function.

Let f and g be any bounded functions on the finite interval [a, b]. If 7 is any partition of [a, b] and
o is any evaluation set, we can extend the notion of the Riemann sum S(f, 7, o to the more general
Riemann - Stieljes sum as follows:

Definition 7.0.1. The Riemann - Stieljes Sum
Let f,g € Bla,b], m € Ila,b] and o C 7. Let the partition points in 7 be {xo,1,...,2p} and

the evaluation points be {s1, s2,...,8,} as usual. Define
Agj = g(zj) —g(zj —i),1 < j < p.

and the Riemann - Stieljes sum for integrand f and integrator g for partition w and eval-

uation set w by

S(f,g,ﬂ'70') :Z f(sj) Ag]

je™
This is also called the Riemann - Stieljes sum for the function f with respect to the

function g for partition ® and evaluation set o .

Of course, you should compare this definition to Definition 4.1.1 to see the differences! We can then
define the Riemann - Stieljes integral of f with respect to g using language very similar to that of
Definition 4.1.2.
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Definition 7.0.2. The Riemann - Stieljes Integral
Let f,g € Bla,b]. If there is a real number I so that for all positive €, there is a partition
7o € I[a, b] so that

‘S(ﬁg,ﬂ',u’)—] <e

for all partitions 7 that refine wo and evaluation sets o from m, then we say f is Riemann -
Stieljes integrable with respect to g on [a,b]. We call the value I the Riemann - Stieljes integral
of f with respect to g on [a,b]. We use the symbol

I = RS(f,g;a,b)

to denote this value. We call f the integrand and g the integrator.

As usual, there is the question of what pairs of functions (f, g) will turn out to have a finite Riemann
- Stieljes integral. The collection of the functions f from Bla,b] that are Riemann - Stieljes integrable

with respect to a given integrator g from Bla,b] is denoted by RS[g,a,b].
Comment 7.0.3. If g(z) = x on [a,b], then RS[g,a,b] = RI[a,b] and RS(f,g;a,b) = ff f(z)dz.

Comment 7.0.4. We will use the standard conventions: RS(f,g;a,b) = —RS(f,g;b,a) and RS(f, g;a;a) =
0.

7.1 Standard Properties Of The Riemann - Stieljes Integral

We can easily prove the usual properties that we expect an integration type mapping to have.

Theorem 7.1.1. The Linearity of the Riemann - Stieljes Integral
If f1 and fy are in RS[g,a,b], then
(1)
afi +caf2 € RS[g,a,b], Vei,c2 € R

(it)
RS(c1fi + caf2,g5a,b) = c1RS(f1,95a,0) + c2RS(f2,9:a,b)
If f € RS[g1,a,b] and f € RS[g2,a,b] then
(1)

f € RS[c1g1 + ¢cag2,a,b], Ver,c0 € R

(ii)
RS(f7 C191 + 0292;a7b) = CIRS(f7gl;a7b) + CQRS(f7 92;a7b)

Proof.

Exercise 7.1.1. We leave these proofs to you as an exercise.
The proof of these statements is quite similar in spirit to those of Theorem 4.1.1. You should compare
the techniques! [ ]
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To give you a feel for the kind of partition arguments we use for Riemann - Stieljes proofs (you will
no doubt enjoy working out these details for yourselves in various exercises), we will go through the

proof of the standard Integration By Parts formula in this context.

Theorem 7.1.2. Riemann Stieljes Integration By Parts
If f € RS[g,a,b], then g € RS[f,a,b] and
b

7RS(fvgaavb)

a

RS(g, f;a,0) = f(x)g(s)

Proof. Since f € RS[g,a,b], there is a number I; = RS(f,g;a,b) so that given a positive €, there is a

partition mo such that

S(f,g,m,o0—1f| < € mo=<m, oCm. (o)

For such a partition 7 and evaluation set o C m, we have

{l’o,l’l, v "rp}a

= {s1,...,5}

and
S(g7f,7r,a') = Zg(sj)AfJ

We can rewrite this as

S(ga.ﬂﬂ-?o’ = Z g(SJ)f(ajj) - Z g(sj)f($j71> (/3)
Also, we have the identity (it is a collapsing sum)
> <f(wj)g($j) - f(wjl)g(xj1)> = f(b)g(b) — f(a)g(a). (v)

Thus, using Fquation 3 and Equation 7y, we have

f(b)g(b) = fla)g(a) = S(g. frmo) = > f(fcj)<g(frj) g(Sj)) ()

Since o C 7, we have the ordering
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Hence, the points above are a refinement of w we will call w’'. Relabel the points of ©' as

77, = {y07yla"'7yq}

and note that the original points of ® now form an evaluation set o’ of w’. We can therefore rewrite
Equation & as

F(®)g(b) — fa)gla) — S(g, f,m,0) = fy;)Ag; = S(f, 9,7, 0")
Let I, = f(b)g(b) — f(a)g(a) — Ij. Then since g = w = w’, we can apply Equation o to conclude

e > |S(f,g9,7",0" — I

= |f(b)g(b) = fla)g(a) — S(g,f,m,0) — I

= S(g,f,ﬂ',O') _Ig

Since our choice of refinement w of wo and evaluation set o was arbitrary, we have shown that g €

RS|[f, a,b] with value
b

—RS(f,g,(I,b).

a

RS(g, f,a,b) = f(x)g(x)

7.2 Step Functions As Integrators

We now turn our attention to the question of what pairs of functions might have a Riemann - Stieljes
integral. All we know so far is that if g(z) = x on [a,b] is labeled as g = id, then RS[f,id, a,b] =
RI[f,a,bl.

First, we need to define what we mean by a Step Function.

Definition 7.2.1. Step Function

We say g € Bla,b] is a Step Function if g only has finitely many jump discontinuities on [a, b]
and g is continuous on the intervals between the jump discontinuities. Thus, we may assume

there is a non negative integer p so that the jump discontinuities are ordered and labeled as
cp<cp<c<...<¢p

and g is continuous on each subinterval (cx_1,cg) for 1 <k < p.

Comment 7.2.1. We can see g(c;,) and g(c;) both exist and are finite with g(c; ) the value g has on
(ck—1,cx) and g(cf) the value g has on (ck,cr+1). At the endpoints, g(a™) and g(b~) are also defined.

The actual finite values g takes on at the points c; are completely arbitrary.
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Lemma 7.2.1. One Jump Step Functions As Integrators
Let g € Bla,b] be a step function having only one jump at some c¢ in [a,b]. Let f € Bla,b].
Then

(i) f € Cla,b] implies f € RS[g,a,b] and

o Ifce (a,b), then RS(f, g;a,b) = f(c)[g(c™) — g(cT)].
o Ifc=a, then RS(f,g;a,b) = f(a)lg(a™) — g(a)].
o Ifc=0, then RS(f,g;a,b) = f(b)[g(b) — g(b7)].
(ii) If c € (a,b), f(c™) = f(c) and g(c*) = g(c), then f € RS[g,a,b]. We can rephrase this

as: if ¢ is an interior point, f is continuous from the left at ¢ and g is continuous from
the right at c, then f € RS[g,a,b] and

o Ifce (a,b), then RS(f,g;a,b) = f(c)lg(c) —g(cT)].
e Ifc=a, then RS(f,g;a,b) = f(a)lg(a) — g(a)] = 0.
o Ifc=0, then RS(f,g;a,b) = f(b)[g(b) — g(b7)].
(iii) If c € (a,b), f(cT) = f(c) and g(c™) = g(c), then f € RS[g,a,b]. We can rephrase this

as: if ¢ is an interior point, f is continuous from the right at ¢ and g is continuous
from the left at ¢, then f € RS|g,a,b] and

o Ifce(a,b), then RS(f,g;a,b) = f(c)[g(ct) — g(c)].
o Ifc=a, then RS(f,g;a,b) = f(a)lg(a™) — g(a)].
o Ifc=0b, then RS(f,g;a,b) = f(b)[g(b) — g(b)] = 0.

Proof. Let m be any partition of [a,b]. We will assume that c is a partition point of ™ because if not, we
can use the argument we have used before to construct an appropriate refinement as done, for example,
in the proof of Lemma J.5.1. Letting the partition points be

™= {‘T07x17"'7xp}7

we see there is a partition point xy, = ¢ with ko # 0 or p. Hence, on [Try—1,%k,] = [Tro—1,¢], Agr, =
g(c) — g(xpy—1). However, since g has a single jump at ¢, we see that the value g(x,—1) must be g(c™).
Thus, Agr, = g(c) — g(c™). A similar argument shows that Agy, = g(ct) — g(c). Further, since g

has only one jump, all the other terms Agy are zero. Hence, for any evaluation set o in m, we have

113



STEP FUNCTIONS AS INTEGRATORS CHAPTER 7:

o={s1,...,8} and

S(f7 g, T, 0-) = f(sko)Agko + f(8k0+1Agko+1

= %)(9(6) —9(6)> + f(8kot1 (9(6*) —9(6)>

( sko) — flc) + flc )) ( ( )—9(6‘)>
( sko+1 — f(c) + f(c )) < (C*)—g(0)>

S(fg.m0o) = <f(sko)f(0)> (9(0)9(0)>

Thus, we obtain

Subproof. In this case, f is continuous at c. Let A = max<| g(c) —g(c™) |, ] g(ct) = g(e ) Then

A > 0 because g has a jump at c. Since f is continuous at ¢, given € > 0, there is a § > 0, so that
| flx) = fle)| < €/(24), z € (c—b,c+6)N]a,b]. (B)

In fact, since ¢ is an interior point of [a,b], we can choose & so small that (¢ — 6,c+ ) C [a,b]. Now,
if ™o is any partition with || wo ||< § containing ¢ as a partition point, we can argue as we did in the
prefatory remarks to this proof. Thus, there is an index ko so that

[xko—lﬁxko = C] C (c—9, C]? [C_xko’xko-‘rl] [C C+6)

This implies that
[%ko—1, Tho+1] € (¢ —0,c+0)

and so the evaluation points, labeled as usual, S, and sp,+1 are also in (¢ —0,c+0). Applying Equation
3, we have

| fsko) = F(O)] < €/(24), | f(sko41) = Fe)] < €/(24
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From Equation o, we then have

S(4.0.7,9) = £0)(9(") ~ o(c)) | < | (#6ou) = @) (ste) - g<c>>|
¥ | (Fot1 = 1@) (a1 = 900)) ‘

< e/<2A>\g<c> - g<c>] " e/<2A>'g<c+> ~ 4l
< €

Finally, if mg <, then || 7 ||< § also and the same argument shows that for any evaluation set o C T,

we have

S(f,g,m o) — f(c) (g(c+) - g(C‘)) ‘ < e

This proves that f € RS[g,a,b] and RS(f,g;a,b) = f(c) <g(c+) - g(c‘)). Now, if ¢ = a or ¢ = b,
the arguments are quite similar, except one sided and we find RS(f,g;a,b) = f(a) (g(a“‘) — g(a)) or

RS(f,9;a,0) = f(b) (g(b) - g(b)>' O

(i)

Subproof. In this case, f is continuous from the left at ¢ so f(c™) = f(c) and g is continuous from the

right g(c) = g(¢T). Thus, Equation o reduces to

S5(f.9,m0) = <f(8ko)—f(6)> (9(0)—9(6_)> + f(¢) (g(C)—g(c_)> ()

Let L =| g(c) —g(c™) |. Then, given € > 0, since [ is continuous from the left, there is a 6 > 0 so that
| f(l‘) —f(C) |< E/La T e (C—(S,C] < [avb]'

As usual, we can restrict our attention to partitions that contain the point c. We continue to use x;’s
and s;’s to represent points in these partitions and associated evaluation sets. Let w be such a partition

with xp, = c and || 7 ||< 0. Let o be any evaluation set of 7. Then, we have
[mko—lv xko} c (C -4, C]

and thus
| f(ske) — fle) [< €/L.
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Hence,

S(f,g,ﬂ',O’)f(C)(g(C+g(C))| = f(skoff(c)

< €

9(6) - st

Finally, just as in the previous proof, if wo < m, then || 7 ||< & also and the same argument shows that

for any evaluation set o C 7, we have

S(f,g,ﬂ',a)—f(c)(g(c)—g(c‘))‘ < €

This proves that f € RS[g,a,b] and RS(f,g;a,b) = f(c) (g(c) — g(c‘)). Now, if c = a or c = b, the
arguments are again similar, except one sided and we find RS(f,g;a,b) = f(a) (g(a) — g(a)) =0 or
RS(f,g;a,b) = f(b) <g(b) - g(b_)>- O

(iii)
Subproof. This is quite similar to the argument presented for Part (ii) above. We find f € RS|g, a,b]

and RS(f,g;a,b) = f(c) <g(c+) —g(e) |. Now, if c = a or c =b, the arqguments are again similar, except

one sided and we find RS(f,g;a,b) = f(a) (g(a"’)—g(a)) =0 or RS(f,g;a,b) = f(b) (g(b)—g(b)) =0.
(]

We can then generalize to a finite number of jumps.

Lemma 7.2.2. Finite Jump Step Functions As Integrators

Let g be a step function on [a,b] with jump discontinuities at
{a <co,e1,. .o cp-1, 0 < b}

Assume f € Bla,b|. Then, if
(1) f is continuous at c;, or
(i1) f is left continuous at ¢; and g is right continuous at c;j, or

141 18 Tight continuous at ¢; and g is left continuous at c;,
J J

then, f € RS[f,g,a,b] and

RS(7.9,0.8) = @) (sla") ~ (@) ) + _ ) (a(eh) ~ate)) + 10 (90) - 907

J
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Proof. Use Lemma 7.2.1 repeatedly. |

7.3 Monotone Integrators

The next step is to learn how to deal with integrators that are monotone functions. To do this, we
extend the notion of Darboux Upper and Lower Sums in the obvious way.
Definition 7.3.1. Upper and Lower Riemann - Stieljes Darboux Sums

Let f € Bla,b] and g € Bla,b] be monotone increasing. Let w be any partition of [a,b] with
partition points

= {xo,%1,...,Tp}
as usual. Define
Mj= sup f(z), mj= _inf f(z)
T a€fmyoa,my) T w€lwjo1,m4]

The Lower Riemann - Stieljes Darboux Sum for f with respect to g on [a,b] for the partition
™ S

L(f.g,m=_ m;Ag;

and the Upper Riemann - Stieljes Darbouz Sum for f with respect to g on [a,b] for the partition
S

U(f,g,ﬂ' = Z AfjAg]

Comment 7.3.1. It is clear that for any partition 7 and associated evaluation set o, that we have the

usual inequality chain:
L(f,g,m) < S(f,9,m,0 < U(f,9,7)

The following theorems have proofs very similar to the ones we did for Theorem 4.2.1 and Theorem
4.2.2.

Theorem 7.3.1. m < «’ Implies L(f,g,7) < L(f,g,7') and U(f,g,w) > U(f,g,7")

Assume g is a bounded monotone increasing function on [a,b] and f € Bla,b]. Then if # < w’,
then L(f,g,m) < L(f,g,7') and U(f,g,m) = U(f,g,).

Theorem 7.3.2. L(f,g,m1) <U(f,g,m2)

Let 71 and w2 be any two partitions in Il[a,b]. Then L(f,g,71) < U(f,g,m2).
These two theorems allow us to prove the following

Theorem 7.3.3. The Upper And Lower Riemann - Stieljes Darboux Integral Are Finite
Let f € Bla,b] and let g be a bounded monotone increasing function on [a,b]. Let % =
{L(f,g.7) | 7 € Ta,B)} and ¥ = {U(f,g,7) | = € Tla,b]}. Define L(f,g) = sup#, and
U(f,9) =inf¥". Then L(f,g) and U(f,qg) are both finite. Moreover, L(f,g) < U(f,qg).

We can then define upper and lower Riemann - Stieljes integrals analogous to the way we defined

the upper and lower Riemann integrals.
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Definition 7.3.2. Upper and Lower Riemann - Stieljes Integrals

Let f € Bla,b] and g be a bounded, monotone increasing function on [a,b]. The Upper and
Lower Riemann - Stieljes integrals of f with respect to g are U(f,g) and L(f,g), respectively.

Thus, we can define the Riemann - Stieljes Darboux integral of f € Bla,b] with respect to the

bounded monotone increasing integrator g.

Definition 7.3.3. The Riemann - Stieljes Darboux Integral

Let f € Bla,b] and g be a bounded, monotone increasing function on [a,b]. We say f is
Riemann - Stieljes Darboux integrable with respect to the integrator g if U(f,g) = L(f,g). We
denote this common value by RSD(f,g,a,b).

7.4 The Riemann - Stieljes Equivalence Theorem

The connection between the Riemann - Stieljes and Riemann - Stieljes Darboux integrals is obtained

using an analog of the familiar Riemann Condition we have seen before in Definition 4.2.4.

Definition 7.4.1. The Riemann - Stieljes Criterion For Integrability

Let f € Bla,b] and g be a bounded monotone increasing function on [a,b]. We say the Riemann

Condition or Criterion holds for f with respect to g if there is a partition of [a,b], wo so that

U(f’g77r)_L(f7g77T) <€, To jﬂ-

We can then prove an equivalence theorem for Riemann - Stieljes and Riemann - Stieljes Darboux
integrability.

Theorem 7.4.1. The Riemann Stieljes Integral Equivalence Theorem

Let f € Bla,b] and g be a bounded monotone increasing function on [a,b]. Then the following

are equivalent.

(i) | € RS[g,a,b].
(i) Riemann’s Criterion holds for f with respect to g.

(ii) f is Riemann - Stieljes Darbouz Integrable, i.e, L(f,qg) = U(f,q), and RS(f, g;a,b) =
RSD(f,g;a,b).

Proof. The arguments are essentially the same as presented in the proof of Theorem 4.2./ and hence,
you will be asked to go through the original proof and replace occurrences of Ax; with Ag; and b — a
with g(b) — g(a). [ |

Comment 7.4.1. We have been very careful to distinguish between Riemann - Stieljes and Riemann -
Stieljes Darboux integrability. Since we now know they are equivalent, we can begin to use a common
notation. Recall, the common notation for the Riemann integral is f: f(x)dx. We will now begin using
the notation ff f(z)dg(x) to denote the common value RS(f,g;a,b) = RSD(f,g;a,b). We thus know

int® f(z)dx is equivalent to the Riemann - Stieljes integral of f with respect to the integrator g(x) = x.
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Hence, in this case, we could write g(x) = id(x) = x, where id is the identity function. We could then
use the notation fab f(x)dx = f: f(x)did. However, that is cumbersome. We can easily remember that
the identity mapping is simply x itself. So replace did by dx to obtain f; f(z)dx. The use of the (x) in
these notations has always been helpful to allow us to handle substitution type rules, but it is certainly
somewhat awkward. A reasonable change of notation would be to go to using boldface for the f and g in

these integrals and write ff fdg giving ff fdx for the simpler Riemann integral.

You can see no matter what we do the symbolism becomes awkward. For example, suppose f(x) =

2

sin(x?) on [0,7] and g(x) = z2. Then, how do we write foﬂ fdg? We will usually abuse our integral

notation and write [ sin(x?)d(z?).

7.5 Properties Of The Riemann Integral

We can prove the following useful collection of facts about Riemann - Stieljes integrals.

Theorem 7.5.1. Properties Of The Riemann Stieljes Integral

Let the integrator g be bounded and monotone increasing on [a,b]. Assume fi, fo and fs are
in RS[f,g,a,b]. Then

(i) | f|€ RS[g,a,b];
(it)
z)dg(z

/Ifldg

(i) f+ =max{f,0} € RS[g,a,b];
(iv) f~ =max{—f,0} € RS[g,a,b|;
(v)

/ab[f*(w)—f(fr)}dg(w)—/ [ (@)dg( / f (@)dg(a

. /(lb[f+(9:)+f‘(x)}dg(g;) :/f+ Vg (x /f 2)dg(z

(vi) f* € RS[g,a,b];
(vii) fife € RS[g,a,b];
(viii) If there exists m such that 0 < m < f(x) for all x in [a,b], then 1/f € RS[g,a,b].

~
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Proof. The arguments are straightforward modifications of the proof of Theorem /.3.1 using b —a =
g(b) — g(a) and Az; = Ag;. u

We can also easily prove the following fundamental estimate.
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Theorem 7.5.2. Fundamental Riemann Stieljes Integral Estimates

Let g be bounded and monotone increasing on [a,b] and let f € RS[g,a,b]. Let m = inf, f(x)
and let M = sup,, f(x). Then

m(g(®) — gla)) < / f(@)dg(x) < M(g(b) — g()a).

In addition, Riemann - Stieljes integrals are also order preserving as we can modify the proof of
Theorem 4.1.3 quite easily.

Theorem 7.5.3. The Riemann Stieljes Integral Is Order Preserving
Let g be bounded and monotone increasing on [a,b] and f, f1, fa € RS[g, a,b] with fi < fo on

[a,b]. Then the Riemann Stieljes integral is order preserving in the sense that
() |
fz0= [ f(z)dg(z) = 0;

(ii)
b b
h<f= / hi(@)dg(a) < / fol@)dg(z).

We also want to establish the familiar summation property of the Riemann Stieljes integral over an
interval [a,b] = [a,c] U [c,b]. We can modify the proof of the corresponding result in Lemma 4.5.1 as
usual to obtain Lemma 7.5.4.

Lemma 7.5.4. The Upper And Lower Riemann - Stieljes Darboux Integral Is Additive On
Intervals

Let g be bounded and monotone increasing on [a,b] and f € Bla,b]. Let ¢ € (a,b). Define

b b
/ f(z) dg(x) = L(f, g) and / f(z) dg(z) = U(f.9)

denote the lower and upper Riemann - Stieljes Darboux integrals of f on with respect to g on
[a, b], respectively. Then we have

/abf(:c)dg(x) = /:f(:zz)dg(x) + /be(x)dg(ﬂi)

/abf(x)dg(x) = /Cf(ﬂc)dg(a:) + /cbf(x)dg(x),

a

Lemma 7.5.4 allows us to prove existence of the Riemann - Stieljes on [a, b] implies it also exists on
subintervals of [a,b] and the Riemann - Stieljes value is additive. The proofs are obvious modifications

of the proofs of Theorem 4.5.2 and Theorem 4.5.3, respectively.

Theorem 7.5.5. The Riemann Stieljes Integral Exists On Subintervals

Let g be bounded and monotone increasing on [a,b]. If f € RS[g,a,b] and ¢ € (a,b), then
f € RS[g,a,c] and f € RS|[g,c,b).
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Theorem 7.5.6. The Riemann Integral Is Additive On Subintervals
If f € RS|g,a,b] and c € (a,b), then

A " fl)dg(x) = / " f(a)dg(a) + / ' f(@)dg (o).

7.6 Bounded Variation Integrators

We now turn our attention to integrators which are of bounded variation. By Theorem 3.4.3, we know
that if g € BV|a,b], then we can write ¢ = v — v where u and v are monotone increasing on [a, b]. Note

if h is any other monotone increasing function on [a, b], we could also use the decomposition
g=(u+h)—(v+h)

as well, so this representation is certainly not unique. We must be very careful when we extend the
Riemann - Stieljes integral to bounded variation integrators. For example, even if f € RS[g,a,b] it
does not always follow that f € RS[u,a,b] and /or f € RS[v,a,b]! However, we can prove that this
statement is true if we use a particular decomposition of f. Let u(z) = Vy(z) and v(z) = V,(z) — g(x)
be our decomposition of g. Then, we will be able to show f € RS|g,a,b] implies f € RS[Vy,a,b] and
f € RSV, —g,a,b].

Theorem 7.6.1. f Riemann Stieljes Integrable With Respect To ¢ Of Bounded Variation
Implies Integrable With Respect To V; and V; — g.

Let g € BV[a,b] and f € RS[g,a,b]. Then f € RS[V,,a,b] and f € RS[V, —g,a,b].

Proof. For convenience of notation, let w =V, and v =V, — g. First, we show that f € RS[u,a,b] by
showing the Riemann - Stieljes Criterion holds for f with respect to u on [a,b]. Fiz a positive €. Then
there is a partition wg so that

b
| S(f,g,m,0) / f(@)dg(z) |< e

for all refinements 7 of wg and evaluation sets o of w. Thus, given two such evaluation sets o1 and oo
of a refinement 7, we have

b
|S(f.g.m01) — S(fogmoa)| < | S(fagimion) - / f(@)dg(z) |

b
© O 1S(f g on) — / f(@)dg(z) |

< 2e.
Hence, we know for oy = {s1,...,8p} and o3 = {s1,...,5s,}, that
|S(fagv7raa'1_5(fagv7raa'2| < 2 (a)

Now, u(b) = Vy(b) =sup, Y. | Ag; |. Thus, by the Supremum Tolerance Lemma, there is a partition

71 So that

ulb) — e < 3| Agj < ulb).

™1
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Then if 7 refines wy, we have
ud) —e <Y [Agi <D | Agy < u(b).
and so for all w1 X T,

u(d) —e <> | Agj |< ulb). (8)

Now let wo = 7o V w1 and choose any partition w that refines wo. Then,

Z(Mj—mj>|ﬁuj|— | Agj | < Z(Mj+mj>ﬁuj—|ﬁgj|
< 2M ) | Au;| — | Ag; |

where M =|| f ||oc. But the term ) Au; is a collapsing sum which becomes u(b) — u(a) = u(b) as
u(a) = 0. We conclude

Z(Mjmj) | Auj | — |Agj| < 2M (u(b)zﬂ:

T

Agj

Now by Equation o, for all refinements of 7o, we have
u(d) =Y | Agj <.
Hence,

Z(Mj—mj>|ﬁuj - |Agj| £ 2Me (v)
Nezxt, for any refinement of ™ of wa, let the partition points be {xo,...,x,} as usual and define
JH(m) ={j € m|Ag; = 0}, J™(m) = {j € m|Ag; < 0}.

By the Infimum and Supremum Tolerance Lemma, if j € JT (),
35} € [wj-1,25] 3 my < f(s)) <my+e/2, 3s; € [wj-1,25] 5 My —€/2 < f(s5) < Mj.
It follows
f(s3) = f(s5) > My —mj —e, jeJt(m). €3)
On the other hand, if j € J~(m), we can find s; and s} in [v;_1,7;] so that

3s € w1, x5] 3 my < f(s;) <my+e€/2, Is; € [zj_1,25] 3 Mj—e€/2 < f(s}) < M.

122



BOUNDED VARIATION INTEGRATORS CHAPTER 7:

This leads to

f(s5) = f(s5) > Mj—mj —e, j€J (m) (€)
Thus,
;(Mj - mj) [ Agi | = je;w) (Mj - mj)Agj + jG;ﬂ) <Mj - mj> (Agj)

SD S (CTEI) IV SN
jeJt(m) JEJI*(m)

¥ jGJZ(ﬂ)<f(s;-)—f(sj)> (~a0,) + ejeJZw(_Agj)

= (06— 16 Ags + € X185 .
je™ jeT™

Also, by the definition of the variation function of g, we have

D 1 Ag; < u(b) =V (b).

jET
Since the points {s1,...,sn} and {s},...,s,} are evaluation sets of w, we can apply FEquation o to
conclude
|S(f,g,7r,0‘175(f,g,7r,a'2| = Z(f(sj)f<5;)>Agj
JET
< 2e.
Hence,
Z(Mj - mj> |Ag; | < 2e+eud) = (2+ud))e ©)

™
Then, using Equation v and Equation 6, we find
Z(Mj - mj)Auj = Z(Mj - mj) (Auj— | Ag; |) + Z(Mj - mj) (| Agj |)

™ ™ ™

< 2Me + (2+u(b))e = (2M + 2+ u(b))e.
Letting A = 2M + 2 + u(b), and recalling that w =V, we have
U(f, Vg, m) — L(f,Vy, ™) < Ae

for any refinement ™ of wo. Hence, [ satisfies the Riemann - Stieljes Criterion with respect to V4 on
[a,b]. We conclude f € RS[V,,a,b].

Thus, f € RS[g,a,b] and f € RS[Vy,a,b] and by Theorem 7.1.1, we have f € RS[Vy — g, a,b] also.
|
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Theorem 7.6.2. Products And Reciprocals Of Functions Riemann Stieljes Integrable With
Respect To g Of Bounded Variation Are Also Integrable

Let g € BV[a,b] and f, f1, f € RS[g,a,b]. Then
(i) f* € RS[g,a,b]
(ii) fif2 € RS[g,a,b]

(i11) If there is a positive constant m, so that |f(x)] > m for all x in [a,b], then 1/f €
Rslg, a,b].

Proof. (i)

Subproof. Since f € RS[g,a,b], f € RS[Vy,a,b] and f € RS[Vy, — g,a,b] by Theorem 7.6.1. Hence,
by Theorem 7.5.1, f* € RS[V,,a,b] and f? € RS[V, — g,a,b]. Then, by the linearity of the Riemann
Stieljes integral for monotone integrators, Theorem 7.1.1, we have f? € RSV, — (V, —g) = g,a,b]. O

(i)
Subproof. fi, fo € RS|[g,a,b] implies fi, fo € RS[Vy,a,b] and fi1, fo € RS[V, — g,a,b]. Thus, using
reasoning just like that in Part (i), we have fifo € RS[g,a,b]. O
(iii)
Subproof. By our assumptions, we know 1/f € RS[Vy,a,b] and 1/f € RS[V, — g,a,b]. Thus, by the
linearity of the Riemann Stieljes integral with respect to monotone integrators, 1/f € RS|g, a,b]. O
|
Theorem 7.6.3. The Riemann Stieljes Integral Is Additive On Subintervals
Let g € BV[a,b] and f € RS[g,a,b]. Then, if a <c <b,
/ f(x)dg(x / f(@)dg(x / f(x)dg(x
Proof. From Theorem 7.5.6, we know
b c b
[t@av@ = [ s@ie s [ @)
b c b
[ @i, 9@ = [ @, - @+ [ f@a, - g
Also, we know
b
[ 1w = [ r@a - [ @ar, - o
and so the result follows. |
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- Further Riemann Stieljes Results

We know quite a bit about the Riemann Stieljes integral in theory. However, we do not know how to
compute a Riemann Stieljes integral and we only know that Riemann Stieljes integrals exist for a few
type of integrators: those that are bounded with a finite number of jumps and the identity integrator

g(x) = x. Tt is time to learn more.

8.1 The Riemann - Stieljes Fundamental Theorem Of Calculus

As you might expect, we can prove a Riemann - Stieljes variant of the Fundamental Theorem Of Calculus.

Theorem 8.1.1. Riemann Stieljes Fundamental Theorem Of Calculus
Let g € BV[a,blm f € RS[g,a,b]. Define F : [a,b] — R by
Fo)= [ fdgte
Then
(1) F € BVia,b),
(i) If g is continuous at ¢ in [a,b], then F is continuous at c.

(ii1) If g is monotone and if at c is in [a,b], ¢'(c) exists and f is continuous at ¢, then F'(c)

exists with

Proof. First, assume g is monotone increasing and g(a) < g(b). Let ™ be a partition of [a,b]. Then,

we immediately have the fundamental estimates

m(g(b) — g(a)) < L(f,g) <U(f,g) < M(g(b) — g(a)),
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where m and M are the infimum and supremum of f on [a,b] respectively. Since f € RS|g,a,b], we then

have
b
mm@—mwwg/ﬂmSM@@—m@»

or f;’ tdo
™) — @

Let K(a,b) = f; fdg/(g(b) — g(a)). Then, m < K(a,b) < M and fab fdg = K(a,b)(g(b) — g(a)).
Now assume x < y in [a,b]. Since f € RS[g,a,b], by Theorem 7.5.5, f € RS[g,z,y]. By the
argument just presented, we can show there is a number K(x,y) so that

K(z,y) = /y fdg/(g(y) — g(=)),

m< inf f(t) < K(z,y) < sup f(t) <M (o)
t€lz,y] telz,y]

/y fdg = K(z,y)(g(y) —g(x))
(i)

Subproof. We show f € BV]a,b]. Let w be a partition of [a,b]. Then, labeling the partition points in
the usual way,

SIAF| = Y |AF(z) — Faj1 |
- X1/ i
= > [ K2 [ g(z) —glwja) [= D | Klwj_1,2;) || Ag; |

Ky

using Equation o on each subinterval [x;_q,x;]. However, we know each m < K(x;_1,x;) < M and so

STIAF | < (£l Y | Ag; |

™ ™

= [/l (9(b) = g(a)),
as g is monotone increasing. Since this inequality holds for all partitions of [a,b], we see
V(F;a,0) <[ f llo (9(b) — g(a))
implying F' € BV a, b]. O
(ii)
Subproof. Let g be continuous at c. Then given a positive €, there is a § > 0, so that

lg(c) =g | < e/(0+ [ flle) [y—cl<d, y€lab].
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For any such y, apply Equation o to the interval [c,y] or [y, c] depending on whether y > ¢ or vice -
versa. For concreteness, let’s look at the case y > c. Then, there is a K(c,y) so that m < K(c,y) < M
and [? f(t)dg(t) = K(c,y)(g9(y) — g(c)). Thus, since y is within & of c, we have

/y f(t)dg(t)’ =[ K(c,y) [19(y) = g(c) IS f lloe €/ A+ f lloc) < €

We conclude that if y € [c,c + 0), then ‘fcy f(t)dg(t)‘ < e. A similar argument holds for y € (¢ — d,¢].

Combining, we see y € (¢ —d,c+ ) and in [a,b] implies

P - Fo

/ yf(t)dg(t)‘ <«

So F is continuous at c. O

(iii)

Subproof. If ¢ € [a,b], ¢'(c) exists and f is continuous at ¢, we must show that F'(c) = f(c)g'(c). Let
a positive € be given. Then,

36, > g(y;:i(c)—g’(c) < € 0<ly—cl<d, yEla,b] (8)
and
023 [f(y) = flo)| < € [y—c|<d2, y€lab] ()

Choose any § < min(dy,02). Let y be in ((c —6,¢) U (¢,e+ 5)) N [a,b]. We are interested in the

interval I with endpoints ¢ and y which is either of the form [c,y] or vice - versa. Apply Equation o to
this interval. We find there is a K(I) that satisfies

inf f(t) < K(I) <sup f(t)

tel tel
and y
[ 1050 = K(e.a o) - (0D, v >
/ CF0dg) = K(ly.d)ge) - g(u)). y<c
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which gives .
‘/f@MN%=K@mmmw—m®%y<a

So we conclude we can write

/Wﬂw@ar:Kuxmw—g@»

where K(I) denotes K([c,y]) or K([y,c]) depending on where y is relative to c. Next, since § <
min(d1, d2), both Equation av and Equation B holds. Thus,

FQ) =< < fle)+e v ((e=80Ue+d)) ol
This tells us that sup,c; f(t) < f(c) + € and infer f(t) > f(c) —e. Thus,

fle) —e < K([e,9]), K([y, c]) < f(c) + e

or | K([e,y]) — f(c) |< € and | K([y,c]) — f(c) |< €. Finally, consider

F=HI  fag@ =|Km%@c“@—ww%>
=|Kmf?§”@—f@w@+Kmy@—Kaww
< 1K) || T2 o) 4|k - o) 1470 |
< [ fllo et 1g'(c) e
Since € is arbitrary, this shows F is differentiable at ¢ with value f(c)g'(c). a

This proves the proposition for the case that g is monotone. To finish the proof, we note if g €
BVa,b], then g =V — (Vy — g) is the standard decomposition of g into the difference of two monotone
increasing functions. Let Fy(z) = [T f(t)d(Vy)(t) and Fy(z) = [ f(t)d(Vy — g)(t). From Part (i), we
see F' = F1 — F5 is of bounded variation. Next, if g is continuous at c, so is Vg and Vy — g by Theorem

3.5.3. So by Part (it), Fy and Fy are continuous at c. This implies F' is continuous at c. ]

8.2 Existence Results

We begin by looking at continuous integrands.

Theorem 8.2.1. Integrand Continuous and Integrator Of Bounded Variation Implies Rie-
mann - Stieljes Integral Exists

If f € Cla,b] and g € BV[a,b], then f € RS[g,a,b).

Proof. Let’s begin by assuming g is monotone increasing. We may assume without loss of generality

that g(a) < g(b). Let K = g(b) — g(a) > 0. Since f is continuous on [a,b], f is uniformly continuous on
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[a,b]. Hence, given a positive €, there is a positive § so that
| f(s) = f(t) [<€/K, [t—s|<d, t s €[ab].

Now, repeat the proof of Theorem J.4.1 which shows that if f is continuous on [a,b], then f € RI[a,b], but
replace all the Ax; by Ag;. This shows that f satisfies the Riemann - Stieljes Criterion for integrability.
Thus, by the equivalence theorem, f € RS[g, a,b].

Next, let g € BV[a,b]. Then g = Vy — (Vy — g) as usual. Since V; and V; — g are monotone
increasing, we can apply our first argument to conclude f € RS[Vy,a,b] and f € RS[V, — g,a,b]. Then,

by the linearity of the Riemann - Stieljes integral with respect to the integrator, Theorem 7.1.1, we have

f € RS[g,a,b] with
b b b
/fdg=/ fdvg—/ fd(v, — g).

Next, we let the integrand be of bounded variation.

Theorem 8.2.2. Integrand Bounded Variation and Integrator Continuous Implies Riemann

- Stieljes Integral Exists
If f € BV]a,b] and g € C|a,b], then f € RS[g,a,b].

Proof. If f € BVia,b] and g € Cla,b]], then by the previous theorem, Theorem 8.2.1, g € RS[f,a,b].
Now apply integration by parts, Theorem 7.1.2, to conclude f € RS|[g,a,b). ]

What if the integrator is differentiable?

Theorem 8.2.3. Integrand Continuous and Integrator Continuously Differentiable Implies

Riemann - Stieljes Integrable

Let f € Cla,b] and g € Ct[a,b]. Then f € RS[g,a,b], fg' € RI[a,b] and

/a " Fla)dg(e) = / ' fa)el (@)da

where the integral on the left side is a traditional Riemann integral.

Proof. Pick an arbitrary positive €. Since g’ is continuous on [a,b], ¢’ is uniformly continuous on [a, b].

Thus, there is a positive § so that
[g(s)—g'(t)] < € |s—t[<d, steab]. (@)

Since g’ is continuous on [a,b], there is a number M so that | g(x) |< M for all x in [a,b]. We
conclude that g € BV [a,b] by Theorem 3.3.5. Now apply Theorem 8.2.1, to conclude f € RS|[g,a,b].

Thus, there is a partition wg of [a,b], so that

b
’5(f»g,77,0)—/ fdg‘ < € mp=w, oCm. (B)
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Further, since fg' is continuous on [a,b], f¢' € RI[a,b] and so f; fq' exists also.

Now let w1 be a refinement of wo with || 71 ||< §. Then we can apply Equation B to conclude

b
’S(f,gﬂr,a)/ fdg‘ < € m=m oCm. ()

Next, apply the Mean Value Theorem to g on the subintervals [x;_1,x;] from partition w for which

Equation ~ holds. Then, Ag; = ¢'(t;)(x; — xj_1) for some t; in (x;—1,x;). Hence,

S(f,g,m o) = Zfsj Ag; = Zfsj tj)Ax;.

Also, we see

S(fg'.m.o)=>_ f(s;)g (s;)Ax;.

Thus, we can compute
‘S(ﬁgﬂna) —S(fg’mcr)‘ _ Zﬂsj)(g’(tj) —g'(sjmxj)
< N7l SJott) — o (55002 |

™

By Equation o, since || 7 ||< 6, [t; — s;] <6 and so |¢'(t;) — ¢'(s;)| < e. We conclude
Stamo) =S mo)| < ellf e Ean = ell £l (00 ©
Thus,

b b
‘S(fg’m,rf)— / fdg‘ < S(ﬁg,ma)—S(fg',w,a)’+|S(f,g,w,a>— / fdg‘

< el fllo (b—a)+e

by Equation v and Equation &. This proves the desired result. ]

It should be easy to see that the assumptions of Theorem 8.2.3 can be relaxed. Consider

Theorem 8.2.4. Integrand Riemann Integrable and Integrator Continuously Differentiable

Implies Riemann - Stieljes Integrable

Let f € Cla,b] and g € Ct[a,b]. Then f € RS[g,a,b], fg' € RI[a,b] and

[ o= 104

where the integral on the left side is a traditional Riemann integral.
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Proof. We never use the continuity of f in the proof given for Theorem 8.2.3. All we use is the fact

that f is Riemann integrable. Hence, we can use the proof of Theorem 8.2.3 without change to find
b
Sdma) - [Cgag) < el il -0 e

This tells us that fg' is Riemann integrable on [a,b] with value f: fdg. |

8.3 Worked Out Examples Of Riemann Stieljes Computations

How do we compute a Riemann Stieljes integral? Let’s look at some example.

Example 8.3.1. Let f and g be defined on [0,2] by

fla) = {17 xeQNIo0,2] g(gj){l, 0<z<l1

2—z, xze€lrnlo,2],
Does [ fdg exist?

