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Abstract

The orbital instability of ground state standing waves e“!¢,,(x) for
the nonlinear Klein-Gordon equation has been known in the domain of
all frequencies w for the supercritical case and for frequencies strictly
less than a critical frequency w. in the subcritical case. We prove
the strong instability of ground state standing waves for the entire
domain above. For the case when the frequency is equal to the critical
frequency w. we prove strong instability for all radially symmetric
standing waves e“<!ip(x). We prove similar strong instability results
for the Klein-Gordon-Zakharov system.

*Research of the second author supported in part by NSF grant DMS-0245578



1 Introduction and Main Results

We study the strong instability of standing wave solutions e™“!p(z) for the
nonlinear Klein-Gordon equation of the form
(1.1) O*u— Au+u = |ufftu, (t,r) € R xR,

where N > 2, 1 <p<1+4/(N-2), -1 <w <1, and p € H'(R"Y) is a
nontrivial solution of

(1.2) —Ap+(1-w’)p— ol =0, zeRY
We also study the same problem for the Klein-Gordon-Zakharov system
(1.3) Ou—Au+ut+nu=0, (t,z) e RxRY,
(1.4) c?0in — An = A(|u]?), (t,z) € R x RY,

where N = 2,3, ¢y > 0 is a constant. The system (1.3)-(1.4) describes the
interaction of Langumiur wave and ion accoustic wave in a plasma. The
complex valued function u denotes the fast time scale component of electric
field raised by electrons, and the real valued function n denotes the deviation
of ion density (see [34, 4, 8]).

From the result of Genible and Velo [10], the Cauchy problem for (1.1) is
locally well-posed in the energy space X := H*(RY) x L2(R"). Thus, for any
(up,u1) € X there exists a unique solution u := (u, du) € C([0, Trax); X) of
(1.1) with @(0) = (uo,u1) such that either T}, = oo (global existence) or
Tmax < 00 and limy_7, . ||@(t)]|x = oo (finite time blowup). Moreover, the
solution wu(t) satisfies the conservation laws of energy and charge:

E(u(t)) = E(uo,w1),  Qi(t)) = Q(uo,ur), T € [0, Tnax),

where

1 1 1 1
(1.5) E(u,v) = vl + 511Vellz + 5 llulz - mHUHZE?
(1.6) Q(u,v) =Im [ wvdz.

RN

Let ¢, € H'(RY) be the ground state (the least energy solution) of (1.2).
We refer to [2, 30] for the existence of ¢, and to [13] for the uniqueness
of ¢,. The stability of standing waves e“’¢,, for (1.1) has been studied by
many authors. First, we consider the orbital stability of ¢“!¢,,. Shatah [27]
proves that !¢, is orbitally stable if p < 1+ 4/N and w,. < |w| < 1, where

p—1
e "’C:\/4—<N—1><p—1>'
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Shatah and Strauss [29] prove that e“!¢,, is orbitally unstable when p <
1+4/N and |w| < w,. or when p > 1+44/N and |w| < 1. Here, we say that a
standing wave solution e is orbitally stable for (1.1) if for any € > 0 there
exists § > 0 such that if (ug, u;) € X satisfies || (ug, u1) — (¢, iwp)||x < 0, then
the solution u(t) of (1.1) with 4(0) = (ug, u;) exists globally and satisfies

sup inf  [Ji@(t) — e (p(- + y),iwe(- + y)||x < e.
t>0 0€R,yeRN

Otherwise, ey is said to be orbitally unstable.

Next, we consider instability of ¢, in a stronger sense. Berestycki and
Cazenave [1] prove that the ground state standing wave e“!¢,, for (1.1) is
very strongly unstable (see Definition 1 below) when the frequency w = 0
(see also [26]). Shatah [28] proves that the ground state standing wave e“*¢,,
for nonlinear Klein-Gordon equations with general nonlinearity is strongly
unstable (see Definition 2 below) when w = 0 and N > 3. Recently, the
authors [23] prove that the ground state standing wave e*“'¢,, for (1.1) is
very strongly unstable when |w| < \/(p —1)/(p+3) and N > 3. Here, we
give the definitions of very strong instability and strong instability.

Definition 1 (very strong instability) We say that ¢! is very strongly
unstable for (1.1) if for any ¢ > 0 there exists (ug,u;) € X such that
|| (wo, u1) — (@, iwe)||x < e and the solution wu(t) of (1.1) with @(0) = (ug, u1)
blows up in finite time.

Definition 2 (strong instability) We say that ¢!y is strongly unstable
for (1.1) if for any € > 0 there exists (ug,u;) € X such that ||(ug,u1) —
(p,iwyp)||x < € and the solution u(t) of (1.1) with @(0) = (ug, uy) either blows
up in finite time or exists globally and satisfies limsup,_, . ||@(t)||x = oo.

Note that, by the definitions, if ¢!y is very strongly unstable then it is
strongly unstable, and that if e’y is strongly unstable then it is orbitally
unstable.

Before stating our main results, we recall instability results for the non-
linear Schrodinger equation

(1.8) 10+ Au+ [ufPtu =0, (t,7) € R x RY.
Let w > 0 and ¢, € H'(RY) be the ground state of
(1.9) —Ap+wp — el =0, zeRY

It is known that for any w > 0 the standing wave solution e“'¢,, for (1.8)
is orbitally stable when 1 < p < 1+ 4/N, and it is very strongly unstable
when 1 +4/N < p <14+ 4/(N —2) (see [1, 7]). Moreover, for the critical
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case p = 1 +4/N, for any w > 0 and any nontrivial solution ¢ € H'(R")
of (1.9), it is known that the standing wave €'y is very strongly unstable
for (1.8) (see [32]). For general theory of orbital stability and instability of
solitary waves, we refer to Grillakis, Shatah and Strauss [11, 12].

