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1. INTRODUCTION

This article is concerned with the Cauchy problem for the dissipative
nonlinear wave equation

Ou+u,=|ul?, (¢, x)eR, xR", (L.1)
ul,_o=eg, Ul —o=eUy, (L.2)

where [0 =07 — 4, is the wave operator, ¢ >0, and (u,, u;) are compactly
supported data from the energy space:

Up EHI(Rn)a Uy GLZ(Rn)a
suppu; « B(K)={xeR": |x| <K}, i=0,1.

We study questions of global existence, blow-up and asymptotic
behavior as t — oo for solutions of (1.1), (1.2). Our interest is focused on
the so-called critical exponent p(n), which is the number defined by the
following property:

If p.(n) <p, then all small data solutions of (1.1), (1.2) are global,
while if 1 <p <p.(n) all solutions of (1.1), (1.2) with data positive
on average blow up infinite time regardless of the smallness of the
data.

It is well known that if the damping is missing, the critical exponent for
the nonlinear wave equation [lu = |u|? is the positive root py(n) of the
equation (n—1)p?>—(n+1)p—2=0, where n>2 is the space dimension
(for po(1)= o0, see Sideris [ 14]). The proof of this fact, known as Strauss’
conjecture [ 17], took more than 20 years of effort, beginning with Glassey
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NONLINEAR WAVE EQUATION WITH DAMPING 465

[6], John [9], Sideris [17], Choquet-Bruhat [2], [3], Zhou [21],
Agemi, Kubota and Takmura [ 1], and ending recently with Lindblad and
Sogge [12], Georgiev, Lindblad, and Sogge [5] and Tataru [20]. Global
existence for the damped wave equation (1.1), for p>1+4/n was proved
by Nakao and Ono in [ 14].

In this paper we solve the critical exponent problem for the wave
Eq. (1.1), (1.2) which involves not only a source but also a linear damping
term. We show that the influence of the damping is powerful enough to
shift the critical exponent py(n) of the wave equation to the left, i.e. the
critical exponent p.(n) for Eq. (1.1) is strictly less than py(n).

The main result of this work is that the critical exponent p.(n) of the
damped wave Eq. (1.1), (1.2) is exactly

Pn)=1+2/n;

thus, p.(n) <po(n).
Our global existence result can be stated as follows.

THEOREM 1.1. Let p(n)<p<n/(n—2) for n=3, and p(n)<p < o for
n=1,2. There exists ¢,>0 such that problem (1.1), (1.2) admits a unique
global solution

ue C(R,, H'R"),  u,eC(R,, L*R"),
for each ¢ <g,.

The blow-up result is complementary to Theorem 1.1 except for the
critical case p = p(n).

THEOREM 1.2. Let 1<p<1+2/n. If
,.zju,.(x) dx>0, i=0,1,

then the solution of (1.1), (1.2) does not exist globally, for any ¢> 0.

It should be pointed out that the critical exponent p (n) =1+ 2/n of the
damped wave Eq. (1.1), (1.2) is exactly equal to Fujita’s critical exponent
p1(n) for the nonlinear heat equation u, — Au = |u|?. This indicates that the
damping term drastically changes the asymptotic behavior of the solutions
of the wave equation. In other words, these seem to behave more like
solutions of the heat equation at large times.

In this study we have also discovered an interesting phenomenon caused
by the presence of the damping term: The support of the solution of (1.1),
(1.2) with p>pJn) is strongly suppressed by the damping, so that the solu-
tion is concentrated in a ball much smaller than |x| <t+ K. (The constant
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K is the radius of the support of the initial data: |x| < K.) More precisely,
we establish the following estimates.

THEOREM 1.3. Let p>1+2/n. Then the asymptotic behavior of any small
data global solution of the Cauchy problem (1.1), (1.2) is given by

| Du(t, )| gmpieey = Ole ™), 1 oo, (13)

that is the solution decays exponentially outside every ball B(t'**°), 6 > 0.

Moreover, the total energy decays at the rate of the linear equation, namely

1 Du(t, )| p2grmy = Ot =" 12), 1> 0, (1.4)

where D= (2, V,).

It is important to note that none of the classical techniques for the
critical exponent for the wave equation works for the damped wave
Eq. (1.1), (1.2), so one is forced to find other techniques.

In Section 2 we prove the global existence Theorem 1.1 for small data
solutions. We use a weighted energy with the weight function e¥**), where
(¢, x) behaves , roughly speaking, like |x|?/4¢. The explanation of why this
“strange” weight function occurs is very natural. Namely, it is related to the
form of the fundamental solution S,(¢#, x) of (0 + 0, (cf. [10], Chapter 10),
that is

C,e™"(0 — 14"~V H(r) H(1* — |x|?) Iy(% /1> — |x]?),

n even,
Salt, x) = C,e™"2(0 —1/4)">=12 H(t) H(¢* — |x|?) sinh(3 /> — | x|?),
n odd.

Here C, is a constant, while [, is the modified Bessel function of order 0
and H is the Heaviside function

1, =0,

H(”:{o {1 <0.

(1.5)

Note that Io(p/2)=e”/2/\/5(1 +0(3)) as p=./1*—|x|* > oo (cf. [13]).

Thus, S,(¢, x) has a factor e %>+~ x"2 which, as r — oo, is asymptotic

to e~/ The same weight is suggested by the fundamental solution of the

linear heat equation, in view of the so called diffusion phenomenon. It is

known that the solutions of the heat equation and the solutions of the

linear damped wave equation have similar asymptotic behavior, cf. [ 7], [ 8].
We gain the following benefits by using this weighted energy:
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1. The damping strongly suppresses the support of the solution of the
linear equation [u+u,=0. Namely, the solution decays exponentially
outside the set |x| <t2*°, for any ¢ > 0.

2. By using weighted estimates we are able to gain decay and prove
the global existence Theorem 1.1. Roughly speaking, the Sobolev constant
in the usual Sobolev estimates is like ¢, while the corresponding Sobolev
constant for the weighted estimate is like /2%

3. We find the damping suppresses the support of the solution of the
nonlinear Eq.(1.1), (1.2) when p>1+2/n, in the sense that the solution
decays exponentially in the outside of the ball |x| <¢2*9, for any & > 0.