Solution 8.3.1. We can answer this two ways so far. Method 1: We note f is continuous at 1 (you
should be able to do a traditional € — & proof of this fact!) and since g has a jump at 1, we can look at

Lemma 7.2.1 to see that f is indeed Riemann - Stieljes with respect to g. The value is given by

/0 fdg = F(1)(g(1") — g(17) =13~ 1) = 2.

Method 2: We can compute the integral using a partition approach. Let w be a partition of [0,2].
We may assume without loss of generality that 1 € 7 (recall all of our earlier arguments that allow us

to make this statement!). Hence, there is an index ko such that x, = 1. We have

L) = (ot @) (90) = st + (it 5@ (stonen) 91 ).

Now use how g is defined to see,

Lhem = (ze[zﬁfl,u f(x)> <3 - 1)) " (weuiﬁl:w] f(x)> <3 - 3))'

Hence,

L) =2 int | fi)).

TE€[Trg—1,1]

If you graphed x and 2 — x simultaneously on [0,2], you would see that they cross at 1 and x is below
2 —x before 1. This graph works well for f even though we can only use the graph of x when x is rational
and the graph of 2—x when x is irrational. We can see in our mind how to do the visualization. For this
mental picture, you should be able to see that the infimum of f on [xy,—1,1] will be the value xp,_1. We
have thus found that L(f,g,7) = 2x,—1. A similar argument will show that U(f,g,7) = 2(2 — xg,—1).
This immediately implies that L(f,g9) = U(f,g) = 2.
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Example 8.3.2. Let f be any bounded function which is discontinuous from the left at 1 on [0,2]. Again,
let g be defined on [0,2] by

Does [ fdg exist?

Solution 8.3.2. First, since we know f is not continuous from the left at 1 and g is continuous from the
right at 1, the conditions of Lemma 7.2.1 do mot hold. So it is possible this integral does not exist. We
will in fact show this using arguments that are similar to the previous example. Again, ™ is a partition

which has xx, = 1. We find

L(f,g,m) = (me[xi]gfhl] f(w)> (3 - 1)), U(f g, m) = (:ce[j;ipl,l] f(af)> (3 - 1))-

Since we can choose xp, —1 as close to 1 as we wish, we see

inf f(x) — min(f(17), f(1))
€[TRy —1,1]
sup  f(z) — max(f(17), f(1))
z€[wpg—1,1]
But f is discontinuous from the left at 1 and so f(17) # f(1). For concreteness, let’s assume f(17) <
f(1) (the argument the other way is very similar). We see L(f,g) =2f(17) and U(f,g) = 2f(1). Since
these values are not the same, f is not Riemann Stieljes integrable with respect to g by the Riemann -

Stieljes equivalence theorem, Theorem 7./.1.

Example 8.3.3. Let f be any bounded function which is continuous from the left at 1 on [0,2]. Again,
let g be defined on [0,2] by

Does [ fdg exist?

Solution 8.3.3. First, since we know f is continuous from the left at 1 and g is continuous from the
right at 1, the conditions of Lemma 7.2.1 do hold. So this integral does exist. Using Lemma 7.2.1, we
see

2
/0 fdg = F(1)(g(1+) — g(17)) = 2/(1).

We can also show this using partition arguments as we have done before. Again, m is a partition which

has xp, = 1. Again, we have
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Since we can choose x, — 1 as close to 1 as we wish, we see
inf  f(z) — min(f(17), f(1))
€[wpg—1,1]
sup - f(z) — max(f(17), f(1))

TE[Tpy—1,1]

But f is continuous from the left at 1, f(17) = f(1). We see L(f,g) = 2f(1) and U(f,g) = 2f(1). Since
these values are the same, f is Riemann Stieljes integrable with respect to g by the Riemann - Stieljes

equivalence theorem, Theorem 7.4.1.

Example 8.3.4. Define a step function g on [0,12] by

Oa O S T < 2
gl@) = § LI (G- 1)/36, 2<a<8
21/36 + Y47k (13— j)/36, 8 < <12

where | x| is the greatest integer which is less than or equal to x. The function g is everywhere continuous
from the right and represents the probability of rolling a number j < xz. It is called the cumulative
probability distribution function of a fair pair of dice. The Riemann - Stieljes integral p = f012 xdg(x)
is called the mean of this distribution. The variance of this distribution is denoted by o2 (unfortunate

choice, isn’t it as that is the letter we use to denote evaluation sets of partitions!) and defined to be

12
o = [ - wldgta).
0

Compute p and o2.

Solution 8.3.4. Since f(x) = x is continuous on [0,12], Lemma 7.2.2 applies and we have

/0 ¥ vdg(e) =

12

> j<g<j+> - g(j>>-

=2
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The evaluations are a bit messy.

36(g(2+) —g(27)) = 36(9(2)—9(27)) =1-0=1
36(9(3+) —g(37)) = 36(9(3)—g(37)) =3-1=2
36(g(4+) —g(47)) = 36(9(4) —g(47)) =6-3=3
36(g(5+) —g(57)) = 36(9(5) —g(57)) = 10-6=4
36(g(6+) —g(67)) = 36(g9(6) —g(67)) = 15-10=5
36(g(7+) —g(77)) = 36(9(7) —9g(77)) =21 -15=6
36(g(8+) —g(87)) = 36(g9(8) —g(87)) = 26—-21=
36(g(9+) —g(97)) = 36(9(9) —9(97)) = 30—-26=4

36(9(10+) — g(lo_)) = 36(9(10) — g(lo_)) =33-30=3

36(g(114) — g(117)) = 36(g(11) —g(117)) = 35—-33=2

36(g(12—|—) — g(12_)) = 36(g(12) — g(12_)) =36—-35=1

Thus,
/012 vdg(z) — ( 2(1) + 3(2) + 4(3) + 5(4) + 6(5) + 7(6)

+8(5) 4+ 9(4) + 10(3) + 11(2) + 12(1)) /36

= <2+6+12+20+30+42+40+36+30+22+12)/36
= 252/36 = T.

So, the mean or expected value of a single roll of a fair pair of dice is 7. To find the variance, we

calculate

12
0% = / (z — 7)dg(z)

= > (-7 (g(j+) - g(j))

=2

(25(1) +16(2) + 9(3) + 4(4) + 1(5) + 0(6) + 1(5) + 4(4) + 9(3) + 16(2) + 25(1)) /36

(25+32+27+16+5+5+16+27+32+25)/36
= 210/36 = 35/6.

Example 8.3.5. Let f(x) = e® and let g be defined on [0,2] by

z2, 0<z<1
g(z) =

22 +1, 1<zx<2
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Show [ fdg exists and evaluate it.

Solution 8.3.5. Since g is monotone, f02 fdg exists. We can thus decompose g into its continuous and
saltus part. We find

0, 0<x<1
1, 1<z<2

The saltus integral is evaluated using Lemma 7.2.1. The integrand is continuous and the jump is at 1,

/ngdsg = /0261' dsg(z)

= e'(s,(17) —54(17)) = e(1-0) = e

so we have

and for the continuous part, we can use the fact the integrator is continuously differentiable on [0,2] to

apply Theorem 8.2.3 to obtain

/:fdgc = /Ozewd(f):/026”"2xdx:2(e2+1)
/:fdg /fclgC /fdsg

(e*+1) +
We can also do this by integration by parts, Theorem 7.1.2. Since f € RSJg,0,2], it follows that
g € RS[f,0,2] and

Thus,

2

2 2
/ f@)dg(z) = ¢ gla)| — / o()df (z)
0 0

0

2
= Pg(2) - g(0) — / gw)d(e”)

2
e? —/ g(x)e®du.
0

Example 8.3.6. Let f(x) = e® and let g be defined on [0,2] by

Show [ fdg exists and evaluate it.

Solution 8.3.6. We know that g is of bounded variation on [1,2] because it is continuously differentiable
with bounded derivative there. But what about on [0,1]? We know that the function h(z) = 2% on [0, 1]
is of bounded variation on [0,1] because it is also continuously differentiable with a bounded derivative.

If 7 is any partition of [0,1] then we must have, using standard notation for the partition points of ,
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that

p—1
> | Ag | = > 1Ag |+ 1g(1) = glap |

=0

<V(h,0,1) + 2 gl -

Since the choice of partition on [0,1] is arbitrary, we see g € BV[0,1]. Thus, combining, we have that
g € BV0,2]. It then follows that f € RS|g,0,2]. Now note that on [0, 1], we can write g(x) = h(z)+u(x)

where

0, 0<xr<l1
u(r) = .
sin(1) =1, x=1.

Then, to evaluate f02 fdg we write

/Ozfdg = /Olfdg+/12fdg

- /01 fd(h+u)+/12 fd(sin(z))

/0 ) + /O " fd(w) + /1 " f cos(a)de
- /01 e‘”?zderf(l)(u(l)u(l))Jr/lQemcos(:L’)dx
= /01 e*2zdx + e(sin(1) — 1) + /12 e” cos(x)dx

and these integrals are standard Riemann integrals that can be evaluated by parts.

8.4 Homework

Exercise 8.4.1. Define g on [0,2] by

-2 z =0
23 0<z<1
glz) = 9/8 x =1
/A +1 1 <a<?
7 T =2

This function is from a previous ezercise.
1. Show that if f(x) = x* on [0,2], then f € RS[g,0,2].
2. Compute f02 fdg.
3. Ezxplain why g € RS[f,0,2].

4. Compute f02 gdf .
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Exercise 8.4.2. Define g on [0,2] by

I
o

<x<l1

<z <2

=2
8
~—
Il
-3
~
N
8 = 8 O 8
Il
—_

I
NS

This function is also from a previous ezercise.
1. Show that if f(z) = x*+5 on [0,2], then f € RS[g,0,2].
2. Compute f02 fdg.
3. Ezxplain why g € RS[f,0,2].
4. Compute f02 gdf .

Exercise 8.4.3. Let f and g be defined on [0,4] by

1, 0<z<l1
z, xe€@N[0,4 2, 1<x<?2
fla) = 04 ga) -
2z, x€Irnjo,4], 3, 2<x<3
4, 3<z<4.

Does [ fdg exist and if so what is its value?

Exercise 8.4.4. Let f(x) = 2% and let g be defined on [0, 3] by

z2, 0<z<2
g(z) =

224+4, 2<x<3.
Show [ fdg exists and evaluate it.

Exercise 8.4.5. Let f(x) = 22 + 32 + 10 and let g be defined on [—1,5] by

(@) a:3, —1<zr<2
x =
g 1022, 2< <5,

Show [ fdg exists and evaluate it.

Exercise 8.4.6. The following are definitions of integrands f1, fo and f3 and integrators g1, g2 and g3
on [0,2]. For each pair of indices i,j determine if f02 fidg; exists. If the integral exists, compute the

value and if the integral does not exist, provide a proof of its failure to exist.
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-1, z=0
x, 0<zx<1
() z, 0<ze<1 (@) Pl o lez<? (@) z, 0<x<1
x) = r)=14 x , x x) =
o r41, 1<ae<2 P 95 s41, l<z<?
4, T =2,
4, T =2.

Exercise 8.4.7. Prove

Theorem 8.4.1. Limit Interchange Theorem For Riemann - Stieljes Integrals

Assume g € BV[a,b] and {f,} C RS]g,a,b] converges uniformly to fo on [a,b]. Then
(Z) f() € RS[ga a, b]7

(ii) If F,(x f fn(t) ) and Fo(x f fo(t) , then F, converges uniformly to
Fy on [a,b].

(iii)

hm/ fn(t)dg(t) /fo (t)dg(t)

Exercise 8.4.8. Let g be stm’ctly monotone on [a,b]. For f1, fa in Cla,b], define w : Cla,b] x C|a, b]
by w(f1, f2) f fit dg(t).

(i) Prove that w is an inner product on Cla,b).

(it) Prove if w(f,h) =0 for all h € RS[g,a,b], then f =0.

— R
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...« Measurable Functions and Spaces

If you have been looking closely at how we prove the properties of Riemann and Riemann Stieljes
integration, you will have noted that these proofs are intimately tied to the way we use partitions to
divide the function domain into small pieces. We are now going to explore a new way to associate a

given bounded function with a real number which can be interpreted as the integral.

Let X be a nonempty set. In mathematics, we study sets such as X when various properties and
structures have been added. For example, we might want X to have a metric d to allow us to measure an
abstract version of distance between points in X. We could study sets X which have a linear or vector
space structure and if this resulting vector space possessed a norm || - ||, we could determine an abstract
version of the magnitude of objects in X. Here, we want to look at collections of subsets of the set X

and impose some conditions on the structure of these collections.

Definition 9.0.1. Sigma Algebras
Let X be a nonempty set. A family of subsets S is called a o - algebra if

(1) 0, X € S.
(ii) If A€ S, sois AY. We say S is closed under complementation or complements.
(iii) If {An}52, € S, then U A, € S. We say S is closed under countable unions.

The pair (X, S) will be called a measurable space and if A € S, we will call A an S measurable
set. If the underlying o - algebra is understood, we usually just say, A is a measurable subset
of X.

A common tool we use in working with countable collections of sets are De Morgan’s Laws.
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Lemma 9.0.2. De Morgan’s Laws

Let X be a nonempty set and {Ay|a € A} be any collection of subsets of X. Hence, the index

set A may be finite, countably infinite or arbitrary cardinality. Then

(i)
C
(ua AQ) = N AS

(ii)

Proof. This is a standard proof and is left to you as an exercise. ]

9.1 Examples

Let’s work through a series of examples of o algebras.

Example 9.1.1. Let X be any not empty set and let S = {A|A C X}. This is the collection of all
subsets and is sometimes called the power set of X. 1t is often denoted by the symbol P(X). This
collection clearly is a o algebra. Hence, (P(X), X ) is a measurable space and all subsets of X are P(X)
measurable.

Example 9.1.2. Let X be any set and S = {0, X}. Then this collection is also a o algebra, albeit not

a very interesting one! With this o algebra, X is a measurable space with only two measurable sets.

Example 9.1.3. Let X be the set of counting numbers and let S = {0,0, E, X} where O is the odd

counting numbers and E, the odd. It is easy to see (S, X ) is a measurable space.

Example 9.1.4. Let X be any uncountable set and let S = {A C X|A is countable or A® is countable}.
It is easy to see ) and X itself are in S. If A € S, then there are two cases: A is countable and /or AC
is countable. In both cases, it is straightforward to reason that A is also in S. It remains to show that
S is closed under countable unions. To do this, assume we have a sequence of sets A,, from S. Consider

A = U, A,. There are several cases to consider.

1. If all the A,, are countable, then so is the countable union implying A € S.

2. If all the A,, are not countable, then each AS is countable. Thus, N, AS = (U, A,)C is countable.
Again, this tells us A € S.
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3. If a countable number of A,, and a countable number of AS are uncountable, then we have, since

X is uncountable,

c
(UnAn) = (ﬂnAS)
= (m(An countable) Ag) N <m(An uncountable) Ag)

= (Q(Ag uncountable) Ag) N <m(A§ countable) AS)

Now, for any index n, we must have N, AS C AS. Thus, since some AS are countable, we
must have Ny, A,C; is countable. By De Morgan’s Laws, it follows that (Uy, An)c is countable. This
implies A € S.

We conclude (X, S) is a measurable space.

Example 9.1.5. Let X be any nonempty set and let S; and Sz be two sigma - algebras of X. Let

S3 = {A§X|A€81andA€SQ}
= Sl ﬂSQ.

1t is straightforward to see that (X, S3) is a measurable space.

Example 9.1.6. Let X be any nonempty set. Let A be any nonempty collection of subsets of X. Note
that P(X), the collection of all subsets of X, is a sigma - algebra of X and hence, (X, P(X)) is a
measurable space that contains A. By Example 9.1.5, we know if S1 and Sa are two other sigma -
algebras that contain A, then 81 N Sy is a new sigma - algebra that also contains A. This suggests we

search for the smallest sigma - algebra that contains A.

Definition 9.1.1. The Sigma - Algebra Generated By Collection A

The sigma - algebra generated by a collection of subsets A in a nonempty set X, is denoted

by o(A) and is defined by
olAd) = N{S|ACS}.

Since any sigma - algebra S that contains A by definition satisfies 0(A) C S, it is easy to see
why we interpret this generated sigma - algebra as the smallest sigma - algebra that contains

the collection A.

9.2 The Borel Sigma - Algebra of i

We now discuss a very important sigma algebra of subsets of the real line called the Borel sigma - algebra

which is denoted by B. Define four collections of subsets of R as follows:
1. A is the collection of finite open intervals of the form (a,b),

2. B is the collection of finite half open intervals of the form (a, b],
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3. C is the collection of finite half open intervals of the form [a,b) and
4. D is the collection of finite closed intervals of the form [a, b].

It is possible to show that

This common sigma - algebra is what we will call the Borel sigma - algebra of . It should be evident to
you that a set can be very complicated and still be in B. Some of these equalities will be left to you as
homework exercises, but we will prove that 0(A) = o(D). Let S be any sigma - algebra that contains
A. We know that

[a,b] = (—o0,b] N [a,00)

= (0, OO)C N (700704)6

- (om0 (b,o@)c’.

In the representation of [a, b] above, note we can write

oo

(—o00,a) = U(—n,a)
La]

o

U (b,n).

[o]

(b, 0)

Since, S is a sigma - algebra containing A, the unions on the right hand sides in the equations above
must be in S. This immediately tells us that [a, 8] is also in S. Hence, since [a, b] is arbitrary, we conclude
D is contained in S also. Further, since is true for any sigma - algebra that contains A, we have that
D C 0(A). Thus, by definition, we can say o(D) C o(A).

To show the reverse containment is quite similar. Let S be any sigma - algebra that contains D.
We know that

(a,b)

(—o00,b) N (a,00)

[b,oo)c N (—oo,a]c

<(—oo,a] U [b,oo))c.

In the representation of (a,b) above, note we can write

(—OO,CL] = U[—ma]
La]
and

[ba OO) = U [ba n]
[b]
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Since, S is a sigma - algebra containing D, the unions on the right hand sides in the equations above
must be in §. This immediately tells us that (a,b) is also in S. Hence, since (a,b) is arbitrary, we
conclude A is contained in S also. Further, since is true for any sigma - algebra that contains A, we
have that A C (D). Thus, by definition, we can say o(A) C (D). Combining, we have the equality

we seek.

9.2.1 Homework

Exercise 9.2.1. Prove 0(A) = o(B).
Exercise 9.2.2. Prove o(B) = o(C).

Exercise 9.2.3. Prove any Cantor set is in B.

9.3 The Extended Borel Sigma Algebra

It is often very convenient to deal with a number system that explicitly adjoins the symbols co and —oo
to the standard real line . This is actually called the two - point compactification of R, but that is

another story!

Definition 9.3.1. The Extended Real Number System
The extended real number systems is denoted by R and is defined as the real numbers with two
additional elements:

R = R U {+oo} U {—oc0}.

We want arithmetic involving the new symbols oo to reflect our everyday experience with
limits of sequences of numbers which either grow without bound positively or negatively. Hence,

we use the conventions for all real numbers x:

(£o0) 4+ (£o0) = 2 + (£o0) = (£0) + & = +o0,
(£00) - (H00) = o0,
(£00) - (Foo) = = (Foo) - (F00) = —oo,
x - (foo) = = (foo) -z = oo ifz > 0,
x - (foo) = = (foo) -z =04fx =0,
x - (foo) = = (foo) -z = Fooifz < 0.

We can not define the arithmetic operations (00) + (—00), (—00) + (00) or any the four ratios
of the form (£o0)/(£00).

We can now define the Borel sigma - algebra in R. Let E be any Borel set in R. Let

E, = FEU{-o0}, B3 = EU{+oc}, and E3 = EU{+oc} U{+oc}.
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Then, we define
B = {E,El,EQ,E3|EEB}.
We leave to you the exercise of showing that B is a sigma - algebra in R.

Exercise 9.3.1. Prove that B is a sigma - algebra in R.

It is that open intervals in R are in B, but is it true that B contains arbitrary open sets? To see that

it does, we must prove a characterization for the open sets of .

Theorem 9.3.1. Open Set Characterization Lemma

If U is an open set in R, then there is a countable collection of disjoint open intervals C =
{(an,bn)} so that U = U, (an,by,).

Proof. Since U is open, if p € U, there is an r > 0 so that B(p;r) C U. Hence, (p —r,p+71) CU
implying both (p,p+ 1) CU and (p—r,p) CU. Let

Sy = {ylpy) CU} and T, = {z|(z,p) CU}.

1t is easy to see that both S, and T, are nonempty since U is open. Let b, = sup S, and a, = inf T},.
Clearly, b, could be 400 and a, could be —oo.
Consider u € (ap,bp). From the Infimum and Supremum tolerance lemmas, we know there are points

z* and y* so that

N

u<y <b, <o and (py")U
,—00 < ap < 2" <u and (z%,p) CU.
Hence, u € (z*,y*) C U which implies uw € U. Thus, since u in (ap, by) is arbitrary, we have (ap,b,) CU.
if a, or b, were not finite, they can not be in N and can not be in U. However, what if either one was
finite? Is it possible for the point to be in U? We will show that in this case, the points a, and b, still
can not lie in U. For concreteness, let us assume that a, is finite and in U. Then, ap, would be an
interior point of U. Hence, there would be a radius p > 0 so that (a, — p,a,) C U implying ap, —p € T),.
Thus, infT), = a, < a, — p which is not possible. Hence, a, €U. A similar argument then shows that if
by is finite, by, is not in U.

Thus, we know that a, and b, are never in U and that p is always in the open interval (ap,by,) CU.
Let F = {(ap,by) | p € U}. We see immediately that

u = U]:(ap,bp).

Let (a,b) and (c,d) be any two intervals from F which overlap. From the definition of F, we then know
that a, b, ¢ and d are not in U. Then, if a > d, the two intervals would be disjoint; hence, we must have
a < d. By the same sort of argument, it is also true that ¢ < b. Hence, if ¢ is in the intersection, we

have a chain of inequalities like this:

a<c<qg<b<d
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Neat, since a € U, we see a < ¢ since (¢,d) C U. Further, since ¢ ¢ U and (a,b) C U, it follows that
c < a. Combining, we have a = c. A similar argument shows that b = d. Hence, (a,b)N(c,d) # 0 implies

that (a,b) = (c,d). Thus, two interval I, and I, in F are either the same or disjoint. We conclude

U = U I,.

(disjoint I,€F)

Let Fy be this collection of disjoint intervals from F. Each I, in Fy contains a rational number r,. By
definition, it then follows that if I,, and I, are in Fy, then rp # rq. The set of these rational numbers is
countable and so we can label them using an enumeration ry,. Label the interval I,, which contains r, as

I,. Then, we have
u=J L,
n=1

which is the desired result. |

9.4 Measurable Functions

Let f: R — R be a continuous function. let O be an open subset of ®. By Theorem 9.3.1, we know

that we can write

O = (an.bn)

where the (a,,b,) are mutually disjoint finite open intervals of . It follows immediately that O is in
the Borel sigma - algebra B. Now consider the inverse image of O under f, f~%(0). If p € f~1(0),
then f(p) € O. Since O is open, f(p) must be an interior point. Hence, there is a radius r > 0 so that
(f(p)—r, f(p)+r) C O. Since f is continuous at p, there then is a § > 0so that f(z) € ((f(p)—r, f(p)+7)
if z € (p—3&,p+6). This tells us that (p—3&,p+6) C f~1(O). Since p was arbitrarily chosen, we conclude
that f=1(0) is an open set.

We see that if f is continuous on R, then f~1(O) is in the Borel sigma - algebra for any open set
O in R. We can then say that f~1(a,00) is in B for all & > 0. This suggests that an interesting way
to generalize the notion of continuity might be to look for functions f on an arbitrary nonempty set X
with sigma - algebra S satisfying f~1(0) € S for all open sets O. Further, by our last remark, it should
be enough to ask that f~!((c,00)) € S for all @ € R. This is exactly what we will do. It should be no

surprise to you that functions f satisfying this new definition will not have to be continuous!

Definition 9.4.1. The Measurability of a Function
Let X be a nonempty set and S be a sigma - algebra of subsets of X. We say that f : X — R

is a S - measurable function on X or simply S measurable if

Va > 0, {ze X | f(z) >a} € S.

We can easily prove that there are equivalent ways of proving a function is measurable.
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Lemma 9.4.1. Equivalent Conditions For The Measurability of a Function
Let X be a nonempty set and S be a sigma - algebra of subsets of X. The following statements

are equivalent:

(i): Va>0, Ay ={zx e X | f(z)>a} € S,

(iii): Yoo >0, Co ={z € X | f(z

)
(ii): Va >0, By ={z e X | f(z) <a} € S,
() > a} € S,
)

2
<

(w): Yo >0, Do, ={z € X | f(z) <a} € S.

Proof.

Subproof. If A, € S, then its complement is in S also. Since By, = AS, (i) follows. O
(ii) = (i):

Subproof. If B, € S, then its complement is in S also. Since A, = BS, (i) follows. O
(#ii) & (iv):

Subproof. Since C,, = DS and D, = CS, arguments similar to those of the previous cases can be
applied. O

Hence, if we show (i) < (i), we will be done. (i) = (iii):
Subproof. By (i), Ax_1/n €S for all n. We know

Co = () Aaryn = Nfalf@) > a—1/n}

We also know Ag_l/n is measurable and so U, Ag_l/n is also measurable. Thus, the complement of

Un Agﬁl/n is also measurable. Then, by De Morgan’s Laws, Co, = Ny Aq_1/pn is measurable. O
Subproof. Note, Coi1/n €S for alln and so

Aa = U Cariyn = Ulalf@) = a+1/n}
is also measurable. d

We conclude all four statements are equivalent. |
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9.41 Examples

Example 9.4.1. Any constant function f on a nonempty set X with given sigma - algebra S is mea-

surable as if f(x) = ¢ for some c € R, then

hes a>c
XeS a<ec

{z]f(z) >a} = {

Example 9.4.2. Let X be a nonempty set X with given sigma - algebra S. Let E € S be given. Define

B 1 ifxeFE
Iple) = {o ifzd E

Then I is measurable. Note

eSS a>1
{z|Ig(z) > a} = EcS 0<axl
XesS ax<0

Example 9.4.3. Let X = R and S = B. Then, if f : R — R is continuous, f is measurable by the
arguments we made at the beginning of this section. More generally, let f : [a,b] — R be continuous on
[a,b]. Then, extend f to R as f defined by

fla) z<a
f = flx) a<z<b
fb) x>b

Then f is continuous on R and measurable with f‘l(oz, o0) € B for all a. It is not hard to show that
BNla,b] = {EC]Ja,b]|FE € B}

is a sigma -algebra of the set [a,b]. Further, the standard arguments for f continuous on [a,b] show us
that f~(a,00) € BN[a,b] for all . Hence, a continuous f on the interval [a,b] will be measurable with
respect to the sigma - algebra BN [a,b].

We can argue is a similar fashion for functions continuous on intervals of the form (a,b], [a,b) and

(a,b) whether a and b is finite or not.

Example 9.4.4. If X = R and § = B, then any monotone function if Borel measurable. To see this,
note we can restrict our attention to monotone increasing functions as the argument is quite similar for

monotone decreasing.

heS flz)<aVz

{zlf@) > a} = {XGS f(z) > aV.
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Hence, it is enough to consider the cases where f takes on the value o without a jump at the point
xo or f has a jump across the value o at xg. In the first case, since f is monotone increasing and
f(mo) = a, f71(a,0) = (zg,00) € B. On the other hand, if f has a jump at xo across the value a, ,
then f(zy) # f(xd) and a € [f(zy), f(x)]. there are three possibilities:

(i): f(zg) = flwo) < f(zd): If @ = f(x0), then since f is monotone, f~'(a,00) = (wg,00). If
f(zo) < a < f(xf), we again have f~'(a,00) = (wg,00). Finally, if o = f(zg), we have
fY(a,00) = [z0,00). In all cases, these inverse images are in B.

(ii): flzg) < f(xo) < f(xg): A similar analysis shows that all the possible inverse images are Borel
sets.

(iii): f(xy) < f(wo) = f(xd): we handle the arguments is a similar way.

We conclude that in all cases, f~'(a,00) € B and hence f is measurable.
Note, the analysis of the previous example could be employed here also to show that a monotone
function defined on an interval such as [a,b], (a,b) and so forth is Borel measurable with respect to the

restricted sigma - algebra BN [a,b] etc.

Exercise 9.4.1. Let f be piecewise continuous on [a,b]. Prove that f is measurable with respect to the
restricted Borel sigma - algebra BN [a,b]. Recall, a function is piecewise continuous on [a,b] if there are

a finite number of points x; in [a,b] where f is not continuous.

Comment 9.4.1. For convenience, we will start using a more abbreviated notation for sets like {x €
X | f(z) > a}; we will shorten this to {f(x) > a} or (f(z) > a) in our future discussions.

9.5 Properties of Measurable Functions

We now want to see how we can build new measurable functions from old ones we know.

Lemma 9.5.1. Properties of Measurable Functions

Let X be a nonempty set and S a sigma - algebra on X. Then if f and g are S measurable,

(i): cf for all c € R.
(ii): f2.
(iii): f+g.
(iv): fg.
(): | f1.
Proof.
(i):
Subproof. If ¢ =0, cf =0 and the result is clear. If ¢ > 0, then (cf(z) > o) = (f(x) > o/c) which is

measurable as f is measurable. If ¢ < 0, a similar argument holds. a

(ii):
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Subproof. If a <0, then (f*(z) > a) = X which is in S. Otherwise, if a > 0, then
(f*(2) > a) = (f(x) > Va) U (f(z) < —Va),

and both of these sets are measurable since f is measurable. The conclusion follows. O

(iii):

Subproof. Ifr € Q, let S, = (f(z) > r) N (g(x) > o —r) which is measurable since f and g are
measurable. We claim that

(f(@) +9(x) > ) = |J 5

reQ
To see this, let x satisfy f(x) + g(x) > «. Thus, f(x) > o — g(x). Since the rationals are dense in R,

we see there is a rational number r so that f(x) > r > g(x) — «a. This clearly implies that f(z) > « and

g(x) > a—r and so x € S,.. Since our choice of x was arbitrary, we have shown that

(f(x)+g@)>a) € ] S
req

The converse is easier as if x € Sy, it follows immediately that f(x) + g(z) > a.
Since S, is measurable for each r and the rationals are countable, we see (f(z) + g(z) > «) is

measurable. O

(iv):

Subproof. To prove this result, note that fg = (1/4) ((f +9)2—(f - g)2> and all the individual pieces
are measurable by (i) and (i). O

(v):
Subproof. If a <0, (f(x) > ) = X which is measurable. On the other hand, if a > 0,
(f*(x) > a) = (f(x) >a) U (f(z) < —a),

which implies the measurability of | f |. O

We can also prove another characterization of the measurability of f.

Lemma 9.5.2. A Function is Measurable If and Only If Its Positive and Negative Parts Are
Measurable
Let X be a nonempty set and S be a sigma - algebra on X. Then f: X — R is measurable if

and only if fT and f~ are measurable, where

ff(@) = max{f(2),0}, and f*(z) = —min{f(z),0}.
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Proof. Wenote f f*—f~ and| f|= f*+f~. Thus, fT = (1/2)<| I —l—f) and f~ = (1/2)(| 7 —f).
Hence, if f is measurable, by Lemma 9.5.1 (i), (iii) and (v), f* and f~ are also measurable. Conversely,

if fT and f~ are measurable, f = fT — f~ is measurable as well. |

9.6 Extended Valued Measurable Functions

We now extend these ideas to functions which are extended real valued.
Definition 9.6.1. The Measurability Of An Extended Real Valued Function

Let X be a nonempty set and S be a sigma - algebra on X. Let f : X — R. We say f is S
measurable if (f(z) > ) is in S for all a in R.

Comment 9.6.1. If the extended valued function f is measurable, then (f(x) = +00) = Ny (f(z) > n)
c

is measurable. Also, since (f(x) = —o0) = (Un(f(m) > —n)) , it is measurable also.

We can then prove an equivalence theorem just like before.

Lemma 9.6.1. Equivalent Conditions For The Measurability of an Extended Real Valued
Function

Let X be a nonempty set and S be a sigma - algebra of subsets of X. The following statements
are equivalent:

(i): YVa >0, Ay ={z e X | f(z) >a} € S,
(ii): Yoo >0, B ={x € X | f(z) <a} € S,
(iti): Ya >0, Co={z e X | f(z) >a} € S,
(iv): YVa >0, Do ={x € X | f(zx) <a} € S.
Proof. The proof follows that of Lemma 9.4.1 m

The collection of all extended valued measurable functions is important to future work. We make
the following definition:

Definition 9.6.2. The Set of Extended Real Valued Measurable Functions
Let X be a nonempty set and S be a sigma - algebra of subsets of X. We denote by M(X,S)

the set of all extended real valued measurable functions on X. Thus,

M(X,S) = {f:X —R|f is S measurable}.

It is also easy to prove the following equivalent definition of measurability for extended valued
functions.

Lemma 9.6.2. Extended Valued Measurability In Terms Of The Finite Part Of The Function

Let X be a nonempty set and S be a sigma - algebra of subsets of X. Then f € M(X,S) if
and only if (i): (f(z) = +o00) €S, (it): (f(x) = —00) € S and (iii): f1 is measurable where

e { f(@) @ ¢ (f(z) = +o0) U (f(z) = —o0),
0 2€(f@)=+o0) U (f(z) = —o0).
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Proof. By Comment 9.6.1, if f is measurable, (i) and (i) are true. Now, if a > 0 is given, we see
(file) >a) = (fl&) >a) (flx)=+0c0) = (f(z) >a) N (f(z) = +00)C,
which is a measurable set. On the other hand, if o < 0, then
(filz) >a) = (f(z)>a) U (f(z) = —o0),

which is measurable as well. We conclude f1 is measurable. Conversely, if (i), (ii) and (¥ii) hold, then

if a >0, we have
(f(@) >a) = (filz) >a) N (f(z)=+00),
and if a < 0,
(f@)>a) = (filz)>a) (f(z)=—00),
implying both sets are measurable. Thus, f is measurable. n

Example 9.6.1. Let X be a nonempty set X with given sigma - algebra S. Let E € S be given. Define
the extended value characteristic function

Ln(x) {oo ifreF

0 ifzéE

Then Ig is measurable. Note

EFEeS a>0
z|lg(x) >a}t = -
{alls (@) ) { XesS ax<o0
Note also that if we define
00 ifee
g (@) /
—00 ifrx g FE
Then I is measurable. We have
EFEeS a>0
I > = -
{alle(z) > a} {EGS a<0

Finally, (Ig(z) = +00) = E and (Ig(x) = —00) = E€ are both measurable and the fi type function
used in Lemma 9.6.2 here is (Ig)1(z) = 0 always.

It is straightforward to prove these properties:
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Lemma 9.6.3. Properties of Extended Valued Measurable Functions

Let X be a nonempty set and S a sigma - algebra on X. Then if f and g are in M(X,S), so
are

(i): cf for all c € R.
(ii): f2.
(1it): f+ g, as long as we restrict the domain of f + g to be Etq where

c
E?g = ((f(x) =400) N (g(z) = —o0) U (f(z) = —c0) N (g(x) = —|—oo)> )

We usually define (f + g)(z) = 0 on Ef,. Note Ey, is measurable since f and g are
measurable functions.

(w): | f1, fF and f~.

Proof. These proofs are similar to those shown in the proof of Lemma 9.5.1. However, let’s look at the

details of the proof of (ii). We see that our definition of addition of the extended real valued sum means
that

(o) = (F+9) Iug,

Define h by

Let o be a real number. Then
(f(x) +g(z) > a) N Ef, a>0

(h(@) > a) = ((f(x) +g()>a) N E%) UE; a<0

Similar to what we did in Lemma 9.5.1, for r € Q, let
Sy = (f(z)>r)N (9(x) >a—71) N Efq

which is measurable since f and g are measurable. We claim that

(f(@)+g(x)>a) N ES, =[] S
req

To see this, let x satisfy f(x) + g(x) > . Thus, f(xz) > o — g(x). Since the rationals are dense in R,
we see there is a rational number r so that f(x) > r > g(x) — «a. This clearly implies that f(x) > « and
g(x) > a—r and so x € S,.. Since our choice of x was arbitrary, we have shown that

(f(x) +g(z c U s

reQ
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The converse is easier as if © € S,., it follows immediately that f(x)+g(x) is defined and f(z)+g(x) > .
Since Sy is measurable for each v and the rationals are countable, we see (f(z) + g(z) > a) N Ejgg

18 measurable. [ |

To prove that products of extended valued measurable functions are also measurable, we have to use

a pointwise limit approach.

Lemma 9.6.4. Pointwise Infimums, Supremums, Limit Inferiors and Limit Superiors are
Measurable

Let X be a nonempty set and S a sigma - algebra on X. Let (f,) C M(X,S). Then
(i): If f(z) =inf, fo(x), then f € M(X,S).

(i1): If F(x) = sup,, fn(x), then F € M(X,S).

(iii): If f*(2) = liminf, fo(x), then f* € M(X,S).

(iv): If F*(z) = limsup,, fn(z), then F* € M(X,S).

Proof. It is straightforward to see that (f(z) > a) Ny (fn(z) > @) and (F(z) > a) Uy, (fu(z) > a) and
hence, are measurable for all a.. It follows that f and F' are in M(X,S) and so (i) and (i) hold. Next,

recall from classical analysis that at each point x,

liminf(f,(z)) = sup lgf fr(x),
limsup(f,(z)) = inf su;) fr(x).
n o k>n

Now let z,(z) = infy>,, fr(z) and wy(v) = supys,, fx(z). Applying (i) to z,, we have z, € M(X,S) and
applying (i) to wy,, we have w, € M(X,S). Then apply (i) and (ii) to sup,, z, and infw,, respectively,
to get the desired result. |

This leads to an important result.

Theorem 9.6.5. Pointwise Limits of Measurable Functions Are Measurable

Let X be a nonempty set and S a sigma - algebra on X. Let (f,) € M(X,S) andlet f : X — R
be a function such that f, — f pointwise on X. Then f € M(X,S).

Proof. We know that liminf,, f,(z) = limsup,, fn(z) =lim, f.(x). Thus, by Lemma 9.6.4, we know

that f is measurable. |

Comment 9.6.2. This is a huge result. We know from classical analysis that the pointwise limit of
continuous functions need not be continuous (e.g. let fn(t) = t" on [0,1]). Thus, the closure of a
class of functions which satisfy a certain property (like continuity) under a limit operation is not always
guaranteed. We see that although measurable functions are certainly not as smooth as we would like,

they are well behaved enough to be closed under pointwise limits!

We now show that M(X,S) is closed under multiplication.
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Lemma 9.6.6. Products of Measurable Functions Are Measurable

Let X be a nonempty set and S a sigma - algebra on X. Let f,g € M(X,S). Then fg €
M(X,S).

Proof. Let f,, the truncation of f, be defined by

f(@) |
fu(z) = n f
f

—n

f(@)|<n
() >n
(z) < —n

We define the truncation of g, gn, is a similar way. We can easily show f, and g., are measurable for
any n and m. We only show the argument for f, as the argument for g, is identical. Let o be a given

real number. Then

1] a>n,
n) 0<a<n,
n) —-n<a<o,

(fu(x) >a) =

a < —n.

It is easy to see all of these sets are in S since f is measurable. Thus, each real valued f, is measurable.
It then follows by Lemma 9.5.1 that f,gm is also measurable. Note we are using the definition of
measurability for real valued functions here. Next, an easy argument shows that at each x,
flx) = limfo(z) and g(x) = limgn(z)

It then follows that

F@) amla) = tim( el

Using Theorem 9.6.5, we see fgn, is measurable. Then, noting

f@) o) = tin(f@am) )

another application of Theorem 9.6.5 establishes the result. |

Lemma 9.6.7. Continuous Functions Of Finite Measurable Functions Are Measurable
Let X be nonempty and (X, S, p) be a measure space. Let f € M(X,S) be finite. Let ¢ : R — R

be continuous. Then ¢ o f is measurable.

Proof. Let o be in R. We claim

<¢of>_1(a700> - f‘1<¢‘1(a700)>-
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First, let x be in the right hand side. Then,
flx) € o7 Ha,00) = qb(f(sc)) € (a,00)
-1
= x € (¢Of> (ar, 00).

Conversely, if x is in the left hand side, then

(601)@) € te) = 1) € o7 (a0
= =z € f1<¢1(a,oo)>.

Since ¢ is continuous, G = ¢~ (a, ) is an open set. Finally, since f is measurable, f~1(Q) is in S.

We conclude that ¢ o f is measurable, since our choice of « is arbitrary. |

Our final results in this section are a standard approximation result and a consequence.