We state our main results.

Theorem 1 Let N > 2,1 <p < 1+4+4/(N —-2), w € (—1,1) and ¢, be
the ground state of (1.2). Assume that |w| < w. if p < 1+ 4/N, where the
critical frequency w,. is given by (1.7). Then, the standing wave €“'¢,, for

the nonlinear Klein-Gordon equation (1.1) is strongly unstable in the sense
of Definition 2.

Can we refine further this instability result? Namely, can we prove in
certain cases that standing wave ™', for (1.1) is very strongly unstable
in the sense of Definition 1?7 The result of Cazenave [5] gives an answer
of this question for the restricted range for the exponent p of nonlinearity
l<p<5for N=2and 1l < p < N/(N —2) for N > 3. Cazenave
proves that any global solution u(¢) of (1.1) is uniformly bounded in X, i.e.,
Sup;so |u(t)]|x < o0, if l <p<5and N =2, and if 1 <p < N/(N —2)
and N > 3. Therefore, for this range of the exponent p, Theorem 1 together
with the result of Cazenave gives us a very strongly instability result in the
sense of Definition 1 for ground state standing waves e™“!¢,, of (1.1). Using
an argument in Merle and Zaag [18], we can extend the result of Cazenave
and prove the uniform boundedness of global solutions of (1.1) in X when
l1<p<1+4/(N—1)and N > 2. The following Lemma holds.

Lemma 2 Let N >2 and 1 <p<1+4+4/(N —1). If i € C(]0,00),X) is a
global solution of (1.1), then sup, ||u(t)||x < oo.

Therefore, from Theorem 1 and Lemma 2, we deduce the following.

Corollary 3 In addition to the assumptions in Theorem 1, let 1 < p <
1+4/(N—=1)if N=2,3, and that 1 <p <1+4/(N —1) if N > 4. Then,
the ground state standing wave €**¢,, for (1.1) is very strongly unstable in
the sense of Definition 1.

Remark. Let us mention that when the exponent p of nonlinearity is in
the range 1 +4/(N — 1) < p < 1+4/(N — 2) we were unable to give better
instability results than those in Theorem 1 for ground state standing waves
e, of (1.1) for large frequencies |w| > 1/(p — 1)/(p + 3). The very strong
instability result for small frequencies [w| < /(p—1)/(p+3) and N > 3 is
given in [23]. The following theorem is an important contribution of Kenji
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Nakanishi on the very strong instability in this area for large p and large
frequencies w.

Theorem A (due to Kenji Nakanishi) Let N > 2, 1 4+4/N <p <1+
4/(N —2), |w| < 1 and ¢, be the ground state of (1.2). Then, the standing
wave e, for the nonlinear Klein-Gordon equation (1.1) is very strongly
unstable in the sense of Definition 1.

This way, we have the entire picture for the very strong instability of
ground state standing waves.

For the critical frequency w = w, in the case 1 < p < 1+ 4/N, we can
prove a much more general instability result for standing waves which are
not necessarily related to the ground state.

Theorem 4 Let N > 2,1 <p < 1+4/N and ¢ € H'(RY) be any nontrivial,
radially symmetric solution of (1.2) with w = w.. Then, the standing wave
solution e™<'¢ of (1.1) is very strongly unstable in the sense of Definition 1.
The same assertion is true for w = —w,.

For the existence of infinitely many radially symmetric solutions of (1.2),
we refer to [3]. As mentioned above, a similar result of Theorem 4 is known
for the nonlinear Schrédinger equation (1.8) in the critical case p =1+44/N
without assuming the radial symmetry of solution of (1.9) and the restriction
on space dimensions N > 2 (see [32]).

The proofs of Theorems 1 and 4 are based on using local versions of the
virial type identities. To prove strong instability of the ground state for the
case w = 0 and N > 3, Shatah in [28] considers a local version of the following
identity

(1.10) %Re/ z - Vudiudr = NK,(u(t)),
RN

1 1 1 1 1
Kiu,0) = 3ol + (5 - ) IV0lB + 31l - — gt

Since the integral in the left-hand side of (1.10) is not well-defined on the
energy space X, one needs to approximate the weight function x in (1.10)
by suitable bounded functions. To control error terms by the approximation,
initial perturbations are restricted to being radially symmetric and the decay
estimate for radially symmetric functions in H!(RY):

(1.11) ][ o< (azmy < Cm= N D2 |

(see [30]) is employed. The assumption N > 2 is needed here. In the case
N = 1, we expect similar very strong instability results for the standing
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waves. This kind of approach has been also used for blowup problems of the
nonlinear Schrodinger equation (1.8) (see, e.g., [21, 22, 15, 16, 17, 19, 20]).

In the proof of Theorem 1 for the case p > 14+4/N, we use a local version
of the virial identity

d
(1.12) % Re RN{2$ -Vu+ Nu}oudr = P(u(t)),
where
N(p—1)
(113 Plu) = 207l - TE= D g

Namely, instead of the left hand side of (1.12), which is not well defined in
the energy space X, we use (2.6) with conveniently chosen weights (see the
beginning of Section 2).

Note that (1.12) follows from (1.10) and

1 d? d _ _
(1.14) §@Hu(t)ﬂg == Re /RN uoiudr = — Ko (u(t)),
Kz (u,0) = —[[o]l3 + [[Vull3 + [[ull3 = llullp,

and that the functional P appears in the virial identity for the nonlinear
Schrodinger equation (1.8):

d2

1.1 —
(1.15) dt?

lzu()[3 = 4P(u(t)).