In Section 3 we prove the blow-up Theorem 1.2. At the beginning, we
show how a part of the blow-up range, namely 1 <p<1+1/n, can be
treated in a relatively easy way by considering an appropriate average, and
showing that this average blows up as the solution of some nonlinear
ordinary differential inequality. The rest of the blow-up region, namely
1+ 1/n<p<1+2/n, requires a greater deal of effort. First, we discuss the
nature of the difficulties and the possible ways to overcome them. The idea
of Sideris to solve the positivity problem for the wave operator [J, when
n >3, by introducing a space-time average, is difficult to implement in our
situation, on account of the very complicated explicit expression for the
fundamental solution. (See formula for S,(¢, x) above.) For low space
dimension n<3, the situation does not seem more promising: the
fundamental solution of the operator [J + 0, is now positive, but still not
simple to deal with. To establish the counterparts of John’s and Glassey’s
pointwise estimates for the wave equation would be possible but highly
non-trivial. Thus, in any space dimension, to derive sharp lower estimates
for the solution of (1.1), (1.2) seems to be a complicated task.

The main idea for this range is to consider as an average the convolution
Sor * Hu, where u is the solution of (1.1), (1.2), while S,, € Z'(R, xR") is
the fundamental solution of the operator (O 4+ ,)*. Considering high
powers k > (n+ 1)/2, we gain both regularity and positivity of S,;, which
are crucial to carry out the lower estimates in obtaining blow-up. The
usage of this convolution is paid by precise asymptotic analysis of the
space-time average S,; * Hu.

Note. After the paper was completed the authors learned that the criti-
cal exponent problem for (1.1) when n=1, 2 was solved in the paper of Li
and Zhou [117].

2. GLOBAL EXISTENCE

The local well-posedness of the problem studied is well known. The
following classical result can be found in Strauss [19].
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PROPOSITION 2.1  Assume that pe[1, ;%5], if n=3, and pe[1, o), if
n=1,2. Then the problem (1.1), (1.2) possesses a unique local solution u
such that

ue C([0, T), H(R")), u, € C([0, T), LA(R")),

supp u(t, -) < B(t + K).

Here T>0 depends on the norm | Du(0)| 2. Moreover, the solution can be
continued beyond the interval [0, T) if suppo, 7 [|[Du(t)]| 2 < .

In view of this result, global existence of a solution follows from the
boundedness of its energy at all times. To derive such a priori bounds, our
basic tool is a new weighted energy estimate. We begin with the identity

2 d (e* 2 2
(Ot =5 (5 (4 Vul?)

—div(e*u, Vu)

e
—?(%Vu—utvl//)z, (2.1)

which holds for each function (¢, x) that solves the first order equation
V=7 — V2 (2.2)
In order to get good estimates, we would additionally like to have , <O0.

It turns out that functions satisfying both conditions exist and have a
simple form: for instance, we can choose

Ut x)=4(t+K—/(t+K)*—|x|?), |x| <t+K, (2.3)

which not only satisfies the above conditions, but has the advantage of
being regular on the support of the solution. We also note that, since

(t+K)>—|x]P<t+K—|x|*/[2(:+K)],
the function  satisfies the inequality

|x|?

VL2 R
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This leads to an interesting phenomenon, best observable in the case of the
linear equation du 4+ u, =0. Assuming ue C*([0, T), L*(R")), in addition,
and integrating (2.1) over the strip [0, ¢] x R”, (recall that /,<0) we have

f 2 | Du(, x)|? dx < f 240 | Dy(0, x)|? dx. (2.5)

In fact, the above inequality holds for any u from the energy space. This
follows after approximating u by a sequence of more regular solutions (u,,)
and passing to the limit as n — oo in (2.5). Then, we can easily derive

__ 420
[ Du(t, -)|| 2 rmp(c12+6y) = Oe ™" )

ie. the solution decays exponentially outside every ball B(¢:'?*+9) with
0> 0. For details, see the proof of Theorem 1.3.

The following weighted energy estimates are crucial for the proof of
Theorem 1.1:

ProrosiTION 2.2.  Let u(t, x) be a local solution of the Cauchy problem
(1.1), (1.2) in [0, T). Then the following weighted energy estimate holds: for
all te[0, T),

(t+ )"+ [ Du(t, )| 2 < Ce + C(max (¢ + 1) e u(z, )| 120)”.
[0, 1]

(2.6)

Here y(t, x) is the weight function from (2.3), f>n/dp + 1/p, and 6 > 0.

ProPOSITION 2.3.  Let u(t, x) be a local solution of the Cauchy problem
(1.1), (1.2) in [0, T'). Then the following estimate holds: for all te[0, T),

") Du(t, -)|| ;2 < Ce + C(max (z + 1)° ™™ du(z, - )| pp+1) P12,
[0, 7]

(2.7)

where Y(t, x) is the weight function from (2.3), y>2/(p+1), and 6 > 0.

To compare different weighted norms we need one more weighted
estimate. Here we do not require u(z, x) to be a solution of the Cauchy
problem (1.1), (1.2). Proposition 2.4 is fulfilled for any function with com-
pact support from the energy space.
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PropoSITION 24. Let 0(q)=n(1/2—1/q) and 0<0(q)<1, and let
O0<o<l. If ue HY(R") with suppuc B(t+K), t=>0. Then

el 10 < Cxlt+ D=2 [Vl 157 [0 Vul g, (28)

where Y(t, x) is the weight function from (2.3).

We postpone the proofs of the above Propositions to the end of this
section and proceed to derive the global existence Theorem 1.1 for small
amplitude solutions from these weighted estimates.