Theorem 9.6.8. The Approximation Of Non negative Measurable Functions By Monotone

Sequences

Let X be a nonempty set and S a sigma - algebra on X. Let f € M(X,S) which is non
negative. Then there is a sequence (¢n) C M(X,S) so that

(i): 0 < ¢p(x) < dpy1 for all x and for allm > 1.
(ii): dn(x) < f(x) for allx and n and f(z) = lim, ¢, (z).

(iii): Each ¢, has a finite range of values.

Proof. Pick a positive integer n. Let

> B {xeX\% < f(x) < k;; , for 0<k<n2"-1
S {reX|n < f(o)}, for k= n2"

You should draw some of these sets for a number of choices of non negative functions f to get a feel
for what they mean. Once you have done this, you will see that this definition slices the [0,n] range of
f into n2" slices each of height 27". The last set, Epon ,, is the set of all points where f(x) exceeds n.
This gives us a total of n2" 41 sets. It is clear that X = Uy E), ., and that each of these sets are disjoint
from the others. Now define the functions ¢, by

Pnlz) =

27, T € Ek,n-

1t is evident that ¢, only takes on a finite number of values and so (iii) is established. Also, since f is
measurable, we know each Ey,, is measurable. Then, given any real numberc, the set (¢, (x) > «) is
either empty or consists of a union of the finite number of sets Ey ., with the property that o > (k/2™).
Thus, (¢n(x) > «) is measurable for all a. We conclude each ¢, is measurable. If f(x) = +oo, then
by definition, ¢,(x) = n for all n and we have f(x) = lim, ¢,(x). Note, the ¢, values are strictly

monotonically increasing which shows (i) and (ii) both hold in this case.
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On the other hand, if f(x) is finite, let ng be the first integer with ng — 1 < f(x) < ng. Then, we
must have ¢1(x) = 1, ¢pa(x) = 2 and so forth until we have ¢pp,—1 = ng — 1. These first values are

monotone increasing. We also know from the definition of ¢n, that there is a ko so that

ko
2m0

ko+1

< fla) < 22

Thus, 0 < f(x) — ¢n,(x) < 27, Now consider the function ¢pn,+1. We know

ko ko+1

2m0’  2no
%y 2ko+1. ko4 1 kg2

- [2’ﬂ0+1’ ono+1 ) [ ono+l 7 9no+l )

fl@) e | )

If f(z) lands in the first interval above, we have

2k ko
¢n0+1($) = 27L0+1 = 2n0o = ¢n0 (‘r)
and if f(x) is in the second interval, we have
2ko + 1 ko
¢710+1(x) = ono+1 > 9no = (bno (l‘)

In both cases, we have ¢n, (1) < ¢pyr1(x). We also have immediately that 0 < f(x)—ppo1(x) < 277071

The argument for ng+2 and so on in quite similar and is omitted. This establishes (i) for this case.
In general, we have 0 < f(x) — ¢r(x) < 27F for all k > ng. This implies that f(z) = lim,, ¢,,(z) which
establishes (ii). [ ]

Lemma 9.6.9. Continuous Functions Of Measurable Functions Are Measurable
Let X be nonempty and (X, S, p) be a measure space. Let f € M(X,S). Let ¢ : R — R be
continuous and assume that lim,, ¢(n) and lim,, ¢(—n) are well defined extended value numbers.

Then ¢ o f is measurable.

Proof. Assume first that f is non negative. Then by Theorem 9.6.8, there is a sequence of finite non
negative increasing functions (f,) which are measurable and satisfy f, T f. Let E be the set of points
where f is finite. Then,

fz) xe€EC
lim, n z€kF.

liTan fn(x) = {

Thus, since ¢ is continuous,

| _ [ ey  weE©
hrrln ¢<fn($)> - { ¢(lim, n) z € E.

We have assumed that lim,, ¢(n) is a well defined number 5 in [oo,00]. Thus, if § is finite, we have

lim ¢(fn(o:>> = ¢(fIEc) + 01p
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which is measurable since the first part is measurable by Lemma 9.6.7 and the second part is measurable

since E is a measurable set by Lemma 9.6.2. If B = oo, we have

lim ¢(fn(x)> _ {éﬁ(f(x)) x € E°

00 reFl.

Now apply Lemma 9.6.2. Since E is measurable and f, defined by

B o(f(z)) =eEC
h@) = {0 z€E,

is measurable, we see lim,, qb(fn(m)) is measurable. A similar argument holds if B = —oo. We conclude

that if f is non negative, ¢ o f interpreted as above is a measurable function.
Thus, if f is arbitrary, the argument above shows that ¢o fT and ¢po f~ are measurable. This implies
that o f = ¢o (fT — f7) is measurable when interpreted right. |

9.7 Homework

Exercise 9.7.1. If a, b and ¢ are real numbers, define the value in the middle, mid(a,b,c) by
mid(a,b,c) = inf{sup{a,b}, sup{a,c}, sup{b,c} }.

Let X be a nonempty set and S a sigma - algebra on X. Let fi1, fa, f3 € M(X,S). Prove the function h
defined pointwise by h(x) = mid(f1(x), f2(z), f3(x)) is measurable.

Exercise 9.7.2. Let X be a nonempty set and S a sigma - algebra on X. Let f € M(X,S) and A > 0.
Define fa by

fl@), [fl@)]<A
A, flx)> A
“A, fx) < —-A

fa(z)

Prove fa is measurable.

Exercise 9.7.3. Let X be a nonempty set and S a sigma - algebra on X. Let f € M(X,S) and assume
there is a positive K so that 0 < f(z) < K for all x. Prove the sequence ¢, of functions given in

Theorem 9.6.8 converges uniformly to f on X.

Exercise 9.7.4. Let X and Y be nonempty sets and let f : X — Y be given. Prove that if T is a sigma
- algebra of subsets of Y, then {f~Y(E)| E € T} is a sigma - algebra of subsets of X.

Exercise 9.7.5. Let (X,S) be a measurable space. Let (u,) be a sequence of measures on S with
wn(X) <1 for allm. Define A on S by

(oo}

ME) = 3 12" ua(E)

n=1

for all measurable E. Prove X\ is a measure on S.
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Chapter

% Measure And Integration

Once we have a nonempty set X with a given sigma - algebra S, we can develop an abstract version
of integration. To motivate this, consider the Borel sigma - algebra on %, B. We know how to develop
and use an integration theory that is based on finite intervals of the form [a,b] for bounded functions.
Hence, we have learned to understand and perform integrations of the form f; f(t)dt for the standard

Riemann integral. We could also write this as

/ D = [ pwar

[a.b)

and we have learned that

fOdt = / Ft)dt = / fwdt = [ f
la,b] (a,b) (a,b] la,b)
Note that we can thus say that we can compute | g f(t)dt for E € B for sets E which are finite and have
the form [a, b], (a,b], [a,b) and (a,b). We can extend this easily to finite unions of disjoint intervals of

the form F as given above by taking advantage of Theorem 4.5.3 to see

/UnEn f(tydt = Z[E f(t)dt.

However, the development of the Riemann integral is closely tied to the interval [a, b] and so it is difficult
to extend these integrals to arbitrary elements F of B. Still, we can see that the Riemann integral is
defined on some subset of the sigma - algebra B.

From our discussions of the Riemann - Stieljes integral, we know that the Riemann integral can be
interpreted as a Riemann - Stieljes integral with the integrator given by the identity function id(z) = x.
Let’s switch to a new notation. Define the function p(z) = x. Then for our allowable E, we can write
Jz f@dt = [ f(t)du(t) which we can further simplify to [, fdu as usual. Note that p is a function

which assigns a real value which we interpret as length to all of the allowable sets E we have been
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discussing. In fact, note p is a mapping which satisfies
(i): If E is the empty set, then the length of F is 0; i.e. u()) = 0.
(ii): If E is the finite interval [a,b], (a,b], [a,b) or (a,b), u(E) =b— a.

(iii): If (E,) is a finite collection of disjoint intervals, then the length of the union is clearly the sum of
the individual lengths; i.e. u(UpEy) = >, u(En).

However, p is not defined on the entire sigma -algebra. Also, it seems that we would probably like to
extend (iii) above to countable disjoint unions as it is easy to see how that would arise in practice. If
we could find a way to extend the usual length calculation of an interval to the full sigma -algebra, we
could then try to extend the notion of integration as well.

It turns out we can do all of these things but we can not do it by reusing our development process
from Riemann integration. Instead, we must focus on developing a theory that can handle integrators
which are mappings p defined on a full sigma - algebra. It is time to precisely define what we mean by

such a mapping.

Definition 10.0.1. Measures

Let X be a nonempty set and S a sigma - algebra of subsets in X. We say pn: S — R is a
measure on S if

(i): u(0) =0,
(ii): p(E) >0, foradl E €S,
(#3): p is countably additive on S; i.e. if (E,) C S is a countable collection of disjoint sets,
then p(UnEy) =3, 1(Ey).

We also say (X, S, p) is a measure space. If u(X) is finite, we say u is a finite measure. Also,
even if u(X) = oo,the measure p is almost finite if we can find a collection of measurable sets
(F) so that X = U, F,, with u(F,) finite for all n. In this case, we say the measure j is o -
finite.

We can drop the requirement that the mapping p be non negative. The resulting mapping is called

a charge instead of a measure. This will be important later.

Definition 10.0.2. Charges

Let X be a nonempty set and S a sigma - algebra of subsets in X. We sayv :S — R is a
charge on S if

(i): v(0) =0,

(ii): v is countably additive on S; i.e. if (E,) C S is a countable collection of disjoint sets,
then v(UpEy) =5 v(Ey).

Note that we want the value of the charge to be finite on all members of S as otherwise we
could potentially have trouble with subsets having value oo and —oo inside a given set. That

would then lead to undefined oo — oo operations.

Let’s look at some examples:
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Example 10.0.1. Let X be any nonempty set and let the sigma - algebra be S = P(X), the power set of
X. Define p1 on S by pui1(E) =0 for all E. Then py is a measure, albeit not very interesting! Another
non interesting measure is defined by po(E) = oo if E is not empty and 0 if E = (.

Example 10.0.2. Let X be any set and again let S = P(X). Pick any element p in X. Define u by
wE)=0ifpg E and 1 if p € E. Then u is a measure.

Example 10.0.3. Let X be the counting numbers, N, and S = P(N). Define p by u(E) is the
cardinality of E if E is a finite set and oo otherwise. Then p is a measure called the counting measure.

Note that N = U, {1,...,n} for alln and p({1,...,n}) =n, which implies p is a o - finite measure.

Example 10.0.4. This example is just a look ahead to future material we will be covering. Let B be
the extended Borel sigma - algebra. We will show later there is a measure \ : B — R that extends the
usual idea of the length of an interval. That is, if E is a finite interval of the form (a,b), [a,b), (a,b] or
[a,b], then the length of E is b —a and A\(E) = b — a. Further, if the interval has infinite length, (for
example, E is (—00,a)), then A(FE) = oo also. The measure A will be called Borel measure and since
R = U,[—n,n], we see Borel measure is a o - finite measure. The sets in B are called Borel measurable

sets.

Example 10.0.5. We will be able to show that there is a larger sigma - algebra M of subsets of R and
a measure p defined on M which also returns the usual length of intervals. Hence, B C M strictly (i.e.
there are sets in M not in B) with = X\ on B. This measure will be called Lebesque measure and the
sets in M will be called Lebesgue measurable sets. The proof that there are Lebesque measurable sets that
are not Borel sets will require a non constructive argument using the Axion of Choice. Further, we will
be able to show that the Lebesgue sigma - algebra is not the entire power set as there are non Lebesgue
measurable sets. The proof that such sets exist requires the use of the interesting functions built using

Cantor sets discussed in Chapter 6.

Example 10.0.6. In the setting of Borel measure on R, we will be able to show that if g is a continuous

and monotone increasing function of R, then there is a measure, A, defined on B which satisfies

A (E) = /Edg

for any finite interval E. Here, fE dg is the usual Riemann - Stieljes integral.

10.1 Some Basic Properties Of Measures

Lemma 10.1.1. Monotonicity

Let (X, 8, 1) be a measure space. If E;F € S with E C F, then u(E) < u(F). Moreover, if
w(E) is finite, then u(F'\ E) = u(F) — p(E).

Proof. We know F = E U (F\ E) is a disjoint decomposition of F. By the countable additivity of
w, it follows immediately that W(F) = p(E) + p(F\ E). Since u is nonnegative, we see u(F) > p(E).
Finally, if p(E) is finite, then subtraction is allowed in p(F) = wu(E) + uw(F \ E) which leads to
wF\E) = u(F) - p(E). L
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Lemma 10.1.2. The Measure Of Monotonic Sequence Of Sets
Let (X,S, 1) be a measure space.

(i): If (Ey) is an increasing sequence of sets in S (i.e. FE, C E,i1 for all n), then
w(Up Ey) = limy, u(Ey).

(ii): If (F,) is an decreasing sequence of sets in S (i.e. Fyy1 C F, for all n) and pu(Fy) is
finite, then p(N,F,) = lim,, pu(F,).

Proof. To prove (i), if there is an index ng where p(Ey, is infinite, then by the monotonicity of p, we
must have oo = p(E,, < p(UpFEy,). Hence, u(U,E,) = oco. However, since E,, C E, for all n > ng,
again by monotonicity, n > ng implies p(Ey,) = co. Thus, lim, u(E,) = u(U,E,) = co. On the other
hand, if p(Ey) is finite for all n, define the disjoint sequence of set (A,) as follows:

A1 = FE;

Ay = E)\E;
Az = E3\E»
An = E, \ E, 1

We see UpA,, = UpE,, and since p is countably additive, we must have u(U,Ay,) = >, pn(Ay). Since
by assumption p(E,) is finite in this case, we know u(Ay) = u(Ey) — p(En-1). It follows that

n

S Ay = pE)LY (u(Ek) - u(Ek1)>
k=2

k=1
= p(Er) + p(En) — p(Er)

= p(En).
We conclude
p(UnEy) = pu(Undy)
= lim»  p(Ag)
=
= hm,u(En)

this proves the validity of (i). Next, for (ii), construct the sequence of sets (E,) by

E, =0

By = F\F
E3 = [\ F;
E, = F\F,.
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Then (E,,) is an increasing sequence of sets which are disjoint and so by (i), p(Uy Ey) = lim, u(Ey).
Since u(Fy) is finite, we then know that w(E,) = p(F1) — u(F,). Hence, u(U, Ey) = p(Fy) —lim, p(F).
Next, note by De Morgan’s Laws,

M(UnEn) = :U’(UnFl anC)

w(Fy N <mnFn) C)

w(F1\ (ﬂnFn> ).

Thus, since p(Fy) is finite and N, F, C Fy, we have p(UpEy) = p(F1) — p(NpFy). Combining these

results, we have
p(F1) =lim p(F) - = p(F) = (O Fy).-

The result then follows by canceling u(Fy) from both sides which is allowed as this is a finite number.
|

We will now develop a series of ideas involving sequences of sets.

Definition 10.1.1. Limit Inferior And Superior Of Sequences Of Sets

Let X be a nonempty set and (A,) be a sequence of subsets of X. The limil inferior of (Ay,)
is defined to be the set

oo o0

liminf = lim(4,) = U ﬂ A,
m=1 n=m
while the limit superior of (A,) is defined by
limsup = lim(4,) = m U A,
m=1 n=m

It is convenient to have a better characterization of these sets.

Lemma 10.1.3. Characterizing Limit Inferior And Superiors Of Sequences Of Sets

Let (A,,) be a sequence of subsets of the nonempty set X. Then we have
liminf(4,) = {x€ X |x € Ay for all but finitely many indices k} = B
and

limsup(4,) = {z€ X |z € Ay for infinitely many indices k} = C

Proof. We will prove the statement about liminf(A,,) first. Let x € B. If there are no indices k so that
x & A, then x € N2, telling us that € liminf(A,,). On the other hand, if there are a finite number of

n=1

indices k that satisfy © ¢ Ay, we can label these indices as {k1,...,kp} for some positive integer p. Let
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k* be the mazimum index in this finite list. Then, if k > k*, v € N5 ,.. This implies immediately that
r € liminf(A,). Conversely, if x € liminf(A,), there is an index ko so that x € N7, . This implies
that x can fail to be in at most a finite number of Ay where k < kg. Hence, x € B.

Next, we prove that limsup(A,) = C. If x € C, then if there were an index mg so that x ¢ US2
then = would belong to only a finite number of sets Ay which contradicts the definition of the set C.

n=myq’

Hence, there is no such index mo and so v € USZ, for all m. This implies x € limsup(A4,). On the
other hand, if x € limsup(4,), then x € U2 for all m. So, if x was only in a finite number of sets
Ay, there would be a largest index m* satisfying x € Ay but © € Ay, if m > m™. But this then says
x & limsup(A,,). This is a contradiction. Thus, our assumption that x was only in a finite number of
sets Ay, is false. This implies x € C. |

Lemma 10.1.4. Limit Inferiors And Superiors Of Monotone Sequences Of Sets

Let X be a nonempty set. Then

(i): If (Ay) is an increasing sequence of subsets of X, then

liminf(A,) = limsup(4 U A,

n=1

(ii): If (A,) is a decreasing sequence of subsets of X, then

liminf(A,) = limsup(4

HDEE

(iii): If (A,) is an arbitrary sequence of subsets of X, then

) C liminf(A,) C limsup(A4,)

Proof.

(i): If x € limsup(Ay), then © € US2Z, A,. Conversely, if x € U2, A,, there is an index ng so that
x € Ay,. But since the sequence (An) is increasing, this means x € A, for all n > ng also. Hence,
x € USL, An for all indices m > ng. However, it is also clear that x is in any union that starts at
n smaller than ng. Thus, x must be in NS_; U~ A,. But this is the set limsup(4,). We con-
clude limsup(A,) = US2 ;. Now look at the definition of iminf(A,). Since A, is monotone increasing,
NS, An = A Hence, it is immediate that liminf(A,) = U5,

(ii): the argument for this case is similar to the argument for case (i) and is left to you.
(#i): it suffices to show that liminf(A,) C limsup(4,). If z € liminf(A,), by Lemma 10.1.3, = belongs
to all but finitely many A,. Hence, x belongs to infinitely many A,. Then, applying Lemma 10.1.3

again, we have the result. [ ]

There will be times when it will be convenient to write an arbitrary union of sets as a countable

union of disjoint sets. In the next result, we show how this is done.

164



SOME BAsic PROPERTIES OF MEASURES CHAPTER 10:

Lemma 10.1.5. Disjoint Decompositions Of Unions

Let X be a nonempty set and let (A,) be a sequence of subsets of X. Then there exists a
sequence of mutually disjoint set (Fy,) satisfying Up, A, = U, F,.

Proof. Define sets E,, and F,, as follows:
Ey = 0, F1 = A1\ Ey = A
By = A, Iy = A\Er = A\ A
By = A|JA2, Fs = As\Ey = As)\ (A1UA2>
3 3
By = |JAr, Fi= A4\E; = A4\<UAk)
k=1 k=1

En = Ak7 Fn+1 = An+1\En = A4\<
k=1

Note that (E,,) forms a monotonically increasing sequence of sets with cup,A,, U, E,. We claim the

sets I, are mutually disjoint and Uj_, f; = U7_ A;. We do this by induction.

Subproof. Basis: It is clear that Fy and Fs are disjoint and Fy UFy = A1 U As. Induction: We assume
that (Fy,) are mutually disjoint for 1 <k <n and U;?:lfj = U;”':lAj for 1 <k <n as well. Then

Fn+1 - An+1 \ En

= Ani1 () <£Jlf4j>c
= ﬁ(An+1ﬂA§>.

j=1

Now, by construction, F; C A;j for all j. However, from the above expansion of Fy 1, we see Fy 1 C AJC
for all1l < j <mn. This tells us Fj,41 C ch for these indices also. We conclude F, 11 is disjoint from all
the previous F;. This shows (F;) is a collection of mutually disjoint sets for 1 < j <mn+1. This proves
the first part of the assertion. To prove the last part, note

n+1

L:JIFJ- = QFJ-UF”H
SR )

Jj=1
n+1

= | 4,
j=1

This completes the induction step. We conclude that this proposition holds for all n. O

Since the claim holds, it is then obvious that U?:1fj = U;-L:1Aj- |
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To finish this section on measures, we want to discuss the idea that a property holds except on a set
of measure zero. Recall, this subject came up when we discussed the content of a subset of J earlier in

Section 5.3. However, we can extend this concept of an arbitrary measure space (X, S, i) as follows.

Definition 10.1.2. Propositions Holding Almost Everywhere

Let (X,S, 1) be a measure space. We say a proposition P holds almost everywhere on X if
{z € X | P does not hold } has u measure zero. We usually say the proposition holds u a.e.
rather than writing out the phrase pu almost everywhere. Also, if the measure p is understood
from context, we usually just say the proposition hold a.e. to make it even easier to write

down.

Comment 10.1.1. Given the measure space (X,S, ), if f and g are extended real valued functions on
X which are measurable, we would say f =g p a.e. if p({x € X | f(x) # g(x)}) =0.

Comment 10.1.2. Given the measure space (X,S,u), If (fn) is a sequence of measurable extended
real valued functions on the X, and f : X — R is another measurable function on X, we would say f,
converges pointwise a.e. to f if the set {x € X | fp(x) & f(x)} has measure 0. We would usually write

fn — f pointwise u a.e.

10.2 Integration

In this section, we will introduce an abstract notion of integration on the measure space (X, S, ). Recall
that M(X,S) denotes the class of extended real valued measurable functions f on X. First we introduce
a standard notation for some useful classes of functions. When we want to restrict our attention to the
non negative members of M (X,S), we will use the notation that f € M*(X,S).

To construct an abstract integration process on the measure space (X,S, 1), we begin by defining

the integral of a class of functions which can be used to approximate any function f in M*(X,S).

Definition 10.2.1. Simple Functions

Let (X,S, 1) be a measure space and let f : X — R be a function. We say [ is a simple
function if the range of f is a finite set and f is S measurable. This implies the following
standard unique representation of f. Since the range is finite, there is an positive integer N

and distinct numbers aj, 1 < j < N so that
(i): the sets E; = f~'(a;) are measurable and mutually disjoint for 1 < j < N,
(ii): X = U L Ej,

(iii): [ has the characterization
N
Z a;lE,(z

We then define the integral of a simple function as follows.
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Definition 10.2.2. The Integral Of A Simple Function
Let (X, 8, 1) be a measure space and let ¢ : X — R be a simple function. Let

N
o) = Y ajlg (),
j=1

be the standard representation of ¢ where the numbers a; are distinct and the sets E; are
mutually disjoint, cover X, and are measurable for 1 < j < N for some positive integer N.

Then the integral of ¢ with respect to the measure i is the extended real valued number
N
/ ¢du = Y aj u(E)).
j=1

Comment 10.2.1. We note that [ ¢dp can be +0o0. Recall, our convention that 0 -oco = 0. Hence,
if one of the values a; is 0, the contribution to the integral is Op(E;) which is 0 even if u(E;) = oo.
Further, note the 0 function on X can be defined as Iy which is a simple function. Hence, [ 0dp = 0.

Using this, we can define the integral of any function in MT(X,S).

Definition 10.2.3. The Integral Of A Nonnegative Measurable Function

Let (X,8, 1) be a measure space and let f € M+ (X,8), ). For convenience of notation, let
F* denote the collection of all non negative simple functions on X. Then, the integral of f

with respect to the measure p is the extended value real number

/fdu - sup{/wuwefwsf}.

If E €S, we define the integral of f over E with respect to p to be

/Efdu = /fIEdu-

It is time to prove some results about this new abstract version of integration.

Lemma 10.2.1. Properties Of Simple Function Integrations
Let (X, 8, 1) be a measure space and let ¢, € MT(X,S)) be simple functions. Then,

(i): If ¢ > 0 is a real number, then c¢ is also a simple function and [cddp = ¢ [ ¢ dp.

(ii): ¢+ is also a simple function and [(¢+ ) dp = [ddp + [ dp.
(iii): The mapping X : S — R defined by N(E) = [ ¢ du for all E in S is a measure.

Proof. Let ¢ have the standard representation

N
o) = Y ol @)
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where the numbers a; are distinct, the sets E; are mutually disjoint, cover X, and are measurable for

1 < j < N for some positive integer N. Similarly, let ¢ have the standard representation

M
Y@) = > belp (@),
k=1

where the numbers by, are distinct, the sets Fy are mutually disjoint, cover X, and are measurable for
1 <k <M for some positive integer M. Now to the proofs of the assertions: (i):
First, ifc=0, c¢ =0 and deu = ()f ody. Next, if ¢ > 0, then it is easy to see c¢ is a simple function

with representation
N
coa) = 3 calp, (@),
j=1

and hence, by the definition of the integral of a simple function

/Cédu = XN:C%‘ n(Ej)

(ii):
This one is more interesting to prove. First, to prove ¢+ is a simple function, all we have to do is find

its standard representation. From the standard representations of ¢ and 1, it is clear the sets Fi, N Ej

are mutually disjoint and since X = UE; = UFy,, we have the identities

N M
F, = U F,NE;, and Ej = U Fy N E;j.
j=1 k=1

Now define h: X — R by

N M
hz) = Z Z (aj + br) Ip,nE; (7).

=1 k=1
Next, since X =U; U, Fp N E;, given x € X, there are indices ky and jo so that x € Fj, N E;,. Thus,
() + Y(x) = aj, I, + bro IRy, = ajo + by,

From the above argument, we see h(x) = ¢(z) + ¥(x) for all x in X. It follows that the range of h is

finite and hence it is a measurable simple function, but we still do not know its standard representation.

To find the standard representation, let ¢;, 1 < i < P be the set of distinct numbers formed by the
collection {a; + by |1 < j < N, 1<k < M}. Then let U; be the set of index pairs (j,k) that satisfy
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¢i = aj + by. Finally, let

G; = U EjﬂFk.

(4,k)€U;

Since the sets Fi, N E; are mutually disjoint, we have

wGi) = Z

(4,k)€U;

M(Ej N Fk)

It follows that

P
E ¢i Ig,
i=1

is the standard representation of h = ¢ + 1. Thus

=1
_ vy ( > ka>
=1 (4:k)€
p
= Z c; W(E ﬁFk)

But we know that

Hence, we can write

/(¢+w)du = iv:

This can be reorganized as

M M N N M M N
> a; > wENF) + Y b Y wENF) = Y a;p(|JENF) + > bip U SN F)
j=1 k=1 k=1 j=1 j*l k=1 k=1 j=1
M
Z aj n(E;) + Z i (Fi)

/¢du+/wdu
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(iii):

Given
N
o(x) = Z ajlp,(x),
j=1
it is easy to see that
N
¢ Ip(z 2: ilenE; (v

Further, it is straightforward to show that the mappings p; : (S) — R defined by p;j(A) = p(AN E;) for
all A in S are measures on the sigma - algebras SN E; for each 1 < j < N. It is also easy to see that
the finite linear combination of these measures given by £ = Z;V:1 a; (1 15 a measure on S itself. Thus,

applying part (ii) of this lemma, we see

ME) = / ¢lp dp = / ¢IU§V:1EmEj dp
N N
= /(Z ‘MEOEJ-) dp = / a;lpnp; du
j=1 j=1
N N
= D auENE) = a;u(E) = §(EB).
j=1 j=1
We conclude A = € and X is a measure on S. |

Lemma 10.2.2. Monotonicity Of The Abstract Integral For Non Negative Functions

Let (X, S, pu) be a measure space and let f and g be in M (X,8) with f < g. Then, [ fdu <
J gdp. Further, if E C F with E and F measurable sets, then [, fdu < [, fdpu.

Proof. Let ¢ be a positive simple function which is dominated by f; i.e., ¢ < f. Then ¢ is also
dominated by g and so by the definition of the integral of f, we have

[ fau

sup{/¢du|0§¢§f}

IN

Sup{/wduloﬁwﬁg}

/gdu.

Next, if E C F with E and F measurable sets, then fIg < fIg and from the first result, we have

/ flpdu < / fIwdp,

which implies the result we seek. ]
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10.3 Complete Measures And Equality a.e.

We know that is a sequence of extended real - valued measurable functions (f,,) converges pointwise to
a function f, then the limit function is also measurable. But what if the convergence was pointwise a.e?
Is it still true that the limit function is also measurable. In general, the answer is no. We have to add
an additional property to the measure. We will motivate this with an example that we are not really
fully prepared for, but it should make sense anyway.

Let BN [0, 1] denote the Borel sigma - algebra of subsets of [0, 1]. We will be able to show in later
chapters, that there is a measure called Lebesgue measure, uy,, defined on a sigma - algebra of subsets
L, the Lebesgue sigma - algebra, which extends the usual meaning of length in the following sense. If
[a,b] is a finite interval then the length of [a, b] is the finite number b — a. Denote this length by ¢([a, ]).

Then we can show that
pr([a, b)) = £(a,b]) = b—a.

We can show also that every subset in B is also in L. The restriction of iy, to B is called Borel measure
and we will denote it by up.

We can argue that the Borel sigma - algebra is strictly contained in the Lebesgue sigma - algebra
by using the special functions we constructed in Chapter 6. Recall that if C' is a Cantor set constructed
from the generating sequence (a,,) where lim 2"a,, = 0, we could show the content of C' was 0. Then
if we let ¥ be the mapping discussed above for this C' in Section 6.3, we define the mapping mapping
g:10,1] — [0,1] by g(z) = (¥(x)+x)/2. The mapping g is quite nice: it is 1 —1, onto, strictly increasing
and continuous. We also showed in the exercises in Section 6.3 that g(C) is another Cantor set with
lim 2"a,, = 1/2, where (a},) is the generating sequence for g(C).

Now it turns out that the notion of content and Lebesgue measure coincide. Thus, we can say since

C is a Borel set,

Also, we can show that since lim 2"a), = 1/2,
ps(9(C)) = pr(9(C)) = 1/2.

A nonconstructive argument we will present later using the Axiom of Choice allows us to show that
any Lebesgue measurable set with positive Lebesgue measure must contain a subset which is not in the
Lebesgue sigma - algebra. So since pur(g(C)) = 1/2, there is a set F' C g(C) which is not is L. Thus,
g~ Y(F) C C which has Lebesgue measure 0. Lebesgue measure is a measure which has the property that
every subset of a set of measure 0 must be in the Lebesgue sigma - algebra. Then, using the monotonicity
of pr, we have ur,(g~(F)) is also 0. From the above remarks, we can infer something remarkable.

Let the mapping h be defined to be ¢g—!.

Then h is also continuous and hence it is measurable
with respect to the Borel sigma-algebra. Note since B C L, this tells us immediately that A is also
measurable with respect to the Lebesgue sigma - algebra. Thus, h~1(U) is in the Borel sigma - algebra
for all Borel sets U. But we know h~! = g, so this tells us g(U) is in the Borel sigma -algebra if U is a
Borel set. Hence, if we chose U = g~!(F), then g(U) = F would have to be a Borel set if U is a Borel

set. However, we know that F' is not in L and so it is also not a Borel set. We can only conclude that
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g~ Y(F) can not be a Borel set. However, g~*(F) is in the Lebesgue sigma - algebra. Thus, there are
Lebesgue measurable sets which are not Borell Thus, the Borel sigma - algebra is strictly contained in
the Lebesgue sigma - algebra

We can use this example to construct another remarkable thing.

Comment 10.3.1. Using all the notations from above, note the indicator function of C€, the comple-
ment of C, is defined by

1 zecC®
loe(z) = {O rzeC

We see f = Ioc is Borel measurable. Next, define a new mapping like this:

1 zeC®
¢(x) = ¢ 2 zeC\g ' (F)
3 zeg I(F).

Note that ¢ = f a.e. with respect to Borel measure. However, ¢ is not Borel measurable because ¢~*(3)
is the set g~'(F) which is not a Borel set.

We conclude that in this case, even though the two functions were equal a.e. with respect to Borel
measure, only one was measurable! The reason this happens is that even though C has Borel measure 0,

there are subsets of C which are not Borel sets!

Hence, in some situations, we will have to stipulate that the measure we are working with has the

property that every subset of a set of measure zero is measurable. We make this formal with a definition.

Definition 10.3.1. Complete Measure
Let X be a nonempty set and (X,S,u) be a measure space. If E € S with u(E) = 0 and

F C E implies F € S, we say i is a complete measure. Further, it follows immediately that
since p(F) < p(E) =0, that w(F) =0 also.

Comment 10.3.2. This example above can be used in another way. Consider the composition of the
measurable function Ic and the function g defined above. For convenience, let W = g~—'(F) which is

Lebesgue measurable. Then Iy is a measurable function. Consider

1 B 1 g Yz)ew B 1 zeg(W) B 1 zeF B
(Iwog )(x) B {0 g Hx) e W€ _{O x € g(Wo) _{0 x € F¢ = Ir.

But Ir is not a measurable function as F is not a measurable set! Hence, the composition of the

1

measurable function Iy and the continuous function g—" is not measurable. This is why we can only

prove measurability with the order of the composition reversed as we did in Lemma 9.6.7.

Theorem 10.3.1. Equality a.e. Implies Measurability If The Measure Is Complete
Let X be a nonempty set and (X,S, ) be a measure space. Let f and g both be extended real

valued functions on X with f = g a.e. Then, if f is measurable, so is g.
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Proof. Let G be open in R and let E = (f(z) # g(z)). Then, by assumption, E is measurable and
w(E) =0. Then, we claim

76 = (5@ nE)u (1@ )

If x is in g1 (Q), then g(x) is in G N E or it is in G N EC. Now if g(x) € E, g(x) # f(x), but if g(x)
is in the complement of E, g and f must match. Thus, we see x is in the right hand side. Conversely,
if x is in g~Y(G) N E, z is clearly in g~ (G). Finally, if x is in f~1(G) \ E, then since x is not in
E, f(x) = g(z). Thus, * € g~ *(GQ) also. We conclude v € g~(G). This shows the right hand side is
contained in the left hand side. Combining these arguments, we conclude the two sets must be equal.
Since g~ (G)N E is a subset of E, the completeness of yu implies that g~ (G) N E is measurable and
has measure 0. The measurability of f tells us that f~1(G) \ E is also measurable. Hence, g~ (G) is

measurable implying g is measurable. |

If the measure p is not complete, we can still prove the following.

Theorem 10.3.2. Equality a.e. Can Imply Measurability Even If The Measure Is Not
Complete

Let X be a nonempty set and (X, S, ) be a measure space. Let f and g both be extended real
valued functions on X with f = g on the measurable set E¢ with u(E) = 0. Then, if f is

measurable and g is constant on E, g is measurable.
Proof. We will repeat the notation of the previous theorem’s proof. As before, if G is open, we can write
7@ = (@ nE)u (@) b))
Then, since g is constant on E with value say c, we have
Eu (fYG)\FE G
gl G) = <{Q;E Zzg>u<fl(a)\E>: 1(f (@) \ ) ce
(;ene)  cra

In both cases, the resulting set is measurable. Hence, we conclude g is measurable. |

Comment 10.3.3. In Comment 10.5.1, we set

1 zeC®
¢(x) = ¢ 2 zeC\g \(F)
3 xeg IY(F).

and since ¢ was not constant on E = C, ¢ was not measurable. However, if we had defined

c
oz) = {1 reC

c zeC,

then ¢ would have been measurable!
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10.4 Convergence Theorems

We are now ready to look at various types of interchange theorems for abstract integrals. We will be
able to generalize the results of Chapter 5 substantially. There are three basic results: (i) The Monotone
Convergence Theorem, (ii) Fatou’s Lemma and (iii) The Lebesgue Dominated Convergence Theorem.

We will examine each in turn.

Theorem 10.4.1. The Monotone Convergence Theorem

Let (X,S,p) be a measure space and let (fn) be an increasing sequence of functions in
M*(X,S). Let f: X — R be an extended real valued function such that f, — f point-
wise on X. Then f is also in MT(X,S) and

lim / fodp = / fdu.

Proof. Since f, converges to f pointwise, we know that f is measurable by Theorem 9.6.5. Further,
since frn, >0 for allm on X, it is clear that f > 0 also. Thus, f € MT(X,S). Since fr, < fay1 < f, the

monotonicity of the integral tells us

/fndu < /fn+1du < /fdu.

Hence, [ fndp is an increasing sequence of real numbers bounded above by [ fdu. Of course, this limit

could be co. Thus, we have the inequality

[t < [ sa

We no show the reverse inequality, f fdu < f fndp. Let « be in (0,1) and choose any non negative
simple function ¢ which is dominated by f. Let

An = A{z] fu(z) 2 a p(x)}.

We claim that X = U, A,,. If this was not true, then there would be an x which is not in any A,,. This
implies = is in N, AS. Thus, using the definition of A, fn(x) < a¢(x) for all n. Since f, is increasing

and converges pointwise to f, this tells us

flx) < aglr) < ad(x).

We can rewrite this as (1 — a) f(z) < 0 and since 1 — « is positive by assumption, we can conclude
f(x) < 0. But f is non negative, so combining, we see f(x) = 0. Since f dominates ¢, we must have
o(x) = 0 too. However, if this is true, fn(x) must be 0 also. Hence, f,(x) =0 > ad(x) =0 for all n.
This says x € A, for all n. This is a contradiction; thus, X = U,A,.

Next, since f and a¢ are measurable, so is f —ag. This implies {z| f(x)—ad(x) > 0} is a measurable
set. Therefore, A, is measurable for all m. Further, it is easy to A, C Apt1 for all n; hence, (A,) is an

increasing sequence of measurable sets. Then, we know by the monotonicity of the integral, that

/A gy < /A i < / fdp.
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Next, we know that A(E) = [, ¢du defines a measure. Thus,
HmA(A,) = AUn4,) = AX).
n

Replacing \ by its meaning in terms of ¢, we have

/ ¢dp = lim /A n pdyu.

Multiplying through by the positive number o, we have

@ / odp = lim/ addp < lim/ a frdp.
noJa, " JA,
Thus, for all a € (0,1), we have
o / odp < lim/ a frdp.
n ATI,

/ odp < lim/ a fndp.

Since the above inequality is valid for all non negative simple functions dominated by f, we have imme-

/ fdu < lim / o fudit,
nJA,

which provides the other inequality we need to prove the result. |

Letting a — 1, we obtain

diately

This has an immediate extension to series of nonnegative functions.

Theorem 10.4.2. The Extended Monotone Convergence Theorem

Let (X, 8, 1) be a measure space and let (g,) be a sequence of functions in M*(X,8S). Then,

the sequence of partial sums,
n
Sn = Z 9n
k=1

converges pointwise on X to the extended real valued mon negative valued function S =
> re i n. Further, S is also in M+ (X,S) and

lim Smi,u) = /Sdu.

This can also be written in series notation as

S J(E 5

Proof. To prove this result, just apply the Monotone Convergence Theorem to the sequence of partial
sums (Sy,). ]

The Monotone Convergence Theorem allows us to prove that this notion of integration is additive

and linear for positive constants.
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Theorem 10.4.3. Abstract Integration Is Additive

Let (X, 8, 1) be a measure space and let f and g be functions in M (X,S). Further, let o be
a non negative real number. Then

(i): o f isin M (X,S) and

/afdu = a/fd,u.

(i1): Also, f + g is in M+ (X,S) and

/(f+g)du = /fdu+ /gdu-

Proof.

(i): The case a = 0 is clear, so we may assume without loss of generality that @ > 0. We know from
Theorem 9.6.8 that there is a sequence of non negative simple functions (¢,) which are increasing and
converge up to f on X. Hence, since a > 0, we also know that o ¢,, T o f. Thus, by the Monotone
Convergence Theorem, af is in M (X,S) and

li}ln/a(ﬁndﬂ = /afdu.

From Lemma 10.2.1, we know that [ a¢ndp = o [ ¢ndp. Thus,

/afdu = ah}gl/qsndu = a/ fdp.

(i1): If we apply Theorem 9.6.8 to f and g, we find two sequences of increasing simple functions (¢,,)

and ) so that ¢, 1 f and ¥, 1 g. Thus, (¢, +n) 1 (f + g). Hence, by the Monotone Convergence
Theorem, f + g is in M+ (X,S) and

/(f+g)d,u = 1i7rln/ (o + Vn)dp = lirrln/ Ondp + 1i7rln/ Yndp

/fdu + /gd,u.

Theorem 10.4.4. Fatou’s Lemma

Let (X, 8, 1) be a measure space and let (f,) be a sequence of functions in M+ (X,S). Then

/liminf fndu < /liminf fn dp.
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Proof. Recall

liminf f,(z)

sup inf f,(z)

m N>

= lim inf f,(x),

m n>m

inf sup fn(x)

m n>m

= lim sup fu(x).

m n>m

lim sup f,,(z)

Further, if we define g = infp>m fo(x), we know

gm 1 liminf f,(x).

It follows immediately that g,, is measurable for all m and by the monotonicity of the integral

/gmdu < /fn(x)du Yn>m.

