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3.7 Chain Rule

Theorem 3.7.1 (Chain Rule).

4t o(a)) = f'[j(x))j'&)

Example 3.7.1. What is a‘i; (cos(x))*?

f(x)=x

Frix)=2x

ﬁ— Cosix = 2 cosx (~Sc’«)<)
= -~ dCoSXK Sihx

j(z()':CoSK

j '[K) = '—Ir\n)(

Common Uses of the Chain Rule CJ A # ~ ‘
. —(g(m M(j X)) j!(XJ a'; xr =KX )
p(x ) h(x) j("d
Example 3.7.2. y = (:1:6 -+ 2)10 |
v )O(K‘WZF(gxg) - 6Ox(x*Y
X E . (
2 Lo I (x) = 9 (e
flx)=e ,j(K)
Example 3.7.3. y +em STz x {—7
\/|: K 7}((35( %7> (3)/!‘7) X
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3 0= k P (kx)
ﬁ?xb\g(}ﬂzﬁkx

Example 3.7.4. y = sin(nz)

\/ffx): T CGS(TI—)()

Example 3.7.5. Why is the chain rule true?

Let F{x) = f(g(z)). Now, let’s use the limit definition to take the derivative.

Fi(z) =

| gCetiy= 5]

k=0

u:j(x%\
W= g

U‘5j(ﬁ)

lim F(z +h) — F(z)
h—0 h

o Hlole+ 1) — f(g(@)
R0 h

i L0+ ) — F(0(@) g+ h) — g(a)

h—0 h g9(z + h) — g(z)

_ i J9E + 1) — fle(2)) glz+h) — g(z)

=0  g(z + h)— g(z) h

_ (lim flg(z +h)) - f(g("n))) - d'(z)

h—=0 gz +h) —g(x)

_ ( L fw) - f(g(m))> I

ugle)  u—g(z)

= f'(9(z)) - ¢'(z)
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Example 3.7.6. y = cos (3 +1) p ()(_J = Cos X ()() - e X t)
F ¢
(x) = ~smx

7!; = Fola (QQxH) ( Begxﬂ)

j'/)() 2 33Xt

\/': _qs)tq(ésxn)( 363x+-l)

Example 3.7.7. g(6) = i;i_;—w _.I_OP - (S o 2 {_,39) 71
; (9) ) ')“op' bo From ; botto’ 7LZ>}9 {:DP' o %—(SQZF':‘&)-%(/&@,L;)
3 ($ottor)” bofton ~E 4]

! A -2
‘z'(_fg £368) (MQfB) (Gr]) ~ (5‘@3‘3@)7?-

©+1)*

e
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Example 3.7.8. f(y) = sec (ye ¥)

fly)= scclye Dtanlye ™) (-ye™ re )

Out = Sec (k) T4 = yeky
Out' = Seclx) tonk) T,'=¢ _(,[-—C’YJX
e 76)/
Example 3.7.9. yzxggjl = SX (Xzf'l) =
ot SOt -(2x)(3x)
/ Q("H)L
SxFd-6x"
= '—_“""_'-——--.i____,
é(‘ff)
. T 3XTER ) < x -1
(X’Lf—f)z @'Z{,Uz

7’: B ()(1-#!)—) — (Kzf‘/)*?'(’Zx)(}X)
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Example 3.7.10. h(z) = (z° — 1) cos(2z)

hile)= 2x coslex) += sia(23)(2) (%~ )

= ZXCDS(?/C) = >M(7x) Cx 2-y)

Example 3.7.11. s = tan?(3t) = (&q,\ (3*)) 2
S3 = 2 (tan (90) sec2(36)) (3)

" 6 {an (3t) sec¥(3¢)
h Cha (U, DY) =, (he (4 (><3))

L ({1‘5!4)( ) TH
Example 3.7.12. y = v/1 +sin?23 =~ (’1"5\’11)(3)

)-: L\l(éz (ér*’{)(}))

y :"2’:([1-5‘/42)(3 /z(éxlg,\nx (_osxg) by~ f X" 4

3 b
3_)('23"“‘? Cos X

e

/—f—S'f"\i)('}

C’%\; ([—Fff\’!a)('}) = 7 Jf"\(}(B) (COS )(3) (3’('1)

(s (x2))"

Example 3.7.13. f(a) = (3a*+a+1)72 ‘P ot (q) - q“ <

602 -2 (el (g & =07

/"
b, =
],’3: Sen ¢
_ >
™

n(a)s3e et

= Gt/
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>/

Example 3.7.14. y = 1/(t2 — cot t + 2)3 ({Z‘CO‘E £ 7!_2_3

y(: ’32‘“ (ch~cot£v‘2) € (2¢ + csc?4)

sin(1 + x)

Example 3.7.15. y = T+s
sinz

, CosCltn) (rsmx) ~Son(lex) ((cos x)

/° (s ™

( (Fsrax) Qc_j_“_(:_[f_)f(‘] ~CoSs € 9"(’+X)

(](’SNV‘()

, €b ijB
Example 3.7.16. a(b) = e + ¢b~12 @ o
\ b e b-12 J
a' (b= e e teo j\(b) Cjcé)
L/
b &
& e

Example 3.7.17. y = sin(cos(sin z))

\ m( (5’1'\ (Sl/lx) EOS Yz

% P W grh(g,nx)CUS (COS (5!"' K))
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