Proof of the small data global existence Theorem 1.1. Let us introduce
the weighted energy functional

W(t) =" Du(t, )| 2+ (1 + )"+ 2 [ Du(t, -)| 12,

where the weight (1 +7)"**12 is suggested by the decay properties of the
linear equation. We will show that W(¢) < Ce for some C depending on the
initial data: this not only establishes the global existence but also shows
that the solution decays at least as fast as that of the linear problem.
Adding estimates (2.6) and (2.7) from Propositions 2.2 and 2.3, we have

W(t) < Ce+ C(max (t+ 1)# e u(z, )| 120)7
[0, 7]

+ C(max (+ 1)? [|e?® (g, . )|| o) @+ D2, (2.9)
[0, 7]

We apply Proposition 2.4 to deduce
€™ (T, ) 2 < Clz 4+ 1)1~V OREI0=0) ), (2.10)
Hewﬁ(r, ')u(‘c, M ppr1 < Crlt+ 1)(17«9(p+1))/27(1/2+n/4)(17y) W(r), (2.11)

where 0(2p)=n(1/2—1/2p) and O(p+1)=n(1/2—1/(p+1)). Using (2.10)
and (2.11), we obtain from (2.9)

W(t) < Ce + C max (T + 1)pﬁ+p(1—0(2p))/2—p(1/2+n/4)(1 —9) (W(T))”
[0, 7]

+ Cmax (7 + 1)(P+ D62+ (p+ DA —6(p+1))/4—(p+1)(1/2+n/4)(1—7)
[0, 7]

x (W(z))@+Dr2, (2.12)

We will show that the positive constants J, f and y can be chosen in an
appropriate way so that estimate (2.12) can be rewritten in the form

max W(s) < Ce+ C(max W(s))®* 172 4 C(max W(s))?, (2.13)
[0, 11 [0, 1] [0, 1]
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provided p>1+2/n. To show (2.13) we calculate the exponent of 7+ 1 in
both terms at the right side of (2.12). Letting f=n/(4p)+1/p+¢, and
y=2/(p+1)+e¢,, the exponent of the first term in (2.12) is

pLp+12—002p)2—1/2—n/4+(1/2+n/4)J]
=ple,+1/p+n/(2p)—n/2+(1/2+n/4) o]
=ple;+(1/24+n/4)0]—(p—1—2/n) n/2, (2.14)

which is negative provided p>1+2/n and ¢, and J are chosen small
enough.
For the exponent of the second term on the right side of (2.12) we have

(P+ 162+ 1/4—0(p+1)/4—1/2—n/4+(1/2+n/4) 7]
<(p+Dle2+ 1/ (p+1)—1/4—n/d+ (1)2+n/4) y]
=(p+Dle2/2+(12+n/4)y] =[(p+)(n+1)/4=1],  (2.15)

which is negative provided p>1 and ¢, and ¢ are small enough. Then,
using (2.14) and (2.15), we can rewrite (2.12) like (2.13). Denote now
M(t)=maxpq ,1 W(s): from (2.13) we then have M(t)< Ce, for & small
enough, i.e.

Wi(t)= e Du(t, )| 2+ (1 +0)"* 2 | Du(t, - )| < Ce. (2.16)

This completes the proof of the small data global existence Theorem 1.1.

Proof of Theorem 1.3. From estimate (2.16) and inequality (2.4),
satisfied by y(z, x), we deduce

Ce = |’ Du(t, -)|| 12gn)
> He|-|2/4(t+K) Du(l, ')HLZ(R"\B(tW*';))

1425
> ! AT EK) [ Du(z, - )|l 2crmp(e2+oy)-

This inequality shows that the solution of the Cauchy problem (1.1), (1.2)
decays exponentially ouside every ball B(¢'2+9), § > 0.

We now prove the weighted estimates of Propositions 2.2-2.4. The proof
of Proposition 2.2 uses a decay estimate for the dissipative wave equation
due to Matsumura [ 13]. To state this estimate, we let 6, € Z'(R' *") be the
Dirac delta distribution supported at 0 and S, € 2'(R x R”) be the solution
of (0 +0,)S,=24, supported in the forward light cone

C,={(t,x)eR, xR": |x|<1}. (2.17)
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We denote S,(7) = f(x) =§Rn S,(t, x— y) f(y) dy, for a suitable function f.
We can now state Matsumura’s result as follows:

ProrosiTION 2.5. Let me[1,2]. Then
107 VESy(2) # [ 12 < C(1+ )47 mCm =R £ - || f 1] 1),
for each e L™(R") n H*+1*I=1(R"),
Proof of Proposition 2.2. We begin by rewriting the Cauchy problem
(1.1), (1.2) as an integral equation,

u(t)zeuL(t)+JtS2(t—r) « u(7)|” dr, (2.18)
0

where u,(t)=0,S,() * ug+ S,(t) * (ug+u,) is the solution of the linear
equation (0 +0,) u, =0, with data u, |,_o =ug, O,ur|,_o=u,. We estimate
the norm |Du(t, -)||,2 by means of Proposition2.5. The linear term
|Du,(t, )| 2 is bounded by

[Dug(t, ) 2 < Ce(t + 1) "7V (g || g1 + Nuag | o+ Ny [ 22+ 2y || 1)
< Ce(t+1)~"A—17, (2.19)

To estimate the nonlinear term in (2.18), we split the integral into the
two parts

ft/z Sy(t—1) % |u(z)|? dr + j' Sy(t—1) % ju(x)|?dr.  (2.20)

0 /2
For the first integral we apply Proposition 2.5, with m =1, and obtain

IDS(t—1) * |u(t)|?|| 2 < C(r =7+ 1) "*= 2 (Jlu() | 5o + u(T) | J20)-
(2.21)

To transform the L? norm into a weighted L% norm, we use the Cauchy
inequality

N

1/2 1/2
<J e x) dx> <J e V) u(z, x)|* dx> ,
B(t+K) B(r + K)
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where 6 > 0. Since (7, x) > |x|?/4(t + K) for x € B(t + K), the first integral
is bounded by

o= PO PR+ K) gy < J
Rn

27[ n/2
J e~ P [x1%/2(z + K) dx = <> (T + K)n/z.
B(r+K) po

Thus, for the norm |u(z, -)||;» we obtain the weighted estimate
lu(z, )1 2r < Cr s+ 1) (|2 (e, )| 2, (2.22)
where J > 0. Since also iy > 0, the estimate
lulz, )72 < Co(T+ 1) [ u(z, )| 1 (2.23)

obviously holds. Therefore, inserting estimates (2.22) and (2.23) into (2.21)
we have

t/2
[, 1DSs(1—2) % (e, )7 2 de

t/2
<cj (t—T+ 1) 74712 (24 1)) |29y (z, )| 20)” di

SC(141)"412 (max (7 + )2 ez, -)| 207, (2.24)
, T

for any f>n/4p +1/p.