This implies that [ g, dp is a lower bound for the set of numbers { [ fn(x) dp} and so by definition of

/ Imdp < J?fn ( / fn(2) du)-

Let o, denote the number inf,, >, (f fu(2) du>, Then, oy, 1 liminf [ fndu. We see

lim/gm dp < lim ir>1f (/ fn(x) du)

= lim o, = liminf / fndp.

m

the infimum,

But since g, T liminf f,(z), this implies

/liminffn(x) dy < liminf/fn du.

These results allow us to construct additional measures.
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Theorem 10.4.5. Constructing Measures From Non Negative Measurable Functions

Let (X, S, 1) be a measure space and let f be a function in M+ (X,S). Then A : S — R defined
by

ANE) = / fdu, E€S8
E
1S a measure.

Proof. If is clear A(D) is 0 and that A(E) is always non negative. To show that X is countably additive,
let (E,) be a sequence of disjoint measurable sets in S and let E = U, E,,, be their union. Then E is

measurable. Define

fo = > flg, = flyp_ &,

k=1

We note that f, T fIg and so by the Monotone Convergence Theorem,

n

NE) = /Efdﬂ = /fIEdu = lim | f,du

But,

[ wdn = | (fIEn> dp

Z int flg, du =

k=1 k=1

3

|

>
—~

S|
&

Combining, we have

which proves that A is countably additive. ]

Once we can construct another measure A from a given measure p , it is useful to think about their
relationship. One useful relationship is that of absolute continuity.
Definition 10.4.1. Absolute Continuity Of A Measure

Let (X,S,p) be a measure space and let X be another measure defined on S. We say \ is
absolutely continuous with respect to the measure p if given E in S with u(E) = 0, then
A(E) =0 also. This is wrilten as A < p.

We can also now prove an important result set within the framework of functions which are equal
a.e.
Lemma 10.4.6. Function f Zero a.e. If and Only If Its Integral Is Zero

Let (X,8, 1) be a measure space and let f be a function in MT(X,S). Then f =0 a.e. if
and only if [ fdu = 0.
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Proof.
(<): If [ fdu =0, then let E, = (f(z) > 1/n). Note E, C E, 11 so that (E,) is an increasing sequence.

Since (E,,) is an increasing sequence, we also know lim, u(E,) = u(U, E,,). Further,
UnE, = {z| f(z) > 0}.

From the definition of E,, we have
> —Ig
f(x) ~Ib.,

o= fras [ Lae = Luis

n

which implies

We see p(Eyn) < 1/n for all n which implies
p(f(x) >0) = lim u(E,) < lim 1/n = 0.

Hence, f is zero a.e.
(=): If f is zero a.e., let E be the set where f(x) > 0. Let f, = nlg. Note that

f(z) >
(z) =

m n>

liminf f,(z) = sup inf { g

Clearly, f(z) < liminf f,(z) which implies [ fdp < [ liminf f, dp. Finally, by Fatou’s Lemma, we
find

inf fdu < /liminf frndp < liminf / frndp = liminf nu(E) = 0.
We conclude inf f dp = 0. ]

Comment 10.4.1. Given f in M¥(X,S), Theorem 10.4.5 allows us to construct the new measure A
by NE) = [, fdu. If E has 1 measure 0, we can use Lemma 10.4.6 to conclude that A(E) = 0. Hence,

a measure constructed in this way is absolutely continuous with respect to p.

We can now extend the Monotone Convergence Theorem slightly. It is often difficult to know that
we have pointwise convergence up to a limit function on all of X. The next theorem allows us to relax

the assumption to almost everywhere convergence as long as the underlying measure is complete.

Theorem 10.4.7. The Extended Monotone Convergence Theorem

Let (X, S, p) be a measure space with complete measure i and let (fr,) be an increasing sequence
of functions in M*(X,S). Let f : X — R be an extended real valued function such that f, — f
pointwise a.e. on X. Then f is also in M+ (X,S) and

lim / fodp = / fdu.

Proof. Let E be the set of points where f, does not converge to f. Then by assumption E has measure
0 and f, T f on E€. Thus,

falge T flge
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and applying the Monotone Convergence Theorem, we have

li7rln/ntEc = /fIEc

and we can say f Igc is in MT(X,S). Now f is equal to fIgc a.e. and so although in general, f need
not be measurable, since u is a complete measure, we can invoke Theorem 10.3.1 to conclude that f is

actually measurable. Hence, fIg is measurable too. Since u(E) = 0, we thus know that

/fIEdM = /ntEd,uzo.

Therefore, we have

/fdu

/EfdMJr/ECfdu=/chdu

im [ fody = lim (/ fo dp +/ fndu) - lim/fndu-
n Ec n EC E n

10.5 Extending Integration To Extended Real Valued Functions

The results of the previous sections can now be used to extend the notion of integration to general
extended real valued functions f in M(X,S).

Definition 10.5.1. Summable Functions

Let (X,S, ) be a measure space and f be in M(X,S). We say f is summable or integrable
on X if [ frdu and [ f~du are both finite. In this case, we define the integral of f on X

with respect to the measure p to be

[raw= [ an— [ 1tan

Also, if E is a measurable set, we define

L[ v frw

We let L1(X,S, 1) be the collection of summable functions on X with respect to the measure
I

Comment 10.5.1. If f can be decomposed into two non negative measurable functions f1 and fa as
f=1/f1— f2 ae. with [ fidp and [ fadp both finite, then note since f = f* — f~ also, we have

fi+f =R+

Thus, since all functions involved are summable,

[ nan s [ £raw= [ pdus [ i
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/(fz—f1)dM = /(f+—f_)du = / fdpu.

Hence, the value of the integral of f is independent of the decomposition.

This implies that

There are a number of results that follow right away from this definition.

Theorem 10.5.1. Summable Implies Finite a.e.

Let (X,S, 1) be a measure space and [ be in L1(X,S). Then the set of points where f is not

finite has measure 0.

Proof. Let E,, = (f(x) > n). Then it is easy to see that (E,) is a decreasing sequence of sets and so

M(O En> = lim p(E,).

It is also clear that

(f(x) = o0) = ) En.

n

/f*du = /E J‘erqu/Eg [T dp

> / frdu > np(E).
E,

Next, note

Thus, u(E,) < ([ fTdw)/n. Since, the integral is a finite number, this tells us that lim,, u(E,) = 0.
This immediately implies that w(E) = 0.
A similar argument shows that the set (f(x) = —o0) which is the same as the set (f~(x) = o0) has

measure 0. [ |

Theorem 10.5.2. Summable Function Equal a.e. To Another Measurable Function Implies
The Other Function Is Also Summable

Let (X, S, 1) be a measure space and f be in L1(X,S). Then if g € M(X,S) with f =g a.e.,

g 1s also summable.

Proof. Let E be the set of points in X where f and g are not equal. Then E has measure zero. We then
have flgc = glgc and so glgc must be summable. Further, ftIgc = gt Igc and f~Igc = ¢ Igc.
We then note that

/ g Igedy = / g Igedp + / g Ipdp

because [ gt Igdp =0 since E has measure zero. But then we see

/ g* dy = / g Tpodu + / g Igdp = / fHIgedy + / FHIpdy = / 1+ dp.

Thus, we can see that [ gt du is finite. A similar argument shows [ g*du is finite and so g is summable.
|
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Theorem 10.5.3. Summable Function Equal a.e. To Another Function With Measure Com-
plete Implies The Other Function Is Also Summable

Let (X, S, 1) be a measure space with p complete and f be in L1(X,S). Then if g is a function

equal a.e. to f =g, g is also summable.

Proof. First, the completeness of u implies that g is measurable. The argument to show g is summable

is then the same as in the previous theorem’s proof. |

We can extend the Monotone Convergence a bit more and actually construct a summable limit

function in certain instances. This is known as Levi’s Theorem.

Theorem 10.5.4. Levi’s Theorem
Let (X,S,p) be a measure space and let (f,) be a sequence of functions in Ly (X, S, u) which

satisfy fn < fny1 a.e. Further, assume

lim / fndp < oco.
Then, there is a summable function f on X so that f, 1 f a.e. and [ fodp 1 [ fdp.

Proof. Define the new sequence of functions (gn) by gn = fn — f1. Then, since (fy,) is increasing a.e.,
(gn) is increasing and non negative a.e. By assumption, lim,, [ g,du is then finite. Call its value I for

convenience of exposition. Now define the function g pointwise on X by

g9(x) = limgy,(z).

This limit always exists as an extended real number in [0,00] and since each g, is measurable, so is g.

Let E = (g(x) = o). Note that
E = ﬂ (U(gn(x) > Z)),

and so we know that E is measurable.
For each nonnegative measurable function g;, there is an increasing sequence of simple functions

(¢1) such that ¢ T g;. For each n, define (recall the binary operator V means a pointwise mazimum,)

U, = ¢- V @2 V-V o

n

Then it is clear that ¥,, is measurable. Given any x in X, we have that

Ungi(x) = ¢nig V @oy Voo VoorE
}L+1 v ¢721+1 VoV (ﬂ“
G VO Vo VO

AV

Hence, (U,,) is an increasing sequence. Moreover, it is straightforward to see that

Vo(z) < gi(z) V gaz) V -+ V gn(x) < gnlz) = g().
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Hence, we know that lim,, ¥,,(z) < g(x). If this limit was strictly less than g(z), let r denote half of the
gap size; i.e., v = (1/2)(g(z) — lim,, ¥,,(x). Then, since V,,(z) > ¢, where i is an index between 1 and
n, we would have

¢, < glx) —r, 1 <i<n.

This implies that ¢7 < g(x) —r for all n. In particular, fiving the index i, we see that ¢!, < g(x) —r
for all n. But since ¢¢, 1 g;, this says gi(x) < g(z) — r. Since, we can do this for all indices i, we have
lim; g;(z) < g(z) —r or g(z) < g(x) — r which is not possible. We conclude lim,, ¥,, = g pointwise on
X.

Neat, we claim [V, dy = lim, [ g,du. To see this, first notice that [W,du > [ ¢Ldu for all
1 <i<mn. In fact, for any index j, there is an index n* so that n* > j. Hence, [W,~du > fgb{ld,u.

This still holds for any n > n* as well. Thus, for any index j, we can say

lim/\llndp > lim/d‘ldu = /gjdu.

lim/\l'nd,u Zsup/gjduzlim/gjduzl.
n _7 J

This implies that

Also, since ¥,, < gp(x),
lim / U,dy < lim / gndp = 1.

This completes the proof that [V, dp = lim, [ g,du.

We now show the measure of E is zero. To do that, we start with the functions ¥, A klg for any
positive integer k, where the wedge operation A is simply taking the minimum. If g(x) is finite, then
Ig(x) = 0 and since U, is non negative, ¥,, AN kIg = 0. On the other hand, if g(x) = oo, then x € E
and so klg(x) = k. Since V,, 1 g, eventually, ¥,,(x) will exceed k and we will have ¥,, N\kIg = k. These

two cases allow us to conclude
U, A kig 7 kig

for all x. Thus,
/k;IEd,u = / U, A klgduy < /\Ilndu < lim/gndu = 1.

We conclude k p(E) < I for all k which implies that u(E) = 0.

Finally, to construct the summable function f we need, define h = glgc. Clearly, g, T h on E©,

that is, a.e. Also, since ¥,, 1 g on E€, the Monotone Convergence Theorem tells us that

lim W, du T / gdu.
EC EC

/ gd,u:/hdu.
EC
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Hence, h is summable and so f1 + h is also summable. Define f = f1 +h on X and we have f is

summable and

T fit+h

fu
[ fuds = [ sdus [ nan
/fd,u.

FEach summable function can also be used to construct a charge.

Theorem 10.5.5. Integrals Of Summable Functions Create Charges

Let (X,S, ) be a measure space and let [ be a functions in L1(X,S, ). Then the mapping
A:S — R defined by

AE) = /Efdu

for all E in S defines a charge on S. The integral fE fdp is also called the indefinite integral

of [ with respect to the measure L.

Proof. Since f is summable, note that the mappings \T and A\~ defined by
©) = [t = [ 5
E E

both define measures. It then follows immediately that A is countably additive and hence is a charge. W

Comment 10.5.2. Since fE f du defines a charge and is countably additive, we see that if (E,) is a

collection of mutually disjoint measurable subsets, then

frw = X, g

10.6 Properties Of Summable Functions

We need to know if Li(X,S, i) is a linear space under the right interpretation of scalar multiplication

and addition. To do this, we need some fundamental inequalities and conditions that force summability.
Theorem 10.6.1. Fundamental Abstract Integration Inequalities
Let (X, S, p) be a measure space.

(i): f e Li(X,S,p) if and only if | f|€ L1(X,S, p).

(ii): f € Li(X,S,p) implies | [ fdu|< [ ][] dp.

(ii3): f measurable and g € L1(X,S,p) with | f |<| g | implies f is also summable and
JIflduw < [ gl du

184



PROPERTIES OF SUMMABLE FUNCTIONS CHAPTER 10:

Proof.
(i): If f is summable, fT and f~ are in M (X,S,u) with finite integrals. Since | f |= fT+ f~,
we see | f|T=| f|and | f|7=0. Thus, [ | f |t du= [(fT + f7)dp which is finite. Also, since
J1F 1~ du=0, we see that | f | is summable.

Conversely, if | f | is summable, then [ | f |t dpu= [(fT + f7)du is finite. This, in turn, tells us
each piece is finite and hence f is summable too.
(ii): If f is summable, then

I/fdul = \/f*du—/f‘du\
/f*dqu/f‘du

= [t ra= [ 151

IN

(iii): Since g is summable, so it | g | by (i). Also, because | f |<| g |, each function is in M+ (X,8S) and
so [|f1Tdu<[|gl|" du which is finite. Hence, | f | is summable. Then, also by (i), f is summable.
|

We can now tackle the question of the linear structure of Lq(X,S, ).

Theorem 10.6.2. The Summable Function Form A Linear Space
Let (X,8, 1) be a measure space. We define operations on Ly (X, S, 1) as follows:

o scalar multiplication: for all o in R, af is the function defined pointwise by (af)(z) =

af(z).

e addition of functions: for any two functions f and g the sum of f and g is the new
function defined pointwise on E,?q by (f + g)(x) = f(z) + g(x), where, recall,

Eypg = ((f:oo)ﬂ(g:—oo) U(fz—oo)ﬁ(g:oo)>.
This is equivalent to defining f + g to be the function h where

h = (f+ 9)1Ef0g
This is a measurable function as we discussed in the proof of Lemma 9.6.35.
Then, we have
(i): af is summable for all real o if f is summable and [afdp =« [ fdpu.

(ii): f+g is summable for all f and g which are summable and [(f+g)dp = [ fdu+ [ gdu.

Hence, L1 (X, S, 1) is a vector space over R.

Proof.
(i): If o is 0, this is easy. Neat, assume o > 0. Then, (af)t = af™ and (af)” = af™ and these two

185



THE DOMINATED CONVERGENCE THEOREM CHAPTER 10:

functions are clearly summable since f* and f~ are. Thus, af is summable. Then, we have

[atdn = [@ntan = [(an i

Finally, if « < 0, we have (af)t = —af™ and (af)” = —af™. Now simply repeat the previous
arguments making a few obvious changes.
(i1): Since f and g are summable, we know that u(Es, = 0. Further, we know | f | and | g | are

summable. Since
74l tsg, < (1614 191) Ieg, <151+ lal,

we see | f+g | IE;; is summable by Theorem 10.6.1, part (iii). Hence, (f + g) IEfC is summable also.
g 9
Now decompose f + g on E?g as

f+g=0U"+9") = (F+9).

Then, note

/O (f+g9)dn = [Ec (ff+g")du - /(f*ﬂf)du

Efg fa
J;

where we are permitted to manipulate the terms in the integrals above because all are finite in value.

F— f ) dp + /(g+*g*)du,

c
fa

However, we can rewrite this as
/ (f+g)dp = fdu+/gdu~
EF, EF,

Since we define the sum of f and g to be the function (f + g) IEfc , we see f+gisin Li(X,S,u). A

10.7 The Dominated Convergence Theorem

We can now complete this chapter by proving the important limit interchange called the Lebesgue

Dominated Convergence Theorem.

Theorem 10.7.1. Lebesgue’s Dominated Convergence Theorem

Let (X, S, 1) be a measure space, (f,) be a sequence of functions in L1(X,S,u) and f : X — R
so that f, — f a.e. Further, assume there is a summable g so that | f, |< g for all n. Then,

suitably defined, f is also measurable and summable with lim,, [ f, du= [ fdp.
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Proof. Let E be the set of points in X where the sequence does not converge. Then, by assumption,
w(E) =0 and

folge —  flge, and | folge | < glge.

Hence, | fIgc is measurable and satisfies | fIgc |< gIgc. Therefore, since g is summable, we have that

flgc is summable too.

We can write out our fundamental inequality as follows
—9lge < fulge < glge. (o)
This implies that hy, = fn, Igc + glgc is non negative and hence, we can apply Fatou’s lemma to find
/ liminf A, duy < liminf / hy, dps.

However, we know

liminf A, = liminf<fn Ige + gIEc>
= glgc + liminf f, Igc
9lgc + fIgc,

because f, converges pointwise to f on EC. It then follows that

/<g[Ec + fIEc> dp < hminf/(ntEc +gIEc> du

/ glge dp + liminf / fn Igc du.

Since g is summable, we also know

[ize + sizeyin = [(@leedn+ [ 71p0)du

Using this identity, we have

/(gIEcdqu/fIEc)d,u. < /gIEcdu+liminf/ntEcdu.

The finiteness of the integral of the g term then allows cancellation so that we obtain the inequality

/f[Ecdu. < liminf/ntEcdu.

Since the integrals of f and f, are all zero on E, we have shown

/fdu. < liminf/fnd,u.
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We now show the reverse inequality holds. Using Equation o, we see z, = glgc — fnlgc is also non

negative for all n. Applying Fatou’s Lemma, we find
/ liminf 2z, dp < liminf / Zn dp.
Then, we note
liminf 2, = liminf(—fn Igc + gIEc)

= glgc + liminf (—fn IEc)

gIEC - fIEcv

because f, converges pointwise to f on EC. It then follows that

/(gIEc — fIEc> dp < liminf/<—ntEc +gIEc> du
= /gIEc dp + liminf/<ntEc) du.

liminf/(ntEc> dp = sup iI;f /<ntEc> du

(X [ tsew)

m>n

= —infsup/ntEcdu

m m>n

Now,

= —limsup/ntEc dp.

Thus, we can conclude

/<gIEc — fIEc> dp < /gIEcd,u—limsup/ntEcdu.

Again, since g is summable, we can write

/gIEcd,u—/fIEcdy < /gIEcdp—limsup/ntEcdy.

After canceling the finite value [ gIge du, we have

/fIEcd/,L > limsup/ntEcd,u.

This then implies, using arguments similar to the ones used in the first case, that

/fdu > limsup/fnd,u.
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However, limit inferiors are always less than limit superiors and so we have
lim sup / fndp < / fdp < liminf / frndp < limsup / fn dp.

It follows immediately that lim,, [ f,dp = [ fdpu.
Finally, we can now see how to define f in a suitable fashion. The function fIgc is measurable and

is 0 on E. Hence, the limit function f can has the form

f() { lim,, f,(z)  when the limit exists, i.e. when x € E€
x =

0 when the limit does not exist, i.e. when x € E.

10.8 Homework

Exercise 10.8.1. Assume f € L1(X,S,u) with f(z) > 0 on X. Further, assume there is a positive
number o so that o < u(X) < co. Prove that

wt ([ fdu|u(E) =a} > o
E
Exercise 10.8.2. Assume f € L1(X,S,u). Let a > 0. Prove that

pn({z| | f(z) |z a})
is finite.

Exercise 10.8.3. Assume (f,) C L1(X,S,u). Let f: X — R be a function. Assume f, — f[ptws ae.

Prove
[1t-sidn—0= [{faldn~ [ 171

Exercise 10.8.4. Let (X,S) be a measurable space. Let C be the collection of all charges on S. Prove

that C is a Banach Space under the operations

(cn) e
(u - u) (E)

cu(E), Ve € R, Vu

w(E) + v(E), VY pu, v,

with norm || p || = [p|(X)
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Chapter

= 'he L Spaces

In mathematics and other fields, we often group objects of interest into sets and study the properties of
these sets. In this book, we have been studying a set X with a sigma - algebra of subsets contained within
it, the collection of functions which are measurable with respect to the sigma - algebra and recently,
the set of functions which are summable. In addition, we have noted that the sets of measurable and
summable functions are closed under scalar multiplication and addition as long as we interpret addition

in the right way when the functions are extended real - valued.

We can do more along these lines. We will now study the sets of summable functions as vector spaces

with a suitable norm. We begin with a review.

Definition 11.0.1. The Norm On A Vector Space

Let X be a non empty vector space over R. We say p: X — R is a norm on X if
(N1): p(x) is non negative for all x in X,

(N2): p(z) =0 < z =0,

(N3): plaz) = |a|p(x), for all o in R and for all x in X,
(N4): p(

If p satisfies only N1, N3 and N/, we say p is a semi-norm or pseudo-norm. We will usually

x +y) < plx) + py), for allz and y in X.

denote a norm of x by the symbol || x ||.
The pair (X, || ||) is called a Normed Linear Space or NLS.

If a set X has no linear structure, we can still have a notion of the distance between objects in the

set, if the set is endowed with a metric. This is defined below.
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Definition 11.0.2. The Metric On A Set
Let X be a non empty set. We say d: X x X — R is a metric if

(M1): d(xz,y) is non negative for all x and y in X,

(M2): d(z,y) = 0 < z =y,

(M3): d(z,y) = d(y,x), for all for all x and y in X,
(M4): d(z,y) < d(z,2) + d(y,2), for all z, y and z in X.

If d satisfies only M1, M2 and M}, we say d is a semi-metric or pseudo-metric. The pair
(X,d) is called a metric space. Note that in a metric space, there is no notion of scaling or

adding objects because there is no linear structure.

Comment 11.0.1. It is a standard result from a linear analysis course, that the norm in a NLS (X, ] |))

induces a metric on X by defining
d($7y) = || r—y H7 Vx, Yy € X.
Given a sequence (z,,) in a NLS (X, || ||), we can define what we mean by the convergence of this
sequence to another object x in X.

Definition 11.0.3. Norm Convergence

Let (X, || ||) be a non empty NLS. Let (x,) be a sequence in X. We say the sequence ()
converges to x in X if

Ve >0,IN >5n > N=|z,—x]|<e

Now let (X, S, 1) be a nonempty measurable space. We are now ready to discuss the space L1 (X, S, ).
By Theorem 10.6.2, we know that this space is a vector space with suitably defined addition. We can
now define a semi-norm for this space.

Theorem 11.0.1. The L; Semi-norm
Let (X, S, 1) be a nonempty measurable space. Define || x |1 on L1(X,S, u) by

17 [ \fldu ¥ f € LS.

Then, || x ||1 is a semi-norm. Moreover, property N3 is almost satisfied: instead of N3, we
have

lflli =0« f = ae

Proof.
(N1): || f |1 is clearly non negative.
(N2): This proof is an easy calculation.

laflli = /Iafldu =/|a| 1f dp
o] / Sl = 1ol | £
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(N4): To prove this, we start with the triangle inequality for real numbers. We know that if f and g are
summable, then the sum of f + g is defined to be h = (f + g)IEng. Let A be the set of points where this
sum is oo and B be the set where the sum if —oco. Then on u(E;, U AU B) =0 and on (Efy U AU B)©,
h is finite. For convenience of exposition, we will simply write h as f + g from now on. So f+g is finite
off a set of measure 0. At the points where f + g is finite, we can apply the standard triangle inequality
to f(x) + g(x). We have

@) +9@)| < 1£@)] + lg(@)],ae.

/|f+9|dMS/|f|du+/\g|du.

At the risk of repeating ourselves too much, let’s go through the integral on the left hand side again. We

This implies

actually have

/|f+9‘IEngonmBCd# = /hIACnBCd,u

:/hdu

since p(A® N BY) = 0. Now the above inequality estimates clearly tell us

I f+gl<lfil+ [lglh-

Finally, we look at what is happening in condition N2. Since |f| is in MT(X,8, ), by Lemma 10.4.6,

we know

|f| = Oa.e. @/mdu = 0.

Hence, || f |l1=0 if and only if f =0 a.e. ]

Although || « ||; is only a semi-norm, there is a way to think of this class of functions as a normed
linear space. Let’s define two functions f and g in Li(X,S,u) to be equivalent or to be precise, u
- equivalent if f = g except of a set of y measure 0. We use the notation f ~ g to indicate this
equivalence. It is easy to see that ~ defines an equivalence relation on Li(X,S,u). We will let [f]

denote the equivalence class defined by f:

[f] = {gELl(X,S,[L)|ng}.

Any ¢ in [f] is called a representative of the equivalence class [f]. A straightforward argument shows
that two equivalence classes [f1] and [f2] are either equal as sets or disjoint. The collection of all distinct

equivalence classes of L1(X,S, ) under a.e. equivalence will be denoted by £1(X,S, u).
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Theorem 11.0.2. £; Is A Normed Linear Space

L1(X, S, 1) is a vector space over R with scalar multiplication and object addition defined as

[fl = lafIvif

a ]
)+ lg) = If + gl.¥lf] and [g).

Further, || [f] |1 defined by

1A = / 9l dg

for any representative g of [f] is a norm on L1(X,S, ).

Proof. The definition of scalar multiplication is clear. However, as usual, we can spend some time
with addition. We know f + g is defined on E?g and that Ey, has measure 0. Hence, if u € [f] and
v € eclassg, then u = f and v = g except on sets A and B of measure 0. Also, as usual, the sum u + v
is defined on EC, . Hence,

w+v=f+g xz€E; NEfNA° N B

which is the complement of a set of measure 0. Hence, w+v € [f 4+ g]. Thus, [f] + [f] C [f + 9]
Conversely, let h € [f + g]. Now

(f + g) IEfgc = fIEfgC + gIEfgC'
Hence, if we let
u = flgse and v = glgy,o,

we see h ~ (u+v), with u € [f] and v € [g]. We conclude [f + g] C [f] + [g]. Hence, the addition of
equivalence classes makes sense.

We now turn our attention to the possible norm || [f] ||l1. First, we must show that our definition of
norm is independent of the choice of representative chosen from [f]. If g ~ f, then g = f except on a set

A of measure 0. Thus, we know the integral of f and g match by Lemma 10.4.6. Here are the details:

/Igldu - /Ig\du+/ gl du
A AC

=0+ [ iride
[t [ i

~ [ 1#1dn.

We conclude the value of || [f] ||1 is independent of the choice of representative from [f]. Now we prove

this is a norm.

(N1): || [f] lli= [ |gldp > 0.
(N2): If || [f] |l1= 0, then for any representative g of [f], we have [ |g|du =0. By Lemma 10.4.6, this

implies that g = 0 a.e. and hence, g € [0] (we abuse notation here by simply writing the zero function
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h(z) =0, Vz as 0 ). But since g € [f] also, this means [f] N [0] is nonempty. This immediately implies
that [f] = [0]. Conversely, if [f] = [0], the result is clear. (N3): Let a be a real number. Then, if g is

any representative of [f], we have « g is a representative of [a f]. We find

| e £1 12

I
—
B
SN
QU

=
I
E)
—
=)
=
=

I
E)
=

(N4): The triangle inequality follows from the triangle inequality that holds for the representatives. M

11.1  The General L, spaces

We can construct additional spaces of summable functions. Let p be a real number satisfying 1 < p < oo.
Then the function ¢(u) = uP is a continuous function on [0, 00) that satisfies lim,, ¢(n) = oo. Thus, by
Lemma 9.6.9, if f is an extended real - valued function on X, then the composition ¢ o |f| or | f|? is also
measurable. Hence, we know the integral f |f|P du exists as an extended real - valued number. The
class of measurable functions that satisfy [ |f|P du < oo is another interesting class of functions.

We begin with some definitions.

Definition 11.1.1. The Space Of p Summable Functions

(X,8, 1) be a nonempty measurable space. Let p be a real number satisfying 1 < p < oo.

Then, |f|P is a measurable function. We let

LX) = {f € MOS0 | [ 171 de < o

For later use, we will also define what are called conjugate index pairs.

Definition 11.1.2. Conjugate Index Pairs
Let p be a real number satisfying 1 < p < oo. If 1 < p is finite, the index conjugate to p is
the real number q satisfying

+- =1

hS RN
Q| =

while if p = 1, the index conjugate to p is ¢ = co.

We will be able to show that L,(X,S,u) is a vector space under the usual scalar multiplication
and addition operations once we prove some auxiliary results. These are the Holder’s and Minkowski’s

Inequality. First, there is a standard lemma we will call the Real Number Conjugate Indices Inequality.

Lemma 11.1.1. Real Number Conjugate Indices Inequality

Let 1 < p < oo and q be the corresponding conjugate index. Then if o and [ are positive

numbers,
AP B
AB < — + —.
D q
Proof. This proof is standard in any Linear Analysis book and so we will not repeat it here. |
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Theorem 11.1.2. Holder’s Inequality

Let 1 < p < oo and q be the index conjugate to p. Let f € L,(X,S,p) and g € Ly(X,S, ).
Then f g€ L1(X,S,u) and

1/p 1/q
[ 1soldn < ( / Ifl”du> ( / glqdu> .

Proof. The result is clearly true if f =g =0 a.e. Also, if [|f|Pdu =0, then |f|P =0 a.e. which tells
us f =0 a.e. and the result follows again. We handle the case where [ |g|%du =0 in a similar fashion.
Thus, we will assume both IP = [ |f|Pdp > 0 and J? = [ |g|%dp > 0.

Let Ef and E; be the sets where f and g are not finite. By our assumption, we know the measure

of these sets is 0. Hence, for all x in EJ? N Egc, the values f(x) and g(x) are finite. We apply Lemma

11.1.1 to conclude M M < (/p) M + (1/q) lg(x)|?
r g - I T

holds on EJ? N Egc. Off of this set, we have that the left hand side is oo and so is the left hand side.

Hence, even on Ey U Ey, the inequality is satisfied. Thus, since the function on the right hand side

is summable, we must have the left hand side is a summable function too by Theorem 10.6.1. Hence,
fge Li(X,S ). We then have

If ()| |g(=)]
/ Ty W

IN

Jam B g v [ 208 g,
1

1
= / F@Fdn+ / 9(2)|? du

==
ESE N
I
o

Thus,

[ st <15 = ([ fl”du)l/p (/ |g|qdu)l/p.

The special case of p = q¢ = 2 is of great interest. The resulting Holder’s Inequality is often called
the Cauchy - Schwartz Inequality. We see

Theorem 11.1.3. Cauchy - Bunyakovskii - Schwartz Inequality
Let f,g € Lo(X,S, ). Then f g€ L1(X,S,n) and

[ iralan < (f |f2du)1/2 (/ deu)1/2.
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Theorem 11.1.4. Minkowski’s Inequality
Let 1 <p<oo andlet f,g € L,(X,S,p). Then f + g is in L,(X,S, 1) and

(/ f + gl du)w < (/ 1P (m)w + (/ g”du)l/p.

Proof. If p = 1, this is property Nj of the semi-norm || - ||1. Thus, we can assume 1 < p < oo. Since
f and g are measurable, we define the sum of f +g as h = (f + g) Ix where A = E?g with p(E¢q = 0.
Then as discussed h is measurable. We see on A,

[f(2) +9(z)] < |f(@)] + lg(=)| < 2 max{[f(2)],|g(=)]}

even when function values are co. Hence,

@) + gl < 2 (max{f<x>|,|g<x>|}) <o (If(w)“rlg(x)l”)-

Then, since the right hand side is summable, so is the left hand side. We conclude f+g is in L,(X,S, u).
Note this also tells us |f + g| is in L1(X, S, p). Further,

[f(@) + 9@ = [f+gllf+g"" < IfIF+9lP" + lglIf + 9P
We have the identity
[f(@) +g(@)P < [fIIf+glP~" + |gl|f+g/P" (%)

Now since p and q are conjugate indices, we know

(I/p) + (/) =1 = p+q=pq
= p=qp-1).

Thus, the function

p—1\ ¢
<‘f+g ) = |f+gl"

and so this function is summable implying |f + g|P~' € Ly(X, S, ). Now apply Hélder’s Inequality to
the two parts of the right hand side of Equation *. We find

(/ 7 du) " (/ (|f+gp‘1>qdu>
[ 1ol +gpan < < / |g|pdu)1/p ( / <|f+g|p1>qd,u>
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But we have learned we can rewrite the second terms of the above inequalities to get

[ 11 +gl an < (/ IfI”du)l/p </ (|f+g|”du>
[ lal\7 g de < (/ |g|pdu>l/p </ (|f+g|”du>

Thus, combining, we have

/|f+g|”du < ((/ If”du>1/p + (/ Igpdu>1/p> (/ <|f+g|”du>1/q.

We can rewrite this as

( / f+g|”du>1_1/q < (/ |f|pdl~t>1/p =(f |g|Pdu)1/p.

Since 1 —1/q = 1/p, we have established the desired result. [ ]

1/q

and
1/q

Holder’s and Minkowski’s Inequalities allow us to prove that the L, spaces are normed linear spaces.

Theorem 11.1.5. L, Is A Vector Space

Let (X, S, 1) be a measure space and let 1 < p < oo. Then, if scalar multiplication and object

addition are defined pointwise as usual, L,(X,S, 1) is a vector space.

Proof. The only thing we must check is that if f and g are in L,(X,S, 1), then so is f+g. This follows

from Minkowski’s inequality. |

Since L,(X,S, 1) is a vector space, the next step is to find a norm for the space.

Theorem 11.1.6. The L, Semi-Norm

Let (X, S, 1) be a measure space and let 1 < p < oo. Define || - ||, on L,(X,S,n) by

1/p
1l = (/ Iflpdu> |

Then, || - ||, is a semi-norm.

Proof. Properties N1 and N3 of a norm are straightforward to prove. To see that the triangle inequality

holds, simply note that Minkowski’s Inequality can be rewritten as

If+gle < 1510+ 1l

for arbitrary f and g in L,(X,S, p). |
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If we use the same notion of equivalence a.e. as did earlier, we can define the the collection of all
distinct equivalence classes of L,(X,S, 1) under a.e. equivalence. This will be denoted by £,(X,S, p).

We can prove that this space is a normed linear space using the norm || [-] ||,-

Theorem 11.1.7. £, Is A Normed Linear Space

Let 1 < p < oco. Then L,(X,S, 1) is a vector space over R with scalar multiplication and
object addition defined as

Further, || [f] ||, defined by

i = (f |gpdu)1/p,

for any representative g of [f] is a norm on L,(X,S, u).

Proof. The proof of this is quite similar to that of Theorem 11.0.2 and so we will not repeat most of it.
|

We will now show that £,(X,S, 1) is a complete NLS. First, recall what a Cauchy Sequence means.

Definition 11.1.3. Cauchy Sequence In Norm

Let (X, ]| - ||) be a NLS. We say the sequence (fy) of X is a Cauchy Sequence, if given € > 0,
there is a positive integer N so that

H fﬂ/_f'rn || < €, Vn,m > N.
This leads to the definition of a complete NLS or Banach space.

Definition 11.1.4. Complete NLS
Let (X, || - ||) be a NLS. We say the X is a complete NLS if every Cauchy sequence in X

converges to some object in X.

It is a standard proof to show that any sequence in a NLS that converges must be a Cauchy sequence.
Let’s prove that in the context of the £,(X,S, ) space to get some practice.

Theorem 11.1.8. Sequences That Converge in £, Are Cauchy
Let ([frn]) be a sequence in L,(X,S, 1) which converges to [f] in L,(X,S, 1) in the || - ||,

norm. Then, ([fn]) is a Cauchy sequence.

Proof. Let € > 0 be given. Then, there is a positive integer N so that if n > N, then

[ fn =Sl < €/2
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Thus, if n and m are larger than N, we by property N/ that

[fn = Fmllly = [(Ffa=5F) + (F = F)l o <1 [ = £ o + [ [Fm = FTp < e

This shows the sequence in a Cauchy sequence. |

We will now show the £,(X,S, 1) is a Banach space.

Theorem 11.1.9. £, Is A Banach Space
Let 1 <p < oo. Then L,(X,S, 1) is complete with respect to the norm || - ||,.

Proof. Let [f,] be a Cauchy sequence. These are the steps of the proof.

(Step 1): we find a subsequence ([gg]) so that for all k,

[locr = an < @2y (a)
(Step 2): Define the function g by

0@) = a@ + 3 lgen (@) - o)) 9
k=1
We show that g satisfies

lgle < lolly +1. ()

This implies that g, defined by Equation o, converges and is finite a.e.

(Step 3): Then, we show

o0

1@ = 0@+ 3 () - ao)

k=1

is defined a.e. and is in L,(X,S, ). This is our candidate for the convergence of the Cauchy sequence.
(Step 4): We show gi converge to f in || - ||p.

(Step 5): We show [fn] converges to [f] in || - ||p. This last step will complete the proof of completeness.
Now to the proof of these steps.

(Proof Step 1): For e = (1/2), since [fn] is a Cauchy sequence, there is a positive integer Ny so that
n,m > Ny implies

/|fn—fm|p du < (1/2).

Note we use representative f, € [fn] for simplicity of exposition since the norms are independent of

choice of representatives. Define g1 = fn,+1-
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Next, for e = (1/2)2, there is a positive integer Na, which we can always choose so that No > Ny,

so that n,m > No implies
P
[ 1= ol i< (112

Let go = fn,+1- Then, again by our choice of indices, we have

/ g2 — P d < (1/2)°.

The next step is similar. For e = (1/2)3, there is a positive integer N3, which we can always choose
so that N3 > Na, so that n,m > N3 implies

[ 150 = gl au < (1/<23>>p-
[ oot < ()

An induction argument thus shows that there is a subsequence [gg] that satisfies

/ng+1—gk|p (TEES <1/(2k)>p.

for all k > 1. This establishes Equation cx.

Let g3 = fn,+1- Then, we have

(Proof Step 2): Define the non negative sequence (hy,) by

hn(z) = |g1(z)| + Z lgkt1(z) — gr(@)]-

In this definition, there is the usual messiness of where all the differences are defined. Let’s clear that up.
Each pair (gi, gr+1 has a potential set Ey, of measure zero where the subtraction is not defined. Thus,
we need to throw away the set E = Uy, Ey which also has measure 0. Thus, it is clear that all of the h,
are defined on E€. Now they may take on the value oo, but that is acceptable. We see h2 T gP on EC.
Apply Fatou’s Lemma to (hy). We find

/ (liminf h? IEc) dp < liminf / hP Ipc du.

But, liminf h? = ¢gP and so
/ 9P Ige dp < liminf / hY I'pc du.

The p'" root function is continuous and so

1/p 1/p
lim (/ hY Ige du) = <lim / hY Ige d,u> .
n n
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Then, since the pt" root function is increasing, we have

1/p 1/p
(/ gpIEcdu> < lim (/ hflIEcd,u> .

Next, applying Minkowski’s Inequality to a finite sum, we obtain

(f IEC)W (/ (mmi rae—) IEC>W

k=1

IA

n
Lo tpe lp + > I (gerr = gi) e [lp -
k=1

Since the finite sum on the left is monotonic increasing, we have immediately that the series

(o9}

Z | (gr+1 — gr)IEe |p

k=1
is a well defined extended real - valued number. Thus, we have
1/p oo
([mtee) " < Natoe by + 3 1 toen - ase I
k=1

By Equation o, we also know that

Z | (gk+1 = gr)Ige |lp < Z /(2% = 1.
k=1 k=1

Hence, we can actually say

1/p
(/ ngc) < lglpe |, +1

We conclude g Igc is in L,(X,S,u). Further, since if F = {z | g(x)Igc(x) = oo}, then we know F has

measure 0. Hence, g Igcqpc is finite. This completes Step 2.

(Proof Step 3): Now define the function f by

g(x) + Do, <gk+1(x) —gk(gc)>, x e EC¢ N FC
0 reFk UF.

flx) =

Note, for x € E€ N F°,

lgel = g1 + (92 —g1) + (93 —g2) + ... + (gr — gr—1]
k

< ol + Z lgk+1 — gkl = D
i=1

A
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However, we already seen that on this set hy T g. Hence, we can say

gkl < g

This tells us that the partial sum expansion of gi, converges absolutely on E€ NEFC and thus, gj converges
to g. But g = f on this set, so we have shown that gy converges to f a.e. We can now apply the Lebesque

Dominated Convergence Theorem to say

lim/gndu = /fdu.

Since |gx| < g for all k, it follows |f|P < |g|P. Since g is p summable, we have established that f is in
LP(Xa‘Sv/’L)'

(Proof Step 4): Now we show gi converges to f in | - ||,. To see this, let z, = f — gr, on E N F©.
From the definition of f, we can write this as Z;’;k (gj+1—g;j). The rest of the argument is very similar

to the one used in Step 2. Consider the partial sums of this convergent series

n
2z = Z l9j+1 — gil-
j=k

Minkowski’s Inequality then gives for all n,
n
| 21 [lp < Z I gj+1 =97 llp -
j=k

Using Equation o, it follows that the right hand side is bounded above by Z?:k 1/27 which sums to
1/2"=1. Now apply Fatou’s Lemma to find

/liminf |z¢|? < liminf / |z;|P

/|zk|p < 1iminf/|z,?|p.

