Series representations okly processes
from the perspective of point processes

Jan RosinskKi

ABSTRACT Several methods of generating series represensadf a Lévy process are presented
under a unified approach and a new rejection method is intextlin this context. The connection of
such representations with the Lévy—Itd integral repnestéon is precisely established. Four series
representations of a gamma process are given as illustsatfchese methods.

1 From Levy-I to series representations. Introduction.

Let{X(¢): t € [0,1]} be a Lévy process iR? with the characteristic function given by

Eexp(iuX (t)) = exptliua +/ (e — 1 —juzl(jz| < 1)) Q(dz)] (1.1)
R{
wherea € R? andQ is a Lévy measure oRg (R¢ := R\ {0}). Assume that the paths of

are right—continuous and have left—hand limits (abbredats rcll). By the Lévy—Itd integral
representation, a.s. for eatk 0,

X(t)ztu—i—/

lz[<1

SN0, do) ~ Q)] + [ aN(0.d.dr)  (@2)
|z|>1
whereN is the point process of jumps &f: N = Z{t: AX(1)2£0} die.ax (1)) (see,e.q., [Ka2],
Th. 13.4).N is a Poisson point process with the mean meaguabex Q on [0, 1] x Rd.
There are many ways to represent the process of jukhjpsthe form

N=> 6w, (1.3)
i=1

where{J;} is a sequence of random variablesifiindependent of the sequenf®; } of i.i.d.
uniform on [0, 1] random variables. We will discuss several types of suchessmtations in
Section 3. Put

Xn(t) =ta +/

n-1<]e|<1

x [N([0,t], dz) — tQ(dx)) +/ x N([0,1],dz). (1.4)

|z|>1

Since by (1.3)

Xn(t) =Y Jil(Ui < t) — thy,
€A,
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2 SERIES REPRESENTATIONS OFAVY PROCESSES

whereA,, = A, (w) = {i > 1:|J;(w)| >n~'} andb, = [

n=1<]z|<1t

Q(dz) — a, we get

S TAU <t —thy — X (1) a.s. (1.5)
i€A,

asn — oo. Shortly speaking, a series representatioXdf obtained by replacing the random
setA,, in (1.5) by a nonrandomon¢l, ..., n}, a procedure that yields

oo

X(t) =Y (LU <t) —tc;) a.s. (1.6)

i=1

for a suitable sequence of centées} (see Section 5 where this theme is concluded). It turns out
that various properties of the series (1.6), such as itsdspleeonvergence or the need to center
with certainc;’s, depend on the specific representation of ffis. Such series representations
can be used for a study or simulation of linear and nonlineactionals of Lévy processes.
Therefore, one may want to look for a representation of.ii& that has a probabilistically
simple structure or/and is easy to simulate on a computeBektion 6 we give examples of
different representations of a gamma process that illiestheese points.

2 Almost sure representations of point processes.

The method that we are going to describe is much more gengraiowill limit our discussion
to Poisson point processes.

Proposition 2.1 Let M and N be Poisson point processes on Borel spa§eand T;, with
control measureg: and v, respectively, and defined on possibly different probbdpaces.
Suppose thafj is a Borel subset of some Borel spg¢and that for some measurable mapping
h:S—T,

v=poh ™" on B(Tp). (2.1)

Then
NEMoh™ L, (2.2)

Assume in addition thatV is defined on a probability space which is rich enough, thatisre
exists on this probability space a unifor#d[0, 1] random variable that is independent d¥,
and also that

M= s, 2.3
=1

for someS—valued random elements, ¢ > 1. Then there exists a sequengg};>;, of S—
valued random elements defined on the same probability sma¥esuch that

{Bi}im12{si}im1 (2.4)

and .
N=> 6nsy as. (2.5)

1=1

The proof of the second part of Proposition 2.1 is an appticaif the following result from
[Ka2], Corollary 5.11 (see also Theorem 5.10).
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Proposition 2.2 Let £ and n be random elements, defined on possibly different prothabili

spaces, and taking values in Borel spa¢tand T, respectively. Suppose thaj;if(g) for
some measurable mappinfg: S — 7', and that n is defined on a probability space rich
enough to support an independent gfuniform /[0, 1] random variable. Then there exists

a random element in S, defined on the same probability spacesgsuch that 525 and

n=f(§) as.