To estimate the second integral of (2.20) we apply Proposition 2.5 with
m =2 and obtain

IDSy(t —7) % [u(2)| 7 o < C(t =7+ 1) =2 () [ £
From the inequality

lu(z, )< C2+ 1)~ "/4_1([1}/1237;] (z+ 1OV flu(z, - )| 20)?,

it follows that
t

| ISt =) 5 utz, )17] 2 de
/2

t
<C| (t—t+ )72 u(z, )| 2y dr
/2

S Qe+ 1) 772 (max (2 VP [ (e, ) )7, (2.25)
12, t
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where in the last step we have used the inequalities |/, (1—7+1)""?dr <
C(t+ 1) and |u(z, -)||22 < ||e® = du(z, - )| 25 for any J>0. Combining
(2.24), (2.25), and (2.19), we complete the proof of Proposition 2.2.

Proof of Proposition 2.3. Let us assume, for the moment, that ue C?
([0, T), L*R™)). We multiply Eq. (1.1) by e*u, and use the identity (2.1)
to obtain

2
2. e ulPu=—

d /e ) e
_ _ \V/ 2y _ r
— dt<2 (1 2-+ V) = u)

—div(e*u, Vu)

e

—%(lﬁtVu—utVl#)z-

Integrating over the strip [0, ] x R” and recalling that /, <0, we have

le¥ ) Du(t, )| 7. < Ce + C || P DV Dy(g, )| 25Y

t
+C| ( max ¢(z,x)) [ du(z, )| 24 dr,
supp u(z, -)
0 e (2.26)

where
P(1, x) =Y (1, x)| €2 77@TVED S 0/(p+1).

Actually, estimate (2.26) holds for any solution u from the energy space.
This can be established by a suitable approximation argument.
To complete the proof, we show that if y>2/(p+ 1) then

C
max (7, x)<——. (2.27)
supp u(z, -) T+1
Note that
1 T+ K
Wz, x)[ =51

207 [(t+K)>—|x[?]"?

Clx|?
T+ K+ K)? = X212
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Thus, for |x| <(r+K)/2, we have |y .(t, x)| < C |x|?/(t + K)2 Moreover,
we know from (2.4) that y(z, x) > |x|?>/[4(7 + K)]. Therefore,

¢ |X|2 (2—y(p+1))(Ix*/4(z + K))
oS TR 10+ K
C
<K (2.28)

where in the above estimate we used the fact that sup, ., re® 77+ js
finite for y>2/(p +1).

For |x|>(s+K)/2 we have Y(r,x)=(t+K)/16 and |y (7, x)| <
C(t+K)/d, where d>0 is the distance between supp u, U supp u; and
R™\B(K). Since sup, - o r?e?~7®+Dr is finite for y>2/(p + 1),

#(z, X) < idK' (74 K)? e@= 7P+ D)+ K)/16)
T

Cra
7+1

(2.29)

Applying estimates (2.28) and (2.29), we obtain (2.27) and complete the
proof of the Proposition 2.3.

To prove the weighted Sobolev estimate of Proposition 2.4 we need the
following Lemma:

LemMA 2.1. Let ue H'(R") and suppuc B(t+K), t>0. Then, for
o >0, we have

an
5 (1+K) 7" [le? " ul| 2+ V(e u) | 72 < [|e? ™) Vul| 72,

where (t, x) is the weight function (2.3).

Proof. We let f =e°¥u, ¢>0, and compute
Vu=V(e=f)=e~(Vf —af V).
Thus, ¢ Vu=Vf —af V{y and

e Vul 3= [ IVf 12 dx+ 2 [ 2y dx

_ j V- V) dx. (2.30)
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Since fVf = Vf?/2, integrating by parts transforms the third term into

af (AY) 12 dx.

Differentiating (2.3) twice, we obtain

|x|?

(e, ) =5 (14 K= 6] 72 B (14 K0P [x]7) %

NSNS

therefore, Ay(t, x) = %(¢t+ K)~'. From (2.30), it follows that

an

e Vul 32> [V 132+

(t+K)7 Sl 2

which completes the proof of Lemma 2.1.

Proof of Proposition 2.4. Applying the Gagliardo—Nirenberg inequality
to f =e¥u, we have

1flle < C ISl 2 %2 [VFIE2,
where 0(q) =n(1/2—1/g) is such that 0 <6(¢)<1. By Lemma 2.1,
IVF 2 < [le ) V| 2,
2 1/2
[FAZES <> (t+K)2 [le™ ™) Vul 12,
on
so that
11l o < C(1 + K) =XV eV V| 12 (2.31)
To complete the proof, we combine (2.31) with the interpolation estimate
le™ ) Vul| 2 < [Vu| 777 ¥ Vu 72,

o€ (0, 17, for the proof of which we write e** |Vu|? = >V |Vu|? . |Vu|* !~
and apply Holder’s inequality with conjugate exponents 1/a, 1/(1—o0).
3. BLOW-UP

The proof of blow-up Theorem 1.2 is split into two parts. In the first, the
result is established for exponents in the smaller range 1<p<1+1/n,
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which can be done relatively easily. For the proof, we derive a nonlinear
differential inequality satisfied by the average

F(z):Ju(z, x) dx, (3.1)

where u is the local solution of (1.1), (1.2). Note that the support of u(z, -)
is a compact set and, therefore, the integral exists as long as the solution
exists. It can also be shown, using the equation and standard approxima-
tion arguments, that F(z) is twice continuously differentiable with respect
to t.

We will show that F blows up in finite time by resorting to a blow-up
result for ordinary differential inequalities. Thus, the solution u must also
blow up in finite time.