The case p < 1+4/N is more delicate. Here we use a local version of the
identity

(1.16) —% Re/N{Qx -Vu+ (N + a)uldudr = K(u(t)),

where av:=4/(p—1) — N and
2
(117)  K(u,v) = —aljvll; + ellull; + (o + 2){[| Vull; - mHUHZﬁ

(cf. [29, page 185]). Note that

(1.18) K(u,v) = P(u) + aKs(u,v)
= —2(a+ 1)|Jv — iwul? + 2(a + 2)(E — wQ)(u, v)
—2awQ(u,v) — 2{1 — (o + 1)w?}H|ul)3,
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and that 1 — (a+1)w? > 0 if |w| > w,, and correspondingly 1 — (a+1)w? =0
if |w| = w.. Again instead of the left hand side of (1.16) we use (2.7) with
conveniently chosen weights.

Next, we consider the Klein-Gordon-Zakharov system (1.3)-(1.4). The
well-posedness of the Cauchy problem for (1.3)-(1.4) in the energy space is
studied by Ozawa, Tsutaya and Tsutsumi [25]. Here, the energy space Y
is defined by Y = H'(RN) x L2(RN) x L*(RN) x H Y(RY). When N =
3 and ¢y # 1, it is proved in [25] that for any (ug,ui,ng,n1) € Y there
exists a unique solution u := (u, Qu,n,n) € C([0, Thax); Y) of (1.3)-(1.4)
with initial data u(0) = (ug,u1,n0,n1) satisfying the conservation laws of
the energy H(u(t)) = H(u(0)) and the charge Q(u(t)) = Q(u(0)) for all
t € [0, Tinax), Where @ is defined by (1.6) and

1

1 2 2
(119) H(uw,v,m0) = gloll + vl

1 1 1 1
+5IVul + gl + i+ [l
The case N = 3 and ¢y = 1 is treated in [24, 31|, where the global small
data solutions result is presented. For the case N = 2 by using the idea
of the paper of Ozawa, Tsutaya and Tsutsumi [25] we can prove the local
well posedness of the Klein-Gordon-Zakharov system (1.3)-(1.4) in the energy
space Y for all ¢y > 0.
We study instability of standing wave solutions

(ot 2), nu(t, ) = ("0 (@), —[du(2)[?)

for (1.3)-(1.4), where —1 <w < 1, N = 2,3, and ¢, € H'(R") is the ground
state of

(1.20) —Ap+ (1 —w)p —pPp=0, zeR"

By a similar method as in the proof of Theorem 1 for the case p > 14 4/N
together with an argument in Merle [17] for the Zakharov system, we have
the following.

Theorem 5 Let N = 2,3, w € (—1,1), ¢, be the ground state of (1.20), and
co # 1 if N = 3. Then, the standing wave ("¢, —|¢,|*) of KGZ system
(1.3)-(1.4) is strongly unstable in the following sense. For any A > 1, the solu-
tion u(t) of (1.3)-(1.4) with initial data u(0) = (Ad,, Niwd,, —A?|d,|%,0) ei-
ther blows up in finite time or exists globally and satisfies limsup,_, . [[u(t)||y =
00.



Remark. It is known (see [4, Theorem 3|) that the negative initial energy
H(u(0)) implies that the solution u(t) of (1.3)-(1.4) either blows up in finite
time or blows up in infinite time, namely the solution exists globally and
satisfies the asymptotic condition limsup,_,  [[u(t)|y = co. Since the energy

H(Apy, Niwgy, =X*|4,[*,0) > 0
for A close to 1, the result in [4] is not applicable to Theorem 5.

Next, we consider the very strong instability of (e“!¢,,, —|¢,|*) for (1.3)-
(1.4). Since the second equation (1.4) of the KGZ system is massless, it
seems difficult to obtain the uniform boundedness of global solutions for (1.3)-
(1.4) similar to Lemma 2. Therefore, for the standing wave (e“!¢,,, —|d,|*)
we do not deduce a very strong instability similar to the instability result
in Corollary 3 of Theorem 1. However, using the method in our previous
paper [23], we obtain the following very strong instability result for small
frequencies.

Theorem 6 Let N =3, ¢y # 1, |w| < 1/v/3 and ¢, be the ground state of
(1.20). Then, the standing wave (e“'¢,,, —|d,|?) of the KGZ system (1.3)-
(1.4) is very strongly unstable in the following sense. For any \ > 1, the solu-
tion u(t) of (1.3)-(1.4) with the initial data u(0) = (Ady, NMiwd,,, —A%| P, |?, 0)
blows up in a finite time.

Remark. In Theorem 6, the case w = 0 is proved by Gan and Zhang [9].

The plan of this paper is as follows. In Section 2, we prove Theorems
1 and 4 and Lemma 2 for the nonlinear Klein-Gordon equation (1.1). The
proof of Theorem A is given at the end of Section 2. Section 3 is devoted to
applications to the Klein-Gordon-Zakharov system (1.3)-(1.4), and we prove
Theorems 5 and 6.

2 Proof of Theorems for NLKG

In this section, we first prove Theorems 1 and 4.
We start with a convenient choice of the weight functions, as follows. Let
® € C?([0,00)) be a non-negative function such that

| N for 0<r<1, ,
@(r)—{o for > 2, d'(r) <0 for 1 <r <2
For m > 0, we put
r 1 " N1
(2.1) O,(r) = ® <E> () = /O sN1@,,(s) ds.



Then, ®,, and V¥, satisfy the following properties.

Lemma 7 For m > 0, we have

(2 2) (I)m(r) - N? \Ijm(r) =T, 0 S r < m,
N -1
(2.3) v (r) + U, (r) = ®,(r), r>0,
T
C
(2.4) 128 ()] < T2 0, k=0,1,2,
(2.5) v o(r) <1, r>0.