The continuity and increasing nature of the p" root then give us

1/p 1/p
(/ |zk|p> < liminf </ |z}j|p> < liminf (1/2"71) = 0.

Thus, || f - g |- 0.

or

(Proof Step 5): Finally, given € > 0, since [fn] is a Cauchy sequence, there is an N so that

| fo = fm lp<€/2,¥Yn,m > N.

203



THE WORLD OF COUNTING MEASURE CHAPTER 11:

Since [gr] is a subsequence of [fn], there is a Ky so that if k > K, we have
| fon — gk lp<e€/2,Vm > N, k > K;.
Also, since g, — f in p - norm, there is a Ky so that
gk = fllp<e€/2,VE > K.
We conclude for any given k > max (K7, K»), we have

[ fo=fllp < fm—gellp + [l —fllp< e

if m > N4. Thus, [fn] — [f] in p - norm. |

The proof of the theorem above has buried in it a powerful result. We state this below.

Theorem 11.1.10. Sequences That Converge In p - Norm Possess Subsequences Converging
Pointwise a.e.

Let 1 < p < oco. Let ([fn]) be a sequence in L,(X,S,n) which converges in norm to [f] in
L,(X,8, ). Then, there is a subsequence ([fL] of ([fn]) which converges pointwise a.e. to

f.

Proof. The sequence we seek is the sequence (g,) as defined in the proof of Theorem 11.1.9; see the
discussion for the proof of Step (3). |

11.2 The World Of Counting Measure

Let’s see what the previous material means when we use counting measure, pc, on the set of natural
numbers N. In this case, the sigma - algebra is the power set of N. Note if f : N — R, then f is identified
with a sequence of extended real - valued numbers, (a,) so that f(n) = a,. It is therefore possible for

f(n) oo or f(n) = —oo for some n. Let

0, n > N

Then, ¢ T f and so by the Monotone Convergence Theorem,

/\f|duc = lil{fn/qu(n)duc.

Now the simple functions ¢ are not in their standard representation. Let {cy,...,cps} be the distinct

elements of {|ai|,...,|an|}. Then we can write

M

N = Z ¢ilg,,

i=1
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where Ej is the pre-image of each distinct element ¢;. The sets E; are clearly disjoint by construction.
It is a straightforward matter to see that

M N
/¢N dpc = Y cipcE = ail.
i=1

i=1

Thus, we have

N
[ 1stine = g 3 1

Since all the terms |f(i)| are non negative, we see the sequence of partial sums converges to some
extended real - valued number (possibly co). For counting measure, the only set of measure 0 is ), so

measurable functions can not differ on a set of measure 0 in this case. We see for 1 < p < infty,

LP(N7P(N)7,U'C) = EP(Nap(N)7MC)'

Further,
o0
L,(N,P(N),uc) = { sequences (a) | Z |a;|P converges }.
i=1
We typically use the notation
oo

l, = L,(N,P(N), uc) = { sequences (a,) | Z |a;|P converges }.

i=1
and we call this a sequence space. Note in all cases, summability implies the sequence involved must be
finite everywhere.
In this context, Holder’s Inequality becomes:
Theorem 11.2.1. Hélder’s Inequality: Sequence Spaces

Let 1 < p < oo and g be the index conjugate to p. Let (an) € ¢, and (b,) € ell;. Then
(an by) € 41 and

1/ 1/
S ol < (L el ) (S l0al)

and Minkowski’s Inequality becomes

Theorem 11.2.2. Minkowski’s Inequality: Sequence Spaces
Let 1 <p < oo and let (ay), (by) € €,. Then (a, +by,) is in £, and

1/p 1/p 1/p
(St tar) " < (Sl )+ (S e )

n n n

Finally, the special case of p = ¢ = 2 should be mentioned. The sequence space version of the

resulting Holder’s Inequality Cauchy - Schwartz Inequality has this form:
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Theorem 11.2.3. Cauchy - Bunyakovski; - Schwartz Inequality: Sequence Spaces
Let (ay,), (bn) € l3. Then (ay, b,) € 41 and

L\ V2 L\ V2
Z lan by| < Z || Z |bn | .

11.3 Equivalence Classes of Essentially Bounded Functions

There is one more space to define. This will be the analogue of the space of bounded functions we use

in the definition of the Riemann Integral.
Definition 11.3.1. Essentially Bounded Functions

Let (X,8,p) be a measure space and let f be measurable. If E is a set of measure 0, let

§(E) = sup |f(z))

z€EEC

and

poe(f) = inf {E(E) | E €8, u(E) = 0}.
If poo(f) is finite, we say [ is an essentially bounded function.

There are then two more spaces to consider:

Definition 11.3.2. The Spaces of Essentially Bounded Functions
Let (X,S,p) be a measure space. Then we define

Loo(X.8.1) = {f: X = R| f € M(X,8), pwe(f) < o0}.
and defining equivalence classes using a.e. equivalence,

LOO(X7S’M) = {[.f] |p00(f) < OO}

There is an equivalent way of characterizing an essentially bounded function. This requires another

definition.

Theorem 11.3.1. Alternate Characterization Of Essentially Bounded Functions
Let (X,8, 1) be a measure space and [ be a measurable function. Define qo(f) by

4o (f) = mf {a|p({z ||f(z)] > a}) = 0},

Then, poo(f) = QOo(f)

Proof. Let E, = {x | |f(x)| > a}. If a is a number so that u(E,) = 0, then for any other measurable

set A with measure 0, we have
AY = A°NE, U A°NE°.

206



EQUIVALENCE CLASSES OF ESSENTIALLY BOUNDED FUNCTIONS CHAPTER 11:

Thus,
sup[f| = sup [f] > a.
AC

ACNE,
because if x € A° N E,, then |f(x) > a. Since we can do this for such a, it follows that
sup [f| 2 goo(f)-
AC

Further, since the measurable set A with measure zero is arbitrary, we must have

Poo(f) = qoo(f)-

Next, we prove the reverse inequality. If p(E,) = 0, then by the definition of pso(f), we have

peo(f) < sup |f| = sup [f(2)] < a
EC |£(2)|<a

But this is true for all such a. Thus, peo(f) is a lower bound for the set {a|p(E,) = 0} and we can say

poc(f) < qoo(f)-

We need to know that if two functions are equivalent with respect to the measure u, then their p

values agree.

Lemma 11.3.2. Essentially Bounded Functions That Are Equivalent Have The Same Es-
sential Bound

Let (X, S, 1) be a measure space and f and g be a equivalent measurable functions such that

p(f) is finite. Then p(g) = p(f).

Proof. Let E be the set of points where f and g are not equal. Then u(E) = 0. Now,
0 < u((9)>a) 0 E) < u(E) = 0.
Thus,
w(ls@)>@) = u((s@I>a 0 E) + u( (] >0 0 £°)
— (ot > ) £°).
But on E€, f and g match, so we have

w(ls@)>@) = u(5@1 >0 0 5°) = (151> 0),

207



EQUIVALENCE CLASSES OF ESSENTIALLY BOUNDED FUNCTIONS CHAPTER 11:

by the same sort of argument we used on ,u((g(ac) > a)). Hence, if ,u((|f(x)| > a)) = 0, then

u((g(zﬂ > a)) =0 as well. This immediately implies oo (9) = qoo(f). The result then follows because
Goo = pintfty. u

Finally, we can show that essentially bounded functions are bounded above by their essential bound
a.e.

Lemma 11.3.3. Essentially Bounded Functions Bounded Above By Their Essential Bound

a.e

Let (X,8, 1) be a measure space and f be a measurable functions such that p(f) is finite.
Then |£(z)| < p(f) a.c.

Proof. Let E = (|f(x) > poo([f)). It is easy to see that

o0

E=J <|f<:c>| >poo<f>+1/k>-

k=1

If you look at how q is defined, if u(|f(z)| > poo(f) + 1/k) > 0, that would force qoo(f) = poo(f) >
Poo(f) + 1/k which is not possible. Hence, pu(|f(x)] > poo(f) +1/k) = 0 for all k. This means E has
measure 0 also. It is then clear from the definition of the set E that |f(z)| < poo(f) on EC. |

We can now prove that Lo(X,S, u) is a vector space with norm || [f] |lec= poo(f)-

Theorem 11.3.4. The L., Semi-Norm
Let (X, S, p) be a measure space Define || - ||oo 0n Loo(X, S, 1) by

[ flle = polg),

where g is any representative of [f]. Then, || - oo i a semi-norm.

Proof. We show ps(+) satisfies all the properties of a norm except N2 and hence it is a semi - norm.
(N1): It is clear the N1 is satisfied because poo(-) is always non negative.

(N2): Let Ox is the function defined to be 0 for all z and let E, = {z | |0x(z)| > a}. It is clear E, =0
for all a > 0. Thus, since poo = ¢oo,

4o(0x) = inf{afpu(E,) = 0} = 0.

However, if oo (f) =0, let F, = (| fn(z)] > 1/n). Then, by definition of g0 (f), it follows that u(F,) = 0
and |f(x)| < 1/n on the complement FS. Let F = UF,. Then, u(F) =0 and

FO = ()5 - O(If(w)l <i/n) = (@ =0,

Thus, f is 0 on FC and non zero on F which has measure 0. All that we can say then is that f = 0 a.e.

and hence, || - || does not satisfy N2.
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(N3): If « is 0, the result is clear. If o is a non zero number, then

Goo(f) = inf{afp({z|lef(z)]>a}) = 0}
= inf{a|p({z||f(x) >a/a}) = 0}.

Let 8 = a/a and we have

do(af) = inf{app({z||f(z)]>pB}) = 0}
= ainf{g|u{z|[f(z)]>B}) = 0}
= ags(af).

(N4): Now let f and g be in Loo(X,S, ) with the sum f + g defined in the usual way on E?g with
w(Esg) =0. Note on Eyg4 itself, f(x)+ g(x) =0, so the sum is bounded above by poo(f) + poc(g) there.
Now by Lemma 11.3.3, there are sets F and G of measure 0 so that

poo(f), Yo € FO,
lg(x)] < poolg), Yz € GC.

—
—~
&
IN

Thus,

(@) +9@)] < poo(f) + pooly), Yo € FC N G,

Thus, the measure of the set of points where |f(x) + g(x)] > poo(f) + poc(g) is zero as u(F U G) = 0.
By definition of qso, it then follows that

Ic(f+9) < poc(f) + poo(9)-

which implies the result. |

Theorem 11.3.5. L., Is A Normed Linear Space

Then Loo(X,S,u) is a vector space over R with scalar multiplication and object addition
defined as

[f]
9]

o £V [f]
[f + gl.V[f] and [g].

(6%
] +
Further, || [£] |l defined by

[ f] e = poscl9),

for any representative g of [f] is a norm on Loo(X,S, ).

Proof. The argument that the scalar multiplication and addition of equivalence classes is the same as
the one we used in the proof of Theorem 11.1.5 and so we will not repeat it here. From Lemma 11.53.2 we

know that any two functions which are equivalent a.e. will have the same value for poo and so || [f] |lco
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is independent of the choice of representative from [f]. The proofs that properties N1, N3 and N/ hold

follow immediately from the fact that they hold for representatives of equivalence classes. It remains

to show that if || [f] llco= 0, then [f] = [0x]| where Ox is the zero function on X. However, we have
already established in the proof of Theorem 11.3.4 that such an f is 0 a.e. This tells us f € [0x]; thus,
[f] = [0x]. [ |

Theorem 11.3.6. £, Is A Banach Space
Then Loo (X, S, i) is complete with respect to the norm || « ||co-

Proof. Let ([fn] be a Cauchy sequence of objects in Loo(X,S, ). Now everything is independent of the
choice of representative of an equivalence class, so for convenience, we will use as our representatives

the functions f, themselves. Then, by Lemma 11.5.3, there are sets E, of measure 0 so that

|fn(@)] < pool(fn), Vo € ES.

Also, there are sets Fy,, of measure 0 so that

1fu(@) = fn(@)] < poo(fn — fm), Va € FS,.

Hence, both of the equations above hold on

oo

U = (01 Ol <E§ mem>.

We then use De Morgan’s Laws to rewrite U as follows:

oo 0o C

m=1 n=1
o0 o0 c
= N (U (En anm>>
m=1 n=1
o0 oo c
= ( U U (En Uan)>
m=1 n=1
Clearly, the measure of U is 0 and
[fa(2) = fu(@)] < poc(fu — fm), Vo € U (*)
Now since ([fn)] is a Cauchy sequence with respect to || - ||, given € > 0, there is a positive integer N
so that
fa(2) = fm(@)] < poo(fu — fm) < €/4,Vx € U, ¥n, m > N. (%)

Equation *x implies that at each x in U, the sequence (fy(x)) is a Cauchy sequence of real numbers.
By the completeness of R, it then follows that lim,, f,(x) exists on UC. Define the function f: X — R
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by

From Equation %%, we have that
lim |f(z) — fm(z)] < €/4, Vo € UY,¥Ym > N.

As usual, since the absolute value function is continuous, we can let the limit operation pass into the

absolute value function to obtain
|f(z) = fm(2)|] < €/4, V2 € U°,Ym > N. (% * )
From the backwards triangle inequality, we then find
If(@)] < €/4 4 |fm(x)| < €/4 + poo(fm), Yo € U, ¥Ym > N.

Now fix M > N + 1. Then

lf(@)] < €/2 + pool(fum), Vo € UC.

Since the measure of the set (|f(x)| > €/4 + poo(far) is 0, from the definition of qoo(f), it then follows
that

QOo(f) < 6/4 + poo(fM)

which tells us that f is essentially bounded.

It remains to show that [fy,] converges to [f] in norm. Note that Equation * = % implies that (fy)
converges uniformly on UC. Further,the measure of the set (|fn(x) — f(x)| > €/4) is 0. Thus, we can
conclude

oo (f — fn) < €/4 < ¢,¥n > N.

This shows the desired convergence in norm.

Thus, we have shown L (X,S, p) is complete. ]

From the proofs above, we see Minkowski’s Inequality holds for the case p = oo because || - ||oo is
a norm. Finally, we can complete the last case of Holder’s Inequality: the case of the conjugate indices

p=1and ¢ = co. We obtain

Theorem 11.3.7. Holder’s Inequality: p =1

Let p =1 and g = oo be the index conjugate to 1. Let [f] € L1(X,S, 1) and [g] € Loo(X, S, p1).
Then [f g] € L1(X,S,u) and

/ Faldi <1 1A 11 1) floo -
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Proof. it is enough to prove this result for the representatives of the equivalence classes f € [f] and
g € [g]. We know the product fg is measurable. It remains to show that fg is summable. Since g is
essentially bounded, by Lemma 11.3.3, there is a sets E of measure 0 so that

19(2)] < poolg), Yz € E°.

Thus, |f(z) g(x)| < |f(2)| pool(g) a.e. and since the right hand side is summable, by Theorem 10.6.1,
we see fg is also summable and

/Ifgldu < / |fl pc(9) dp = poo(g)/\fldu

11.4 The Hilbert Space L-

The space Lo(X, S, 1) is a Normed linear space with norm || [-] [|2. This space is also an inner product
space which is complete. Such a space is called a Hilbert space.

Definition 11.4.1. Inner Product Space
Let X be a non empty vector space over R. Let w X x X — R be a mapping which satisfies

IP1:
wlz +y,2) = w@2) +wly), Vo, y z €X,
1P2:
wlaz,y) = aw(z,y),Va eR, Vo, y € X,
1P3:
wlz,y) = w(y,x),Ve,y € X,
IP):

w(z,z) > 0,Vz, €X, and w(z,z) =0 & = = 0.

Such a mapping is called an real inner product on the real vector space X. It is easy to define
a similar mapping on complex vector spaces, but we will not do that here. We typically use
the symbol < -, - > to denote the value w(-, -).

There is much more we could say on this subject, but instead we will focus on how we can define an
inner product on L2(X, S, p).
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Theorem 11.4.1. The Inner Product on The Space of Square Summable Equivalence Classes

For brevity, let Lo denote Lo(X, S, ). The mapping < -, - > on Lo X Lo defined by

<Ufl o> = /uvdu,\me[fwe[g}

is an inner product on Lo. Moreover, it induces the norm || [] ||2 by

1Al = ,// 112 dp

= V<Ifl [f] >
Proof. The proof of these assertions is immediate as we have already shown || - ||2 is a norm and the
verification of properties IP1 to IP/ is straightforward. |

Finally, from our general £, results, we know L, is complete. However, for the record, we state this
as a theorem.

Theorem 11.4.2. The Space of Square Summable Equivalence Classes Is A Hilbert Space

For brevity, let Lo denote Lo(X, S, p). Then Lo is complete with respect to the norm induced
by the inner product < [-], [-] >. The inner product space (L2, < -, - >) is often denoted by
the symbol H.

11.5 Homework

Exercise 11.5.1. Let (X,S,u) be a measure space. Let f be in L£,(X,Sp) for 1 < p < oco. Let
E ={x||f(x)| #0}. Prove E is o - finite.

Exercise 11.5.2. Let (X,S,u) be a finite measure space. If f is measurable, let E,, = {z |n—-1 <
|f(z)] <n}. Prove f isin L1(X,Su) if and only if Y o> nu(E,) < cc.
More generally, prove f is in L£,(X,Sp), 1 < p < oo, if and only if Y oo, nPu(E,) < cc.
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Chapter

% (Constructing Measures

Although you now know quite a bit about measures, measurable functions, associated integration and
the like, you still do not have many concrete and truly interesting measures to work with. In this
chapter, you will learn how to construct interesting measures using some simple procedures. A very
good reference for this material is ( (1) ) . Another good source is ( (7) )
. We begin with a definition.

12.1 Measures From Outer Measures

Definition 12.1.1. Outer Measure

Let X be a non empty set and let yu* be an extended real valued mapping defined on all subsets
of X that satisfies

(i): p*(0) =0.
(i1): If A and B are subsets of X with A C B, then u*(A) < u*(B).
(i11): If (An) is a sequence of subsets of X, then p*(U,Ayn) <>, 1 (An).
Such a mapping is an outer measure on X and condition (iii) is called the countable subaddi-

tivity (CSA) condition if the sets are disjoint.

Comment 12.1.1. Since ) C A for all A in X, condition (i) tells us u*(0) < p*(A). Hence, by

condition (i), we have pu*(A) > 0 always. Thus, the outer measure is non negative.

The outer measure is defined on all the subsets of X. In Chapter 10, we defined the notion of a measure
on a o - algebra of subsets of X. Look back at Definition 10.0.1 again. Recall, the mapping p: S — R
is a measure on S if

(i): () =0,
(ii): p(F) >0, forall E € S,
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(iii): p is countably additive on S; ie. if (E,) € S is a countable collection of disjoint sets, then
p(UnEn) =32, 1(En).

The third condition says the mapping p is countably additive and hence, we label this condition as
condition (CA). The collection of all subsets of X is the largest o - algebra of subsets of X, so to
convert the outer measure p* into a measure, we have to convert the countable subadditivity condition

to countable additivity. This is not that easy to do! Now if T" and E are any subsets of X, then we know

T = (TﬂE) U<TOEC>.
The outer measure p* is subadditive on finite disjoint unions and so we always have
pi(T) < ,u*(T N E) + ,u*(T N EC>.
To have equality, we need to have
p*(T) > u*(T N E) + u*(T N EC>,

also. So, as a first set towards the countable additivity condition we need, why don’t we look at all
subsets E of X that satisfy the condition

p*(T) > u*(TﬁE>+u*(TﬁEC>,VTgX.

We don’t know how many such sets E there are at this point. But we certainly want finite additivity to

hold. Therefore, it seems like a good place to start. This condition is called the Caratheodory Condition.

Definition 12.1.2. Caratheodory Condition

Let pi* be an outer measure on the non empty set X. A subset E of X satisfies the Caratheodory
Condition if for all subsets T,

pH(T) > /,L*(T N E) + /L*(T N EC).

Such a set E is called * measurable. The collection of all p* measurable subsets of X will be
denoted by M.

We will first prove that the collection of ©* measurable sets is an algebra of sets.

Definition 12.1.3. Algebra Of Sets

Let X be a non empty set and let A be a nonempty family of subsets of X. We say A is an
algebra of sets if

(i): 0 is in A.
(ii): If A and B are in A, so is AU B.

(ii): if A is in A, so is A = X \ A.
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Theorem 12.1.1. The p* Measurable Sets Form An Algebra

Let X be a non empty set, p* an outer measure on X and M be the collection of * measurable
subsets of X. Then M is a algebra.

Proof. For the empty set,

u*<Tﬂ®)+u*<Tﬂ@C> = u*(@ -
_l’_

Hence () satisfies the Caratheodory condition and so ) € M.

Nezt, if A € M, we note the Caratheodory condition is symmetric with respect to complementation and
so A € M also.

To show M is closed under countable unions, we will start with the union of just two sets and then
proceed by induction. Let Ey and Eos be in M. Let T be in X. Then, since E1 and Fo both satisfy

Caratheodory’s condition, we know
W(T) = p*(T 0 Ey) + p* (T 0 EC) (a)
and
W) = p(T 0 By) + p'(T 0 ES). (b)
In Equation b, let “T” be “T N EY”. This gives
p(T N ES) = pi(T 0 EC N B+ ui(T 0 EC N EY). (c)
We also know that
TNE = TN(EUE)NE, TNENE, =Tn (B, U Ey)n EY. (d)
Now replace the term “u*(T N EY)” in Equation a by the one in Equation c. This gives

p (T) = p (T N E)+ p (TN ESNE) + p(TnEYNES).

Next, replace the sets in the first two terms on the right side in the equation above by what is shown in
Equation d. We obtain

p (T) = p (T N (B, UEy) N E) + u (TN (B, UE)NEY) + u* (T n EF N EY).
But Eq is in M and so
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Using this identity, we then have

pi(T) = pi(T N (B U Ey)) + u*(T N EY N EY)
— T N (B U E)) + p*(T N (B U E)°),

using DeMorgan’s laws. Since the set T is arbitrary, we have shown E1 U FEs is also in M.

Since, E1 and Eo are in M, we now know Elc U E2C is in M too. But this set is the same as E1 N Es.
Thus, M is closed under intersection.

It then follows that By \ Es = E1 N ES is in M. So M is also closed under set differences. Hence, M

is an algebra. [ |

Theorem 12.1.2. p* Measurable Sets Properties

Let X be a non empty set, u* an outer measure on X and M be the collection of u* measurable
subsets of X. Then, if (E,) is a countable disjoint sequence from M, U, E,, is in M and

p (T N Uz Z <TﬂE>

for all T in X.

Proof. Let “T” be “T N (Ey U E3) in the Caratheodory condition of Es. Then, we have
p (T N (B, UEy)) = p* (TN (B, UEy)NEy) + p* (TN (E, UEy) N ES).
This simplifies to
p (T N (By U Ey)) = p*(T N Ey) + p(T N E N ES).
But Ey and E, are disjoint. Hence, Ey is contained in ES . Hence, we can further simplify to
w (T N (B U Ey)) = u(TnNE)+ u(TnN Ey.
Let’s do another step. Since Es is in M, we have

M*(T N (E1 @] E2 U Eg)) S ,U,*(T n (El @] E2 @] E3) n E3)
w (T N (Ey U By U E3) N ES).

This can be rewritten as

,u*(T n (El U E2 U E3))

p (T N E3) + pu*(T N ELUES UT N Ey N EY)
= (T NE3) +u(TNE UTnN Ey),
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because F C Egj and Ey C Eg since all the E, are disjoint. Then, we can apply the first step to

conclude
W(T N (Er U B U By) = p'(T N Ey) + i(T N By) + p*(T N By).

We have therefore shown

pH(T 0 (U By)) = P (T N Ey).

-

=1

It is now clear, we can continue this argument by induction to show

I

(T 0 (U Bi)) = p (T N E;). (a)

i=1

for any positive integer n. Further, since M is an algebra, induction also shows U} | E; is in M for

any such n. It then follows that for any T in X,
pHT) = pNT 0 (UL B)) + pi(T N (U B)©).

Using Equation a, we then have

piT) = Y p (TN E) + pi(T N (U E)O). (b)

i=1

Next, note for all n
Tn UL, E)Y D Tn (UZ, E)°,
and hence
w(rnwzee) < w(rnumec).

Using this in Equation b, we find

n

w1 = S T E) + pt(T 0 Uity B)O). (e)

i=1
Since this holds for all n, letting n — oo, we obtain
piT) = Y (TN E) + pf (T 0 (Uinfty B)°). (d)

i=1

Finally, since

o0

U@ nE) = T((UXE),

i=1
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by the countable subadditivity of u*, it follows that

u*(Tﬂ(u;’lei)) = u*(G(TmE > < i/‘ (Tm E;) )

i=1 =1

Using this in Equation c, we have
@) = (T VWzED) + i (T 0 Uinfy B)°). (e)
Since this holds for all subsets T, this tells us U, E, is in M. This proves that M is a o - algebra.

However, with all this work already done, we can also derive a very nice result which will help us later.

Countable subadditivity of u* gives us

(@) < (T VOzED) + i (T 0 Uinfy £)°).

Hence, using countable subadditivity again,

@) < Sw (T E)) 4 (70 Ui B°). ()
i=1
Combining Equation d and Equation f, we find
w(T) = Z w (T N Ez)> + u (T N (Ui nfty Ei)c).
i=1

Thus, letting “T'” be “T'N (U, Ey)”, we find

pf (T N Uz iu(TﬂE> (9)

i=1

Theorem 12.1.3. The Measure Induced By An Outer Measure

Let X be a non empty set, u* an outer measure on X and M be the collection of u* measurable

subsets of X. Then, M is a o - algebra and p* restricted to M is a measure we will denote

by L.

Proof. Recall that M is a o - algebra if
(i) 0, X € M.
(i) If A€ M, sois A°.
(iii) If {A,}%, € M, then U, A, € M.

Since we know M is an algebra of sets, all that remains is to show it is closed under countable unions.

We have already shown all the properties of a o - algebra except closure under arbitrary countable unions.
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The previous theorem, however, does give us closure under countable disjoint unions. So, let (A,) be a

countable collection of sets in M. Letting

E1 = A1
E2 = A2 \ A1

E, = A, )\ (U?:f Az-)

we see each E, is in M by Theorem 12.1.1. Further, they are pairwise disjoint and so by Theorem
12.1.2, we can conclude U, E, is in M. But it is easy to see that U, E, = U,A,. Thus, M is a o -

algebra.

To show p* restricted to M, p, is a measure, we must show

(i): u(0) =0,
(ii): w(E) >0, forall E €S,
(iii): w is countably additive on S; i.e. if (E,) C S is a countable collection of disjoint sets, then
WU E) = 5, wlEn).

Since p* (@) = 0, condition (i) follows immediately. Also, we know p*(FE) > 0 for all subsets E, and so
condition (i) is valid. It remains to show countable additivity. Let (By,) be a countable disjoint family

in M. We can apply Equation g to conclude, using T = X, that
/J/*(ﬁ U?il Bz) = Z /L* (ﬂ Bz)) .
i=1

Finally, since u* = p on these sets, we have shown p is countably additive and so is a measure. |

It is also true that the measure constructed from an outer measure in this fashion is a complete measure.

Theorem 12.1.4. The Measure Induced By An Outer Measure Is Complete

If E is a subset of X satisfying u*(E) = 0, then E € M. Also, if F C E, then F € M as
well, with p*(F) = 0. Note, this tells us that if u(E) = 0, then subsets of E are also in M

with p(F) = 0; i.e., p is a complete measure.

Proof. We know p*(TNE) < u*(E) for all T; hence, u*(T N E) =0 here. Thus, for any T,

p (T N E) + p*(T N EY)
— W(T N EC) < (D).
This tells us E satisfies the Caratheodory condition and so is in M. Thus, we have u(E) = 0. Now, let

F C E. Then, u*(F) = 0 also; hence, by the argument above, we can conclude F € M with u(F) = 0.
|
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12.2 Measures From Metric Outer Measures

Definition 12.2.1. Metric Outer Measure

Let (X, d) be a non empty metric space and for two subsets A and B of X, define the distance
between A and B by

D(A,B) = inf{d(a,b)|a € A, b € B}.
If u* is an outer measure on X which satisfies
p (AU B) = p(A) + p*(B)

whenever D(A, B) > 0, we say p* is metric outer measure.

The o algebra of open subsets of X is called the Borel o algebra B. We can use the construction
process in Section 12.1 to construct a o algebra of subsets, M, which satisfy the Caratheodory condition
for this metric outer measure p*. This gives us a measure on M. We would like to be able to say that
open sets in the metric spaced are p* measurable. Thus, we want to prove B C M. This is what we do
in the next theorem. It is becoming a bit cumbersome to keep saying pu* measurable for the sets in M.
We will make the following convention for later use: a set in M will be called OMI measurable, where
OMI stands for outer measure induced.

Theorem 12.2.1. Open Sets in a Metric Space Are OMI Measurable

Let (X,d) be a non empty metric space and p* a metric outer measure on X. Then open sets

are OMI measurable.

Proof. let E be open in X. To show E is u* measurable we must show
W(T) > p(TNE) + (TN E)

for all subsets T in X. Since this is true for all subsets with p*(T) = oo, it suffices to prove the inequality
is valid for all subsets with p*(T) finite. Also, we already know ) and X are p* measurable, so we can

further restrict our attention to nonempty strict subsets E of X. We will prove this in a series of steps:
Step (i): Let E, be defined for each positive integer n by
C 1
E, = {z|D(z,E%) > E}
It is clear B, C E and that B, C E,41.

Note, ify € E,, and x € E°, we have d(y,z) > 1/n and so

1
inf  d(y, > =
yeE,l,I,lmeEc (yz) = n

and so D(E,, E®) > 1/n. This immediately tells us

D(T N E,,Tn EY)>1/n
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also for all T.

Since p* is a metric outer measure, we then have
u*((T N E,) U(Tn EC)> = p*(T N E,) + p (TN E°).
However, we also know E,, is a subset of E and so
(TNE,)U((TnNEY C (I'NE)U((TnEY =T.
We conclude then
w ((T NnE, U (TN Ec)) < (7).

Hence, for all T, we have

w <T N En)) + (T a EC)> < (). ()

Step (ii): If lim, p*(T N E,) = p*(T), then letting n go to infinity in Equation *, we would find
u*<T N E)) + u*(T N EC)) < i (T).

This means E satisfies the Caratheodory condition and so is p* measurable.

To show this limit acts in this way, we will construct a new sequence of sets (W,,) that are disjoint from
one another with E = cup, W, so that the new sets W, have useful properties. Since E is open, every
point p in E is an interior point. Thus, there is a positive r so that B(p;r) C E. So, if z € EC, we must
have and d(p, z) > r. It follows that D(p, EC) > r > r/2. We therefore know that p € E,, for some n.

Since our choice of p is arbitrary, we have shown
E C U, FE,.

It was already clear that U, E, C E; we conclude E = U,E,,. We then define the needed disjoint

collection (W) as follows

W, = F

W2 = E2 \ E1
Wy = E3\ Ey
W, = FE, \ B,
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(It helps to draw a picture here for yourself in terms of the annuli E,, \ E,_1. We can see that for any

n, we can write
TNE = (TnE,)|JU, (TN W)

as the terms T N Wy, give the contributions of each annuli or strip outside of the core E,,. Hence,

oo

p(TNE) < p"(TNE,)+ > (TnW) (s3)
k=n-+1

because p* is subadditive. At this point, the series sum E:O:nJrl (T N Wy)could be o0o; we haven’t
determined if it is finite yet.

For any k > 1, if v € Wy, then « € Ex \ Ex—1 and so

1
< D(z, E¢) < ——.

el e

Next, if v € Wi, andy € Wiy, for any p > 2, we can use the triangle inequality with an arbitrary z € EC¢

to conclude
d(z,z) < d(z,y) + d(y,2).
But, this says

d(l‘,y) Z d(xvz) - d(yaz)
> D(z,EY) — d(y,z) > % — d(y, 2).

We have shown the fundamental inequality

1
d(l‘,y) > E - d(y,Z), YV € Wlmvy S Wk:-l—p (a)

holds for p > 2. The definition of the set Ej, then implies for these p,

1 1
—— < DWE®) < —— .
o < DBEY) < ey (8)

Now consider how D(y, E€) is defined. Since this is an infimum, by the Infimum Tolerance Lemma,

given a positive €, there is a z. € E€ so that

D(y,E) < d(y,z) < D(y,E°) + e
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Hence, using Equation 3, we have

—d(y,z) > —D(y,EY) — ¢

1
k+p—1
Also, using Equation o, we find
1
d((E,y) > E - d(y7 ze)
S 1 1
k E+p—-1 ¢
p—1
= — e
k(k+p—1)
Since € > 0 is arbitrary, we conclude
p—1
d(z, > — >0
(z.9) = k(k+p—1)
forallz € Wi, and y € Wiy, with p > 2. Hence,
D(Wy, Wisp) > r=l
b RS e+ p—1)
It follows that
D(I/Vl7 Wg) > 0
and, in general, we find this is true for the successive odd integers
D(Wags1, Wargz) > 0.
Since p* is a metric outer measure, this allows us to say
Z p(T N Wopgr) = <UZ_0T N W2k+1>

k=0

< W <U1§"ioT N W2k+1> < wi(T).

A similar argument shows that successive even integers satisfy
D(Wak, Waggz) > 0.

Again, as p* is a metric outer measure, this allows us to say

n
dow(T N Wy) = pf (UZ—OT N W2k>-
k=0
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Therefore, we have

w (T N Wo) < p* (Uzo_oT N W2k>
k=0
< pi(T).

We conclude

SN @ awy) = D pi(T W)+ D> (TN W)
k=0 k even k odd
< 2u%(7)

for all n. This implies the sum Y, p* (T NWy) converges to a finite number.

Since the series converges, we now know given € > 0, there is an N so that

Zu*(TﬂWk) < ¢

k=n

for allm > N. Now go back to Equation *x. We have for anyn > N,
w (T NE) < p(TnNE,+e
This tells us
w(TNE) < pu(TNE,),Vn >N,
or w”*(TNE,) — u (T'NE). By our earlier remark, this completes the proof. |

We can even prove more.

Theorem 12.2.2. Open Sets In A Metric Space Are u* Measurable If and Only If p%st Is A
Metric Outer Measure
Let X be a non empty metric space. Then Open sets are p* measurable if and only if u* is a

metric outer measure.

Proof. If we assume u* is a metric outer measure, then opens sets are u* measurable by Theorem 12.2.1.

On the other hand if we know that all the open sets of u* measurable, this implies all Borel sets are p*
measurable as well. Let A and B be any two sets with D(A, B) =r > 0. For each x € A, let

Gz) = {u|d(z,u) < r/2}

and
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Then G is open, A C G and GN B = (. Since G is measurable, it satisfies the Caratheodory condition
using test set T'= AU B; thus,

u*(AUB) = u*((AUB) ﬂG)+,u*<(AUB> N Go).

But (AU B) N G is simplified to A because A C B and B is disjoint from G. Further since A is disjoint

from G¢ and B C G, we have (A U B) N G¢ = B. We conclude

w(avs) = w(a+w(m.

This shows p* is a metric outer measure. ]

12.3 Constructing Outer Measures

We still have to find ways to construct outer measures. We want the resulting OMI measure we induce

have certain properties useful to us. Let’s discuss how to do this now.

Definition 12.3.1. Premeasures and Covering Families

Let X be a nonempty set. Let T be a family of subsets of X that contains the empty set. This
family is called a covering family for X. Let T be a mapping on 7 so that 7(()) = 0. The

mapping T is called a premeasure.

It is hard to believe, but even with virtually no restrictions on 7 and .7, we can build an outer

measure.

Theorem 12.3.1. Constructing Outer Measures Via Premeasures

Let X be a nonempty set. Let 7 be a covering family of subsets of X and 7 : F — [0,00] be

a premeasure. For any A in X, define

piA) = inf{> 7(T,)|T, € 7,AC U, T,}

where the sequence of sets (T,,) from 7 is finite or countably infinite. Such a sequence is
called a covering family. In the case where there are no sets from 7 that cover A, we define

the infimum over the resulting empty set to be co. Then u* is an outer measure on X.

Proof. To verify the mapping p* is an outer measure on X, we must show
(i): p*(0) =0.
(ii): If A and B are subsets of X with A C B, then p*(A) < u*(B).

(1ii): If (Ayn) is a sequence of disjoint subsets of X, then p*(UnAy) <> w*(4y).
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It is straightforward to see condition (i) and (i) are true. It suffices to prove condition (iii) is valid.
Let (A,,) be a countable collection, finite or infinite, of subsets of X. If there is an index n with 7(A,,)

infinite, then since pu*(UpA,) < oo anyway, it is clear
o0

prUZ A) <Y pt(Ai) = oo
i=1

On the other hand, if u*(Ay) is finite for all n, given any € > 0, we can use the Infimum Tolerance

Lemma to find a sequence of families (T, ) in T so that

SN r(Tur) < w(An) + o
k=1

We also know that

(04 < £E()

IN
(]
—~—
t*
S
N
+
|

IA

NE
t*
>
+

Since € is arbitrary, we see pu* is countable subadditive and so is an outer measure. |

There is so little known about 7 and 7, that it is not clear at all that

(i): 7 C M, where M is the o - algebra of sets that satisfy the Caratheodory condition for the outer
measure p* generated by 7. If this is true, we will call M an OMI-F ¢ - algebra, where the “F”
denotes the fact that the covering family is an algebra.

(ii): If A € 7, then 7(A) = u(A) where p is the measure obtained by restricting p* to M. If this is
true, we will call the constructed o - algebra, an OMI-FE o - algebra, where the “E” indicates the

fact the p restricted to .7 recovers 7.

If 7 represents some primitive notion of size of special sets, like length of intervals on the real line,
we normally want both condition (i) and (ii) above to be valid. We can obtain these results if we add a
few more properties to 7 and 7. First, .7 needs to be an algebra (which we have already defined) and

T needs to be additive on the algebra.
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Definition 12.3.2. Additive Set Function
Let A of subsets of the set X be an algebra. Let v be an extended real valued function defined
on A which satisfies

(i): v(0) =0.
(ii): If A and B in A are disjoint, then v(AU B) = v(A) + v(B).
Then v is called an additive set function on A.

We also need a property of outer measures called regularity.

Definition 12.3.3. Regular Outer Measures

Let X be a nonempty set, u* be an outer measure on X and M be the set of all u* measurable
sets of X. The outer measure p* is called reqular if for all E in X there is a p* measurable
F e M so that E C F with p*(E) = p(F), where u is the measure induced by p* on M. The

set F is often called a measurable cover for E.

We begin with a technical lemma.

Lemma 12.3.2. Condition For Outer Measure To Be Regular

Let X be a nonempty set, T a covering family and T a premeasure. Then if the o - algebra,

M, generated by T using 7 contains T, u* is reqular.

Proof. Let A be a subset in X. We need to show there is measurable set B containing A so that
w*(A) = u(B). If the mu*(A) = oo, then we can choose X as the needed set. Otherwise, we have p*(A)
is finite. Applying the Infimum Tolerance Lemma, for each m, there is a family of sets (ET) so that
ACU, E™) and

Let

5
I

UEer
() Em

these sets are measurable by assumption. Also, A C H and H C E,,. Hence, u*(A) < pu(H). We now

show the reverse inequality. For each m, we have

dowEY) < Y T(EY

n

H

7 (Em)

IN

1
< ur(A) + —.
< u()+m

Further, since H C E,, for each m, we find
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This is true for all m; hence, it follows that w(H) < p*(A). Combining inequalities, we have p(H) =

w*(A) and so H is a measurable cover. Thus, u* is reqular. |

Theorem 12.3.3. Conditions For OMI-F Measures
Let X be a nonempty set, 7 a covering family which is an algebra and 7 an additive set
function on . Then the o - algebra, M, generated by T using 7 contains 7 and p* is

reqular.

Proof. By Lemma 12.3.2, it is enough to show each member of 7 is measurable. So, let A be in T .

As usual, it suffices to show that
p(T) = p*(T 0 A) + 5T 0 AC)

for all sets T of finite outer measure. This will show A satisfies the Caratheodory condition and hence,
is measurable. Let € > 0 be given. By the Infimum Tolerance Lemma, there is a family (Ay,) from T so
that T C U, A, and

d r(An) < pi(T) + e

n

since T 18 additive on 7, we know
(A,) = T(AN A, + 7(A° N A,).
Also, we have

AﬂT C U(AﬂAn), and ACﬂTgU(ACﬂAn).