Proof of Proposition 2.1: The first part of this proposition is obvious; we will only pe
(2.4)-(2.5). Let4 = {A;, A, ...} be a countable field generatilff7T,). Define a random
element) in (Z4 U {c0})> by

7= (N(A1), N(A2),...).
Define also a random elemepin S°° by

52(81,82,...).

In view of (2.2), M o h=t = 3", b5,y has the same distribution @& Therefore,

L&) = (M oh™ (Ay), Moh ™ (As),...).

By Proposition 2.2, there exists a random elengent (51, 82, ...), defined on the same prob-
ability space a$V and taking values it¥>°, such that{ig and

N(Ak) = Z‘Sh(éz)(Ak) a.s., k= 1, 2, “en
i=1

Since the measured/(-,w) and »_.°, 055, () (-) are equal on the fieldl for eachw from a
set of probability 1, they are equal a.s. B({l}).

In essence, Proposition 2.1 allows one to replace the eyqum‘iM o h~! by the equality
N = M o h~! a.s., provided the probability bag®, F, P) of N is rich enough. The latter
condition does not represent any serious restriction frgaroaabilistic point of view. Indeed,
one can always enlarge the original probability spac&Xox [0, 1], F x B([0,1]), P x Leb)
to accommodate an independentdfuniformly distributed random variable. Therefore, from
now on, we will assume thay is defined on a rich enough probability space.

3 Several methods of representing the Poisson process p§jum

Throughoutthis papdl’; },>1 will denote a sequence of partial sums of i.i.d. standardegp-
tial random variables anflU; },>1 will stand for an i.i.d. sequence of{0, 1] random variables
that is independent dil’; },>1. Let {X (¢) : ¢t € [0, 1]} be a Lévy process given by (1.1) and let
N be its Poisson process of jumps{on1] x R¢. We will give several representations &fin
the form (1.3) withJ;’s defined by different methods.



4 SERIES REPRESENTATIONS OFAVY PROCESSES

(A). The Inverse Lévy Measure Method (Khintchine [Khi],rBason and Klass [F-K]).

Letd = 1 and suppose th& is concentrated o(0, co). Define the inverse of the tail @) by
Q (u) =inf{z > 0: Q([z,0)) < u}, u > 0. (3.1)
Then -
NES " Sw,.a- ) (3.2)

=1
Indeed, M := 3 0y, r, is a marked Poisson point process $n= [0, 1] x (0,00) with
mean measurg = Leb x Leb. Leth : S — T be given byh(u,v) := (u,Q (v)). Here
T = [0,1] x [0, 00) andTy = [0, 1] x (0, 00). Sincepoh~! = Lebx Q onB(Ty), Moh LN
by (2.2). From (2.4)—(2.5) we infer that the sequenf@&g}, {T';} can be defined on the same
probability space a8 and

N = Zg(U'L;QH(Fi)) a.s. (33)

i=1

(B) LePage’s Method (LePage [LP2]).

The representation is based on a radial decompositighaiffthe form

Q(A) = /Sdil /OOO Ia(zv) p(de,v)o(dv), A€ B(RY) (3.4)

whereqs is a probability measure on the unit sphéte! of R? and{p(-,v)},cg4-1 iS @ mea-
surable family of Lévy measures ¢, co). Put

p~ (u,v) :=inf{z > 0: p([z,00),v) < u}. (3.5)