Proof.  Properties (2.2)-(2.4) follow from the definition (2.1). We show
(2.5). Integrating by part implies

NV, (r) :/ NsV 1o, (s)ds = rV®,,(r) —/ sNO! (s)ds.
0 0

Thus, by (2.3), we have

N -1 1 N -1

_ " N x/
. \I’m(r)—Ném(r)%— NN /0 sV (s)ds.

W, (r) = Om(r) —
Since ®,,(r) < N and @/ (r) < 0 for r > 0, we have (2.5). O

Lemma 8 Let u(t) be a radially symmetric solution of (1.1), and put

(2.6) I (t) = 2Re/ v, 0,udu dr + Re/ d, udsu dx,
RN RN
(2.7) () = I () + aRe / wdyii da,
RN

where o :=4/(p—1) — N. Then, there ezists a constant Cy > 0 independent
of m such that

28) — 0 < P+ SEED [t Sl
29) — 0 < Ky + L [ et o)

for allt € [0, Thnax)-



Proof. 'We multiply the equation (1.1) by ¥,,0,u and by ®,,7 respectively,
and have

N -1
—iQ Re/ U, 0.ududr = / (\If;ﬂ + —\I/m) |Oyu|? da
dt RN RN T

N -1 N -1
—l—/ (\I’;n — —\I/m) |Vul|* dx — / (\If’m + —\I/m> ul? dz
RN T RN r

2 N -1
w2 [ (e e
p+1 /gy r

and

d 1
——Re/ O, uoudr = —/ CI>m|8tu|2dx——/ A, |ul? dx
dt ]RN RN 2 RN

+/ <I>m|Vu|2dx+/ <I>m|u|2da:—/ @, |ulPT dx.
RN RN RN

By (2.3) in Lemma 7, we have the identity

d —1 1
——1I (1) :2/ \IJ’m|Vu|2dx—p—/ ®,, [ufP da:——/ A®,,|u|? dz.
dt RN p+1 RN 2 RN

The inequality (2.8) follows from Lemma 7. Finally, (2.9) follows from (2.8),
(1.14) and (1.18). O
First, we consider the case p > 1+ 4/N. We define the functional
1—w? 1
5 [[ullz = m

1
(2.10) Jo(u) = 3 [IVull; + lullp iy

p+1>

and consider the following constrained minimization problem

(2.11) dY, = inf{J,(u) : v € H*RY)\ {0}, P(u) =0}
and the set
(2.12) RL ={(u,v) € X : (F —wQ)(u,v) < d., P(u) <0},

where F and @) are the energy and the charge respectively, and the functional
P is defined by (1.13).

Note that
(2.13) (E —wQ)(u,v) = J,(u) + %Hv — dwul|3,
(2.14) P(u) = 205 Jo (A2 u(\)) 5zt
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Lemma 9 Let N > 2, 1+4/N <p<1+4/(N—2) andw € (—1,1). Then,
we have the following.

1
i) Jo(u) — ———
) L0~ o=
(ii) The minimization problem (2.11) is attained at the ground state ¢, of
(1.2).
(1ii)

11

P(u) > d., for all u € HY(RY) satisfying P(u) < 0.

My, iwd,) € RL for all X > 1.

Proof. (i) We put

(2.15) T () = Jo(u) — mp(u)
{3~ w1Vl + 5l

Note that 1/2 — 2/N(p — 1) > 0 by the assumption p > 1+ 4/N. Let u €
HY(RY) satisfy P(u) < 0. Then, we have u # 0, and there exists A\; € (0,1)
such that P(A\ju) = 0. By (2.11), we have d, < J,(\u) = JL(\u) < JL(u).
(ii) For the case p > 1+4/N, see [6, Proposition 8.2.4], and for p = 14+4/N,
see [19, Proposition 2.5].
(iii) By (2.13), we have

(F —wQ)(MP, iwd,)) = Ju(Ay)

1 1 —w? APF1
= (GIVol + 25 10ul]) - el

Since J,(¢.) = d, OJo(Adu)|a=1 = 0 and 93J,(A¢.)|a=1 < 0, we have
(E — wQ)( Ny, iwe,)) < dl for all A > 1. Similarly, we have P(A\¢,) < 0
for all A > 1. Hence, we have (¢, iw¢,) € RL for all A > 1. O

Lemma 10 Suppose that N > 2, 1 +4/N <p <1+4/(N —2) and w €
(=1,1). If (ug,u1) € RL, then the solution u(t) of (1.1) with @(0) = (ug, u;)
satisfies

1
N(p-1)

Proof.  First, we show that P(u(t)) < 0 for all ¢ € [0, Thax). Suppose
that there exists ¢; € (0, Tiax) such that P(u(t;)) = 0 and P(u(t)) < 0 for
t € [0,t1). Then, by Lemma 9 (i) and (2.15), we have

(2.16) Pu(t)) > d’ — (E — wQ)(ug,u1), t€ [0, Thax).

1 1 —w?

—2 2 2 1
9 t d t ty).
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Thus, we have u(t;) # 0. Therefore, by (2.11), we have d} < J,(u(t;)).
While, since (ug,u;) € R, F and Q are conserved, and by (2.13), we have
Jo(u(ty)) < (F —wQ)(d(t1)) < d. This is a contradiction. Hence, we have
P(u(t)) < 0 for all t € [0, Tiax). From this fact, Lemma 9 (i) and (2.13), we
obtain (2.16). O

Proof of Theorem 1 for the case p > 1+4/N. Let A > 1 be fixed and

denote
3= M2V (5 wQ) (M6 iwi)))

Then, by Lemma 9 (iii), we have 6 > 0. Suppose that the solution wu(t)
of (1.1) with @(0) = A(Pw, iwd,) exists for all ¢ € [0,00) and is uniformly
bounded in X, i.e.,

(2.17) M, :=sup ||u(t)||x < oo.
>0

Since u(t) is radially symmetric in z for all ¢ > 0, we define I} (¢) for u(t) by
(2.6). By (1.11) and (2.17), we have