Proof of Theorem 1.2 for 1 <p <1+ 1/n. Integrating Eq. (1.1) over the
whole space and applying the divergence theorem to Au, we obtain

F(0) + F(1) = [lu(t, )| 2. (32)

In addition, an upper estimate for F follows from the Holder inequality
and the finite propagation speed property, i.e. supp u(t,-) = B(t+ K):

|F(2)| < <L;u+1<) dx>(”—1>/1' (f (s, %)) dx)l/p

S C(t+K)" 2= lu(t)]| 1. (3.3)

Thus, from (3.2) and (3.3) we deduce the basic differential inequality.

F(t)+ F(t)= C(t+ K)~"® =D |F(¢)|”. (3.4)

That F is actually forced to blow up is a consequence of the following
result:

PropoOSITION 3.1. Let 0=A> —1 and r > 0. Assume that F(t) is a twice
continuously differentiable solution of the inequality

F(t)+ F(t)= Co(t+ K)* |[F()|' ", t>0, (3.5)
with Cy> 0, such that F(0)>0 and F(0)>0. Then F(t) blows up in finite

time.

Note that F(0)=ec, and F(0)=ec,, for F defined by (3.1), and ¢,
and ¢, are positive by the assumptions of Theorem 1.2; thus, applying



478 TODOROVA AND YORDANOV
Proposition 3.1 to (3.4), we conclude that F blows up in finite time if
I <p<1+1/n So, to complete this case we will prove this proposition.

Proof of Proposition 3.1. To show that the ordinary differential
inequality (3.5) has no global solutions, we consider the auxiliary initial
value problem

Y1) =v(t+K)* [Y()]'?  Y(0)

F(0)>0, (3.6)

where v >0 is a small number to be chosen later. Since

—2/r
[(Z+K)A+1—KA+1]> ,

—2 vr
R ey

and 4> — 1, the solution Y(¢) of the above problem blows up at a finite
time T, and satisfies Y(#) > Y(0)>0 for 0 <t < T,. We compute

Y(t)=v(1 +r2)(t + K)A[ Y(£)]7? Y(£) +vA(t + K)A~ [ Y(1)]1 72
<V(1+r2) e+ K [Y(0)]', (3.7)

where we have used that 4 <0 and that Y satisfies Eq. (3.6). Adding (3.6)
and (3.7), and observing that 24<A4 and [Y()]'T7?<[Y(0)]~""
[ Y(£)]'*", we have

V(1) + Y(0) <vA(L+r2) (1 + K [Y(O) ]+ (e + K)* [ Y(1)] 72
<B(t+K)*'[Y(1)]'*,

where B =v*(1+4r/2) 4+ vA[ Y(0)] "2
Further, we choose v so small that

B=v*1+47r/2)+vA[ Y(0)]""*< C,,
Y(0) =vKA[ Y(0)]' "2 < F(0).

Then we obtain the inequality

(o) + Y(1) < Colt + K)* [ V()] (38)

and the initial conditions Y(0) < F(0) and Y(0) < F(0).

We can now show that F(7) > Y(¢) for 0 <t < T,, so that F(z) also blows
up in finite time. From F(0) > Y(0) we have F(¢) > Y(¢) for ¢ small enough;
SO we set

to=sup{te[0, T,) | F(zr)> Y(r) for 0< 7 <t}.
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Suppose t, < T, where T, is the blow up time for Y(¢): thus, F(¢)> Y(1)
for te[0, t,) and F(t,) = Y(t,). Since F(¢)— Y(t)>0, the function F(t)—
Y(1) is strictly increasing in the interval 0 <7 <¢,. In particular F(z) — Y(¢)
> F(0) — Y(0) =0 for such 7. We note that F(z,) > Y(t,), because if F(t,) =
Y(t,) then the function F(¢) — Y(¢) would have zeros at 0 and at ¢,, so its
derivative would vanish between 0 and ¢,, i.e. F(¢,) = Y(¢,) for some 0 <1,
< ty, which is impossible by the definition of z,. Therefore, F(z,) > Y(z,)
and F(ty) = Y(t,).
On the other hand, subtracting (3.5) from (3.8) we have

[E()—Y()]+[F(t)— Y(1) 1> C(t+ K> {[F()]'" T — [ Y()]'*7}
=0,

for 0 <t<t,. We can rewrite the above inequality in the form

d . .
SO =Y(1)]=0,

and integrate over [0, z,] to obtain
en[ F(t,) — Y(2)] = F(0) — Y(0),

ie. F(ty) — Y(t,)>0. We come to a contradiction: thus, z,>T,, and the
proof of Proposition 3.1 is complete.

Proof of Theorem 1.2 for 1 + 1/n<p<1+2/n. The preceding argument
is not sufficient, since p(n—1) =1 and Proposition 3.1 does not apply. We
can obtain an inequality stronger than (3.4), i.e. with an exponent less than
n(p—1), if we could integrate over a smaller ball in (3.3); so, it is impor-
tant to know where the support of the solution is actually contained. In the
global existence case, p> 1+ 2/n, we have established that the solution of
(1.1), (1.2) has fast (exponential) decay outside any region of the form
|x| <2+, with 6 > 0; the conjecture that this always happens, regardless
of the value of p, seems plausible, although we are not able to prove it.

Instead, we achieve a crucial improvement of (3.4) by showing that F
satisfies the stronger lower estimate given below. Our approach to derive
such an estimate is to consider a space-time average of the solution # which
is adjusted to the dissipative wave operator [J + 0,. The role is played by
the convolution S, * Hu, where S, € %'(R'*") is the fundamental
solution of (OJ +d,)* supported in C_, the forward light cone (2.17). We
will use the fundamental solutions S,; with k > (n+ 1)/2, taking advantage
of the fact that, in this case, S,, are positive continuous functions.
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The lower estimate for F is given by

PrROPOSITION 3.2.  Let the assumptions of Theorem 1.2 hold, ie. 1 <p <
1+ 2/n and

cizfu,-(x)dx>0, i=0,1.

Then for each B>=0 there exists Cgz>0 such that
F(1)=> Cy(t+K)?,  1=0. (3.9)

We can now derive a stronger version of (3.4) by writing |F|? as
|F|?=V2 | F|tP+D2 and using Proposition 3.2: we come up with the
modified inequality

F(t)+ E(1) > C(t + K) @~ DBR=m | F()| 2+ 172, (3.10)

Choosing B=n and applying Proposition 3.2 we complete the proof of
Theorem 1.2.