Let {V;} be ani.i.d. sequence ifi’~! with the common distributioa such that{V;} is inde-
pendent of T';, U;}. Then

d o0
N 0w, vovh)- (3.6)
i=1
Sometimes a simplification in (3.5) can be achieved by takiredial decomposition (3.4) with
respect to a Borel subsBtof R? in place ofS%~1. For example, to represent semistable random
vectors we takd = {r < |z| < 1}, wherer € (0, 1) is a parameter (see [Ro3], Example 4.11).
To justify (3.6), consider a marked Poisson point prodéss= > oy, r,,v;) onS = [0, 1] x
(0,00) x D (D = S9=1, or arbitrary) with mean measuge= Leb x Leb x 0. Leth: S — T
be given byh(u,v,v) = (u, p~(v,v)v). HereT = [0,1] x R? andT, = [0,1] x R¢. Since
poh ™t = Leb x Q onB(Ty), M oh LN by (2.2). From (2.4)—(2.5) we infer that the
sequences$U,}, {T';}, {V;} can be defined on the same probability spacd and

N = Zg(UhP‘*(FhVi)Vi) a.s. (37)

=1
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(C) Bondesson’s Method (Bondesson [Bon]).

Suppose thaf) can be represented as
Q) = [ Fagna A bR 3.8)
0

whereF is a probability distribution oiR? andg : [0, oc) — [0, 0o) is a nonincreasing function.
Let {V;} be an i.i.d. sequence with common distributiBrindependent ofT';, U; }. Then

d oo
NEY 8w, grove- (3.9)
=1

Indeed,M := > &, r,v; is @ marked Poisson point process $n= [0, 1] x (0,00) x R¢
with mean measurg = Leb x Leb x F. Leth : S — T be given byh(u, vy, v) := (u, g(7)v).
HereT = [0, 1] x R andT, = [0, 1] x R¢. Sincepoh~t = Leb x Q onB(Ty), Moh 14N
by (2.2). From (2.4)—(2.5) we infer that the sequenf@s}, {I';}, {Vi} can be defined on the
same probability space & and

N = Zé(Ui-,g(Fi)Vi) a.s. (310)
i=1

(D) Thinning Method (Rosinhski [Ro3]).

Choose any probability distributiofi on R¢ such that) is absolutely continuous with respect
to F, otherwiseF is arbitrary. Let{V;},>1 be an i.i.d. sequence with common distributiBn
Assume tha{U, }i>1, {Vi}i>1 and{T'; };>1 are independent of each other. Set

it (1) > Ty
Ji = Vi | dF(‘./)— ’ (3.11)
0 otherwise

Then
d o0
N=D " 6w,.a- (3.12)
=1

Thus the jumpg; of X are obtained by a random thinning of an almost arbitrany.isequence.
To justify (3.12) we check (2.1) fot(u, v, v) = (u, H(v,v)), whereH (v, v) = v if %(v) >y
and= 0 otherwise. § = [0,1] x (0,00) x R?, u = Leb x Leb x F, T = [0,1] x R? and
Ty = [0,1] x R¢.) By Proposition 2.1, the sequencgs;}, {T;}, {Vi} can be defined on the
same probability space &é such that

N=> 6w, as. (3.13)
=1

In practical applications of this method, e.g., for compsimulation of NV, one only needs
to consider nonzero jumgs/;;} selected from{ J;}. We haveJ; = J, , wherer; < 5 < ...
is a finite or infinite (with probability one) random sequeinééndices (depending on whether
Q(RY) is finite or infinite). If Card{7;}) = ~ a.s., thenset; = U,,, k > 1. If K :=
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Card{7}) < cc a.s., then pu; = U,,, k < K andU} = U1k, fork > K. {Uj }r>1
is an i.i.d. sequence &f[0, 1] random variables independent{df;, V;} and by (3.13),

N = Za(UZ“]I:) a.s. (314)
k=1

This form is much more efficient for simulation &f than (3.13) because here one only needs to
generate a uniform random varialdlg (the location of a jump) when the corresponding jump
size is nonzero.

(E) Rejection Method.