/|w>m lu(t, )P da < ||u(t)] ]Z;l(mZm)HU(t)H%
S Cm N-1)(p—1) /2||u( )HP—H S CM{H—lm_(N_l)(P—l)/?

for all £t > 0 and m > 0. Note that we assume N > 2. Thus, there exists
mo > 0 such that

sap (H2=0 [ traptas s S OIg) <

>0 p+1 my

Thus, by Lemmas 8 and 10, we have

d 1
> —Plu) = (L [ e S
>25—5=14 )

for all ¢ > 0. Therefore, we have lim;_. I, (t) = co. On the other hand,
there exists a constant C'= C(mg) > 0 such that I}, (t) < C|ju(t)||5x < CM7
for all t > 0. This is a contradition. Hence, for any A > 1, the solution u(t)
of (1.1) with @(0) = A(¢w, iwe,,) either blows up in finite time or exists for
all t > 0 and limsup,_, . ||@(t)||x = oco. This completes the proof of Theorem
1 for the case p > 1+ 4/N. O
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Next, we consider the case where p < 1+ 4/N. For this case, we need
a different variational characterization of the ground state ¢, of (1.2) from
that for the case p > 14 4/N. We define the functional

2
K (u) = a(l — w?)[Jull3 + (o + 2){|Vull; - mllﬂ”ﬁﬁ :

and consider the constrained minimization problem

(2.18) d° = inf{J,(u) : u € H*(R™)\ {0}, K°(u) =0}
and the set
(2.19) RY = {(u,v) € X : (E —wQ)(u,v) < d’, K2(u) < 0},

where « =4/(p — 1) — N > 0. Note that

(2.20) K%(u) = 20\ J,(Nu(\)) a1, B = c J; N = ’ E T

Lemma 11 Let N > 2, 1 <p <1+ 4/N andw € (—1,1). Then, we have
the following.

(1)

(ii) The minimization problem (2.18) is attained at the ground state ¢, of
(1.2).

1 —w?

a+2

|ull3 > d° for allu € HY(RYN) satisfying K°(u) < 0.

(iii) A(¢w,iwd,) € R for all X > 1.

Proof. First, we note that

R21) ) = gy K = Sl
(222)  d = inf{ 10;“’2 a2 : u e H'(RN)\ {0}, K°(u) = 0}.

(i) Let u € HY(RY) satisfy K%(u) < 0. Then, we have u # 0, and there
exists \; € (0,1) such that K2(A\ju) = 0. By (2.18), we have

2
d0<1 w
YT a+2

1—w?
Mull? < —||ull?.
vl < == ul

(ii) Note that d’ > 0 by (2.22). Let {u;} € H'(R") be a minimizing
sequence for (2.18). By considering the Schwarz symmetrization of u;, we

13



can assume that {u;} C H} (RY). We refer to [2, Appendix A.III] for the
definition and basic properties of the Schwarz symmetrization. By (2.22),
we see that {u;} is bounded in L*(RY). Moreover, by K%(u;) = 0 and the
Gagliardo-Nirenberg inequality, we have

(o +2)[Vuy 13 + (1 — w?)lus13
2(a+ 2

= 20yt < ol Tl

where 6§ = (p — 1)N/2. Since p < 1+ 4/N, we see that § < 2 and that {u;}
is bounded in H'(RY). Therefore, there exist a subsequence of {u;} (we still
denote it by the same letter) and w € H! ,(RY) such that u; — w weakly in
HY(RY) and u; — w strongly in LP™(RY). Here, we used the fact that the
embedding H} ,(RY) — LI ,(RY) is compact for 2 < ¢ < 2+4/(N —2) (see
[30]). Next, we show that w # 0. Suppose that w = 0. Then, by K2 (u;) =0
and the strong convergence u; — 0 in LFT(RY), we see that u; — 0 in
H*(RY). On the other hand, by K2(u;) = 0 and the Sobolev inequality, we
have

2(+2)
(o +2) [Vl + a1 = w?) Juy 5 = pTHUjHﬁ}

< Cf(a+2)[|Vy||2 + a(l — w?)|u;||2}P+D/2,

Since u; # 0, we have ||u;|| g2 > C for some C' > 0. This is a contradition.
Thus, we see that w € HY(RY) \ {0}. Therefore, by (2.21) and (2.22), we
have

2 2

1—
w3 < lim inf d
j— +2

o<1z
YT oa+2

lujlz = liminf T, (u;) = do,

and K2(w) < liminf; ., K2(u;) = 0. Moreover, by (i), we have K2(w) = 0.
Therefore, w attains (2.22) and (2.18). Since w attains (2.18), there exists a
Lagrange multiplier n € R such that

(2:23) Tulw) = 3 (K2 ),

That is, w satisfies

(2.24) —(1—n)Aw + (1 —w?)(1 — %Hn)w — (1 —=n)|wP'w =0

in H=*(RY). First, we show that < 1. Suppose that n > 1. Then, by

14



(2.24) and K?(w) = 0, we have

0=(1=nlIVewl;+ 1 -w’)(1 - aiﬂ)llwlli — (L =nlwlph

[ D PP e V1§ i) P SR
21 —w?) |

> Oé——|—2HwH2 > 0.