Hence,
WANT) leg Y (AN Ay, g (A NT) <Y w' (A% N Ay). (@)
T +e > Y T(A) = Z (A, N A) +Z (A, N A%)
> En:u (An N A) + > AnmAC)
> uZ(A nT)+ u*(ACnﬁ T),
by Equation . Thus, A satisfies the Caratheodory condition and is measurable. ]

In order for condition (ii) to hold, we need to add one more additional property to 7: it needs to be

a pseudo-measure.
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Definition 12.3.4. Pseudo-Measure
Let the mapping 7 : A — [0,00] be additive on the algebra A. Assume whenever (A;) is a
countable collection of disjoint sets in A whose union is also in A (note this is not always

true because A is not a o - algebra), then it is true that

(Ui A) = ) T(A).

i

Such a mapping T is called a pseudo-measure on A.

Theorem 12.3.4. Conditions For OMI-FE Measures
Let X be a nonempty set, 7 a covering family which is an algebra and 7 an additive set
function on T which is a pseudo-measure. Then the o - algebra, M, generated by T using
contains 7, p* is reqgular and p(T) = 7(T) for all T in A.

Proof. see Bruckner. [ |

Comment 12.3.1. The results above tell us that we can construct measures satisfying condition (i) and
(ii) as long as the premeasure is a pseudo-measure and the covering family is an algebra. This means
the covering family must be closed under complementation. Hence, if we a covering family such as the
collection of all open intervals ( which we do when we construct Lebesque measure later) these theorems
do not apply.

12.4 Worked Out Problems

Let’s work out a specific examples of this process to help the ideas sink in. Note the covering families

here to not simply contain open intervals!

Example 12.4.1. Let U be the family of subsets of R of the form (a,b], (—o00,b], (a,0) and (—oo, c0).
It is easy to show that F, the collection of all finite unions of sets from U is an algebra of subsets of R.
Let 7 be the usual length of an interval. and extend T to F additively. This extended T is a premeasure
on F. T can then be used to define an outer measure as usual p*(7). There is then an associated o -
algebra of pr measurable sets of |, M,, and pk restricted to M, is a measure is a measure, fir.

We will now prove F is contained in M.,. Let’s consider the set I from U. Let T be any subset of R
and let € > 0 be given. Then there is a cover (A,) of sets from the algebra F so that

S rA) € )+ e
Now INT C U, (A, N1I) and I NT C U, (A, NIY). So because F is an algebra, this means (A, NI)
covers INT and (A, NI°) covers I N'T. Hence,

TN < 3 r(AanT),

n

pH T NI < Y (A, NI°).

n
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Combining, we see

piTNI) + pi(TnI% < > (T(Anml) + T(Anmlc)>.

n

But 7 is additive on F, and hence

> (T(An NnI) + 7(4, mC)) = zn: T(An).

n

Thus,
pHTOI) + p(TNI% < pi(T) + e

Since € > 0 is arbitrary, we have shown I satisfies the Caratheodory condition. This shows that I is
OMI measurable and so F C M.

Example 12.4.2. Let U be the family of subsets of R of the form (a,b], (—o0,b], (a,00) and (—oo, 00)
and the empty set. It is easy to show that F, the collection of all finite unions of sets from U is an
algebra of subsets of R. Let g be the monotone increasing function on R defined by g(x) = x. Note g is

right continuous which means

lim g(x 4+ h) exists, Vx,
Jim g(z +h)
lim g(x) ewxists,
r——00

lim g(z) exists.

xTr— 00

where the last two limits are —oo and oo respectively. Define the mapping 74 on U by

(@) = 90 - o)
n((oon) = ) - tim_g(o),

r— —0Q

r—00

(@) = Jin gto) - g(a)
Tg((—OO,OO)> = lim g(z) — lim g(z).

r—00 r——00
Extend 74 to F additively as usual. This extended 74 is a premeasure on F. 74 can then be used to define
an outer measure as usual p*(g). There is then an associated o - algebra of g measurable sets of R,

N ) .
My, and py restricted to My is a measure, pg.

We will now prove F is contained in M. Let’s consider the set I from U. Let T be any subset of R
and let € > 0 be given. Then there is a cover (Ay) of sets from the algebra F so that

ST r(An) < pp(T) + e

n
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Now INT CU, (A, NI) and I NT C U, (A, NI%). So
M;(Tﬂl) < ZTg(AnmI)a

pe(T NI < > 75(A, N 1I°).
n
Combining, we see

pe(TOI) + pp(TNI% < > (Tg(An NI) + 7,(A, N IC)).
n
But 74 is additive on F, and hence

> (Tg(AnﬁI) + Tg(AnﬂIC)) = ) T(An).

n n

Thus,
(T NI) + pi(TNI%) < pi(T) + e

Since € > 0 is arbitrary, we have shown I satisfies the Caratheodory condition. This shows that I is
OMI measurable and so F C M,.

12.5 Homework

Exercise 12.5.1. Let X = (0,1]. Let A consist of the empty set and all finite unions of half- open
intervals of the form (a,b] from X. Prove A is an algebra of sets of (0,1].

Exercise 12.5.2. Let A be the algebra of subsets of (0,1] given in Fzercise 12.5.1. Let f be an arbitrary
function on [0,1]. Define vy on A by

(@) = 50 - @,

Extend vy to be additive on finite disjoint intervals as follows: if (A;) = (a;,b;]) is a finite collection of

disjoint intervals of (0,1], we define
vy (Ut @d]) = 3 00— JGo.
i=1
1. Prove that vy is additive on A.

Hint. It is enough to show that the value of v¢(A) is independent of the way in which we write

A as a finite disjoint union.
2. Prove vy is non negative if and only if f is non decreasing.

Exercise 12.5.3. If \ is an additive set function on an algebra of subsets A, prove that \ can not take

on both the value co and —co.
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Hint. If there is a set A in the algebra with A\(A) = oo and there is a set B in the algebra with
A(B) = —o0, then we can find disjoint sets A’ and B’ in A so that A\(A") = oo and A\(B') = —oc.
But this is not permitted as the value of A\(A’ U B’) must be a well - defined extended real value not the

undefined value oo — 00.

Exercise 12.5.4. Let 7 be a covering family for a nonempty set X. Let T be a non negative, possibly

infinite valued premeasure. For any A in X, define

pr(A) = if{> 7(T)|Tn € T, AC U, Ty}

where the sequence of sets (T,,) from T is finite or countably infinite. In the case where there are no

sets from T that cover A, we define the infimum over the resulting empty set to be oco.

Prove p* is an outer measure on X.

Exercise 12.5.5. Let X = {1.2, 3} and J consist of 0, X and all doubleton subsets {x, y} of X. Let
T satisfy

(i): 7(0) = 0.
(ii): T<{x, y}) =1foralax+#yinX.
(iii): 7(X) = 2.
(a): Prove the method of Exercise 12.5.4 gives rise to an outer measure p* defined by p*(0) = 0,
w*(X) =2 and u*(A) = 1 for any other subset A of X.
(b): Now do the construction process again letting 7(X) = 3. What changes?

Exercise 12.5.6. Let X be the natural numbers N and let T consist of ), N and all singleton sets. Define
7(0) =0 and 7({z}) =1 for all x in N.

(a): Let 7(N) = 2. Prove the method of Exercise 12.5./ gives rise to an outer measure p*. Determine
the family of measurable sets (i.e., the sets that satisfy the Caratheodory Condition ).

(b): Let 7(N) = co and answer the same questions as in Part (a).
(c): Let 7(N) = 2 and set T({x}) = 2=~V Now answer the same questions as in Part (a).

(d): Let 7(N) = 0o and again set 7({x}) = 2@V, Now answer the same questions as in Part (a).
You should see N is measurable but 7(N) # u(N), where p denotes the measure constructed in the

process of Part (a).

(e): Let 7(N) = 1 and again set T({x}) = 2=V, Now answer the same questions as in Part (a).
What changes?
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=% Lebesgue Measure

We will now construct Lebesgue measure on R*. We will begin by defining the mapping x* on the
subsets of ®* which will turn out to be an outer measure. The o - algebra of subsets that satisfy the
Caratheodory condition will be called the o - algebra of Lebesgue measurable subsets. We will denote
this o - algebra by M as usual. We will usually be able to tell from context what o - algebra of subsets
we are working with in a given study area or problem. The primary references here are again (
(1) ) . and ( (7 ) . We like the development of Lebesgue measure in ( (7)
) better than that of ( (1) ) and so our coverage reflects that. In all cases, we
have added more detail to the proofs of propositions to help you build your analysis skills by looking
hard at many interesting and varied proof techniques.

13.1 Lebesgue Outer Measure and Measure

We will be working in ®* for any positive integer k. We have to work our way through a fair bit of
definitional material; so be patient while we set the stage. We let x = (x1,x9,...,2%) denote a point
in the Euclidean space R*. An open interval in #* will be denoted by I and it is determined by the
cross - product of k intervals of the form (a;, b;) where each a; and b; is a finite real number. Hence, the

interval I has the form
I = 1%, (a;, b).

The interval (a;, b;) is called the i*" edge of I and the number #; = b; — a; is the length of the i*" edge.
The content of the open interval I is the product of the edge lengths and is denoted by |I|; i.e.

i = T, (bi — a)
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We need additional terminology. The center of I is the point

ar + by ag + by ar + by
5 , 5 R 2

p=( );

if the interval J has the same center as the interval I, we say the intervals are concentric.

If I and J are intervals, for convenience of notation, let £; and ¢; denote the vector of edge lengths of J
and I, respectively. In general, there is no relationship between ¢; and ¢;. However, there is a special
case of interest. We note that if J is concentric with I and each edge in ¢; is a fixed multiple of the
corresponding edge length in /7, we can say £; = A{; for some constant \. In this case, we write J = A 1.
It then follows that |J| = A |I].

We are now ready to define outer measure on R*. Following Definition 12.3.1, we define a suitable
covering family .7 and premeasure 7. Then, the mapping p* defined in Theorem 12.3.1 will be an outer

measure. For ease of exposition, let’s define this here.

Definition 13.1.1. Lebesgue Outer Measure

Let 7 be the the collection of all open intervals in R¥ and define the premeasure T by 7(I) = |I|
for all I in . For any A in X, define

p(A) = inf{> |||, € 7,AC UL}

We will call a collection (I,,) whose union contains A a Lebesque Cover of A.

Then, p* is an outer measure on R* and as such induces a measure through the usual Caratheodory
condition route. It remains to find its properties. The covering family here is not an algebra, so we can

not use Theorem 12.3.3 and Theorem 12.3.4 to conclude
(i): . C M;ie. Misan OMI-F o - algebra.
(ii): If A€ 7, then |A| = p(A); i.e. M is an OMI-FE o - algebra.
However, we will be able to alter our original proofs to get these results with just a little work.

Comment 13.1.1.  (i): If I is an interval in R*, then (I) covers I itself and so by definition p*(I) <
1.

(ii): If {x} is a singleton set, choose any open interval I that has x as its center. Then, I is a cover of
{z} and so p*({z}) < |I|. We see the the concentric intervals 1/2™ I also are covers of {x} and
so w*({z}) < 1/2™ for all n. It follows u*({z}) = 0.

(iii): From (i), it clear that p*(E) =0 if E is a finite set.

(iv): If E is countable, label its points by (ay,). Let € > 0 be given. Then by the Infimum Tolerance

Lemma, there are intervals I, having a, as a center so that |I,| < €/2™. Then the intervals (I,)

cover E and by definition,

PHE) <Y L <> e2" =«

n

Since € is arbitrary, we see p*st(E) =0 if E is countable.
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We want to see if p*(I) = |I]. This is not clear since our covering family is not an algebra. We now

need a technical lemma.

Lemma 13.1.1. Sums Over Finite Lebesgue Covers Of I Dominate |/

Let I be any interval of R* and let (I1,...,Ix) be any finite Lebesque cover of I. Then

N
Yol o= |l

n=1

The proof is based on an algorithm that cycles through the covering sets I; one by one and picks
out certain relevant subintervals. We can motivate this by looking at an interval I in R? whose closure
is covered by 3 overlapping intervals Iy, Is and I3. This is shown in Figure 13.1. We do not attempt
to indicate the closure of I in this figure nor the fact that the intervals I; and so forth are open. We

simply draw boxes and you can easily remove or add edges in your mind to open an interval or close it.

I

I

An example in R?: cover I,
I> and I3 of I.

~|

I3

Figure 13.1: Motivational Lebesgue Cover

These four intervals all have endpoints on both the x and y axes. If we draw all the possible constant
x and constant y lines corresponding to these endpoints, we subdivide the original four intervals into
many smaller intervals as shown in Figure 13.2.

In particular, if we looked at interval I, it is divided into 16 subintervals (Ji,7), for 1 < i < 16 as
shown in Figure 13.3.

These rectangles are all disjoint and

although we won’t show it in a figure, Iy and I3 are also sliced up into smaller intervals; using the same

left to right and then downward labeling scheme that we used for I, we have
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I, I, I3 and I determine
subdivisions into smaller in-
tervals.

Figure 13.2: Subdivided Lebesgue Cover

e I, is divided by 4 horizontal and 4 vertical lines into 16 disjoint subintervals, Js 1 to Ja 16. Further,

e I3 is divided by 4 horizontal and 6 vertical lines into 24 disjoint subintervals, Js3; to J324. We

thus know

24
73 = U 73’ i
i=1

Finally, I is also subdivided into subintervals: it is divided by 4 horizontal and 2 vertical lines into 8

disjoint subintervals, J; to Jg and

8
T = 7.
=1
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J11 J1,2 J13|J1,4
J15 Jie |Ji7|J1g
J1,9 Jio0 0 [J1,11]J1,12
J1,13 Jiaa |J1,15]J1,16

17 is subdivided into 16 new
rectangles, Ji 1 to Ji 16.

We also know

Figure 13.3: Subdivided I

1]

[ 11]

12|

| 13]

8
Z ‘Jila
=1

16

Z ‘J17i|7

=1
16
> | l,
=1
24

> sl

=1

Now look at Figure 13.2 and you see immediately that the intervals Jj; and J,, are either the same

or are disjoint. For example, the subintervals match when interval I and I3 overlap. We can conclude

each J; is disjoint from a Ji; or it equals Ji; for some choice of k and j. Here is the algorithm we want

to use:

Step 1: We know I C I) U I U I3 and J; = J,, 4, where n; is the smallest index from 1, 2 or 3 which
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works. For this fixed ny, consider the collection

Snl - {Jn1,17 crt Jnl,p(nl)}

where we are using the symbol p(n;) to denote the number of subintervals for I,,,. Thus, p(1) = p(2) = 16

and p(3) = 24 in our example. In our example, we find n; = 1 and

Ji = Jie
S = {1, -5 Ji6 )

Look at Figure 13.4 to see what we have done so far.

J1 | Jo
I is subdivided into 8 new
rectangles, J; to Jg. The

J3 | Ju shaded part is covered by
1.

Js5 | Je

Jr | Js

Figure 13.4: The Part Of I Covered by I

By referring to Figure 13.2, you can see J; = J; 12 and J3 = Jy 16. Now, let

Tn1 T, = {Z‘E”{J > J; = Jnl,k}-

Here T7 = {1, 3}. Also, let
Unl = Ul = {k|3’£ =) Jnl,k = J,L}

We see Uy = {12, 16}.

Step 2: Now look at the indices

Vo, = Vi ={1,2,3,.... 8\ T}
= {2,4,5,6,7,8}.
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The smallest index in this set is 2. Next, find the smallest index ny so that
J2 = an,k)

for some index k. From Figure 13.2, we see both Iy and I3 intersect I\ I;. The smallest index ny is thus
ng = 2. The index k that works is 7 and so Jy = Jy 7. In figure 13.5, we have now shaded the part of I
not in I; that lies in I5.

Ji | Ja
I is subdivided into the 8
new rectangles, Ji to Js.
The two shaded parts are

J3 | Ja covered by I; (lighter shad-
ing) and I» (darker shading).

Js | Js

Jr | Jg

Figure 13.5: The Part Of I Covered by I and I,

We can see that Jo = Jo7, Jy = Jo 11, J5 = Jo,14 and Jg = Jo15. Let
T, = Th ={ieVi|3k > J = Jur}
Here Ty = {2, 4, 5, 6}. Also, let
Up, = Uy ={k|Fi > Jppo = Ji}

We see Uy = {7, 11, 14, 15}.

Step 3: Now look at the indices

Vi, Vo = {1,2,3,...,8}\ (T1 UTy)

(7.8},

The smallest index in this set is 7. Next, find the smallest index n3 so that

']7 = Jng,k
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for some index k. From Figure 13.2, we see both Iy and I3 intersect I\ (I; U I3). The smallest index ng
must be 3 and so ng = 3. The index k that works now is 15 and we have J; = J3 15. In figure 13.6, we
have now shaded the part of I not in I; U I that lies in I3.

Ji1 | Ja

I is subdivided into the 8
new rectangles, J; to Jg.
The three shaded parts are
J; I covered by I; (lighter shad-
ing) and [» (darker shading)
and I3 (darkest shading).

Js | Js

Figure 13.6: The Part Of I Covered by 11, I and I3

In fact, we have J7 = J3 15 and Jg = J3 16. Thus, we set

T, = Tz ={i €Vo|3k > J; = Jngi}
{7, 8}.

Also, we let
Un3 = U; = {k|E|’L =) Jng,k = Jl}

We see Uy = {15, 16}.

We have now expressed each J; as some J,,, , through J,,, . We are now ready to finish our argument.

Step 4: We have

{1, ...,8 = T, UT,, UT,,
Ty UTy, U Ts.

Thus,
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p(ns) 24

S gkl 0D ngil = < |13,
k€U, =Us k=1 k=1
p(n2) 16

Z ‘Jn27k| < Z |Jn27k’| = < |IQ|5
k€U, =Us k=1 k=1
p(n1) 16

Z ‘Jnl,k| < Z |J’ﬂ1,/€| = < |In1‘
k€U, =U; k=1 k=1

Thus,

1l =

Z Yo agal

p=1 k€U(np)

IN

M- an

|1, |-

S
Il
-

This proves that

3
> Il
i=1

This is our desired proposition for a particular example set in R? using three intervals. We are now

ready to adapt this algorithm to prove the general result.

Proof. We are given intervals I to In in RF whose union covers I. Fach interval I; is the product

(Oéihﬂﬂ) X X (Oéilmﬂik),

and I is the product
(alaﬂl) X X (akaﬂk)-

On the x; axis, the N intervals and the interval I determine a collection of points

{(o1j, 1), z; edge from interval I;

(v2j, B25), x; edge from interval Io;

(anj, Bnj), ©; edge from interval In;

(a, Bj), xj edge from interval I.

We do not care if these points are ordered. These x; awis points, for 1 < j < k, “slice” the intervals

I, through In and I into smaller intervals just as we did in the example for R2 shown in Figure 15.2.
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We have
I — Ji, ..., J,
L — Ji, ..., Jl,p(1)
IN — JNl; ceey JN,p(l)-

Step 1: Look at J,. There is a smallest index ny so that J —1=J,, , for some (. Let

Tnl = {1{1,7])}‘36 > J;, = Jn1,2}7
U, = {0303 Ji = Ju}

This uses up Tp,, of the indices {1,...,p}. You can see this process in Figure 13.4.

Step 2: Let
‘/1 = {177p}\Tn1}

and let q be the smallest index from the set V1. For this q, find the smallest index ny # ny so that

Jg = Jn, 0 for some L. This is the process we are showing in Figure 13.5. We define

T, = {i €Vi|3L3 Ji = Juyu)s
Uy = {0]3i€ Vi3 J = Jnyu}

This uses up more of the smaller subintervals Iy to Ip,.

Additional Steps : Let

Ve = {L....p}\ (Tn, U T}
We see Vs is a smaller subset of the original {1, ..., p} than Vi. We continue this construction process
until we have used up all the indices in {1, ..., p}. This takes say Q steps and we know Q < p.

Final Step: After the process terminates, we have

p
1= 31

IA
M@
g

A
™
=

this completes the proof. |
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We can now finally prove that p*(I) = |I|. Note that we have to work this hard because our original
covering family was not an algebra! The final arguments are presented in the next two lemmatta.
Lemma 13.1.2. p*(I = |I|

Let I be an open interval in R*. Then p*(I) = |I|.

Proof. Let (I,,) be any Lebesgue cover of I. Since I is compact, this cover has a finite subcover,

Lo,y Iny. Applying Lemma 15.1.1, we see

N

< D0 Ml < )0 Ml

i=1 %

Since (I,,) is an arbitrary cover of I, we then have |I| is a lower bound for the set
{Z |L,| | (I,) is a cover of T}.
n

It follows that

1 < ().

To prove the reverse inequality holds, let U be an open interval concentric with I so that I C U. Then
U is a cover of I and so u*(I) < |U|. Hence, for any concentric interval, \XI, 1 < X\ < 2, we have
w(I) < A*|I|. Since this holds for all A\ > 1, we can let A — 1 to obtain p*(I) < |I|. [ ]

Lemma 13.1.3. p*(I) = |I|
If I is an open interval of R*, then p*(I) = |I|.

Proof. We know I is a cover of itself, so it is immediate that u*(I) < |I|. To prove the reverse inequality,
let M be concentric with I for any 0 < X\ < 1. Then, AXI C I and since u* is an outer measure, it is

monotonic and so
W) < (D),

But p*(A) = A*|I|. We thus have N¥|I| < p*(I) for all A € (0,1). Letting A\ — 1, we obtain the desired
inequality. [ |

13.2 Lebesgue Outer Measure Is A Metric Outer Measure

We have now shown that if I € 7, then |I| = p*(I). However, we still do not know that the intervals I
from .7 are p* measurable. We will do this by showing that Lebesgue outer measure is a metric outer
measure. Then, it will follow from Theorem 12.2.1 that the open sets in R* are u* measurable, i.e. are in
M. Of course, this implies 7 C M as well. Then, since an interval I is measurable, we have |I| = u(I).

Let’s prove p* is a metric outer measure. We begin with a technical definition.
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Definition 13.2.1. The M; Form of u*
For any set E is R¥ and any 6 > 0, let

Ms(E) = inf{z |I.|| (I,) covers E, I, is an interval € R*, each edge of I, is less than §}.

n

Next, we need a technical lemma concerning finite Lebesgue covers.

Lemma 13.2.1. Approximate Finite Lebesgue Covers Of I.

Let I be a open interval and let I denote its closure. Let € and § be given positive numbers.
Then there exists a finite Lebesque Covering of I, I, ...,In so that each edge of I; has length

less than § and

|| + -+ 4+ [In] < |I| + €

Proof. Let
I = Hf:l (ai,bi)

and divide each component interval (a;,b;) into n; uniform pieces so that (b; — a;)/2 < §/2. This deter-

mines n; open intervals of the form (ai;,bi;) for 1 < j < n; with bijj — a;; < §/2.

Let N =nyng - ng and let J = (j1,...,7k) denote the k - tuple of indices chosen so that 1 < j; < n,.

There are N of these indices. Let j indicate any such k - tuple. Then j determines an interval I; where
Ij = Hi‘c:l (aij,bij), with (bij — aij) < 6/2

Hence, |I;| < (6/2)k. It is also clear that

o=l

Now choose concentric open intervals Al for any X with 1 < X\ < 2. Then since A > 1, (AI; over all k

- tuples j is a Lebesgue cover of I, we have
MGl = AL
and so
STIGE = AL
= A1,

Since \¥ — 1, for our given € > 0, there is an > 0 so that if 1 < X < 1+n, we have

€

N1l <« ——
Il + 1
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In particular, if we pick A= (1+1n)/2, then

€

Since € is arbitrary, we see

€

Al 1+ ——

)|1| < ] + e

Thus, the finite collection ((14n)/2 I;) is the one we seek as each edge has length ((1+n)/26/2 which
is less than 9. ]

Lemma 13.2.2. My = p
For any subset E of R*, we have Ms(E) = p*(E).

Proof. Let’s pick a given 6 > 0. The way My is defined then tells us immediately that p*(E) < Ms(E)
for any § > 0 and subset E. It remains to prove the reverse inequality. If p*(E) was infinite, we would
have p*(E) > Ms(E); hence, it is enough to handle the case where p*(E) is finite. By the Infinitum

Tolerance Lemma for a given € > 0, there is a Lebesgue cover (I,) of E so that

ZIII < pw(E) +

l\D\m

By Lemma 13.2.1, there is a finite Lebesque cover of each (I,,) which we will denote by (J,;), 1 < j < p(n)

so that each interval Jy; has edge length less than 6 and satisfies

p(n)
> Mgl < Il + g

j=1

The combined family of intervals (J,; for alln and 1 < j < p(n) is clearly a Lebesque cover of E also.
Thus, by definition of u*, we have

—~

p(n)

S0 Ml < 3R+ Y
n=1 n=1

n=1 1

<.
Il

< u(F) + e

Now each edge length of the interval I,; is less than 0 and so

|nj|

<25

”MS

by definition. We see we have established
Ms < pi(E) + ¢

for an arbitrary €; hence, Ms < u*(FE). |
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We now have enough “ammunition” to prove Lebesgue outer measure is a metric outer measure; i.e.
LOM is a MOM!

Theorem 13.2.3. Lebesgue Outer Measure Is a Metric Outer Measure

The Lebesque Outer Measure, p* is a metric outer measure; i.e., if A and B are two sets in
RF with D(A, B) > 0, then p*(A U B) = p*(A) + p*(B).

Proof. We always know that u* (AU B) < p*(A) + p*(B) for any A and B. Hence, for two sets A and
B with D(A,B) =§ > 0, it is enough to show u*(A) + p*(B) < u*(AU B). Let € > 0 be chosen. Since
My = u*, there is a cover of AU B so that the edge length of each I, is less than 6/k and

M;(AUB) = p*(AUB) <> |I.| < p"(AUB) + ¢
by an application of the Infimum Tolerance Lemma.

If x and y in AU B are both in a given I,, then

k k
day) = D -wr < (X Op =yl =a

i=1 i=1

However, D(A, B) = ¢ by assumption. Thus, a given I, can not contain points of both A and B. We
can therefore separate the family (I,,) into two collections indexed by U and V', respectively. If n € U,
then I, N A is non empty and if n € V, I, N B is non empty. We see {I,}neu is a cover for A and
{In}nev is a cover for B. Thus, p*(A) <3y [n| and p*(B) < > cy nl. It then follows that

PWAUB) + € = Y Ll = > L+ Y Ll

nelU nev
> p(A) + i (B).

\

Since € is arbitrary, we have shown p*(A) + p*(B) < u*(AUB). This completes the proof that Lebesgue

outer measure 1s a metric outer measure. |

This theorem is the final piece we need to fully establish the conditions
(i): 7 C M;ie. M isan OMI-F o - algebra.

(ii): I € 7, then |I| = u(I); i.e. M is an OMI-FE o - algebra.

Comment 13.2.1. We see immediately that since Lebesque outer measure is a metric outer measure, the
o - algebra of p* measurable subsets contains all the open sets of ®*. In particular, any open interval I

is measurable. As mentioned previously, we thus know the Borel o - algebra of subsets is contained in M.

By Theorem 12.1.4, we know Lebesque measure p is complete.

We can also prove Lebesgue measure p is regular.
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Theorem 13.2.4. Lebesgue Measure Is Regular
For any set E in R,

*

—
S

S~—"
I

inf {u(U) |U, E C U, U is open }
w(E) = imf{u(F)|E, E C F, F is Lebesgue measurable }.

Hence, p is regular.

Proof. Since U is open, U is Lebesgue measurable and so p*(U) = w(U). It follows immediately that
w*(E) < u(U) for such U. Hence,

w(B) <inf {u(U)|U, E C U, U is open }.

On the other hand, if € > 0 is given, the Infimum Tolerance Lemma tells us there is a Lebesgue cover of
E, (I,), so that

w(E) < Y Il < w(B) + e

n

However, this open cover generates an open set G = Uy, I, containing E with u(G) < >, |In| because
w(Iy) = |I,]. We conclude, using the definition of u* that

pG) < Il < w(B) + e

Hence, we must have
inf {u(U)|U, E C U, U isopen} < p*(E)+ e

Since € is arbitrary, the result follows.

Since each open U is measurable, we then know

w(E) inf {u(U)|U, E C U, U is open }

inf {W(F)|E, E C F, F € M}

Y

by the first argument. To obtain the reverse inequality, note that since p*(F) = u(F) for all measurable

F, monotonicity of u* says pu*(E) < u*(F) for all measurable F'. We conclude
p'(E) < inf{u(F)|E,ECF F e M}

Now recall the definition of a regular measure from Definition 12.5.53. Using the Infimum Tolerance

Lemma again, there is are measurable sets (Fy,) so that E C F,, for all n and

S I=

WHE) < u(F) < w(E) +
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Then, N, F,, is also measurable and so by our equivalent form of u*, we have p*(E) < p(N, Fy,). However,

Np F,, C F, always and hence,

pE) S (0w F) < p(F) < p(E) + -
We conclude for all n,
p(E) < u(On B (E) +
Letting n go to infinity, we find p*(E) = u(Ny, Fy,) which shows u is reqular. |

13.3 Lebesgue - Stieljes Outer Measure and Measure

We can also be more general. Let g be any non -decreasing function on f which is continuous from the
right. This means for all x, limy,_,o+ g(x + h) exists. Moreover, the unbounded limits are well - defined
lim, .o g(z) and lim, .+ g(x). These last two limits could be —oo and oo respectively. Then, define

the mapping 74, on U by

7_9(@) = 07

= g(b) = g(a),

r— —0Q

— lim g(2) — g(a),

r—00

= lim g(z) — lim g(z).

)

w((o0tl) = o)~ tim_g(o),
)
)

This defines 7, on the collection of sets U consisting of the empty set, intervals of the form (a,b] for
finite numbers a and b and unbounded intervals of the form (—oo,b] and (a,c0). Let A be the algebra

generated by finite unions of sets from U. Note A contains R.

Let’s extend the mapping 74 to be additive on A. If Ey, E», ..., E, is a finite collection of disjoint sets
in A, we extend the definition of 74 to this finite disjoint unions as follows:

n

(U B) = > (B (13.1)

=1

Lemma 13.3.1. Extending 7, To Additive Is Well - Defined

The extension of T4 from U to the algebra A is well - defined; hence, T4 is additive on A.

Proof. For (a,b] € A, write

(a7 b] = U?:l (aiv bi]v
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for any positive integer n with a; = a, b, = b and the in between points satisfy a; 1 = b; for all
i. Of course, there are many such decompositions of (a,b] we could choose. Also, these are the only
decompositions we can have. If we use the unbounded sets, we can not recapture (a,b] using a finite

number of unions! Then, using Equation 15.1, we have

79((a,0]) = 7g((as, bil)

I

=1

(bi) — g(ai).

|

h
Il
_

But since a;11 = b;, this sum collapses to

74((a,0]) = g(b) — g(a).

This was the original definition of T, on the element (a,b] inU. We conclude the value of T, on elements

of the form (a,b] is independent of the choice of decomposition of it into a finite union of sets from U.

For an unbounded interval of the form (a,o0), any finite disjoint decomposition can have only one in-
terval of the form (b, 00) giving (a,00) = (a,b]U (b, 00), with the piece (a,b] written as any finite disjoint
union (a,b] = Ul (a;,b;] as before. The same arguments as used above then show 14 is well - defined

on this type of element of U also. We handle the sets (—oo,b] is a similar fashion.

Next, if we look at any arbitrary A in A, then A can be written as a finite union of members
Aq,..., Ay of U. FEach of these elements A; can then be written using a finite disjoint decomposition

into intervals (ai;,bi5], 1 < j < p(i) as we have done above. Thus,

A = un Y (aig,bi)
where it is possible a11 = —00 and by, p(m) = 00. We then combine these intervals and relabel as necessary
to write A as a finite disjoint union
A = UYL (aibi)
with b; < a;11 and again it is possible that a; = —oo and by = oo. We therefore know that
(A = UY, 7,((a;, bi)).
g i=1 Tg\{@i, 05

Now assume A has been decomposed into another finite disjoint union, A = Ujl‘/il Bj, each Bj € A. Let
C; = {il €(a;,b] € B}

Note a given interval (a;, b;] can not be in two different sets B; and By, because they are assumed disjoint.

Hence, we have

B;j = Uiec, (a;,bi]
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and

7(Bj) = Y Tyl(aibi)).

=
Q

Thus,

B

Z 74((ai, bi])

1 i€’y

M
Z 74(Bj) =

<.
Il

-

74((ai, bi]).

i=1

This shows that our extension for T, is independent of the choice of finite decomposition and so the

extension of T4 is a well - defined additive map on A |

We can now apply Theorem 12.3.3 to conclude that since the covering family .o/ is an algebra and 7, is
additive on 7, the o - algebra, M, generated by 7, contains &/ and the induced measure, p, is regular.
Next, we want to know that p,(A) = 7,(A) for all A in A. To do this, we will prove the extension 7, is

actually a pseudo-measure. Thus, we will be able to invoke Theorem 12.3.4 to get the desired result.

Lemma 13.3.2. Lebesgue - Stieljes Premeasure Is a Pseudo-Measure

The mapping T4 is a pseudo-measure on A.

Proof. We need to show that if (T,,) is a sequence of disjoint sets from A whose union U, T}, is also in
A, then

T(UnTn) = ZTQ(TH).

n

First, notice that if there was an index ng so that 74(Ty,) = 0o, then letting B = U, T;, \ T, we can

write UpT, as the finite disjoint union B U T, and hence
To(UnTn) = 714(B) + 74(Th,) = o0.

Since the right hand side sums to oo in this case also, we see there is equality for the two expressions.
Therefore, we can restrict our attention to the case where all the individual T,, sets have finite 74(1},)
values. This means no elements of the form (—oo,b] or (a,00) can be part of any decomposition of the
sets T,,. Hence, we can assume each T, can be written as a finite union of intervals of the form (a,b).

1t follows then that it suffices to prove the result for a single interval of the form (a,b].
Since T4 is additive on finite unions, if C C D, we have

(D) = 14(C) + 174(D\C) = 74(C).
Now assume we can write the interval (a,b) as follows:

(a,0] = UpZy (ai, by
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with the sets (a;,b;] disjoint. For any n, we have

(a,0] = Ug_y (ar,be] U URZ, 1 (ak; byl

Therefore

79((a,b]) = Tg(uzzl (ak,bk]> + Tg<U Urs i1 (ak,bk]).

The finite additivity on disjoint intervals then gives us

(o) = 35w

k=1
= g(b1) — glar) + g(b2) — glaz) + ... + g(bn) — g(aa).

We know g is nondecreasing, thus g(by) — g(az) < 0, g(ba) — g(asz) < 0, and so forth until we reach
9(bn—1) — g(a,) < 0. Dropping these terms, we find

rg(uz=1 <ak,bk1) < glbn) — glar) <) — gla).

Thus, these partial sums are bounded above and so the series of non negative terms Y 74((ar,bi)

Tg(Uioﬂ (ambk]) < Tg<(a,b]).

To obtain the reverse inequality, let € > 0 be given. Then, since the series above converges, there must

converges. This tells us that

be a positive integer N so that if n > N,

i T,J((ak,bk]) < €

k=n+1

We conclude that

rg<(a,b}) ki:l Tq ((ak,bk]> + rg,(u;"_n+1 (ak,bk]>

3l

2 Z Tg( ar b] ) + Tg(U Uk n+1 (akabko
n K

= ZTg<ak,bk ) + Z Tg< ak,bk >
k=1 k=n-+1

We know that
K
lim Z Tg((a;g,bk]> = 0

k=n-+1
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Thus, letting K — oo, we find for alln > N, that

n

Tg<(a,b}> > > Tg<(ak,bk]>.

k=1

However, the sequence of partial sums above converges. We have then the inequality

Tg((a,b}> > i Tg<(ak,bk]).

k=1

Combining the two inequalities, we have thal our extension 7,4 is a pseudo-measure. |

Comment 13.3.1. It is worthwhile to summarize what we have accomplished at this point. We know
now that the premeasure 74 defined by the nondecreasing and right continuous map g on the algebra of
sets, A, generated by the collection U consisting of the empty set, finite intervals like (a, b] and unbounded
intervals of the form (—oo,b] and (a,00) when defined to be additive on A generates an interesting outer

measure py . We have also proven that the extension 1, becomes a pseudo-measure on A. Thus,

(i): The sets A in A are in the o - algebra of sets that satisfy the Caratheodory condition using ju,

which we denote by My. We denote the resulting measure by pg.
(i1): We know g is reqular and complete.
(i11): We know that pg(A) = 74(A) for all A in A.

(iv): Since any open set can be written as a countable disjoint union of open intervals, this means any
open set is in My because My contains open intervals as they are in A and the o - algebra M,
is closed under countable disjoint unions. This also tells us that the Borel o - algebra is contained

in M.

We can also prove that uj is an outer measure. Since open sets are pj; measurable, by Theorem 12.2.2,

it follows that p is a metric outer measure.

Comment 13.3.2. The measures p, induced by the outer measures p, are called Lebesgue - Stieljes

measures . Since open sets are measurable here, these measures are also called Borel measures .

Comment 13.3.3. So for a given nondecreasing right continuous g, we can construct a Lebesgue -

Stieljes measure satisfying

wo((al) = o) - gfa)

So what about the open interval (a,b)? We know that

S

(a;0) = U(avb -

n

Then

wo((@n) = g0 - 1) - gl

g(b™) — g(a).
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What about the singleton {b}? We know

1
0]

n

o} = (-

n

and so

w1 = ) - g0 - 1)
o) — gb).

Note this tells us that the Lebesgue - Stieljes measure of a singleton need not be 0. However, at any point
b where g is continuous, this measure will be zero. Since our g can have at most a countable number of

discontinuities, we see there are only a countable number of singleton sets whose measure is non - zero.

13.4 Homework

Exercise 13.4.1. A family A of subsets of the set X is an algebra if
(i): 0, X are in A.
(i): E € A implies E€ € A.

(ii1): if {A1,..., An} is a finite collection of sets in A, then their union is in A.

Further, the mapping T is sometimes called a pseudo-measure on the algebra A if 7: A — [0,00] and
(i): 7(0) = 0.

(i): If (A;) is a countable collection of disjoint sets in A whose union is also in A (note this is not

always true because A is not a o - algebra), then

TUA) = > (A

i
Now we get to the exercise:

(a): Let U be the family of subsets of ® of the form (a,b], (—o0,b], (a,00) and (—oo,00) as well as (.

Prove F, the collection of all finite unions of sets from U is an algebra of subsets of R.
(b): Prove T equal to the usual length of an interval is a pseudo-measure on F.
(c): Let g be any monotone increasing function on R which is continuous from the right. This means

lim g(x+ h) exists, Vux,
Jim g )
lim g(z) exists,
T—— 00

lim g(x) ewists.
r—00
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where the last two limits could be —oo and oo respectively. Define the mapping 7, on U by
w((@tl) = o) - afa)

r——00

n((oen) = ) - o),
n((@o) = Jim g(o) - g(a)

r—00

Tg<(oo,oo)) = lim g(z) — lim g(=).

r— 00 Tr— —00

and extend 74 to F as usual. Prove that 74 is a pseudo-measure on F.

(d): T4 can then be used to define an outer measure Hg as usual. There is then an associated o - algebra

of wy measurable sets of R, Mg, and py restricted to My is a measure, p.

We now prove F is contained in M. Here is the hint for any set I from F. Compare this problem
to Example 12.4.1 and Example 12.4.2 which are almost identical in spirit (although the g here is

more general) even though they are couched in terms of pre-measures instead of pseudo-measures.

Hint. Let T be any subset of R. Let € > 0 be given. Then there is a cover (A,) of sets from the
algebra F so that

> m(An) < pp(T) + e

n

Now INT C U, (A, NI) and I°NT C U, (A4, NIY). So
pe(TNI) < > 1(AnN1),
pe(TNI% < > 1,(A,NI%).
Combining, and using the additivity of T4, we see
pe(TOI) + p(TNI%) < Y 7(An) < py(T) + e

Since € > 0 is arbitrary, we have shown I satisfies the Caratheodory condition and so in py
measurable.

Once you have shown these things, we know the Borel o - algebra B is contained in My! Measures
constructed this way are called Borel - Stieljes measures on R when we restrict them to B. If we use the

full o - algebra, we call them Lebesgue - Stieljes measures.

Exercise 13.4.2. Let h be our Cantor function
hz) = (z + ¥(x))/2.

From the previous exercise, we know 7, defines a Borel - Stieljes measure. Determine if 11, is absolutely

continuous with respect to the Borel measure on R (Borel measure is just Lebesgque measure restricted to

B.
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Chapter

- Modes Ot Convergence

There are many ways a sequence of functions in a measure space can converge. In this chapter, we will

explore some of them and the relationships between them.

There are several types of convergence here:

(i): Convergence pointwise,
(ii): Convergence uniformly,
(iii): Convergence almost uniformly,
(iv): Convergence in measure,
(v): Convergence in £, norm for 1 < p < oo,

(vi): Convergence in Lo, norm.