This is a new method in the context of Lévy processes thatiisgintroduced in this paper. Let
{Xo(t) : t € ]0,1]} be a Lévy process iR? with Lévy measure), such that

4aQ
dQo —

Let Ny be the process of jumps &f, admitting a representation

1. (3.15)

NoZ > " w00 (3.16)
=1

where{U, };>1 is as above. LefIV; } be an i.i.d. sequence of unifor#{0, 1] random variables
that is also independent §t/;, J?}. Define

0 jf 4Q (j0y > 1.
g 4R G (D) = W, (3.17)
0 otherwise
Then
d
N=D " 6w,.0- (3.18)
i=1

Indeed,M := 3 6y, w,, o) is @a marked Poisson point process$r- [0, 1] x [0, 1] x R¢ with
control measurg = Leb x Leb X Q. (3.18) follows by (2.1)—(2.2) verified fdt(u, w, j) =
(qu(é%(j) > w)). From the second part of Proposition 2.1 we infer that thaiseges

{U;,W;, J?} can be defined on the same probability spac& asich that

N=> 6w, as. (3.19)
=1

The key to this method is to find an easy to generate Lévy pgakg from which only a
small finite number of jumps must be removed to get the jumpX oA similar reasoning as
in the conclusion of the thinning method can be made to pstifit one needs to generate a
uniform random variable only when the jump size is nonzgfbi¢ accepted).

(F) Shot Noise Method.

The idea of Bondesson [Bon] was to obtain a nonnegative tafindivisible random variable
as a shot noise. Independently, Rosinski [Ro1] took theesapproach in the study of series
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representations of infinitely divisible random vectors ianch spaces (see also [Ro3]). This
method can be described as follows. Consider a disintegrafiQ in the form

Q(A) = /0 h o(r; Aydr, A c B(RY) (3.20)

whereo is a probability kernel fron{0, 0o) to R<. Let {J;};>1 be a sequence @¢-valued
conditionally independent random variables gi&h};>1 such that

P(J; € A{T;}j51,{J;} ) = 0T, 4), A€ BR?). (3.21)

By Proposition 3.8 in [Re2],>"°, ér,,s,) is a Poisson point process 0, co) x R with
mean measurg, \(dr,dv) = dro(r;dv). Then> ;2 §,,, restricted toB(Rg), is a Poisson
point process with mean measupe

The probabilistic structure of thé’s can be better understood when we notice that

Ji=H(T,,V)) (3.22)

for some i.i.d. sequencgV;}, that is independent ofU;,T;}, and a jointly measurabl&?-
valued function” such that

P(H(r,V;) € A) = o(r; A), A€ BRY), r>0. (3.23)

Indeed, the existence of a functidh satisfying (3.23) withl; uniformly distributed or0, 1]
is a standard fact (see, e.g., Lemma 2.22 in [Ka2]). Cle&122)-(3.23) imply (3.21) (the
distribution and the range &f’s are irrelevant under (3.23)).

As before, let{U;} be independent ofT";, V;}. By Proposition 2.1{U,,T";,V;};>1 can be
based on the same probability spacévasuch that

N = Zé(UhH(Fi,Vi)) a.s. (324)
=1

Remark 3.1 The probability kernet in (3.20) is not unique. Moreover, every sequefdg
of jumps of X considered in this paper can be viewed as a special case 22)3n all these
cases the functiom — |H (r,v)| is nonincreasing.

4 Convergence of a generalized shot noise series.

Let {V;},>1 be an i.i.d. sequence of random elements in a measurable Spaith common
distribution £. Assume tha{V; };>1 is independent of the sequen{d®; };>, of partial sums of
standard exponential random variables. Let

H:(0,00) x S — R? (4.1)
be a measurable function such that for eagh S
r — |H(r,v)| is nonincreasing. (4.2)

The goal of this section is to characterize the almost suneergence op | H(T';, V;).
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H(T;,V;) can be viewed as an effect at time zero of a $hjdbat happenell; time units ago
and (4.2) says that the magnitude of this effect decreasthedisne elapsed from the moment
of the shot increase$. H (T';, V;) represents the total shot noise at time zero.

