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FIGURE 6. A sketch of a steady-state solution with a liquid inclusion and several representative
streamlines. The four insets in this figure correspond to the four distinct boundary types identified
in the text and itemized in table 2. The mush is indicated by the shaded region. Within the insets,
contours with zero solid fraction are indicated with a solid line, isotherms with a dashed line,
contours of solute concentration with a dotted line and streamlines with a solid line and arrows.
The relationship between these various contours at these representative points can be deduced from
the boundary conditions and governing equations. Notice that the streamline and isotherm in the
second inset are tangent to one another at the mush-liquid interface.
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thoroughly examined of the four types of interface. As noted earlier, the condition of
local equilibrium is expressed by extending the liquidus relationship to the liquid side
of the interface:

T\, =C|. (6.3)
Continuity of temperature together with (6.2) then implies ¢ = 0.

6.1.2. Flow into liquid along a freezing interface

The type of interface shown in inset 2 of figure 6 forms the lower half of liquid
inclusions. One would also expect to find this type of boundary along the wall of a
fully developed chimney. Equations (6.2) and (6.3) combine once again to arrive at the
condition ¢ = 0. Unlike the previous case, we require a third independent condition
for determining the interface position. Since we have deduced that the concentration
is continuous across such a boundary, the liquidus relationship already applies on
both sides of the interface and does not provide us with a new constraint. Instead,
we arrive at a suitable condition by combining several weaker conditions. First, in
keeping with the assumption of local equilibrium, we require

q-V0 > 0. (6.4)

This tells us that the streamlines can only cross isotherms in the direction in which
the temperature is increasing and follows from the fact that the concentration is fixed
along a streamline after leaving the mush so that the temperature must only rise if
the material is indeed a liquid. Secondly, we must have

iV <0, (6.5)

where the normal vector again points from mush to liquid. This condition follows
from the fact that ¢ must be zero on interfaces where the flow passes from mush to
liquid and that it cannot become negative. For steady-state solutions, we know that
freezing boundaries have 7 - k <0, so that (6.5) implies

¢. <0. (6.6)
Finally, constraints (6.4) and (6.6) can be combined with equation (5.1) to give us
q-V6=0. (6.7)

Here we have employed condition (2.7), so that the volumetric flux is continuous
across the interface. Equation (6.7) then indicates that the flow must cross the
interfaces parallel to the isotherms. This represents a new type of boundary condition
and has been missing from earlier models that lack solutal diffusivity. This condition
is made necessary by the fact that ¢ = 0 can be derived from (6.2) on this type of
boundary, so that it does not provide an independent constraint. Condition (6.7), or
one analogous to it, is necessary to close any model of a fully developed chimney

6.1.3. Flow into mush along a dissolving boundary

The type of boundary featured in inset 3 of figure 6 might not arise in fully
developed chimneys, but may be present in transient states and in steady states
with liquid inclusions. The solid fraction can be determined at such a boundary
by integrating (5.1), so that no local equilibrium condition is needed. Similarly, the
concentration is already determined on both sides of the interface, the location of
which must be determined by satisfying (6.2). Note that, unlike the other types of
boundaries, ¢ and C are discontinuous at such an interface.
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6.1.4. Flow into liquid along a dissolving boundary

Along the fourth type of boundary (inset 4, figure 6) the concentration is continuous
so that (6.2) again reduces to ¢ = 0. It is interesting to note that while no local
equilibrium condition is necessary to resolve this free boundary, the constraint (6.4)
must still be satisfied. The boundary is not over-constrained, however, since 7i+k > 0,
which reverses the inequality (6.6) and allows (5.1) to be satisfied for a range of
non-negative heat fluxes.

6.2. Some qualitative features of liquid inclusions

One conclusion that can be deduced from these results is that the lower of the two
stagnation points that bound the recirculating region of the flow always coincides with
the lower boundary of a liquid inclusion after it has formed. This conclusion, which
would seem to apply equally well to fully developed chimneys, follows from the fact
that the streamline must be parallel to the isotherm at this point and that the isotherm
must be horizontal (by symmetry). It can also be deduced that if the Rayleigh number
can be adjusted so that there is a steady state with an inclusion that connects with the
upper surface, the connection must occur when the upper boundary of the inclusion
coincides with the upper stagnation point. This may provide a mechanism for chimney
birth. We should note, however, that for a steady, fully developed chimney to exist the
concentration of the effluent must be replenished to some extent before returning to
the mush. One must imagine an idealized version of a chimney where solutal diffusion
is ignored everywhere except in the far field, where mixing is assumed to occur. Under
these assumptions, it appears that steady states with fully developed chimneys exist,
but it is not clear how the topological transition from liquid inclusion to chimney is
made.

Figure 7(a) shows a sketch of a steady-state solution with a liquid inclusion,
several representative streamlines and selected isotherms. Figures 7(b) and 7(c) show
idealized representations of the phase diagram with points that are labelled so that
they correlate with the isotherms in figure 7(a). As a fluid parcel moves along a
streamline, its thermodynamic state follows a path characterized by that shown in the
phase diagrams, with figure 7(b) corresponding to any streamline that passes through
the eutectic front and figure 7(c) corresponding to the streamline that bounds the
recirculating region.

7. Summary

The present study improves upon earlier weakly nonlinear theories of convection
in mushy layers by accurately modelling the shape of the mush-liquid interface
and exhibiting solutions characteristic of the fully nonlinear regime. These compu-
tations provide evidence indicating that the mechanisms behind chimney formation
are internal to the mushy layer and suggest that steady states with liquid inclu-
sions within the mushy region may exist in parameter regimes with weakly viable
chimneys.

The consideration of liquid inclusions naturally leads one to reconsider the bound-
ary conditions at mush-liquid interfaces. In doing so we have formulated a new
local equilibrium condition (6.7) that applies wherever there is flow from mush to
liquid along a steadily freezing interface in idealized systems where diffusion has
been neglected. Without such a condition it is impossible to model fully developed
chimneys. An interesting consequence of this condition is that the lower bound-
ary of a liquid inclusion or chimney must correspond to a stagnation point in
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FIGURE 7. (a) A sketch of a steady-state solution with a liquid inclusion, several representative
streamlines and selected isotherms. (b, ¢) Idealized representations of the phase diagram with points
that are labelled so that they correlate with the isotherms in (a). As a fluid parcel moves along
a streamline, its thermodynamic state follows a path characterized by that shown in the phase
diagrams, with (b) corresponding to any streamline that passes through the eutectic front and (c)
corresponding to the streamline that bounds the recirculating region. Note that the lower stagnation
point bounding the recirculating region also marks the lower boundary of the inclusion.

the total volumetric flux when measured with respect to the steadily moving solid
phase.

Convection in real mushy layers is complicated and time-dependent for a variety
of reasons, including instabilities in the plume and finite domain size. The study of
steady states is a tool for understanding the dominant mechanisms of these dynamics.
Future work needs to address both the computational and modelling difficulties
associated with topological changes that take place in temporally evolving mushy
layers.
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