Thus, it remains to prove Proposition 3.2. Let us recall that the idea is
to consider the average

[Sau* Hul(t,x)= [ Saylt—s, x—y) H(s) u(s, y) ds dy

Rn+1

=[  Sult—s x—p)uls y) dsdy,
[0, £]1 x R"

and to obtain the lower bound (3.9) on F from a suitable lower bound on
S, * Hu. We have to use some properties of S,,, which are well known,
and to establish some asymptotic estimates for integrals involving modified
Bessel functions. The expression and some other important properties of
S, are collected in the following lemma.

Lemma 3.1.  Let S, be given by
Sorlt, x)
e P /12— |x|?)f -2 L _ i1y (%\/ r*—|x|?)
= nn=V2n (k) ’

0, (L,x)¢C,
(3.11)

(t,x)eC,,
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where I' and I, 1, are respectively the Gamma function and the
modified Bessel function of order k— (n+1)/2. 3
Then Sy, is an entire function of k, valued in 9'(C ), which satisfies

Sor # S21= S 1 1)> Vk, leC, (3.12)
(O +0,) S =Sak—1)» and — So=0o.

Here 5, € 2'(R"TY) is the Dirac delta distribution supported at 0.
Moreover, S, € C(R, xR") and S5, =20 for k=(n+1)/2.

(For an outline of the proof, see the Appendix.)

To demonstrate the relationship between F and S, * Hu, we turn to
(3.2): in fact, we can treat (3.2) as an ordinary differential equation for
F(t), whose solution is given by

F(t) = o+ a0,(1 — ") +jt (1—e=1) <j lu(s, x)|1’dx> ds, (3.13)

0

where ¢, = X ug dx and c, =j u, dx are positive by assumption. From (3.13)
we immediately deduce the lower bound

t—1

F(t)>(1—e—1)f

f|u(s,x)|1’dxds, t=1
0

=(1—e") ul? (3.14)

LP([0,2—1]xR™)"

Further, the norm |ju] o ,—17x&n Ccan be related to S,,,* Hu by
Holder’s inequality: For each 1>1 and xeR”,

|[Sn+1 *HU](Z—l,X)l < Sn+1(l_1_sax_y) |l/l(S, y)| dey

[0,2—1] x R"
< S, 41 HL”V([(),tfl]xR") HuHLI'([O,tfl]xR")a
with p’ = p/(p —1). Therefore, we have
Il Zrro, - 17 x r7y = ISy 1% Hu(t—1, X)|7/[1S, 44 1270, c—17x &M~
Combining this lower estimate with (3.13) and (3.14), we obtain

(S0 % Hu](z—1, x)[”

F(t) >

=
218,41 H’i!"([o, t—11xR")

F(1) > ec,, t>0. (3.16)

, xeR”, (3.15)

>
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Having found the above, we can deduce Proposition 3.2 from a lower
bound on [ S, ,, * Hu](t, x) and an upper bound on S, 1| 27(ro, r—17x & -
Formula (3.11) and the asymptotics of the modified Bessel function of
order v (cf. [13], Chapter 7), namely

Iv(p/2)=j%<1+a<;>>, p— o0, (3.17)

suggest that the strongest lower estimate for large ¢ is obtained if |x| is
small, say |x| <1. We state the results we need as a sequence of lemmas,
which we prove at the end of this section.

To study the asymptotic behavior of [S,, * Hu](t, x), we derive an
integral identity from (1.1) and (1.2).

LeEMMA 3.2. Let u be a local solution of (1.1), (1.2). For k= (n+ 3)/2, we
have

Soge—1y * Hu=¢0,Sy(1) * ug+ eSy(t) * (ug+uy) + Sy + H |ul?,  (3.18)

where Sy (t) = f(x) denotes the spatial convolution, i.e.
Sult) « f(x)= ] Sultox—y) f(y) dy.

The asymptotics of the linear term in (3.18) is given next.

LeMMA 3.3. Let k= (n+3)/2 be fixed. For |x| <1, we have the following
asymptotics as t — oo:

] + 2
Sylt) % (g + 11y) =2:,:ch~(lk) =2 L g(k—( 92y (3 ]9)
8,S(1) # g = O(£+— " +H72). (3.20)

Let us remind that ¢, = S u;(x) dx>0,i=0, 1, due to the assumptions of
Theorem 1.2.

The last result is an upper bound on the L? norm of S,,, which appears
in the denominators of some estimates.

Lemma 34. Let k=(n+1)/2 and 1<qg<oo. The following estimate
holds,

k+1/g—n/(2q')—1
s

I1S2% | zaro, 17 x &1y < Ct q =q/(qg—1),

for each t = 1.
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We postpone the proofs of these lemmas and proceed to apply them to
prove Proposition 3.2.

Proof of Proposition3.2. In view of (3.15), (3.16), we can derive this
proposition from an appropriate lower estimate of [S, ;% Hu](t, x) for
|x| <1 and large t. First, we derive a weak lower estimate by Holder’s
inequality, and then we strenghten it by m iterations. We choose the integer
m so that we assure sufficiently fast growth of S, ; * Hu. For instance, we
can choose m satisfying

[/p=1)=n2]p"—(p+1)/(p—1)=B/p. (3.21)

This inequality holds, for large m, since 1/(p —1)—n/2>0 and p > 1. The
above choice of m is justified at the end of the proof.