Define measures dR? by

o(r;)=P(H(r,V;)€-), r>0 (4.3)

" Q) = [ oty an (@.4)
Put s i

A(s) :/0 /Imlglxa(r;dx)dn s> 0. (4.5)

The following theorem characterizes the almost sure cgarere of a generalized shot noise.
Its proof combines and simplifies certain arguments fron8JRgiven there for a Banach space
valued functionf).

Theorem 4.1 (A) >°°, H(I';, V;) converges a.s. if and only if
() Qisalévy measure oRY, i.e.,

/ (I A 1) Q(dz) < o,
Rd

and

(i) a:=lims . A(s) existsinR?,
If (i) and (ii) are satisfied, thenC( Yoo, H(T, Vi)) is infinitely divisible with characteristic
functiong(u) given by

¢(u) = expliua —|—/ (e™® — 1 —iuxl(Jz| < 1)) Q(dx)]. (4.6)
RS

(B) If only (i) holds, then>">°  [H(T;, V;) — ¢;] converges a.s. far; = A(i) — A(i — 1). In

this case the characteristic function @f( >;°, [H (T';, Vi) —¢;]) is given by (4.6) witl, = 0.

Proof: Define a stochastic process

Y(s)= > HI,V;)—Afs), s>0. (4.7)
{i: T';<s}

Y has rcll paths and can be written as

Y(s) = / H(r,v) [M(dr,dv) — drF(dv)], (4.8)
[0,s]xS

whereM = >~ 6(r, v;) is a marked Poisson process with mean meabube< F'. HenceY’
is a process with independent (but not stationary) incresa&urthermoreY (s) is a centered
compound Poisson random variable with Lévy meagiygiven by

Qs(A) = /OS o(r; A)dr /" Q(A), ass /. (4.9

We first claim that
lim Y(s) =Y (c0) existsa.s. (4.10)

§— 00
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if and only if (i) holds. Indeed, (i) and (4.9) imply théin,_. ., £(Y (s)) exists. Sinc&” has
independent increments (s;) = Zle(Y(si) — Y (s;-1)) converges also a.s., &s— oo,
for each increasing sequengg oo with so = 0. The latter property implies (4.10) because

Y has rcll paths. We also note that
Eexp(iuY (00)) = ¢(y)e™ ™. (4.12)

Conversely, implies thaim; ., £(Y (s)) exists. Hence the Lévy measurgsconverge vaguely
to some Lévy measure on each continuity set bounded awaytfre origin. By (4.9), that Lévy
measure must coincide with the meas@re

Now we will prove (A). If (i) and (i) are satisfied, then by (@)

n

S HT, Vi) =Y (In) + ATy) - Y(c0) +a
i=1

a.s. asn — oo; (4.6) follows from (4). Conversely, i .-, H(I';,V;) converges a.s., then
Y(s) + A(s) = Xy r,<sy H(L'i, Vi) converges a.s. to the same limit@as— oo. Since the
Lévy measure o¥ (s) + A(s) is Qs, we get that) is a Lévy measure by the same argument as
above. Then by (4.101(s) = (Y (s) + A(s)) — Y (s) converges as — oc. This concludes
the proof of (A).

To prove part (B) we observe as above that

S H(TL V) — AT,) = V() — V(o) (4.12)
=1

a.s. asr — oo. Therefore, it is enough to show that

A(l,) — A(n) -0 a.s.asn — oo. (4.13)
We have
I'nvn
IA(T,) — A(n)] < / / (|2] A1) o (r; dac)dr (4.14)
T',An JR4
Put

g(r) = /Rd(|x| M) o(ridz) = B(H(r, V)| A1).