We will explore each in turn. We have already discussed the p norm convergence in Chapter 11 so
there is no need to go over those ideas again. However, some of the other types of convergence in the
list above are probably not familiar to you. Pointwise and pointwise a.e. convergence have certainly
been mentioned before, but let’s make a formal definition so it is easy to compare it to other types of

convergence later.
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Definition 14.0.1. Convergence Pointwise and Pointwise a.e.

Let (X,S) be a measurable space. Let (f,) be a sequence of extended real valued measurable
functions: i.e. (f,) C M(X,S). Let f: X — R be a function. Then, we say f, converges
pointwise to f on X if lim, f,(x) = f(z) for all x in X. Note that this type of convergence
does not involve a measure although it does use the standard metric, || on R. We can write
this as

f’n - f [ptws]

If there is a measure p on S, we can also say the sequence converges almost everywhere if
uw{x | fulx) £ f(x)}) = 0. We would write this as

fn — f [ptws a.el].

Next, you have probably already seen uniform convergence in the context of advanced calculus. We

can define it nicely in a measure space also.

Definition 14.0.2. Convergence Uniformly

Let (X,8) be a measurable space. Let (fy,) be a sequence of real valued measurable functions:
ie. (fn) C M(X,S). Let f: X — R be a function. Then, we say f, converges uniformly to
f on X if for any € > 0, there is a positive integer N (depending on the choice of € so that if
n> N, then | f,(z) — f(z) |< € for all x in X. We can write this as

fn — f [unif].

However, if we are in a measure space, we can relax the idea of uniform convergence of the whole

space by taking advantage of the underlying measure.

Definition 14.0.3. Almost Uniform Convergence

Let (X,Sp) be a measure space. Let (f,) C M(X,S, 1) be a sequence of functions which are
finite a.e. Let f: X — R be a function. We say f, converges almost uniformly to f on X if
for any € > 0, there is a measurable set E such that u(E) < ¢ and (f,) converges uniformly
to f on E. We write this as

fo — f lawl].

Finally, we can talk about a brand new idea: convergence using only measure itself.
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Definition 14.0.4. Convergence In Measure

Let (X,Sp) be a measure space. Let (f,) C M(X,S, 1) be a sequence of functions which are
finite a.e. Let f: X — R be a function. Let E be a measurable set. We say f, converges in
measure to f on E if for any pair (¢,0) of positive numbers, there exists a positive integer N
(depending on € and &) so that if n > N, then

p{z | | falz) = f(z) | = d}) < e

We write this as

fo — f [meason E].

If E is all of X, we would just write

fn — f [meas].

14.1 Subsequence Extraction

In some cases, when a sequence of functions converges in one way, it is possible to prove that there is at

least one subsequence that converges in a different manner. We will now make this idea precise.

Definition 14.1.1. Cauchy Sequences In Measure

Let (X, S, 1) be a measure space and (fy,) be a sequence of extended real valued measurable
functions. We say (fy) is Cauchy in Measure if for all « > 0 and € > 0, there is a positive
integer N so that

M(fn('r) - fm(-r” > 06) < €, Vn, m > N.

We can prove a kind of completeness result next.

Theorem 14.1.1. Cauchy In Measure Implies A Convergent Subsequence

Let (X, S, 1) be a measure space and (f) be a sequence of extended real valued measurable
functions which is Cauchy in Measure. Then there is a subsequence (f}) and an extended real

valued measurable function f such that f} — f [a.e], f} — f [aw] and f} — f [meas].

Proof. For each pair of indices n and m, there is a measurable set E,,, on which the definition of the
difference f, — fm is not defined. Hence, the set

E=UU B

is measurable and on E, all differences are well defined. We do not know the sets E,,, have measure
0 here as the members of the sequence do not have to be summable or essentially bounded.

Now, let’s get started with the proof.
(Step 1): let an =1/2 and €1 = 1/2 also. Then, (f,) Cauchy in Measure implies

dN; > n,m >N = ,u(|fn(3:) — fm(z)] > 1/2) < 1/2.
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Let

g1 = fN1+1'

(Step 2): let ag = 1/22 and €1 = 1/2% also. Then, (f,) Cauchy in Measure again implies there is
an Ny > Ny so that

n, m > Ny = u(|fn(ac) — fm(2)] > 1/4) < 1/4.

Let

92 = [Not1-

It is then clear by our construction that
u(lgz(w) - q(@)] = 1/2) < 1/2.

(Step 3): let ag = 1/23 and e, = 1/23 also. Then, (f,) Cauchy in Measure again implies there is an
N3 > Ny so that

n, m > N3 = /L(|fn(x) — fm(z)] > 1/8) < 1/8.

Let

g3 = ngJrl'

It follows by construction that

u(lgs(fv) )] > 1/4) <1

Continuing this process by induction, we find a subsequence (g,) of the original sequence (fy,) so that
for all k > 1,

il @) - ool = 1/2¢) < 12"

Define the sets
£ = (lon(@ - 5] = 1/2)

and

Note if v € Ff,

|gj41(x) — gj(2)] < 1/2
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for any index j > k. Fach set Fy, is then measurable and they form an increasing sequence. Let’s get a

bound on w(Fy). First, if A and B are measurable sets, then

w(avn) = w(avs)ieu(an )+ u(a®up)

But adding in M(A N B) simply makes the sum larger. We see

M<AUB) < M(AUBC):+M(AQB> +M(AHB) +u(AC UB>

= pu(A) + pu(B).

This result then extends easily to finite unions. Thus, if (Ay) s a sequence of measurable sets, then by
the sub additive result above,

u(L_J A) < S u(dy)

i=1

Hence, the sets U}_; A; form an increasing sequence and we clearly have

u(DA) — tim

We can apply this idea to the increasing sequence (Fy,) to obtain

oo

o Ai) <) (4.

=1 i=1

p(F) < u(E)
j=k
< > 172 =1/2"1
j=k
Now, for any i > j, we have
1—1
9:(2) = g; (@) < Y lgerr — gel-
=g
Choosing the indices i and j so that i > j > k, we then find if x & F}, that

|ge+1(z) — ge(x)| < 172"

Hence, for these indices,

i—1
9:(x) — g;(@)] < D lgers — gel
l=j

1—1 oo
< o1t =312t =127
t=j =5
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We conclude that if x € ch and i > 75 > k we have

l9i(x) = g;(2)] < 1/2j -1 (*)

Now let F = Ny Fy. The F is measurable and p(F) = limy u(Fy) = 0. Let x be in F¢. By De
Morgan’s Laws, © € Uy F}? which implies x is in some ch Call this k*. Then given € > 0, choose J so
that 1/2771 < €. Then, by Equation *, ifi > j > J > k*,

lgi(x) — gj(x)] < /271 < 1/2770 < e

Thus, the sequence gi(x) is a Cauchy sequence of real numbers for each x in FC. Hence, limy, gi(z)

exists for such x. Defining f by

li FC¢
fa) = imy gi(z), =€
0, x €F,

we see f is measurable and it is the pointwise limit a.e. of the subsequence (gi). This completes the

proof of the first claim. To see that (gx) converges in measure to f, look again at Equation *:

l9i(x) — g;(x)] < 1/2j—1, Vi >j >k V& € Ff.
Now let i — oo and use the continuity of the absolute value function to obtain
[f(@) = g;(@)] < 1/2j-1,Vj >k Vo € F. ()

Equation *x says that (gi) converges to f uniformly on FE. Further, recall u(Fy) < 1/2*~1. Note
given any 6 > 0, there is an integer k* so that 1/2’““1 < § and gy, converges uniformly on ch We
therefore conclude that (gi) converges almost uniformly to f as well.

To show the last claim, given an arbitrary a > 0 and € > 0, choose a positive integer k* so that
w(FY) < 172871 < min(a,e).
Then, by Equation =+, we have
(170 = gl = @) € (@) = gl > 172 7),

Then, again by Equation %%, we have

N

(170) = s > 1/2)
Fi-.

N

Combining, we have

i@ = 5@l = a) < wFe) <1<
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This shows that (gi) converges to f in measure. |

The result above allows us to prove that Cauchy in Measure implies there is a function which the

Cauchy sequence actually converges to.

Theorem 14.1.2. Cauchy In Measure Implies Completeness

Let (X, S, 1) be a measure space and (fy) be a sequence of extended real valued measurable
functions which is Cauchy in Measure. Then there is an extended real valued measurable

function f such that f,, — f [meas] and the limit function f is determined uniquely a.e.

Proof. By Theorem 1/.1.1, there is a subsequence (f}

) and a real valued function measurable function f

so that f1 — f [meas]. Let a > 0 be given. If |f(x) — fn(x)| > «, then given any fl in the subsequence,
we have

a < |f(@) = fu(@)] < (@) = fa@)] + |fule) = fa(@)].

Note, just as in the previous proof, there is a measurable set E where all additions and subtractions of
functions are well-defined. Now, let 3 = |f(z) — fi(x)| and v = |fu(x) — f}(x)|. The equation above

n

thus says

8+ < «

Since B and vy are non negative and both are less than or equal to o, we can think about this inequality

in a different way. If there was equality
4+t =«

with both 5% and v* not zero, then we could let t = */a and we could say B* =t and v* = (1 —t) «
as v* = a — B*. Now imagine B and v being larger a. Then, 3 and v would have to be bigger than or
equal to the values B* =t a and v* = (1 — t) a for some t in (0,1). Similar arguments work for the
cases of B =0 and v = 0 which will correspond to the cases of t =0 and t = 1. Hence, we can say that
if |f(x) — fu(2)] > «, then there is some t € [0,1] so that

[f(2) = fal@)] = ta,
[fa(2) = fa(@)] = (1-t)o.

\%

The following reasoning is a bit involved, so bear with us. First, if x is a value where | f(x) — fn(x)| >
a, we must have that |f(z) — fi(x)| > t « (call this Condition I) and |f,(z) — f(z)| > (1 —t) a (call
this Condition II).
Case (i): if 0 <t < 1/2, then since an x which satisfies Condition I must also satisfy Condition II, we

see for these values of t, we have

N

{z]1fu(z) = fal)
{z||fa(z) = fal2)

{z]lf(@) = fu(z)| > ta}

N
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Hence, for 0 <t <1/2, we conclude

{a|1f (@) = fa@)l 2 ta} | J{z | fale) = fa@)| 2 A =t)a} C {z|[fule) - fa(2)] = 1/2a}.

A similar argument shows that if 1/2 <t < 1, any x satisfying Condition II must satisfy Condition I.
Hence, for these t,

{zllf(@) = fa@|=ta} U {z|lfalz) = fa@)] = (1 -1)a}
C {zllf(@) — fal@)| = (1 -1)a}
C A{z|lf(@) = fa(@)| = 1/2a}.

Combining these results, we find

U ({x 1£(@) — F@) > ta} | @) - Fi@)] > A - 1) a})

0<t<1
C {z||fal@) = fa@)| = 1/2a} | J{z||f (=) - fa(2)] = 1/2a}
Finally, from the triangle inequality,
[f(@) = fal@)] < 1f(@) = fal@)] + [fal@) = fal2)],

and so, we have

{z|1f(@) = fu@)] = a} < |J ({x |1 (@) = fa(@)| = ta} (Jlz [ |ful2) = fa(@)] = (1 - 1) a})
C {z|lfale) = fa@)| = 1/2a} (J{z|f(2) = fa(2)] = 1/2a}.

Next, pick an arbitrary e > 0. Since f} — f [meas]|, there is a positive integer Ny so that
p() - £ = aj2) < g2 vt >

where n' denotes the index of the function fl. Further, since (f,) is Cauchy in measure, there is a

positive integer No so that

M(|fn(x)_f7ll($)| > 05/2) < 6/2, YV n, nt > Ns.

So if n! is larger than N = max (N1, N3), we have

w(IF@) - 1@ = a/2) < e vn> .

This shows f, — f [meas] as desired.
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To show the uniqueness a.e. of f, assume there is another function g so that f, — g [meas]. Then,

by arguments similar to ones we have already used, we find

{z]f(z) —g(@)| = a} S A{z[[fu(x) = f(x)] = 1/20a}.

Then, mutatis mutandi, we obtain

u({wlf(w)—g(w)lza}) < u<{w||fn(x)—f(w)|21/2a}>
n u<{x () — g(@)] = 172 a})
< €.

Since € > 0 is arbitrary, we see for any o > 0,
w110 - @) = a}) = o
However, we know
w(te 1@ - sl > 0)) = U(te 15 = gl > 1/2})
which immediately tells us that
w1 gl >0}) = o

This says f = g a.e. and we are done. |

Theorem 14.1.3. p-Norm Convergence Implies Convergence in Measure

Assume 1 < p < co. Let (f,) be a sequence in L,(X,S, ) and let f € L,(X,S,pn) so that

fn — f [p—mnorm]. Then f, — [ [meas] which is Cauchy in Measure.

Proof. Let o > 0 be given and let
Ba(alpha) = {o||fa() - f(@) > a}.
Then, given € > 0, there is a positive integer N so that
/ |fo — fIPdu < oPe ¥Vn > N.
Thus,

/ |fn—f|pd,u§/|fn—f\1’d,u < aPe Vn > N.
E,(a)
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But on E,(«), the integrand in the first term is bigger than or equal to of . We obtain
o u(En(a)) < afe, ¥Yn > N.

Canceling the of term, we have pu(E,(a)) <€, for alln > N. This implies f, — f [meas]. |

Comment 14.1.1. Let’s assess what we have learned so far. We have shown
(1):
fo — flp—norm] = f, — f[meas]

by Theorem 1/.1.5.

(#): It is a straightforward exercise to show
fn — flmeas] = (fn) Cauchy In Measure .
Then,
(fn) Cauchy In Measure = 3(f}) C(fu) > f! — fla.e]

by Theorem 1/.1.1. Note, we proved the existence of such a subsequence already in the proof of

the completeness of L, as discussed in Theorem 11.1.10.

(#i): Finally, we can also apply Theorem 1/.1.1 to infer

fa = flmeas] = 3(fy) € (fa) > fu — flau]

Theorem 14.1.4. Almost Uniform Convergence Implies Convergence In Measure

Let (X,S) be a measurable space. Let (f,,) be a sequence of real valued measurable functions:
i.e. (fn) C M(X,S). Let f: X — R be measurable. Then

fo — [law] = fo — f[meas].

Proof. If f,, converges to f a.u., given arbitrary e > 0, there is a measurable set E. so that p(E.) < €
and f, converges uniformly on E€. Now let a > 0 be chosen. Then, there is a positive integer Ny so
that

\fulz) — f(z)] < € ¥Yn > N,, Yo € EC.

Hence, if n > N, and x satisfies | fn(x) — f(z)| > o, we must have that © € E.. We conclude

(Ifn(:c) — fl)] = a) C E., ¥Yn > N,.
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This implies immediately that

u(fn(x) - f(@)| > a) < wE) <€ ¥Yn > N,.

This proves f, — f [meas]. |

Comment 14.1.2. We have now shown
fn — flp—norm] = f, — f[meas]

by Theorem 14.1.3. This then implies by Theorem 14.1.1

3(fa) € (fn) 2 fo = flaul]

14.2 Egoroff’s Theorem

A famous theorem tells us how pointwise a.e. convergence can be phrased “almost” like uniform con-

vergence. This is Egoroff’s Theorem.

Theorem 14.2.1. Egoroff’s Theorem

Let (X,S, 1) be a measure space with u(X) < co. Let f be an extended real valued function
which is measurable. Also, let (f,) be a sequence of functions in M(X,S) such that f, —
fla.e]. Then, fr, — f [aw.] and f, — [ [meas].

Proof. From previous arguments, the way we handle converge a.e. is now quite familiar. Also, we know
how we deal with the measurable set on which addition of the function f, are not well defined. Hence,
we may assume without loss of generality that the convergence here is on all of X and that addition is
defined on all of X. With that said, let

o0

Eu = U (I = 1@ = ym).

k=n

Note that each E,y is measurable and E, 1, C Epr so that this is an decreasing sequence of sets in the
index n. Given x in X, we have f, — f(x). Hence, for e = 1/m, there is a positive integer N(x,¢€) so
that

|[fnlx) — f(x)] < €= 1/m, Yn > N(z,e€).
Thus,
(1) = @) = /m) = 0. ¥n > NGa.o) (+)
Now consider F,, = ﬂzo:l Epm. If x € Fy,, then x is in Eyy, for oll n. In particular, letting

n* = N(xz,€) + 1, we have x € E,+ ,,. Looking at how we defined Ey« ,,, we see this implies that there
is a positive integer k' > n*, so that |fi(z) — f(x)| > 1/m. However, by Equation =, this set is empty.
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This contradiction means our original assumption that F,, was non empty is wrong. Hence, F,, = (.
Now, since (X)) < 0o, uw(E1 , is finite also. Hence, by Lemma 10.1.2,

0 = u(Fn) lirrln wW(Ey, m.
This implies that given § > 0, there is a positive integer N, so that

(W(Epm < 6/2", Ym > Ny,

since limy,, p(Enm, = 0. For each integer m, choose a positive integer n, > N,,. We can arrange for
these integers to be increasing; i.e., Ny, < Nypy1. Lhen,

1 <Enm m) < /2™

and letting

Eé - D Enm ms

m=1

we have
wEs) < Y §/em < s
m=1
Finally, note
oo C oo
1 m=

Next, note

B, = (G (18 - @) = 1/m)>c

k=n,,

oo

N (Ifk(w> - @) = 1/m>c

k=nm

oo

N (16 - 1@l < /m).

k=n,,

Thus, since v € EY means x is in ES . for all m, the above says |fr(z) — f(z)| < 1/m for all k > ny,.
Therefore, given € > 0, pick a positive integer M so that 1/M < e. Then, for all x in E(;C, we have

[fe(z) = f(2)] < /M <€ Vk =>npy.

This says fn converges uniformly to f on Eg with u(Es) < 8. Hence, we have shown f, — [ [a.u.]

Finally, if f, — f [a.w.], by Theorem 1/.1.4, we have f, — f [meas] also. |
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Next, let’s see what we can do with domination by a p-summable function.

Theorem 14.2.2. Pointwise a.e. Convergence Plus Domination Implies p-Norm Conver-

gence

Let 1 < p < oo and (X,S,pu) be a measure space. Let f be an extended real valued
function which is measurable. Also, let (f,) be a sequence of functions in L,(X,S) such that
fn — fla.e]. Assume there is a dominator function g which is p-summable; i.e. |fn(z)] < g(x)

a.e. Then, if f, — [ [a.e], [ is p-summable and f,, — f [p— norm].

Proof. Since |fn(z)| < g(z) a.e., we have immediately that |f| < g a.e. since f, — [ [a.e.]. Thus,
IfIP < gP and we know f is in L,(X,S). Since all the functions here are p-summable, the set where all
additions is not defined has measure zero. So, we can assume without loss of generality that this set has

been incorporated into the set on which convergence fails. Hence, we can say

[fn(z) = f@)] < |ful@)] + [f(@)] < 2g(2), ae.

So,

|fulz) = f@)P < 27 |g(2)]P, aee.

By assumption, g is p-summable, so we have 2P gP is in L41(X,S). Applying Lebesque’s Dominated

Convergence Theorem, we find
i [ 1fa0) = f@Pdu = [l [fale) = @I d = 0,

Thus, fn — f [p— norm)]. |

14.3 Vitali Convergence Theorem

This important theorem is one that gives us more technical tools to characterize p-norm convergence for
a sequence of functions. We need a certain amount of technical infrastructure to pull this off; so bear

with us as we establish a series of lemmatta.

Lemma 14.3.1. p-Summable Functions Have p-Norm Arbitrarily Small Off a Set
Let 1 < p < oo and (X,S,p) be a measure space. Let f be in L,(X,S). Then given
€ > 0, there is a measurable set E. so that u(E.) < oo and if F C ES is measurable, then
| fIr|p< e

Proof. Let E,, = (|fa(z)| > 1/n). Note E,, € S and the sequence (E,,) is increasing and U, E, = X.
Let f,, = fIg, . It is straightforward to verify that fn, 1 f as fn < fui1 for all n. Further, |fn|P < |f|?;
hence, by the Dominated Convergence Theorem,

hm/ P du = /hm FlP dyt = / P du < oo,
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The definition of f, and E, then implies
w(Ey)/n? < / IfIP dp < / |fI? dp < oc.
E"L

This tells us p(Ey,) < oo for all n.

Now choose € > 0 arbitrarily. Then there is a positive integer N so that

[lvan = [1flrdn < evn> N,

Thus, since f, = fIg, , we can say

n’

[ouraws [ ipde- [ 1pde < @vn s .
, EC ,

n n n

or

/C [fIPdu < €,¥n > N.
E

n

So choose E. = En11 and we have

/c flPdy < €.
E

€

which implies the desired result. |

Lemma 14.3.2. p-Summable Inequality

Let 1 < p < oo and (X,S, 1) be a measure space. Let (f,) be a sequence of functions in
L,(X,S). Define 3, on S by

ﬁn(E) = || InlE Hpa VE.
Then,

‘ﬂn(E) - ﬂm(E” S H f’n - f’rn HP7 VE7 V?’l, m.

Proof. By the backwards triangle inequality, for any measurable E,

[ o = fmlly = [ falelly = [ fm el = |8u(E) = Bm(E)].

Lemma 14.3.3. p-Summable Cauchy Sequence Condition I
Let1l < p < oo and (X, S, ) be a measure space. Let (fy,) be a Cauchy Sequence in L,(X,S).

Define B, on S as done in Lemma 14.3.2. Then, there is a positive integer N and a measurable
set E. of finite measure, so that if F is a measurable subset of E., then 3,(E) < e for all
n>N.
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Proof. Since (f,) is a Cauchy sequence in p-norm, there is a function f in L,(X,S) so that f, —

f[p—mnorm]. By Lemma 14.3.1, given € > 0, there is a measurable set E. with finite measure so that

[ < oo
B¢

C

€ 7

Now given a measurable F contained in ES, recalling the meaning of B,(F) as described in Lemma

14.3.2, we can write

ﬁn(F) < ” In ”p < H fn IE? |P
< N Un=H1pelly + I f Ige llp
< €2+ | (fa =) Iee llp -

Since f, — f [p — norm], there is a positive integer N so that if n > N,
I (fn=H)Ipellp < €/2.
This shows B,(F) < € when n > N as desired. [ ]

Lemma 14.3.4. Continuity Of The Integral

Let (X, S, 1) be a measure space and f be a summable function. Then for all € > O there is a
0 >0, so that

\/ fdu| < & VE €8, with u(E) < 6.
E

Proof. Define the measure v on S by v(E) = [, |fldu. Note, by Comment 10.4.1, we know that v is
absolutely continuous with respect to p. Now assume the proposition is false. Then, there is an € > 0 so
that for all choices of § > 0, we have a measurable set Es for which u(Es) < § and |fE5 fdul/geqe. In
particular, for the sequence 6, = 1/2™, we have a sequence of sets E,, with u(E,) < 1/2" and

/En [ dul/geqe.

Let
Gn = |J B, G =) Ga
k=n n=1
Then,
p(@) < u(Gn) < Y By < Y 1/28 =1/20h
k=n k=n

This implies mu(G) = 0 and thus, since 7y is absolutely continuous with respect to p, v(G) = 0 also. We

also know the sequence Gy, is decreasing and so v(Gy) — v(G) = 0. Finally, since

G > AE) > | /E Fdul > e
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we have v(G) = lim,, v(Gy) > € as well. This is impossible. Hence, our assumption that the proposition

is false is wrong. [ |

Lemma 14.3.5. p-Summable Cauchy Sequence Condition II

Let1l < p < oo and (X, S, 1) be a measure space. Let (fy,) be a Cauchy Sequence in L,(X,S).
Define B, on S as done in Lemma 14.3.2. Then, given € > 0, there is a 6 > 0 and a positive
integer N so that if n > N, then

Bu(E) < e VE €8, with u(E) < 6.

Proof. Since £,(X,S, ) is complete, there is a p-summable function f so that f, — f[p — norm].
Then, by Lemma 14.3.4, given an € > 0, there is a § > 0, so that

[uran < @2 i ue) <o
E
Hence, using the convenience mapping B, (E) previously defined in Lemma 1/.3.2, we see

Bu(B) = [ fulellp=I(=f)lely + I ey
< N =f) el +e€/2

when uw(E) < §. Finally, since f, — f [p — norm], there is a positive integer N so that if n > N, then
| (f = fn) IE ||lp< €/2. Combining, we have 3, (E) <€ if n > N for u(E) < 4. ]

Theorem 14.3.6. Vitali Convergence Theorem

Let 1 < p < oo and (X,S,u) be a measure space. Let (f,) be a sequence of functions in
L,(X,S). Then, f, — f [p—norm] if and only if the following three conditions hold.

(i):
fn — f [meas]
(ii):
Ve>0,3IN,3E €S, u(E)<o00,5 F CE° FeS = /F |fnlP du < €, ¥Vn > N.
(ii):

Ve>0,36>0,IN > F €S, u(E) < = /|fn\”du<ep, vYn > N.
E

Proof.
=: If fn — f [p—norm], then by Theorem 14.1.3, f, — f [meas] which shows (i) holds. Then, since
fu — [ [p—mnorm], (fn) a Cauchy sequence. Thus, by Lemma 14.3.1, condition (ii) holds. Finally,

since (frn) is a Cauchy sequence, by Lemma 1/.3.5, condition (iii) holds.
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=: Now assume conditions (i), (ii) and (iii) hold. Let € > 0 be given. From condition (i), we see there

is a measurable set E. of finite measure and a positive integer Ny so that
[oiPdn < e/ay
BE

if n > Ny. Thus, for indices n and m larger than Ny, we have

[ fo = fmllp = 1 (fa=fm) Ie. + (fa = fim)
< W= fa) ey + 11 (fa — fm)IEc llp
< N fa=fo)le Ay + |l fn + [ fm
< ” (fn fm) IE ”p +€/2
We conclude
| fo = foullp < |l fm » +€/2,¥n, m > Nj. (*)

Now let 8 = u(E, and set

and define the sets Hymy by

Apply condition (ii) for our given € now. Thus, there is a 0(€) and a positive integer No so that

/E [fulPdp < (e/8)P,m > N —2, when u(E) < §(e). ()

Since f, — f [meas], (fn) is Cauchy in measure. Hence, there is a positive integer N3 so that
wW(Hypm < 6(€), Yn, m > Ns. (% * %)
Finally, using the Minkowski Inequality, we have

H (fn - fm) = || (fn - fm) IEe\Hnm + (fn - fm) IHnm ||p

> || (fn _fm) IEE\Hnm p T H fn IHnm Hp + H fm IHnm Hp

A
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Now let N = max{Ny, No, N3}. Then, if n and m exceed N, we have Equation *, Equation ** and
Equation * % % all hold. This implies

1/p
| G ) T, [ < (ap u(EE\HW) L8+ e/

&< a (u(Ee))l/p + /4

= aBP + e/d = €/(48'P) 8P + €/4
= €/2.

From Equation *, we have for these indices n and m,

” fn - fm H;D < ” fm IEe
< €

p» +¢€/2

Thus, (fn) is a Cauchy sequence in p-norm. Since L,(X,S, 1) is complete, there is a function g so that
fn — glp—mnorm]. So by Theorem 1/.1.3, f,, — g [meas]. It is then straightforward to show that f =g
a.e. This tells us f and g belong to the same equivalence class of L,(X,S, ). |

14.4 Summary

We can summarize the results of this chapter as follows. If the measure of X is infinite, we have many

one way implications.

Theorem 14.4.1. Convergence Relationships On General Measurable Space

Let (X, S, 1) be a measure space. Let f and (f,) be in M(X,S). Then, we know the following

mmplications:
(i):

fn - f [pfnorm]

fn — f [unif] = fn — [ [meas].
fo — f [au]
fn — f [unif]

(ii):
fo — [ lunif] = fo — [ law].

If we know the measure is finite, we can say more.
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Theorem 14.4.2. Convergence Relationships On Finite Measure Space
Let (X, S, 1) be a measure space with (X) < oo. Let f and (fy) be in M(X,S). Then, we

know the following implications:

(4):

fn — f [p—mnorm]
o — f [umﬂ - mea
fu = 1 lau] T e St
fn — [ lae]
(ii):
fo = T funif] o
fo = f lau] } T e

(iv):

Next, if we can dominate the sequence by an £, function, we can say even more.
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Theorem 14.4.3. Convergence Relationships With p-Domination
Let (X, S, 1) be a measure space. Let f and (f,) be in M(X,S). Assume there is a g € L, so
that | fn] < g. Then, we know the following implications:

(1):

fn — f [p—norm]
fn = f [unif]
fo — f o] = fo — f [meas].
fn - f [a.e.]
fn — [ [unif] e
fn—>f[au] } = fn f[ }

(iv):

(v):

(vi):

fn — f [meas]. = f, — f [p—norm].

There are circumstances where we can be sure we can extract a subsequence that converges in some
fashion.
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Theorem 14.4.4. Convergent Subsequences Exist

Let (X, S, 1) be a measure space. It doesn’t matter whether or not u(X) is finite. Let f and
(fn) be in M(X,S). Then, we know the following implications:

(i):
fn — [ [p— norm]

fn — f [meas] } = 3 subsequence fi — f [a.u.].

(ii):

fo — [ [p—norm]

fo — f [meas] } = 3 subsequence f}L — f [a.e.].

Further, the same implications hold if we know there is a g € Ly, so that |f,]| < g.

14.5 Homework

Exercise 14.5.1. Characterize convergence in measure when the measure in counting measure.

Exercise 14.5.2. Let (X,Su) be a measure space. Let (fr), (gn) C M (X, S, i) be sequences of functions
which are finite a.e. Let f,g: X — R be functions. Prove if f, — f[meason E] and g,, — glmeason E],
then (fn + gn) — (f + g)[meas on E].

Exercise 14.5.3. Let (X,Su) be a measure space with u(X) < oco. Let (fn),(gn) € M(X,S,pu) be
sequences of functions which are finite a.e. Let f,g: X — R be functions. Prove if f, — f[measonE] and
gn — glmeasonE], then (fngn) — (fg)[measonE]. Hint: first consider the case that f, — 0[meason E

and gn, — O[meas on E].

Exercise 14.5.4. Let (X, S, 1) be a measure space. Let (f,) € M(X,S,u) be a sequence of functions
which are finite a.e. Let f : X — R be a function. Prove if f, — fla.w.], then f, — f[ptws a.e.] and

fn — flmeas].

Exercise 14.5.5. Let (X,S,u) be a finite measure space. for any pair of measurable functions f and

g, define
_ | f—gl
d(f.g) —/mdﬂ-

(i): Prove M(X,S, 1) is a semi-metric space.

(ii): Prove if (fn) is a sequence of measurable functions and f is another measurable function, then
fn — flmeas] if and only if d(fn, f) — 0.

Hint: You don’t meed any high power theorems here. First, let ¢(t) = t/(1 +t) so that d(f,g9) =
J o(If — gldu. Then try this:

(=): We assume f, — flmeas]. Then, given any pair of positive numbers (,€), we have there is an N
so that if n > N, we have

plfn(@) = f2)| 2 0) < €/2.
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Let Es denote the set above. Now for such n > N, note
dhec$) = [ St =10+ [ ollfa— fl)dn
Es ES

Since ¢ is increasing, we see that on ES, ¢(|fa(x) — f(2)]) < ¢(8). Thus, you should be able to show
that if n > N, we have

d(fn, ) < n(Es) + 6(6) p(X) = €/2 + ¢(6) p(X).

Then a suitable choice of § does the job.
(<): If we know d(fn, f) goes to zero, break the integral up the same way into a piece on Es and Egj.
This tells us right away that given € > 0, there is an N so that n > N implies

9(8) u(Es) < e.

This gives us the result with a little manipulation.

Exercise 14.5.6. Let (R, M, ) denote the measure space consisting of the Lebesgue measurable sets M

and Lebesgue measure p. Let the sequence (fy) of measurable functions be defined by

o = nljumam-

Prove f, — 0 on all R, f, — 0[meas] but f, / 0[p —norm| for 1 <p < co.
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Chapter

- Decomposition Of Measures

We now examine the structure of a charge A on a ¢ - algebra S§. For convenience, let’s recall that a
charge is a mapping on S to R which assigns the value 0 to ) and which is countably additive. We need

some beginning definitional material before we go further.

15.1 Basic Decomposition Results

Definition 15.1.1. Positive and Negative Sets For a Charge
Let X be a charge on (X,S). We say P € S is a positive set with respect to A if

AMENP) > 0,VE € S.
Further, we say N € S is a negative set with respect to X if

AMENN) < 0,VE € S.
Finally, M € S is a null set with respect to X is

MENM) = 0,VE € S.
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Definition 15.1.2. The Positive and Negative Parts Of a Charge
Let X\ be a charge on (X,8). Define the mapping AT on S by

AT(E) = sup{AA)|AeS, AC E}.
Also, define the mapping A~ on S by

A (BE) = —inf{XMA)|AeS, AC E}.

Theorem 15.1.1. The Jordan Decomposition Of A Charge

Let X\ be a charge on (X,S). Then, AT and A\~ are finite measures on S and A = AT — \™.
The pair (AT, A7) is called the Jordan Decomposition of \.

Proof. Let’s look at \* first. Given any measurable E, since ) is contained in E, by the definition of
AT, we must have AT (E) > A0) = 0. Hence, A is non negative.
Nexzt, if A and B are measurable and disjoint, By definition of AT, for C1 C A Cy C B, we must have

AT(A U B) > MOy U Cy)
= AC1) + AMCy).

This says AT (A U B) — X(C2) is an upper bound for the set of numbers {\(C1)}. Hence, by definition
of AT (A), we have

AT(A U B) > MOy U C)
AT(A) + MCy).

A similar argument then shows that {\(C2)} is bounded above by At (A U B) — At (A). Thus, we have

AM(AUB) > MNC UG
AT (A) + AT(B).

On the other hand, if C C AU B, then we have

AC)

ACNAUCNB)
At (A) + AT(B).

IN

This immediately implies that

AM(A U B) < AT(A) + AT(B).
Thus, it is clear AT is additive on finite disjoint unions.

We now address the question of the finiteness of A\T. To see A\ is finite, assume that it is not. So there
is some set E with \T(E) = oo. Hence, by definition, there is a measurable set Ay so that A\(Ay) > 1.
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Thus, by additivity of AT, we have
M(A) + AT(E\A) = AT(E) = .

Thus, at least one of of NT (A1) and A\T(E \ Ay) is also co. Pick one such a set and call it By. Thus,
AT (B1) = c0. Let’s do one more step. Since AT (By) = oo, there is a measurable set As inside it so that
A(As) > 2. Then,

)\Jr(AQ) + )\Jr(Bl \Ag) = )\+(Bl) = OQ.

Thus, at least one of of At (A2) and AT (B \ As) is also oo. Pick one such a set and call it By. Thus,
we have \T(Bg) = oo. You should be able to see how we construct the two sequences (Ay) and (By,).
When we are done, we know A, C B,_1, A(4,) > n and A\(B,) = co for all n.

Now, if for an infinite number of indices ny, By, = Bn, -1\ An,, what happens? It is easiest to see with
an example. Suppose Bs = By \ As and Bg = B \ As. By the way we construct these sets, we see Ag
does not intersect As. Hence, Ay N As = () also. Finally, we have Ag N As = 0 too. Hence, extrapolating
from this simple example, we can infer that the sequence (An, is disjoint. By the countable additivity of

A, we then have

A(ij Ank) = Xk: MA,, > Xk: ng = oo.

But X\ is finite on all members of S. This is therefore a contradiction.
Another possibility is that there is an index N so that if n > N, the choice is always that of B, = A,.
In this case, we have
E DO Ant1 2 Ango ..
Since X\ is finite and additive,
MAN1 1\ ANny) = MAngji-1) — MAN4y)

for 7 > 2 since all the \ values are finite. We now follow the construction given in the proof of the

second part of Lemma 10.1.2 to finish our argument. Construct the sequence of sets (E,) by

E, = 0

Ey = Anyi1\Anyo
By = Any1\Anys
E, = Anpi\AnNjn-1.

Then (Ey) is an increasing sequence of sets which are disjoint and so AX(Up, E,) = lim, A(E,). Since
AMANt1) is finite, we then know that N(E,) = MAn+1) — M(ANgn). Hence, N(U, Ep) = MAN+1) —
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lim,, A(An4n). Neat, note by De Morgan’s Laws,
)\(Un En> = A( AN 0 AN+n)
(AN+1 u AN+n>
c
= )\<AN+1 ﬂ m'rLAN—',-n> >

- A(AN+1 \ (mnAN+n)>.

Thus, since A(An+1) is finite and Ny ANtn C Any1, it follows that

I
>

MURER) = MAN+1) = AMDnANtn).
Combining these results, we have
AAN+1) =ImA(Angn) = AMAn+1) = AMOnANn).
Canceling N(An+1) from both sides, we find
MMpANtn) = lirrln)\(ANJrn) > li7rln N +n = co.

We again find a set Ny ANy with A value 0o inside E. However, A is always finite. Thus, in this case

also, we arrive at a contradiction.

We conclude at this point that if \T(E) = oo, we force A to become infinite for some subsets. Since that
is mot possible, we have shown AT is finite. Since A\~ = (=\)*, we have established that A\~ is finite
also. Next, given the relationship between A\* and A\~ , it is enough to prove A\ is a measure to complete

this proof.

It is enough to prove that A\ is countably additive. Let (E,) be a countable sequence of measurable sets
and let E be their union. If A C E, then A=U, AN E, and so

AA) = > MANE,)
< Y AN(E

by the definition of XT. Since this holds for all such subsets A, we conclude ., X\t (E,) is an upper bound
for the collection of all such \(A). Hence, by the definition of a supremum, we have XT(E) < > A1 (E,).

To show the reverse, note \¥(E) is finite by the arguments in the first part of this proof. Now, pick
e > 0. Then, by the Supremum Tolerance Lemma, there is a sequence (A,) of measurable sets, each
A, C E, so that

AT(E,) — €/2" < MA,) < AT (E,).
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Let A=U,A,. Then A C E and so we have \(A) < \T(E). Hence,

S OAN(E,) < Z(A(An) + e/2n>
< Z)\(An) + €

since the second term is a standard geometric series. Next, since (A,) is a disjoint sequence, the countable
additivity of \ gives

> OAN(E,) < )\(UnAn> + €

But A = U, A, and since this holds for all € > 0, we can conclude

S OAT(EL) < AA) < AT(E).
n
Combining these inequalities, we see AT is countably additive and hence is a measure. |

Comment 15.1.1. If we had allowed the charge in Definition 10.0.2 to be extended real valued; i.e. take
on the values of oo and —oo, what would happen? First, note by applying the arguments in the first part
of the proof above, we can say if AY(E) = oo, A(E) = oo and similarly, if A\~ (E) = oo, A(E) = —o0.
Conversely, note by definition of AT, if M(E) = oo, then AT(E) = oo also and if \(E) = —oo, then
A (F) = co. So if \Y(E) = oo, what about A\~ (E)? If \™(E) = oo, that would force \(E) = —o0
contradicting the value it already has. Hence \~(E) is finite. Next, given any measurable set F', what
about \™(F)? There are several cases. First, if F C E, then

A (E)e= A (F) + A~ (F\ E).

Since A\~ >0, if A~ (F) = oo, we get A\~ (E), which is finite, is also infinite. Hence, this can not happen.
Second, if F and E are disjoint, with A\~ (F') = oo, we find

A (EUF) = A (E) + A (F).

The right hand side is 0o and so since A~ (E U F) is infinite, this forces A\(E'U F) = —oco. But since A

is additive on disjoint sets, this leads to the undefined expression

MEUF) = ME) + \F)
(00) + (=00).

—00

This is not possible because by assumption, \ takes on a well defined value in R for all measurable
subsets. Thus, we conclude if there is a measurable set E so that AT (E) is infinite, then X~ will be finite
everywhere. The converse is also true: if A\~ (E) is infinite, then X will be finite everywhere. Thus, we

can conclude if X is extended real valued, only one of AT or A= can take on oo values.

Now we show that any charge A has associated Positive and Negative sets.
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Theorem 15.1.2. The Hahn Decomposition Associated With A Charge

Let A be a charge on (X,S). Then, there is a positive set P and a negative set N so that
X=PUNand PN N = 0. The pair (P,N) is called a Hahn Decomposition associated
with the charge A.