This is a contradition. Thus, we have n < 1. Since we have
a
o+ 2

in (2.24), by [6, Theorem 8.1.1], we have z - Vw € H'(RY). Therefore, by
(2.23), we have

1-1n>0, (1—whH(- n) >0

0 = K°(w) = 20xJ,(Nw(A)) et = 20T (w), 2 - Vo + Buw)

o : o ,
= (Y (W) Vur+ fu) = KN w()ams

where 3 = (a+ N)/2. Moreover, by K%(w) = 0, we have
KL (N w(A))|xer
= a’(1 = w?)wll + (a +2){||Vw]]z - ]%lllUHfﬂ}
= —2a(1 — w?)|jw||3 < 0.
Thus, we have = 0. Therefore, w satisfies J'(w) = 0 and K?(w) = 0, where
K2 (w) = (J,(u),u) = [Vull + (1= w?)llul3 — ull}i.
Since ¢, attains
inf{J,(uv) : u € H*(R™)\ {0}, K2(u) = 0}

(see, e.g., [23|[Lemma 3]), we have J,(¢,) < J,(w). On the other hand,
b, satisfies K2(¢,,) = 0, we have d° = J,(w) < J,(¢,). Hence, ¢, attains
(2.18).

(iii) The proof is similar to that of Lemma 9 (iii), and we omit it. 0

Lemma 12 Suppose that N > 2, 1 < p < 1+ 4/N and w € (—1,1). If
(ug,u1) € R, then the solution u(t) of (1.1) with @(0) = (ug,u;) satisfies
1—w?

() > &% € [0, T,

15



Proof.  The proof is similar to that for Lemma 10. We omit the details. [

Proof of Theorem 1 for the case p <1+4/N. Let A > 1 be fixed and
define

0 = (a+2){d}, — (F — wQ)(M¢w, iwdw))},

. w (o + 2
b2 = a{wQ(M¢w, iwgy)) — 1(_—w2)d3}7
and 0 = d; + d2. Then, by Lemma 11 (iii), we have §; > 0. Moreover, by
Lemma 11 (ii) and (2.22), we have

2
POLD ) — w6l < NP6 = QNG

Thus, we have d; > 0 and 6 > 0. Suppose that the solution u(t) of (1.1) with
w(0) = My, iwd,,) exists for all ¢ € [0, 00) and is uniformly bounded in X.
Since u(t) is radially symmetric in z for all ¢ > 0, we define 2 (t) for u(t) by
(2.7). As in the proof of Theorem 1 for the case p > 1+ 4/N, there exists
mg > 0 such that

sup (M/ lu(t, )Pt do + %]\u(t)”%) < 0.
|z|>mo m

>0 p+1 0

Thus, by Lemma 8, we have

d

aIfno(t) > —K(d(t)) -5, t>0.
Here, recall that we assume |w| < w,, so we have 1 — (a + 1)w? > 0. Thus,
by (1.18) and Lemma 12, we have

—K(u(t))

> —2(a+ 2)(E — wQ)((t) + 20wQ(i(t)) + 2{1 — (a + 1) }|u(t)[|3

> _9(a + 2)(E — wQ)(i#(0)) + 200Q(i(0) + 2{1 — o — aw?} 1“_*52 4
_ 9

for all ¢+ > 0. Therefore, we have (d/dt)I? (t) > & for all t > 0, and
limg_,o I2, (t) = co. The rest of the proof is the same as in the proof of
Theorem 1 for the case p > 1+ 4/N, and we omit the details. 4

Proof of Theorem 4. Let us first note that identity (1.18) contains the
reason that in Theorem 4 we can allow any radially symmetric solutions of
(1.2), unlike the case of Theorem 1 where we can treat only the ground state
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of (1.2). Namely, when w = w, we have 1 — (o + 1)w? = 0, and therefore
the identity (1.18) does not contain the norm ||u||3. Let us recall that in
Theorem 1 we control this norm by using the variational characterization of
the ground state.

Let ¢ € HYRYM)\ {0} be a radially symmetric solution of (1.2) with
w = w,. Let A > 1 and put

0= aWcQ(/\(QQ iwc(p)) - (a + 2) (E - WCQ)<)‘(()07 iwcgp))'

Since J/, (p) = 0, we have (E — w.Q)(A(p,iwep)) = Ju (Ap) < Jo.(p) for
A > 1. Moreover, we have w.Q(A(ip, iw.p)) = W23 > w?||pl|3 for A > 1.
Thus, we have

1

6 > aw?lllell; — (a+2)J.(¢) = -3 o.(0) = {1 = (a+ Dw?Hell3.

By [6, Theorem 8.1.1], we have z - Vi € H'(R"Y). Therefore, by (2.20) and
by J., (¢) = 0, we have

KD (¢) = 2(J., (@), - Vo + Bp) =0.

Moreover, since (a + 1)w? = 1, we have § > 0. Suppose that the solution
u(t) of (1.1) with @(0) = A(¢p, iw.p) exists for all ¢ € [0,00) and is uniformly
bounded in X. Since u(t) is radially symmetric in « for all £ > 0, we define
I2(t) for u(t) by (2.7). As in the proof of Theorem 1 for the case p > 1+4/N,
there exists mg > 0 such that

N(p—l)/ Co
sup [ ————= u(t, z) P de + — ||lu(t)||2 ) < 6.
up (N2 PG RO
Thus, by Lemma 8, we have

d

ZI2 (1) = —K(ii(t) =5, 20,

Moreover, by (1.18) and (a + 1)w? = 1, we have

—K(u(t))
> —2(a + 2)(E — weQ) (1)) + 20w.Q(u(t)) + 2{1 — (a + Dw}u(®)|3
> —2(a+ 2)(E — wQ)(u(0)) 4+ 20w.Q(u(0)) = 2§

for all

t
limy o I2, ( oo. On the other hand, there exists a constant C' =
C(mg) > 0 such that 2 (t) < Cllu(t)|% < C for all + > 0. This is