By (4.2),g is nonincreasing and square integrable. Indeed, by Jenisemjuality,

[Tsera < [T el avotiasar

/Rd(|x|2 A1) Q(dx) < oo. (4.15)

From (4.14),
= g(n/2)|Tn = n|[g(Tn An)/g(n/2)]
Sincen™'T',, — 1 a.s. andy is nonincreasing,

limsup g(T'y, An)/g(n/2) < 1.

n—oo
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Using the Hajek-Rényi- Chow inequality ([C-T], page 248 (4.15) we get, for every> 0,

P(Sugg(n/2)|1“n —n|>e) < ?(kg’(k/2) + ) g°(n/2)) = 0
n> n>k

ask — oo. Hencelim,, . g(n/2)|T"y, — n| = 0 a.s., which completes the proof of (4.13) and
concludes the proof of this theorem.

Remark 4.1 (a) The monotonicity condition (4.2) was crucial in the proofaft (B), of the
existence of nonrandom centers. However, it was not uséekiproof of part (A).

(b) Condition (ii) is automatically satisfied wherir; -) is symmetric orfu|<1 |z| Q(dx) < oc.

If the latter integral is infinite and) is not symmetric, then it is still possible to get (ii) under
a special choice ofH for Q. Such representations without centering can be obtainethby
thinning method which will be studied in detail in a forthdampaper.

5 From Levy-Itd to series representations. Conclusion.

Now we return to the notation of Section 1. Suppose that

N = Zé(UhH(Fi,Vi)) a.s. (51)

i=1

on B([0,1] x RY), where{U;};>1 is independent ofT';.V; };>; and H (T';, V;) is described at
the beginning of Section 4. All representationg\dfjiven in Section 3 are of this form. Let

M = Zé(Ui-,Fiy‘/i)' (52)
i=1

M is a marked Poisson point process with mean meabubex Leb x F. By a change of
variable in (1.2),

X(t) = at+/ H(r,v) (M([0,t],dr,dv) — tdrF(dv))
|H(r,v)[<1

+/ H(r,v) M([0,t],dr,dv). (5.3)
|H(r,v)|>1
Define
X.(t) = at+ / H(r,v) (M([0,t],dr,dv) — tdrF(dv))
rel0,s], |H(r,w)|<1
+ / H(r,v) M([0,¢],dr,dv) (5.4)
rel0,s], |H(r,w)|>1

fors > 0,t € [0,1], and observe that

Xit)=at+ Y HI:,V)UU; <t)—tA(s)
{i: T;<s}

whereA(s) is given by (4.5). The process, () has independent increments both with respect
tos € [0,00) andt € [0,1]. Fix ¢ € [0, 1]. SinceX,(t) has rcll paths is and X (t) — X (¢)
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a.e. by (5.3), for every sequengg " oo, we infer thatlim, ., Xs(t) = X (t) a.s. Therefore,
asn — oo,

Xr, (t) = at + zn: H(T;, VOL(U; < t) — tA(T,) — X(t) a.s. (5.5)
=1

SinceA(T,,) — A(n) — 0 by (4.13),
at + Z (T, VOL(U; < t) —te;) = X (1) a.s. (5.6)

wherec; = A(i) — A(i — 1). This is a series representation of a Lévy process. Camditiy on
{T";}, (5.6) is a series of independent random variables. Untiondily, the termsH (T';, V;)

are not independent but are Markovian. Again, the usefalpésuch representations depends
on the choice off, that can be different for different problems. An importtatt is the follow-
ing.

Theorem 5.1 Series (5.6) converges a.s. uniformly[on1].