Proof. Since AT is finite, first by the Supremum Tolerance Lemma there are measurable sets A, so
that

MA,) > AT(X) —1/2" (%)
for all n. Hence, by the Jordan Decomposition of A\, we can say
A (A,) = A4 — AMA,) < AT(X) — A4, < 1/27, (%)

by Equation *.
Neat, note if E is measurable and in X \ A,,, then

ME) + MA4,) = ME U A, < \(X)
by the definition of \T. Hence,
ME) < AH(X) — M4,) < 1/27,
again by Equation x. This immediately implies
AT(X\4,) < 1/2™ (3 * *)

Now, with these preliminaries out of the way, let

-
k=1

Then, a simple application of DeMorgan’s Laws gives

A, = limsup(4,).
k

n=

DL

x\4a = {J AS = liminf(A,,).
k=1 k

n

Thus, since A~ is a measure,

() = +(G )
< i AT (An> < i 1/2" = 1/2%°1,
n=k n=k

by Equation =x. But k is arbitrary here and so this tells us that A= (A) = 0.
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Also, by Equation * = *,
A+<ﬂ Af;‘) < At (Ag) < 1/2,
n=k
or all n > k. Finally, since the sets Ny>i AS are increasing, we have
[ Y >k Ay g

11]?1A+<ﬁ Aﬁ) = A+(X\A>.

n=k

We thus conclude Nt (X \ A) =0. Now set B= X\ A.
It remains to show that A is a positive set and B is a negative set. Let E be measurable. Then E N A

is contained in A and so
0 <A (ENA) < A (4 =0
Then, by the Jordan Decomposition of A\, we see
AMENA) = M(ENA) > 0.
This shows that A is a positive set. A similar argument shows B is a negative set. ]

We can use the Hahn Decomposition to characterize AT and A~ is a new way.

Lemma 15.1.3. The Hahn Decomposition Characterization of a Charge

Let (A, B) be a Hahn Decomposition for the charge A on (X,S). Then, if E is measurable,
AH(E) = AE N A) and A~ (E) = —A(E N B).

Proof. Let D be a measurable subset of ENA. Then A(D) > 0 by the definition of the positive set A.

Since \ is countably additive, we then have

A(£ 0 4)

A<(E N A) N D) + A((E N A) N DC)
A(D) + A((E n AN DC>

But the second set is contained in ENA and so its A measure is non negative. Hence, we can overestimate

the left hand side as
/\<E N A) > A(D) > 0.

Since this is true for all subsets D, the definition of AT implies \T(E N A) < A(EN A). Now,

AT(BE) = A(EnA) + AT (ENB).

If F is a measurable subset of By the definition of E N B, then A(F) <0 and so sup { A(F)} < 0. This
tells us N\t (ENB) = 0. Thus, we have established that AT (E) = AT (ENA). and so AT (E) < A(EN A).
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The reverse inequality is easier. Since E N A is a measurable subset of E, the definition of X implies
MENA) <AT(E). Combining these results, we have AT (E) = AM(EN A) as desired.
A similar argument shows that A\~ (E) = —A(E N B). |

15.2 The Variation Of A Charge

A charge A has associated with it a concept that is very similar to that of the variation of a function.

We now define the variation of a charge.

Definition 15.2.1. The Variation of a Charge

Let (X,S) be a measure space and \ be a charge on S. For a measurable set E, a mesh in
E is a finite collection of disjoint measurable sets inside E, {E1,...,E,} for some positive

integer n. Define the mapping V) by

WW(E) = sup{ Z INE:)| | {E;} is a meshin E}

where we interpret the sum as being over the finite number of sets in the given mesh. We say
VA(E) is the total variation of X on E and V) is the total variation of \.

Theorem 15.2.1. The Variation of a Charge is a Measure

Let (X,S8) be a measure space and X be a finite charge on S. Then V) is a measure on S.

Proof. Given a measurable set E, the Jordan Decomposition of \ implies that for a mesh {E1, ..., E,}
in B, INE;)| < AT (E;)+ X" (E;). Hence, since \* and A\~ are measures and countably additive, we have

Z IA(E;)] Z M(E;) + Z AT (E;)

< A(E) + A (E) < o

IN

since A* and X\~ are both finite. We conclude Vy is a finite mapping.

Since the only mesh in 0 is ) itself, we see V() = 0. It remains to show countable additivity. Let (E,)
be a countable disjoint family in S and let E be their union. Let {A1,...,Ap} be a mesh in E. Then
each A; is inside E and they are pairwise disjoint. Let A;,, = A; N E,. Note A; is the union of the sets

Ain. Then it is easy to see {A1p, ..., Apn} is a mesh in E,,. For convenience, call this mesh M,,. Then
p p p
DA = DD IMAl = (Z A(Ai ] )
i=1 i=1 n n i=1

The term in parenthesis is the sum over the mesh M, of E,. By definition, this is bounded above by
VA(Ey). Thus, we must have

YA < Y Va4,
i=1

n
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To get the other inequality, we apply the Supremum Tolerance Lemma to the definition of Vy(E,) to find
meshes

My, ={AT - AL )

where p, 1$ a positive integer, so that
P
Va(En) < D IMAL)| + e/2m
i=1

It follows that the union of a finite number of these meshes is a mesh of E. For each positive integer N,
let

N
My = LJMZ6
=1

denote this mesh. Then,
N N Pn
S WE) < 3 (z AT + e/gn).
n=1 n=1 “Ni=1
The first double sum corresponds to summing over a mesh of E and so by definition, we have

N N )
STVAEL) < VA(E) + ) ¢/2" S VA(BE) + Y €/2" = ViA(E) + e

n=1

Since N is arbitrary, we see the sequence of partial sums on the left hand side converges to a finite limit.
Thus,

> V(B < WA(E) + e

Since € is arbitrary, the other desired inequality follows. |

Theorem 15.2.2. V, = A\t 4+ A\~

Let (X,8) be a measure space and X\ be a finite charge on 8. Then V), = AT + ™.

Proof. Choose a measurable set E and let € > 0 be chosen. Then, by the Supremum Tolerance Lemma,
there is a mesh M = {A§,..., Ay so that

WAE) — ¢ < Y IMA)| < Va(B).

Let F' be the set of indices i in the mesh above where A(AS) > 0 and G be the other indices where
A(AS) < 0. Let F be the union over the indices in F' and G be the union over the indices in G. Note we
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have
A(E) — e < > M4
= DI+ D A4
F F
Now in F,
AAD = AT(AF) = A7 (4)
< AT(49),
and in G,
A = AT(AF) = AT (45)
< A (4))
Thus, we can say
VAE) — e < DO AT(AD + ) A4
F G
= AM(F) + 27 (9
< AT(E) + A (&)
Thus, for all € > 0, we have
VAE) < XT(E) + A (€) + ¢

This implies

To prove the reverse, note if A C E for E € S, then A itself is a mesh (a pretty simple one, of course)
and so |MN(A)| < Va(A). Further, \(E) = A(A) + M(E'\ A). Thus, we have

2 \(A)

IN

A(A) + MA)] < ME) = MENA) + [A(4)]
< ME) + MENA)] + [AA4)]

But the collection {A, E'\ A} is a mesh for E and so
20(4) < AE) + Vu(E).
Next, using the definition of AT, we find

2 T(E) < AE) + Vi(E).
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Finally, using the Jordan Decomposition of A, we obtain
2\H(E) < AN(E) — A (E) + Vi(BE).

This immediately leads to \Y(E) — A\~ (E) < VA(E). [ |

15.3 Absolute Continuity Of Charges

Now we are ready to look at absolute continuity in the context of charges.

Definition 15.3.1. Absolute Continuity Of Charges
Let (X, S, 1) be a measurable space and let A be a charge on S. Then X is said to be absolutely

continuous with respect to p if whenever E is a measurable set with u(E) =0, then A(E) =0
also. We write this as A < pu. The set of all charges that are absolutely continuous with

respect to p is denoted by AC[u/.

There is an intimate relationship between the absolute continuity of Vi, A\, AT and A\™; essentially,

one implies all the others.

Theorem 15.3.1. Equivalent Absolute Continuity Conditions For Charges

Let (X,8, 1) be a measurable space. Then for the statements (1): A\t and A\~ are in AC[u],
(2): Vy is in AC[u], and
(8): X isin AClu], we have (1) < (2) & (3).

Proof.

(1) — (2): if w(E) = 0, then AT (E) and A\~ (E) are also zero by assumption. Applying the Jordan
Decomposition of X, we see A\(E) =0 too. Hence, A is in AC[u].

(2) — (3): if u(E) =0, then VA(E) = 0. But, by Theorem 15.2.2, we have both A\*(E) and A\~ (E) are
zero. Then, applying the Jordan Decomposition again, we have A(E) = 0. This tells us A is absolutely
continuous with respect to p.

(8) — (1): Let (A,B) be a Hahn Decomposition of X due to A. If u(E) = 0, then \(E) = 0 by
assumption. Thus, \(ENA) = AX(EN B) =0 as well. By Lemma 15.1.3, we then have that \T(E) =
A~ (E) = 0 showing that (1) holds. |

There is another characterization of absolute continuity that is useful.

Lemma 15.3.2. ¢ — § Version Of Absolute Continuity Of a Charge
Let \ be a finite charge of S. Then

ALy & Ve >0,35 >0 3 |[ANFE)| < e for measurable E with u(E) < 6.
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Proof.
(=): If X is absolutely continuous with respect to p, then by Theorem 15.3.1 (the previous result) V is
also in AC[u]. We will prove this by contradiction. Assume the desired implication does not hold for

V. Then, there is a positive € so that for all n, there is a measurable set E, with u(E,) < 1/2" and
V)\(En) > €.

Let
G’ﬂ = U Ek7
k=n
G = )G
Then,
@) < p(Gn) <Y By < Y128 =120
k=n k=n

Since this holds for all n, this implies u(G) = 0. Since Vy is in AC[u/, we then have Vy(G) = 0. But

This contradiction implies that our assumption that the right hand side did not hold must be false. Hence,
the condition holds for Vy. It is easy to see that since Vyx = A* + X7, that the condition holds for them
also. This then implies the condition holds for A = A\t — ™.

(«<): We assume the condition on the right hand side holds. Now let (A, B) be a Hahn Decomposition
for X with respect to X. In particular, if n(E) =0, then u(E N A) =0 also. The condition then implies
AMENA) < e. However, the choice of € is arbitrary which then implies |\(E N A)| = 0. But the absolute
values are unnecessary as \ is non negative on A. We conclude \T(E) = M(ENA) = 0. A similar
argument then shows A\~ (E) = —A(E N B) = 0. This tells us A\(E) = 0 by the Jordan Decomposition.
|

Lemma 15.3.3. The Absolute Continuity Of The Integral

Let (X, S, 1) be a measure space and f be a summable function. Define the map A by AM(E) =
fE fdu for all measurable E. Then, X\ is a charge with

v©) = [ e = - [ 5
E E
Moreover, if Py = {z | f(z) > 0} and Ny = Pfc, then (Py, Ny) is a Hahn Decomposition for

X with respect to X. Finally, since A < u, we know for all positive €, there is a positive §, so
that if E is a measurable set with j(E) < 0, then

/fdu’ < €
E
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Proof. It is easy to see that v, = fE frdu and vy = fE f~ du define measures and that A = v — vs.
Hence, X is a charge which is absolutely continuous with respect to . It is also easy to see that (Py, Ny)

is a Hahn Decomposition for A. Now if B is measurable and contained in the measurable set E, we have

A(B)

Il
5
D

>
~
+
L
=

I
Sl
)

2
oy
[y
+
IS
=

< / frdu
BﬂPf

< / f*dp.
EﬂPf

Next, note that fEmPf frdu= fE JT dp because the portion of E that lies in Ny does not contribute to
the value of the integral. Thus, for any B C E, we have

\B) < /E fdu = n(B).

The definition of AT then implies two things: first, the inequality above tells us AT(E) < v1(F) and
second, since E N Py is a subset of E, we know \(E N Py) < AT (E). However, \(E N Py) = v1(E) and
hence, v1(E) < AT (E) also. Combining, we have AT (E) = v, (E).

A similar argument shows that A\~ (E) = va(E).

The last statement of the proposition follows immediately from Lemma 15.53.2. ]

15.4 The Radon - Nikodym Theorem

From our work above, culminating in Lemma 15.3.3, we know that integrals of summable functions define
charges which are absolutely continuous with respect to the measure we are using for the integration.
The converse of this is that if a measure is absolutely continuous, we can find a summable function
so that the measure can be found by integration. That is if A < pu, there exists f summable so that
A(E) = [ fdp. This result is called the Radon - Nikodym theorem and as you might expect, its proof

requires some complicated technicalities to be addressed. Hence, we begin with a lemma.
Lemma 15.4.1. Radon - Nikodym Technical Lemma

Let (X, S, 1) be a measurable space with u(X) finite. Let X be a measure which is finite with
AMX) > 0 and A < p. Then there is a positive € and a measurable set A with p(A) > 0 so
that

en(ENA) < MENA),VYE € S.

Proof. Pick a fixred € > 0 and assume the set A exists. Let v =X —eu. Then, v is a finite charge also.

Note, our assumption tells us that
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for all measurable subsets B of A. Hence, by the definition of v—, we must have that —v=(A) > 0 or
v~ (A) < 0. But v~ is always non negative. Combining, we have v~ (A) = 0. This gives us some clues
as to how we can find the desired A. Note if (A, B) is a Hahn Decomposition for v, then we have this
desired inequality, v~ (A) = 0. So, we need to find a positive value of €* so that when (A, B) is a Hahn

Decomposition of

we find v*(A) > 0.

To do this, for e = 1/n, let (A, By) be a Hahn Decomposition for v, = A — (1/n) p. Let G = U, A,
and H =N, B,. We also know A, U B, = X and A, N B,, =0 for all n. Further,

C
HY = (ﬂBn) =B =J4. =G

We conclude X = G U H; it is easy to see GNH = 0. Now, H C By, for alln, sov,(H)=—v, (H) <0

as By, is a negative set. Hence, we can say
AH) — (I/n)u(H) < 0

which implies N(H) < (1/n) u(H) for all n. Since X is a measure, we then have

which implies by the arbitrariness of n that A\(H) = 0. Hence,
AMX) = AG) + MH) = MG).

Thus, AM(G) > 0 as A(X) > 0. Since A < p, it then follows that u(G) > 0 also. Since G = U, A,, it
must be true that there is at least one n with u(A,) > 0. Call this index N. Then, vy (ENAn) >0 as

An is a positive set for vy. This implies

)\(EQAN)—W =

which is the result we seek using A= Ax and e =1/N. |
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Theorem 15.4.2. The Radon - Nikodym Theorem
Let (X, S, 1) be a measurable space with u o - finite. Let A be a charge with A < u. Then,

there is a summable function f so that

NE) = [

for all measurable E. Moreover, if g is another summable function which satisfies this equality,
then f =g p  a.e. The summable function f is called the Radon - Nikodym derivative of A
with respect to p and is often denoted by the usual derivative symbol: f = %. Hence, this
equality is often written

dX

NE) = 2 du
(E) i

Proof. We will do this in three steps.
Step 1: We assume u(X) is finite and X is a finite measure.
Step 2: We assume p is o - finite and A is a finite measure.

Step 3: We assume p is o - finite and X is a finite charge.

As is usual, the proof of Step 1 is the hardest.
Proof Step 1: Let

F = {f:X->R|f>0,f summableand/fd,ug)\(E),VEES}.
E

Note since f = 0x, F is nonempty. From the definition of F, we see fX fdu < AX) <oo forall fin
F. Hence,

c = sup/fdu<oo.
fer JX

We will find a particular f € F so that ¢ = fX fdu. Let (fn) € F be a minimizing sequence: i.e.

fX fndp — c. We will assume without loss of generality that each f,, is finite everywhere as the set of

points where all are infinite is a set of measure zero. Now, there are details that should be addressed in

that statement, but we have gone through those sort of manipulations many times before. As an exercise,

you should go through them again on scratch paper for yourself. With that said, we will define a new

sequence of finite functions (gn) by

fl \/f2 Voo \/fn
max {f1,..., fn}

9n
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This is a pointwise operation and it is clear that (g,) is an increasing sequence of non negative functions.

Since f1 and fo are summable, let A be the set of points where f1 > fo. Then,

Joavra = [ naee [ ad

/Xfldu+/Xf2dp.

This tells us f1 fo is summable also. A simple induction argument then tells us g, is summable for all

IN

n.

Is g, € F? Let E be measurable. Define the measurable sets (E,) by

By = {z|gn(z) = fi(2)} N E,
By = {z|g(z)=fo(z)} N (E\ EY),
E, = {1‘ | gn(x) = fn(x)} N (E\U;(Lz_ll Ei)'

Then, it is clear E = U; E;, each E; is disjoint from the others and g, (x) = fi(z) on E;. Thus, since

/ Gn dp
E

each f; is in F, we have

ZXZ;/E fidp

D AE) = MUL, i)
=1

= A(E).

IN

We conclude each g, is in F for all n. Nezt, if g = sup g, then g, T g and
[ amauzaE) < ax)
E
for all n. Now apply the Monotone Convergence Theorem to see g is summable and

/gndua/gdug)\(E).
E E

Let’s define f by

Since g is summable, the set of points where it takes on the value oo is a set of measure 0. Thus, f =g

w oa.e. and f is measurable. It is easy to see f is in F.
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Moreover, since fn < g,, we have

because g, € F. Thus,

c = lim/ gndu:/ g du.
noJx X

This immediately tells us that fx fdu=cwith f € F.

Next, definem :S — R by

m(E) = AE) - /E fdp,

for all measurable E. It is straightforward to show m is difference of two measures and hence is a finite
charge. Also, since f isin F, we see m is non negative and thus is a measure. In addition, since A <
and the measure defined by fE fdu is also absolutely continuous with respect to p, we have that m < p
too. Now if m(X) =0, this would imply, since m(E) < m(X), that

0 < )\(E)—/fdu <m(X) = 0.
E

But this says A(E) = fE f du for all measurable E which is the result we seek.

Hence, it suffices to show m(X) = 0. We will do this by contradiction. Assume m(X) > 0. Now apply

Lemma 15.4.1 to conclude there is a positive € and measurable set A so that p(A) > 0 and
en(ENA) < m(ENA), (%)

for all measurable E. Define a new function h using Equation = by h = f + e Is. Then for a given
measurable E, we have

/Ehdu = [Efd,u—l—e,u(EﬁA)

IN

/ fdp + m(EN A)
E

by Equation x. Now replace m by its definition to find

/Ehdu < /Efdu+/\(EmA)—/EmAfdu
/EmAcfdu+)\(EmA).
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Finally, use the fact that f is in F to conclude
[E hdp < MENA®) + MENA) = \E).
This shows that h is in F. Howewver,
/ hdy = / fdu + eu(A) > ¢
X X

which is our contradiction. This completes the proof of Step 1.

Proof Step 2: Now u is o finite. This means there is a countable sequence of disjoint measurable sets
(X,) with pu(X,,) finite for each n and we can write X = U,, X,,. Let S,, be the o - algebra of subsets of
X, given by SN X,,. By Step 1, there are summable non negative functions f, so that

AF) = [ fadn

for each F' in S,,. Now define f by f(x) = fn(z) when x € X,,. This is a well - defined function and it
is easy to see f is measurable. If E is measurable, then E=U, ENX,, F=U, EN X, and

Jotin = ]

Then, for any n,

fdp = / Jdp = / fndp
/u;;1 ENX; ; ENX; 1:21 ENX;

= Y MENX) = AU, EnX;) < \E),

=1

which is a finite number. Hence, the series of non negative terms fEmX, fdu converges and

/fdu = Z/ fadp = MNU, ENX,) = AE).
E — Ju, EnX,
This establishes the result for Step 2.

Proof Step 3: Here, we have p is o - finite and X\ is a finite charge. By the Jordan Decomposition of

A, we can write
NE) = A(E) - A (B),

for all measurable E. Now apply Step 2 to find non negative summable functions f~ and f~ so that

>
+
=
Il
—~
+
ISH
F

g
5
I
=
9
=
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Let f = f© — f~ and we are done with the proof of Step 3.

Finally, it is clear from the proof above, that the Radon - Nikodym derivative of \ with respect to u, is

unique up to redefinition on a set of y measure 0. |

15.5 The Lebesgue Decomposition of a Measure

Definition 15.5.1. Singular Measures

Let (X, S, 1) be a measure space and let A be a charge on S. Assume there is a decomposition
of X into disjoint measurable subsets U andV (X =U UV andU NV =0) so that n(U) =0
and A\(E N V) =0 for all measurable subsets E of V. In this case, we say X is perpendicular
to p and write A L p.

Comment 15.5.1. If A L u, let (U, V) be a decomposition of X associated with the singular measure
A. We then know that p(U) =0 and N(ENV) =0 for all measurable E. Note, if E is measurable, then

5 = (env)u(Bav).
A(Env) 4 a(0v) = a(B00).
w(2n0) 4 u(B0v) = u(Env)

Comment 15.5.2. If A L p with A\ # 0, then there is a measurable set E so that A\(ENU) # 0. But
for this same set W(ENU) =0 as EN A is a subset of U. Thus, A & p.

Thus,

=
&

S~—"
I

Further,

=
=
I

Comment 15.5.3. If A L u and A < p, then for any measurable set E, we have \(E) = A(ENU).
But, since p(ENU) =0, we must have A(ENU) =0 because A < p. Thus, A = 0.

Comment 15.5.4. It is easy to prove that X L p implies Vy L p, AT L g and A= L p. Also, if At L
and A\~ L p, this implies X L .

Theorem 15.5.1. Lebesgue Decomposition Theorem

Let (X, 8, 1) be a o - finite measure space. Let \ be a finite charge on S. Then, there are two
unique finite measures, Age << p and N\, L p such that X = Age + Ap.

Proof. We will prove this result in four steps.

Step 1: X and p are finite measures.
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Step 2: p is a o - finite measure and X is a finite measure.
Step 3: u is a o - finite measure and X\ is a finite charge.
Step 4: The decomposition is unique.

Proof Step 1: As is usual, this is the most difficult step. We can see, in this case, that A + u is a
measure. Note that (A + p)(E) = 0 implies that A(E) is 0 too. Hence, A < (A+ ). By the Radon -

Nikodym Theorem, there is then a non negative A + p summable f so that for any measurable E,

ME) = /Efd()\—l—u).

Hence, f is p and A summable as well and

NE) = /Efd)\+[Efdu).

Let
A = A{z| f(x) = 1},
4y = {o]f@) > 1}, and
B = {z]|f(z) < 1}.
Also, for each n, let
E. = {z]f(@) =1+ 1/n}.

Then, we see immediately As = U, E, and X = AU B. Now, we also have

M&)=léfdﬁ+m

Vv

(1+1/n) ()\(En) + ,u(En)).

This implies A(Ey) > (1+ 1/n) M(E,) which tells us A\(E,,)

n 0. But since A is a measure, this forces
AEn) = 0. From the same inequality, we also have A\(E,) >

<
MNER) + w(Ey). which forces u(F,) =0

too.

Neat, note the sequence of sets (Ey) increases to Ay and so

lim p(E,) = p(A2),
lim A(E,) = A(A2).

Since pu(Ey) = A(Ey) =0 for all n, we conclude p(Asz) = A(Az) = 0.
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Also,

M) = [ O+

= / 1d(XN + p)
Ay
= p(Ar) + A(Aw),

which implies p(A1) = 0. Let A= Ay U As. Then, the above remarks imply p(A) = 0. We now suspect
that A and B will gives us the decomposition of X which will allow us to construct the measures Age < p
and Ay, L . Define Ay and A\, by

Me = MENB),
A = MENA).

Then,

A(E)

AMENA) + AENB)
= )\ac(E) + )\p(E)7

showing us the we have found a decomposition of X into two measures.
Is Mge < u? Let p(E) =0. Then p(ENB) =0 as well. Now, we know

AMENB) = /EmB Fd\+ )

o P25 i 70

However, the second integral must be zero since u(E N B) = 0. Thus, we have

MENB) = /}med)\.

We also have \(EN B) = [, 1dX and so

Luf-r)o -

But on ENB, 1—f > 0; hence, we must have A(ENB) = 0. This means Aqe(ENB) = 0 implying Ao < p.

Thus,

Is A\p L u? Note, for any measurable E, we have

M(ENB) = )\<(EmB)mA> = A0) = 0.
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Thus, Ap L p. In fact, we have shown

Proof Step 2: Note that once we find a decomposition X = AU B with A and B measurable and
disjoint satisfying p(A) =0 and A\(ENB) =0 if u(E) = 0, then we can use the technique in the proof of
Step 1. We let Aoe(E) = ME N B) and A\, (E) = A(ENA). This furnishes the decomposition we seek.

Hence, we must find a suitable A and B.

The measure p is now o - finite. Hence, there is a sequence of disjoint measurable sets X,, with u(X,,) <
oo and X = U, X,. Let S, denote the o - algebra of subsets SNX,,. By Step 1, there is a decomposition
X, = A, U B, of disjoint and measurable sets so that u(A,) =0 and A(ENB,) =0 if u(E) = 0. Since
the sets X, are mutually disjoint, we know the sequences (Ay) and (A,) are disjoint also. Let A = U, A,

and B = A€ and note A® =N, B,,. Then, since i is a measure, we have

n

p(Uisy A;) = Z n(4;) =0

i=1

for all n. Hence,
p(A) = lim p(Ui, A;) = 0.

Nezt, if mu(E) = 0, then u(E N By) = 0 for all n by the properties of the decomposition (A, By) of
X,,. Since

ENB = N, <EOBn>,

and AN(E'N By) is finite, we have

AME N B) = lim AM(ENB,).
However, each A\(E N By,) is zero because pu(E) = 0 by assumption. Thus, we conclude \(E N B) = 0.
We then have the A and B we need to construct the decomposition.
Proof Step 3: The mapping \ is now a finite charge. Let A = AT — X\~ be the Jordan Decomposition of
the charge A. Applying Step 2, we see there are pairs of measurable sets (A1, B1) and (Aa, B2) so that

X = AL UB, AinNB = (Z), ,U(Al) = O,M(E) =0= )\+(E n Bl) = 0,

and

X = A2 U BQ, A2 N By = @,u(AQ) = O,M(E) =0 = )\7(E n BQ) = 0.
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Let A= Ay UAy and B = By N By. Note B¢ = A. It is clear then that u(A) = 0. Finally, if p(E) = 0,
then A\T(EN By) =0 and A= (E N By) = 0. This tells us

MENB) = M(EnB) -\ (EnNB)
= AM(ENB N By) — AN (EnN B N By)

= A*((E N B1) N Bg) — A((E N Bz) N Bl>.

Both of the terms on the right hand side are then zero because we are computing measures of subsets of

a set of measure 0. We conclude \(E N B) = 0. The decomposition is then

MelE) = MENB) = </\+ - )\‘)(E n B),

>
S|
—
=

I

MENA) = <A+ - )\_)(E N A).

Proof Step 4: To see this decomposition is unique, assume A = A\ + Ay and Age + A, are two Lebesgue
decompositions of A. Then, Aae — A1 = Ao — Ap. But since A\i and A, are both absolutely continuous
with respect to p, it follows that Ao — A\ < p also. Further, since both A2 and )\, are singular with
respect to i, we see Aa — A, L p. However, Age — A1 = Ao — Ap by assumption and so Age — A1 < 1 and
Aac — A1 L . By Comment 15.5.5, this tells us Age = 1. This then implies Ay = Ap.

[ |

15.6 Homework

Exercise 15.6.1. Let (X,S) be a measurable space and X is a charge on S. Prove if Py and P are
positive sets for A, then P, U Py is also a positive set for \.

Exercise 15.6.2. Let g1(x) = 2%, g2(x) = Ij0,00), 93(7) = 2 [j0,00) and g4(x) = arctan(x). All of these

functions generate Borel - Stieljes measures on R.

(i): Determine which are absolutely continuous with respect to Borel measure. Then, if absolutely

continuous with respect to Borel measure, find their Radon - Nikodym derivative.

(ii): Which of these measures are singular with respect to Borel measure?

Exercise 15.6.3. Let \ and p be o - finite measures on S, a o - algebra of subsets of a set X. Assume

A is absolutely continuous with respect to p. If g € M+ (X,S), prove that

[onx = [oran

where f = d\/du is the Radon - Nikodym derivative of A with respect to p.

Exercise 15.6.4. Let \,v and p be o - finite measures on S, a o - algebra of subsets of a set X. Use

the previous exercise to show that if v < A and A < p, then

dv dv dA

@ = a@, o a.e.
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Further, if A1 and Ay are absolutely continuous with respect to p, then
dA + Xo)/dp = dh\i/dp + dho/dp pace.

Exercise 15.6.5. Prove the results of Comment 15.5.4.
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Chapter

= [nteresting Questions

Here are some interesting questions that will probe your understanding of what we have done throughout

the course of these notes.

18.1 Midterm Examination

1. This is Exercise 12.5.1.
Let X = (0,1]. Let A consist of the empty set and all finite unions of half- open intervals of the
form (a,b] from X. Prove A is an algebra of sets of (0,1].

2. This is Exercise 12.5.2.
Let A be the algebra of subsets of (0,1] given in Exercise 12.5.1. Let f be an arbitrary function
on [0,1]. Define vy on A by

o (@n) = 50 - s

Extend vy to be additive on finite disjoint intervals as follows: if (A4;) = (as, b;]) is a finite collection

of disjoint intervals of (0, 1], we define

vy (U b)) = > 100 — fla)

(a) Prove that vy is additive on A.

Hint. It is enough to show that the value of v¢(A) is independent of the way in which we

write A as a finite disjoint union.

(b) Prove vy is non negative if and only if f is non decreasing.
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3. This is Exercise 12.5.3.
If X\ is an additive set function on an algebra of subsets A, prove that A can not take on both the

value co and —oco.

Hint. If there is a set A in the algebra with A(A) = oo and there is a set B in the algebra with
A(B) = —o0, then we can find disjoint sets A" and B in A so that A(A") = oo and A\(B') = —c.
But this is not permitted as the value of A\(A’ U B") must be a well - defined extended real value

not the undefined value oo — co.

4. This is Exercise 12.5.4.
Let 7 be a covering family for a nonempty set X. Let 7 be a non negative, possibly infinite

valued premeasure. For any A in X, define

pA) = nf{> 7(T,)|T, € 7,AC U, T,}

where the sequence of sets (7T},) from 7 is finite or countably infinite. In the case where there are

no sets from .7 that cover A, we define the infimum over the resulting empty set to be co.

Prove p* is an outer measure on X.

5. This is Exercise 12.5.5.
Let X = {1.2, 3} and 7 consist of 0§, X and all doubleton subsets {z, y} of X. Let 7 satisfy

(i): 7(0) = 0.
(ii): 7( {=, y}) =1 for all x # y in X.
(iii): 7(X) =2.
(a): Prove the method of Exercise 12.5.4 gives rise to an outer measure p* defined by p*(0) = 0,
p*(X) =2 and p*(A) =1 for any other subset A of X.
(b): Now do the construction process again letting 7(X) = 3. What changes?
6. This is Exercise 12.5.6.

Let X be the natural numbers N and let 7 consist of ), N and all singleton sets. Define 7(f) = 0
and 7({z}) =1 for all x in N.

(a): Let 7(N) = 2. Prove the method of Exercise 12.5.4 gives rise to an outer measure p*. De-

termine the family of measurable sets (i.e., the sets that satisfy the Caratheodory Condition
).

(b): Let 7(N) = co and answer the same questions as in Part (a).

(c): Let 7(N) = 2 and set 7({z}) = 27~ Now answer the same questions as in Part (a).

(d): Let 7(N) = oo and again set 7({z}) = 27@=1. Now answer the same questions as in
Part (a). You should see N is measurable but 7(N) # u(N), where p denotes the measure
constructed in the process of Part (a).

(e): Let 7(N) = 1 and again set 7({z}) = 2~(*~1. Now answer the same questions as in Part
(a). What changes?
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18.2 Final Examination

1. This is Exercise 11.5.1.
Let (X, S, 1) be a measure space. Let f be in £,(X,Sp) for 1 <p < oco. Let E = {z||f(z)| # 0}.
Prove E is o - finite.

2. This is Exercise 11.5.2.
Let (X,S, ) be a finite measure space. If f is measurable, let E, = {z |n —1 < |f(z)| < n}.
Prove f isin £1(X,Sp) if and only if > | nu(E,) < co.

More generally, prove f is in £,(X,Su), 1 <p < oo, if and only if 7 | nPu(E,) < cc.

3. This is Exercise 14.5.6.
Let (R, M, ) denote the measure space consisting of the Lebesgue measurable sets M and

Lebesgue measure . Let the sequence (f,) of measurable functions be defined by

o = nlju/nam)-

Prove f, — 0 on all R, f,, — 0[meas] but f, 4 0[p— norm| for 1 < p < co.

4. This is Exercise 15.6.1.
Let (X,S) be a measurable space and \ is a charge on S. Prove if P; and P, are positive sets for

A, then P; U P; is also a positive set for A.

5. This is Exercise 9.7.5.
Let (X,S) be a measurable space. Let (i) be a sequence of measures on & with u,(X) <1 for
all n. Define A on S by

oo

NE) = 3 1/2" u(B)

n=1
for all measurable E. Prove )\ is a measure on S.

6. This is Exercise 10.8.4.
Let (X,S) be a measurable space. Let C be the collection of all charges on §. Prove that C is a

Banach Space under the operations
(c,u)(E) = cu(E),Yec e R, Vpu
(k4 2)®) = wl®) + E) Vv

with norm || 1 [| = |ul(X)

7. This is Exercise 13.4.1.
A family A of subsets of the set X is an algebra if

(i): 0, X are in A.
(ii): E € A implies E¢ € A.

(iii): if {A41,..., A} is a finite collection of sets in A, then their union is in A.
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Further, the mapping 7 is sometimes called a pseudo-measure on the algebra A if 7: A — [0, o0]
and

(i): 7(0) =0.

(ii): If (A;) is a countable collection of disjoint sets in A whose union is also in A (note this is

not always true because A is not a ¢ - algebra), then
T A) = > (A
Now we get to the exercise:
(a): Let U be the family of subsets of R of the form (a,b], (—o0,b], (a,00) and (—o0, c0). Prove
F, the collection of all finite unions of sets from U is an algebra of subsets of R.
(b): Prove 7 equal to the usual length of an interval is a pseudo-measure on F.

(c): Let g be any monotone increasing function on R which is continuous from the right. This
means

lim g(x 4+ h) exists, Vz,
Jim g ) ex
lim g¢(z) exists,
T— — 00

lim g(x) exists.
r—00

where the last two limits could be —oo and oo respectively. Define the mapping 7, on U by
w(@h) = ) - o),

T——00

n((oon) = ) - (o),
(@) = Jim o(o) - g(a)

r— 00

Tr— 00 Tr— —00

Tg((OO,OO)) = lim g(z) — lim g(z).

and extend 7, to F as usual. Prove that 7, is a pseudo-measure on F.

(d): 74 can then be used to define an outer measure pj as usual. There is then an associated o -

algebra of puy measurable sets of , M, and py restricted to M, is a measure, p,.

We now prove F is contained in M,. Here is the hint for any set I from F. Compare this
problem to Example 12.4.1 and Example 12.4.2 which are almost identical in spirit (although
the g here is more general) even though they are couched in terms of pre-measures instead

of pseudo-measures.

Hint. Let T be any subset of R. Let € > 0 be given. Then there is a cover (A,,) of sets from
the algebra F so that
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10.

11.

Now INT C U, (A, NI) and I°NT C U, (A, NI°). So
pe(TnI) < > 1(A,NT),

pe(T NI < > 7,(A, N IO).
n
Combining, and using the additivity of T4, we see

py(TNI) + py(TNI%) < Y 74(An) < pp(T) + e

n

Since € > 0 is arbitrary, we have shown I satisfies the Caratheodory condition and so in u

measurable.

Once you have shown these things, we know the Borel o - algebra B is contained in M,! Measures
constructed this way are called Borel - Stieljes measures on & when we restrict them to B. If we

use the full o - algebra, we call them Lebesgue - Stieljes measures.

This is Exercise 13.4.2.

Let h be our Cantor function
o) = (@ + V()2

From the previous exercise, we know 75, defines a Borel - Stieljes measure. Determine if 7, is
absolutely continuous with respect to the Borel measure on R (Borel measure is just Lebesgue

measure restricted to B.

This is Exercise 15.6.2.
Let gi(x) = 2%, g2(x) = Ijo,00); 93(7) = = Ijg,») and ga(z) = arctan(z). All of these functions

generate Borel - Stieljes measures on R.
(i): Determine which are absolutely continuous with respect to Borel measure. Then, if abso-
lutely continuous with respect to Borel measure, find their Radon - Nikodym derivative.
(ii): Which of these measures are singular with respect to Borel measure?
This is Exercise 15.6.3.

Let A and p be o - finite measures on S, a o - algebra of subsets of a set X. Assume A is absolutely

continuous with respect to p. If g € M*(X,S), prove that

[omn = [ara

where f = d\/dp is the Radon - Nikodym derivative of A with respect to .

This is Exercise 15.6.4.
Let A,v and u be o - finite measures on S, a o - algebra of subsets of a set X. Use the previous
exercise to show that if v < A and A < p, then

dv dv d\

@ = a@,uae
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Further, if A\; and A\s are absolutely continuous with respect to p, then

dA1 + Xa)/dp = dA\i/dp + dho/dp pae.
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Lebesgue Outer Measure, 236

Limit Inferior And Superior Of Sequences
Of Sets, 163

Measurability of a Function, 145

Measurability Of Extended Real Valued
Functions, 150

Measures, 160

Metric On A Set, 192
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Riemann Integrability Of A Bounded
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p-Summable Inequality, 270
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Products of Measurable Functions Are
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Properties of Extended Valued Measur-
able Functions, 152

Properties of Measurable Functions, 148

Properties Of Simple Function Integra-
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Radon - Nikodym Technical Lemma, 291
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Monotone Functions
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Properties, 39

Partitions

Gauge or Norm, 33

Proposition
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33

Theorem
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L, Is A Vector Space, 198
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u* Measurable Sets Properties, 218
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A Monotone Function Has A Countable
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Abstract Integration Is Additive, 176

Almost Uniform Convergence Implies Con-
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7

Bounded Differentiable Implies Bounded
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Bounded Variation Implies Riemann In-
tegrable, 71

Cauchy - Schwartz Inequality, 196

Cauchy Fundamental Theorem Of Cal-
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Cauchy In Measure Implies A Conver-
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Cauchy In Measure Implies Complete-
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Cauchy Schwartz Inequality: Sequence
Spaces, 206

Cauchy’s Fundamental Theorem, 77

Conditions For OMI-F Measures, 230

Conditions For OMI-FE Measures, 231

Constructing Measures From Non Neg-
ative Measurable Functions, 178

Constructing Outer Measures Via Pre-
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Continuous Implies Riemann Integrable,
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Convergence Relationships On Finite Mea-
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Convergence Relationships On General
Measurable Space, 274

Convergence Relationships With p-Domination,
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Convergent Subsequences Exist, 277

Egoroft’s Theorem, 267
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Even If The Measure Is Not Com-
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Equality a.e. Implies Measurability If
The Measure Is Complete, 172
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tions For Charges, 289

Existence Of The Riemann Integral, 16
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Fatou’s Lemma, 176

Functions Of Bounded Variation Always
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its, 52

Functions Of Bounded Variation Are Bounded,
45

Functions Of Bounded Variation Are Closed
Under Addition, 46

Functions Of Bounded Variation Have
Countable Discontinuity Sets, 52

Fundamental Abstract Integration In-
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Fundamental Riemann Integral Estimates,
57

Fundamental Riemann Stieljes Integral
Estimates, 120

Fundamental Theorem Of Calculus, 18

Holder’s Inequality, 196

Holder’s Inequality: p =1, 211

Holder’s Inequality: Sequence Spaces,
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Hahn Decomposition Associated With
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Inner Product On The Space of Square
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Integrals Of Summable Functions Cre-
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Inverses Of Functions Of Bounded Vari-
ation, 47

Lebesgue Decomposition Theorem, 297

Lebesgue Measure Is Regular, 249
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Levi’s Theorem, 182
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Measure Induced By Outer Measure Is
Complete, 221

Minkowski’s Inequality, 197
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205

Monotone Convergence Theorem, 174

Monotone Functions
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Variation, 45
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70
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269
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Radon - Nikodym Theorem, 293

Representing The Cantor Set, 104

Riemann - Lebesgue Lemma, 95

Riemann - Stieljes Integral, 110

Riemann Stieljes Fundamental Theorem
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Riemann Stieljes Integral Is Additive On
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Riemann Stieljes Integration By Parts,
111
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Substitution In Riemann Integration, 81
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Summable Implies Finite a.e., 181
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Worked Out Solutions

Integration Substitution
[ (2 + 1) 2dt, 22
[ (t* + 1)3 4dt, 23
[ sin(t? + 1) 5t dt, 25
[ V2 4+ 13tdt, 24
[P + 2t + D2 (¢ + 1)dt, 25

lence Theorem, 118

The Riemann Stieljes Integral Exists On
Subintervals, 120

The Riemann Stieljes Integral Is Order
Preserving, 120
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The Total Variation Is Additive On In-
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The Upper And Lower Darboux Inte-
gral Are Finite, 61

The Upper And Lower Riemann - Stiel-
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