> 0. Therefore, we have (d/dt)IZ (t) > & for all t > 0, and
t) =
0
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a contradition. Therefore, for any A > 1, the solution u(t) of (1.1) with
w(0) = A(p,iwep) either blows up in finite time or exists for all ¢ > 0 and
lim sup,_, . |4(t)||x = oco. Finally, by Lemma 2, if u(t) exists for all ¢ > 0,
then sup,~q ||@(t)||x < oo. Hence, u(t) blows up in finite time. This com-
pletes the proof. O
Proof of Lemma 2. By Proposition 3.1 and Lemma 3.5 in [5], we have

(2.25) sup ||u(t)]|2 < oo,
>0
t+1
(2.26) sup/ ()% ds < oo.
t>0 Jt

By (2.26) and the conservation of energy F, we have
t+1
(2.27) Cy = sup/ lu(s)] iﬁ ds < oo.
t>0 Jt

Note that the estimates (2.25), (2.26) and (2.27) hold true for 1 < p <
14+ 4/(N —2). In what follows, we use an argument in Merle and Zaag [18].
First, for r = (p + 3)/2, we show

(2.28) sup [|u(t)]], < oo.
£>0

Indeed, by (2.27) and the mean value theorem, for any ¢ > 0 there exists
7(t) € [t,t + 1] such that

t+1
(2.20) Ju(r @) = / lu(s)2H ds < C.
t

Since 2 < 7 < p+1, it follows from (2.25) and (2.29) that sup, [|u(7(t))||- <
00. Moreover, for any ¢t > 0, we have

[u@)I[; = lu(r @)} = /(t) %Ilu(S)H?ds

t+1
< C/ / lu(s, )"t Osu(s, )| dx ds
¢ RN

t+1
< [ ()R + 10a)B) ds
t

Since 2(r — 1) = p+ 1, by (2.26), (2.27) and sup,> ||u(7(t))||» < oo, we have
(2.28). Next, by the Gagliardo-Nirenberg inequality, we have

lu()llp+1 < Cllu®) |~ IIVu(®)]l2,
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where

1 1 1 1-46

—— =0(= - — )

p+1 <2 N) + r
Since we assume p < 1+ 4/(N — 1), we have (p + 1)0 < 2. Thus, by (2.28),
there exists a constant Cy > 0 such that

2 +1 1
m”u(t)llﬁﬂ <Cy+ §||Vu(t)||§, t>0.

Moreover, by the conservation of energy E, for any t > 0 we have

lE®)]% = 2E((0)) +

2 iz
. 1
< 2E(u(0)) + Cy + EHVU(t)H%a

which implies ||@(¢)||% < 4FE(@(0)) + 2Cy. This completes the proof. O
We conclude this section with the proof of Theorem A.

Proof of Theorem A (due to Kenji Nakanishi).  Following the proof of

Theorem 1, take the radially symmetric solution u(t,r) (r = |z|) starting

from (u(0), 0u(0)) = Ay, iwe,) with A > 1, and assume by contradiction

that it exists for all ¢ > 0. Then Cazenave’s estimate (2.26) implies that

there exists M < oo such that for all 7' > 0

T+1
(2.30) / / 0| + |Vul|? + |uPdzdt < M.
T RN
Hence for any positive integer j, there exists T} € [j — 1, j] such that
/ Bl + [Vau® + |uPdel s, < M.
RN

By Lemmas 8, 9 and 10, there exists 6 > 0 such that for any m > 1 and
t > 0 we have
d

%[jn(t) > 20 — Ry(t), Rn(t):=

N(p-1)

C
o [ e s ol

where I}, is defined by (2.6). Here and below C'is a positive constant, which
may depend only on p and N. Integrating in ¢, we get

Tjt2

LT - 10 2 25 [ Ra(o)

T
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since Tj1o —T; > 1. Notice that (2.30) is enough to control the error term
R, uniformly in j. To see this, let x(¢,7) € C(R?) satisfy x(¢,7) = 1 when
it| < 2 and |r| > 1, and x(¢t,r) = 0if |[t| > 4 or |r| < 1/2. For any m > 1
and T > 4, let v(t,r) = x(t = T,r/m)u(t,|r|). Then we have

/ 002 + |02 + o drdt
RQ

T+4
<CmN / |0ul® + |Vul?® + |u|*dzdt < 8Cm* N M.
RN

T4
Hence the Sobolev embedding H'(R?) C LP™'(R?) implies that

o T2
Z/ (2Jm)N1/ |u|PTdrdt
T-2 r>2im

j=0
< Om~-DN-D/21(p+1)/2,

T42

/ |u|PTdxdt < C
|z|>m

T-2

Therefore choosing m sufficiently large, we obtain
Ly (Tjyo) = 1,,(T5) > 6

for all j > 4, which contradicts the global bound

IN(Ty) < Cm/ Opul® + 10,ul® + |ul*dx|i—r, < CmM.
RN

3 Proof of Theorems for KGZ system

In this section, we prove Theorems 5 and 6.
Proof of Theorem 5. Let A > 1 and put

Czw = (H _WQ)(QSMZ'WQSM _|¢w|270)a
6 = N{d, — (H — wQ)(Apw, Niwd,, —A2|p, |2, 0)},

where H and @ are defined by (1.19) and (1.6), respectively. In the same
way as in Lemma 9 (iii), we see that 6 > 0. Suppose that the solution
u(t) of (1.3)-(1.4) with u(0) = (A, Miwd,,, —A*|¢,|*,0) exists globally and
satisfies M := sup, ||u(t)|ly < co. Note that since the initial data is radially
symmetric, the solution u(t) is also radially symmetric for all ¢ > 0. Following
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Merle [17], we introduce the function w(t) := —(=A)~19n(t), and for m > 0
we consider the function