Proof: Let || - || denote the supremum norm of a function/ifo, 1]. Fix ¢ > 0 and define a
sequencev,, /" oo inductively. Putwg = 0 and forn > 1 letw,, > w, _1 + 1 satisfy

qn = P( sup HXS - Xr” > 6)
Wp—1<r<s
< P( sup [ Xs — X, || >e€)+n

w1 <r<s<wp

Since paths of are rcll, one can find a partition,,_; = w <w§ <--- < wy = wy such
that

< P( max X |l >€)+2n7t
i < P( s Ky = Kup > )
Form a sequence; ' oo fromwj < -+ < wy, < wi < -+ < wp, <--- and define

Yi(t) == X, () — XSJ (@), {Y;() : t € [0,1]} are mutually independent processes with
paths mD[O 1] such thatz —, Y;(t) converges a.s. tX (t) — ta, for eacht. Applying a

result of Kallenberg [Kal], we infer thaﬁ:;’;l Y;(t) converges a.s uniformly g, 1]. Hence
lim,, .. g, = 0. Sincee > 0 is arbitrary, we get that

lim sup [|Xs—X,|=0 as. (5.7)

W00 y<ris

Consequently,
lim  sup || Xr,, —Xr, =0 as.

=0 n<k<m

In view of (5.5) and (4.13)

lim sup sup | > H(Ty,Vi)L(Ui <t) = t(A(m) — A(k))| =0 a.s.

N—=00 pnlk<m 0<t<1 P

which proves the theorem.
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Remark 5.1 If H is given by the inverse@lvy measure method thexn, = Xsn for s, =
Q([n1,00)) (see (1.4)). In that case Theorem 5.1 can be derived diréctiy the Levy-1H
theory and (4.13). However, in general, there is no diretdtienship betweerX,, and X. In
particular, there is no uniform bound on the size of jumps®f- X, as opposed t&X — X,,.

Remark 5.2 Both (5.6) andX, can be used for simulating oklry processes. For = 1 we get

- i H(;, Vi) —¢) a.s. (5.8)
=1

This series can be used for the simulation of an infinitelisthile random variable with distri-
butionG = £(X(1)). However, more direct and much faster methods can be debipezif-
ically for sampling fromG, as it is in the case of stable random variables (see, e.gicla
and Weron [J-W]). This fact is not surprising becaydé (I';, V;)};>1 gives us more informa-
tion than we need fo€z, we know the sequence of jumps X (¢,w) }o<;<1 under a certain
enumeration. Despite of this, if the series (5.8) convefgsts then (5.8) can still give a good
method for simulating i.i.d. samples fragh

6 Four series representations of a gamma process.
Let {X(¢) : t € [0,1]} be a Lévy gamma process with parameters « andb are shape

and scale parameters, respectively, of a gamma randonbleaiid1). The Lévy measuré€) of
X (1) is concentrated ofD), co) and its tail is given by

Q([z,)) = /Oo u"te™Pa du = aBy (z/b),

whereE,(z) = [~ u~Pe~"du is the exponential integral function.
The inverse Lévy measure methyidlds the following representation &f:

ZbE1 (T;/a)1L(U; < t).

The obvious difficulty here is thakE; * can not be given explicitly (neitheE;). However,
Wolpert and Ickstadt [W-I] developed a procedure for an aepjpnate evaluation of?; !
S-PLUS (MathSoft, 1997) and used it for the simulationXofrom the above formula.

Bondesson [Bon] obtained a gamma random variable as a siset variable with exponen-
tial shot-distributionF(z) = 1 — e~*/® and exponential response functigft) = e~*/*. Thus
Bondesson’s methagives the following representation af:

X(t) = be T/ V1(U; < 1),

i=1

where{V;} is an i.i.d. sequence of standard exponential random Jasdbat is independent
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Now we will give the third representation of a gamma proceseld on the thinning method
Let {V;} be an i.i.d. sequence of standard exponential random Vesi#at is independent of
TI{iZlZ ViFiSQ}Z{T1<TQ<...}.

Then -
X(t) =Y bV, 1(Ui <t).

