V. Alexiades, PDE LECTURE NOTES
CHAPTER 1

FIRST ORDER PDEs

1. INTRODUCTION

1.A. 1st order PDE
The general 1st order PDE for the unknown u(z,y,... ,z) has the form

F(z,y,...,2, ug,uy,... ,u;) =0.

Such equations arise in Hamilton-Jacobi theory (calculus of variations), particle mechanics, geometrical
optics. We saw that conservation laws produce PDEs of the form (actually systems usually)

ug + %a(m, t, u) = b(z, t, u)
which are generically referred to as “conservation law form” (even if a is not the flux of u).

The theory of 1st order PDEs is essentially complete (contrary to the situation for any other general
class of PDEs), due to the fact that they can be reduced to solving systems of ODEs. It is a local
theory (just like ODE theory) and very geometrical, unlike the rest of PDE theory.

We may think of the solution u(z,y,... ,2) as a (hyper)surface, to be constructed, called an integral
surface. We expect many solutions, a family of surfaces depending on an arbitrary function, not just
on an arbitrary constant as for ODEs. How do we select an individual integral surface out of such a
large family of surfaces? For an ODE, the general solution is a family of curves and we select one by
requiring that it passes through a given “initial” point. Here the general solution is a family of surfaces,
so naturally we can pick one by making it pass through a given “initial” curve I'y.

The Cauchy Problem for a 1st order PDE is the problem of finding a solution (integral) surface of
the PDE which also passes through a given “initial” curve [y.

1.B. Wave propagation

A wave is a disturbance propagating in time through a medium, carrying energy, e.g. electromagnetic
waves, sound waves, water waves, seismic waves. Matter is not necessarily convected with the wave, it
is the disturbance carrying energy that propagates.

Mathematical model of a wave: u(z,t) = F(z — ct)

undistorted wave traveling to the right with speed ¢ > 0, (or to the left if ¢ < 0).

What equation does u(x,t) satisfy?

w+F - (—¢), u, =F" = wu+cu, =0 Ist order linear PDE

The linear advection equation u; + cu, = 0 has general solution u(z,t) = F(z — ct), with F(-) an
arbitrary functions of one variable.

If we knew the initial shape of the wave: u(z,0) = fo(z) , —o0 < x < 0o then F(z) = fo(z) Vz and
therefore the solution of the Initial Value Problem, or Cauchy Problem

( ){ut+cu,=0, —o<zr<oo, t>0
u(z,0) = fo(z) , —c0o <z < 0

would be u(z,t) = fo(z — ct), provided fo C C'(R).
Indeed, along x — ¢t = const. we have ‘fi—’t‘(m(t), t) = % % + %—‘t‘ = cu, + u; = 0 by the PDE.
The lines & — ¢t = const. are called the characteristic curves or simply characteristics of the
PDE u; + cu, = 0.
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2 I. FIRST ORDER PDE’S
Note that the direction of the characteristics is (dz,dt) = (¢, 1) and
ug + cug = (¢,1) - (ug,uy) = (¢,1) - grad u

is the directional derivative in this direction. So the PDE says that u does not change in the direction
of the characteristics! This tells us how to solve the PDE:

Given u; + cuy = 0 or (¢,1) - (ug,u;) = 0 = characteristic direction is (dz,dt) = (¢,1) = % = ¢ =
c =z =ct+ &, £ = arbitrary constant, and then along such a characteristic curve: % = u,‘;—f +u =0
is an ODE = u = k(&) = u(z,t) = k(xz —ct), k(-) arbitrary. This is the method of characteristics by

which the PDE is reduced to an ODE along each characteristic. That’s how we solve 1st order PDEs.

Sinusoidal or Fourier waves

Periodic waves are of great interest and usefulness:

u(z,t) = Asin(kz —wt) or more conveniently u(z,t) = Ae'k*—wt)

A = amplitude
k = wave number = number of oscillations in 27 units of space at fixed time.
w = angular frequency = number of oscillations in 27 units of time at fixed z
p= %" = period(in time), 5= = % = v = frequency = number of oscillations per unit time.
A= 27" = wavelength, ﬁ = number of oscillations per unit length

Note that u = Ae*(*=%%) js a wave traveling to the right with speed ¢ = % = phase velocity =
velocity of a fixed point on the wave.

2. THE CAUCHY PROBLEM FOR SEMILINEAR 1ST ORDER PDEs
IN 2 VARIABLES

2.A. The Problem

We seek a solution (integral) surface ¥ : z = u(z, y) satisfying
(1) a(z,y)ug + b(z,y)uy = c(z,y,u) inQC R?
and passing through a given curve I'g, which may be represented parametrically as
(2) To: z=20(s), y=uyo(s), 2=mup(s), s € I=interval of R
with (zo(s), yo(s)) € 2, s € I, so we want u(z,y) to satisfy
(3) u(zo(s), yo(s)) = zo(s), s € 1.

(1),(2),(3) constitute the Cauchy Problem for the PDE (1).

At this point we don’t know how smooth the data a(z,y), b(z,y), c(z,y,2), zo(s), yo(s), z0(s)
should be, so we assume them smooth enough for whatever we do to be valid! Since however u is to be
C! in Q, the curve Ty should be C!, so we assume g, 90, 20 € C*(I).

Note that (1) says (a, b, ¢)- (uy, uy, —1) =0, and the vector (u,, uy, —1) is normal to the surface
¥z =u(z,y), so (1) says ¥ must be, at each point, tangent to the ”characteristic direction” (a, b, c).
We try to contruct the integral surface ¥ as union of curves having the characteristic direction (a, b, c)
at each point, starting from the given initial curve I'y which is to lie on X.
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