By Lemma 3.3, there exists ¢,,>1 such that the linear term in (3.18)
satisfies

Sor(t) # g+ &Sou(1) * (g +1y) = C,et* = +22) 1=t x| <1,

(3.22)

m»>

‘ot

with C,,>0, for all k in the interval (n+3)/2<k<(n+3)/2+m. The
positivity of the linear term, Lemma 3.2, and the fact that S,, >0, for
k= (n+1)/2 imply 0<S,; * Hu. Moreover

Sy x H lul” < Sow—1) * Hu,

for (n+3)/2<k<(n+1)/2+ m. Applying Holder’s inequality to S, * Hu,
we have

(Sace < ([ [Salt—six= 0102 Hs) uls, )| dsdy |
< IS Hilf[lo, ] x R™) (Sax * H |ul?).
From the last two estimates, we deduce
S —1) * Hu = (So x Hu)?/||S HIL"?[lo, 1% R")> (3.23)

where (n+3)/2<k<(n+1)/2+m. This is the lower estimate, which we
iterated m times, yielding the following chain of lower bounds:
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Sp1* Hu= (S, 5% H)P/|S, 5| 2ito, i x zm

2 _ —
2 (Suis* Hu)” /IS, 43 H’Zl([lo, 1% R") S, +s Hgﬁ([(},)ﬁ xR"))
> ...

m

2 (Snsamsr * H“)”m/l_[ (1Sn 2041 ”Ll([O,t]xR"))(p_l)p

I=1

-1

By S, 4 2m+3=0 and identity we obtain from Lemma 3.2,

Sn+2m+1 * HL{>8 Sn+2m+3(l) * u0+8Sn+2m+3(t) * (u0+u1)'

ot
Therefore, the chain of estimates gives

0 P
<3 = Sutom+3(l) xug+ S, oy 3(0) * (U + u1)>

ot
S, 1*Hu>

m

n (HSn+21+1 HL'([o, 1] x R™)

)(17—1)117”1

Estimating the numerator by (3.22), with k=(n+3)/2+m, and the
denominator by Lemma 3.4, with k=(n+1)/2+/and /=1, ..., m, we have

m
S, 1% Hu=(C,, gtm+l/2 ’"/n Ctl+(n+l)/2)(p—l)pl_1
=1

>, 1hnm, (3.24)
Here Cn.>0 and dp,m)=(m+12)p" =37 (I+(n+1)/2)
(p—1)p'~L It is easy to verify the identities

(p=1) S p=1=pr—1,

(p=1) Y '~ '=m—=1/(p=1)) p"+1/(p—1);

thus, we have
dip,m)=[1/(p—1)—n/2] p"+(n—1)2—-1/(p—1). (3.25)

We will show that d(p, m) is large enough to assure the lower estimate of
Proposition 3.2. We turn back to (3.15). Applying Lemma 3.4 to obtain an
upper bound for the denominator,

IS0+ 11127 co, r— 17 x Ry < < Cn= DR H P =G,
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and using (3.24) for a lower bound on the numerator, we obtain

F(t) > Co(l‘ _ 1)p[d(p,m)—(n—1)/2—1/p’+n/(2p)]’ t=t,, (3.26)

where C,>0. We estimate from below

d(p,m)—(n—1)2—1/p"+n/(2p)
>[1/(p—1)—=n2]p"—1/(p—1)—(p—1)/p+n/(2p)
>[1/p—1)—n2]p"—(p+1)/(p—1).

Thus, assumption (3.21) implies that the exponent in (3.26) is at least B.
Therefore, we have F(1) = Cy(t —1)® for sufficiently large 7. On the other
hand, (3.16) gives F(t) > ¢c, for all ¢. These estimates complete the proof of
Proposition 3.2.

We conclude this section with the proofs of the auxiliary results used
above.

Proof of Lemma 3.2. Let u; be the solution of the linear problem
(O +0,) uy, =0 with initial data u;|,_q=ug, 0,ur|,_o=1u,. From the fact
that (u—eu;)|,_o=0 and 0 ,(u—eu;)|,_o=0, we have the equation

(O+0,)(Hu—¢Huy)=H |u|?, teR.

Now, we convolve both sides with S,;. Since (O +0,) Sy = Sy 1), We
obtain

Sok—1y * (Hu—eHuy) = Sy + H |ul?. (3.27)
We next express Sy 1) * Huy in terms of the initial data:

Soge—1y* Hup = (0 +0,) Sy * Huy
=Sy * (L +0,) Huy
=So % (0?Huy +20,H0,u; +0,Hu, + HO +9,) u;). (3.28)

Since u; is a solution of the linear equation and 0,H =d,, we can simplify
(3.28) into

Sok—1y* Hup =0,So % 0, Hup) + Sy % 0,HOup + Sy, 0, Huy,

=0,Sxl1) * ug+ Spult) * (ug+uy).

Combining this with (3.27) completes the proof.
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Proof of Lemma 3.3. We begin with the asymptotics (3.19). The expression
to be estimated is

Sl 1) * Lo +uy J(x) = JB(K) Soult, x = y)[uo(y) +ur(p) 1 dy. (3.29)

Let us introduce v=k—(n+1)/2 and p=./t>—(x— y)% By (3.11), we

have
SZk(Zy X — y) = Cn,keit/zpvlv(p/z)s
where C, = 1/[2"z" V21 (k)].

Moreover, for bounded |x| and |y|, p=1+ O(
asymptotics (3.17) to obtain

1) as t > o0. We now use

p/2 1
Soplt, x— ) = Cy g2 (1 ‘o ())

7 p

G (10(1)
" t

Substituting this in (3.29) gives (3.19).
Let us turn to (3.20) and consider

0, S 1) * uo(x) = L(K) 0, Sy, x = y) uo(y) dy. (3.30)

Recall that Sy(f,x—y)=C, e "p"I(p/2). From 9,p=t/p and the
identity

d v 1 v
& (p*L(p/2) =35 p*1, 1(p/2)
(cf. [13], Chapter 1), we have

t 1
d(e"p’L(p/2)) =2 e Pp'l,_a(p/2) =5 ¢ Pp"1(p/2)

—t/2 v—1
:%(rlvq(p/z) —pL(p/2)).
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An application of (3.17) to the difference #1, _,(p/2) — pI,(p/2) shows that
the leading terms cancel each other, so that

p/2
(0, 1(p/2)— pLip/2) =€ (eﬁ)

Therefore, 0,551, x)=C, 0e"p"I(p/2))=O(t"~*?). Now the asymp-
totics (3.20) follows from (3.30) by integrating over B(K).