=1
(J; =V, inthe notation of Section 3 D.)
The fourth representation is based on the rejection methwd Lévy measur€, we choose
Qo(dr) = az~(1+2/b)~t. Jumps of the corresponding procégsare found from the inverse

Lévy measure method:
b

0 _ N—(17.) —
Ji _QO (FZ)_ eFi/“—ll

Then the jumpg J;} of the gamma process are selected frioffi} by the following procedure

7= JO if (14 J2/b)exp(—J?/b) > W;,
‘" ]l0 otherwise

where{W;} is an i.i.d. sequence of uniform df, 1] random variables that is independent of

{T';,U;} (see Section 3 E). Then

X(t) = i J(U; < t)
=1

represents a gamma process with shajped scalé. The average number of discardéds

in this method equals~y, wherey = .5772... is the Euler constant. This method is very fast
in computer implementation. These results will be part of@ercomprehensive study of the
approximation of gamma processes and random fields in acforting paper. Finally we note
that the results of Section 3 and Theorem 5.1 imply that tlew@Beries representations of the
processX hold a.s. uniformly irt € [0, 1].

7 Historical remarks and generalizations.

Khintchine [Khi] established series representations afirginitely divisible random variables
using the inverse Lévy measure method in the following foifX is an infinitely divisible

random variable with Lévy measufg concentrated on the positive half-line, thexia +
Y Q@ (T;) — ¢), whereG is a Gaussian random variable independenflaff andc; =

fZ_1 Q~(z)/(Q—(x)? + 1) dx. In general, ifQ is concentrated on the whole real line, then
X is represented in distribution as the difference of two patelent series of the above form
(see Hauptsatz Ill, pages 100 and 112 in [Khi]). This piomgpwork of Khintchine on series
representations is mentioned in Ken—iti Sato recent mapigiSat], page 144; we simply adapt
the pertinent part of Hauptsatz Ill, [Khi] to the presentat@n. The inverse Lévy measure
method was rediscovered by Ferguson and Klass [F-K] in #tanly of series expansions of
independent increment processes. Kallenberg [Kal] shdhediniform convergence of the
series expansions from [F-K] and Resnick [Rel] explainedrtbonnection to the Lévy-Itd
integral representation (see also Remark (5.1)).
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The work of LePage, Woodroofe, and Zinn [LP-W-Z] and of Le®#gP1] on series repre-
sentations of stable random vectors led to a rapid progfeks ¢heory of stable processes and
their applications (see the monograph [S-T] of Samorolinigsd Taqqu). LePage [LP1] gave
a representation of Lévy stable processes and observiegktheral symmetric stable processes
can be viewed as conditionally Gaussian. Infinitely diMisipbrocesses having this important
property, that is strictly related to their series représtons, were called of typ€&' by Mar-
cus [Mar] and studied in the context of path continuity. Atsysatic investigation of typé&
random variables and processes appears in Rosifiski [ReBhge presented his method for
general infinitely divisible random vectors in [LPZ2].

Bondesson [Bon] considered the simulation of nonnegatifieifely divisible random vari-
ables and developed their series representations as alspase of a generalized shot noise.
Rosinski [Ro1], [Ro3] used the same approach as a genetalpdor series representations
of Banach space valued infinitely divisible random vectditsis approach was also used for
representing general infinitely divisible processes, sesfi®ki [R02].

The thinning method was introduced in Rosihski [Ro3], Epéert.6 (see also [Ro4]). There
are many papers using and extending series representhtised on the inverse Lévy measure
or LePage’s methods that are not listed here. A major agjaitaf series representations by the
thinning method appears in Talagrand [Tal] in his study eflibundedness of general infinitely
divisible processes. As far as we know, the rejection metiieeh here is new (in the context
of Lévy processes).

There is an immediate way to extend the series represemsatiothis paper to Lévy pro-
cesses indexed by an arbitrary finite inter{al7’]. One just needs to replace the uniform on
[0,1] sequencegU;} by a uniform on[0, 7] sequence and then replaEeby T';/T in (5.6).
Theorem 4.1 gives a simple general method for the verifinaifdhe validity of this and other
series representations of nonhomogeneous processegeinfitivisible random measures, and
random fields.
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