La(t) = I (t) + iQ /N U,,n(t)0,w(t) de,

€o

where I, () is defined by (2.6) and ®,, and W,, are given by (2.1). Note that
since Oyn(t) € H™HRY), we see that w(t) € H'(RY) and ||0n| y-1 = [|[Vw]a.
By the same computations as in Lemma 8, we have

d - 1
——1I,(t) = 2/ U |Vul* dr + —/ ®,,(n* + 2|ul*n) dx
dt RN 2 RN
1 1 N -1
—= / AP |uf de + — [ (¥, — ——V,)|Vuw|* dz.
2 RN 200 RN T
By Lemma 7, we have
[ wvuk iz < Vuol,
RN
1 C Cy M?
— [ Ad,[uf de < —[lu(®)]} < ——-,
2 JrN m m

. N-1
/RN(\I’m U, [Vl de < [[Vw(t)]3 = 10m()]] -1

r

Moreover, we have
/ ®,,(n* + 2|ul*n) dz
RN

N / O (n + |uf*)? do —
]RN

< N+ ful*l3 = Nlluly +/ (N — @) |ul* d,

|z|=m

N|u|4dx—|—/ (N — @) |ul* dx

R

and by (1.11) we have

1
_/ (N = @) |ul* do < Cllu(t)]2e oz w13

2 |z|>m
Cs CyM*
< mN_1||U(t)||L}{1 < SN
Therefore, we have
d - . CiM?  CoM*
(3.1) —E]m(t) < P(u(t)) + 3 + NI



for all ¢ > 0, where we put

~ 1
P(u,v,n,v) =2||Vullz - || I3+ || +[ul?lz + 262||V||fq-1
0

Note that

(H —wQ)(u,v,n,v) — %P(u v,n, V)

1 . 1 1 1 1 —w?
= gl vl + (1- N) v+ (5= 5 ) 19+ 25l
1 w2
> (5-5) IVulg+

Using this inequality, in the same way as in Lemmas 9 and 10, we see that

(3.2) —P(u(t)) > 2N{d, — (H — wQ)(u(0))} = 26

holds for all ¢ > 0. Therefore, taking m; > 0 such that

C\M?  CoM*
m2 N—1 <0,
1 my

by (3.1) and (3.2), we have (d/dt)I,,, (t) > ¢ for all t > 0, and lim;_o I, (t) =
00. The rest of the proof is the same as in the proof of Theorem 1 for the
case p > 1+ 4/N, and we omit the details. Il

Proof of Theorem 6. Let A\ > 1. Suppose that the solution u(t) of
(1.3)-(1.4) with u(0) = (A, Miwo,,, —A?|¢,|?,0) exists globally. By the
assumption |w| < 1/4/3, we can take « such that 2w?/(1 —w?) < o < 1. For
such an «, we consider a function defined by

(o) = 5 { LI + S0l }.
C

Note that since n(O) = —N¢.|* € L'(R?) N L*(R?)
C([0,00); H'(R?)), we see that n € C*([0,00); H!

we have

H~Y(R?) and 0in €
(R3) N L?(R?)). Then,

% L(t) = Re(u(t), D)) 12 + %m(t), (1)) gy

— Re(u(t), uu(t) — iwu(t)) 2 + %(n(t), On(t)) g,

0
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and
d2

—la(t) = 10 (®)]z + Hé’m( Wi-s = IVu@)llz = u@)ll3

—alln(t)llg —(1+a) /Rg [u(t, 2)[*n(t, z) dz.

Thus, we have
d2
dt?
= (24 a)||Bu(t) — iwu(t)||? + (2+ 1;;‘) S 19mn ()%

+ Ko a(u(t), n(t)),

Lo(t) +2(1 + o) (H — wQ)(u(0)) — 2wQ(u(0))

where we put
2 1
Koolw) = a {IVul+ (1= - 22 Julg + 1)
Here, we define
1 1 —w? 1 1
Jo(u,n) = S [[Vull; + lull3 + < [Inl3 + —/ [u(z)[n(z) dz,
2 2 4 2 Jgs
Kia(u, n) = OJo(Au, A2*n)| =

= HVUH§+(1—wQ)HUH§+OéHnH§+(1+0<)/ [ul*n dz,
R3
K3 o () = 205 T (A= u(-/X), n (/X)) x=1

2—« 24+«
= ull3 + (1 —w?)|ull3

3 24+«
w3lnl+ 222 [ s,

and put
J‘ia(u,n) = J,(u,n) — 20 :_ o) Kia(u,n)
- vl + 5l + L el
Jia(u7 n) = J,(u,n) — 2(20;_ )Kfj’a(u,n)
- 5o {Ivulg + 33
92
h=1- ﬁ
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Then, we have 0 < § < 1 and
Kyo(u,n) =2(1+ oz)@Jia(u, n)+ (2+a)(l — G)Jia(u, n).

Moreover, in a sim~i1ar way as in Lemmas 3 and 4 in [23], we can prove that
JI o(u(t),n(t)) > d, for all t > 0 and j = 1,2. Therefore, we have

Koalu®),n(®) > {20+a)f+ (2 +a)1—0)}d,

w? ~
= 201 —— | d,
(—l—a 1—w2>

for all ¢+ > 0. Moreover, since we have d, = (1 — w?)| ¢y |2, putting 3 =
min{2 + o, 2 + (1 — a)/2a}, we have

d? . 2 a 2
G0 2 5 {10(t) - il + S 1m0l |
0

+2(1+ a){d — (H — wQ)(u(0))} + 2wQ(u(0)) — 2% 13

for all ¢ > 0. Since § > 2, (H —w@)(u(0)) < d,, and wQ(u(0)) > w?||¢, |3 for
all A > 1, by the standard concavity argument, we see that there exists 77 €
(0, 00) such that lim;_7, ¢ I4(t) = co. This is a contradiction. Hence, for all
A > 1, the solution u(t) of (1.3)-(1.4) with u(0) = (A¢,,, Miwg,,, —A?|¢.|?,0)
blows up in finite time. This completes the proof. |
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