Proof of Lemma 3.4. We have to estimate [[Sy || Soo, 1 x&m> that is

j L()e w2 [? [Py mar D2y (5 |x122) dx d,
s

where C, = 1/[2"z"~VY2I(k)].
By the asymptotics (3.17) for the modified Bessel function, the above
quantity is bounded by

6(7/2)(S2* |x[2)12

CJJ D R S N
B(s) 14 (5% — |x|?)#*

Now, we use the inequality (s® — |x|?)"?<s— |x|?/(2s) to deduce

t
f o —95/2p45/2 <‘[ (52— |x|2)ak/2—atn+2)4 o~ IxI2/4s) dx> ds
B(s)

0

t
< Cj g7k —an+2)2 <f oI /(4s) dx> ds.
0 B(s)

It is easy to see that the last integral over B(s) is bounded by (47s)™?, so
we obtain the final estimate

t
HSZk”qL‘I([O ] R)SCJ qufq(n+2)/2+n/2dsgth(kfl)f(qfl)n/2+l
, 1] x R" .

0

The proof of Lemma 3.4 is complete.

APPENDIX

We will derive properties of S,; from those of the Riesz distribution ,,Z
associated to the Klein—-Gordon operator [0 +m? (cf. [10], Chapter 10).
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Let C,={(t,x)eR, xR":|x| <t} be the forward light cone. By
definition,

(m~' /1> —|x|?)k -+ D2 Jie— s+ 1yp(My/ > —|x|?)

r = D2k + (=12 (fo), (A.31)
(t,x)eC,,
0, (Lx)¢C,,

mZZk(ts x) =

where I and J;_, 1), are the Gamma function and Bessel function of
order k — (n+ 1)/2 respectively. It is known that ,,Z,, is an entire complex
function of the pair (m, k) valued in 2'(C, ). Among its properties, the
most important are

m Lok * mZZIszZ(k+l)s vk, leC,

(A.32)
(0O +m2)m22k:m22(k—1)7 and mZo=0q.

Noting that 00 + 9, =e¢~"*(0 — 1) "%, we may use the distribution ,,Z
to construct S,, by setting SZkze_’/z,./ZZZk. In fact, a straightforward
calculation shows that the counterparts of (A.32), namely (3.12), hold.

It is convenient to express S, in terms of the modified Bessel function
Ii_(ns1)p: since I(z)=e~""2J (iz) for each v, z, we obtain (3.11) from
(A.31). From this representation, we easily see that S,, is positive and
continuous for k> (n+1)/2.

ACKNOWLEDGMENTS

The authors thank Professors James Serrin and Albert Milani for their helpful remarks on
the final version of the manuscript. The authors also thank the School of Mathematics,
University of Minnesota and the University of Wisconsin, Milwaukee for their hospitality
during the period when this paper was written.

REFERENCES

1. R. Agemi, K. Kubota, and H. Takamura, On certain integral equations related to
nonlinear wave equations, Hokkaido Math. J. 23 (1994), 241-276.

2. Y. Choquet-Bruhat, Cas d’existence globale de solutions de I’¢quation u,, — Au=A |u|?,
C. R. Acad. Sci. Paris Sér. I 306 (1988), 359-364.

3. Y. Choquet-Bruhat, Global existence for solutions of u,, —Au= A |u|?, J. Differential
Equations 82 (1989), 98-108.

4. H. Fujita, On the blowing up of solutions to the Cauchy problem for u,= Au+u'**,
J. Fac. Sci. Univ. Tokyo Sect. IA Math. 13 (1990), 109-124.

5. V. Georgiev, H. Lindblad, and C. Sogge, Weighted Srichards estimates and global
existence for semilinear wave equation, Amer. J. Math. 119 (1997), 1291-1319.



11

12.
13.

14.
15.
16.
17.

18.
19.

20.

21.

NONLINEAR WAVE EQUATION WITH DAMPING 489

. R. Glassey, Existence in the large for Ju = F(u) in two dimensions, Math. Z. 178 (1981),
233-261.

. Y. Han and A. Milani, “On the Diffusion Phenomenon of Quasilinear Hyperbolic Waves
in Low Space Dimensions,” preprint, 1998.

. L. Hsiao and T. Liu, Convergence to nonlinear diffusion waves for solutions of a system
of hyperbolic conservations with damping, Comm. Math. Phys. 143 (1992), 599-605.

. F. John, Blow-up of solutions of nonlinear wave equations in three space dimensions,
Manuscripta Math. 28 (1979), 235-268.

. R. Kanwal, “Generalized Functions: Theory and Technique,” Academic Press, New York,

1983.

T.-T. Li and Y. Zhou, Breakdown of the solutions to Cu 4 u, = |u|'**, Discr. and Cont.

Dynamical Systems 1 (1995), 503-520.

H. Lindblad and C. Sogge, On the small-power semilinear wave equations, preprint, 1995.

A. Matsumura, On the asymptotic behaviour of solutions of semilinear wave equations,

Publ. RIMS Kyoto Univ. 121 (1976), 169-189; (1998), 191-196.

M. Nakao and K. Ono, Existence of global solutions to the Cauchy problem for the semi-

linear dissipative wave equations, Math. Z. 214 (1993), 325-342.

F. Olver, “Asymptotics and Special Functions,” Academic Press, New York, 1974.

T. Sideris, Ph.D. thesis, Indiana University, Bloomington, 1981.

T. Sideris, Nonexistence of global solutions to semilinear wave equations in high

dimensions, J. Differential Equations 52 (1984), 378-406.

W. Strauss, Nonlinear scattering theory at low energy, J. Func. Anal. 41 (1981), 110-133.

W. Strauss, “Nonlinear Wave Equations,” C.B.M.S. Lecture Notes, Vol. 73, American

Math. Soc., Providence, RI, 1989.

D. Tataru, Strichartz estimates in the hyperbolic space and global existence for the

semilinear wave equation, preprint, 1998.

Y. Zhou, Cauchy problem for semilinear wave equations in four space dimensions with

small initial data, J. Partial Differential Equations 8 (1995), 135-144.



	1. INTRODUCTION 
	2. GLOBAL EXISTENCE 
	3. BLOW-UP 
	APPENDIX 
	ACKNOWLEDGMENTS 
	REFERENCES 

