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Disclaimer: To keep matters simple I have modi-
fied many theorems and definitions a little. While
I have tried to tell the truth, it should be pointed
out that often in the original references a larger
generality is achieved.



Spaces of analytic functions on the open unit disc

D:

f(z) =
∑

n≥0

f̂(n)zn

H2, ||f ||2
H2 =

∑
n≥0 |f̂(n)|2

L2
a = {f ∈ Hol(D) :

∫
D |f |2dA

π < ∞},

||f ||2
L2

a
=

∫

D
|f |2dA

π
=

∑

n≥0

|f̂(n)|2
n + 1

D = {f ∈ Hol(D) : f ′ ∈ L2
a},

||f ||2D = ||f ||2
H2 + ||f ′||2

L2
a
=

∑

n≥0

(n + 1)|f̂(n)|2

D ⊆ H2 ⊆ L2
a



ζ(z) = z

(Mζ,H) Mζf = ζf , f ∈ H.

M∈ Lat(Mζ,H), if Mζf ∈M for all f ∈M

If S ⊆ H, then

[S] = smallest M∈ Lat(Mζ,H) containing S.

ind M = dimMª ζM = dimM∩ (ζM)⊥

Note: ind [S] ≤ card S

G is the extremal function for M, if G is the

solution to

sup{Re g(k)(0) : g ∈M, ||g|| = 1},
where k is the smallest integer such that the sup

is > 0.

If M 6= (0), then an extremal function G exists,

is unique, and G ∈Mª ζM



Thm 1 (H2 - Beurling’s theorem). If

M∈ Lat(Mζ, H
2),M 6= (0), then

indM = 1.

If G is extremal for M, then G is inner and M =

[G] = GH2, so

M
G

= H2 isometrically,

i.e. || fG|| = ||f || for all f ∈M.



Thm 2 (D - Ri, Sundberg, Aleman). If M ∈
Lat(Mζ, D),M 6= (0), then

indM = 1.

If G is extremal for M, then M = [G].

If M,N ∈ Lat(Mζ, D),

(0) 6= N ⊆M ⊆ D,

if GN , GM are the extremal functions for N and

M, then one has the contractive inclusions

D ⊆ M
GM

⊆ N
GN

⊆ H2,

i.e. ||GMf || ≤ ||f || for all f ∈ D,

||GNGMf || ≤ ||f || for all f ∈M, and

|| f
GN ||H2 ≤ ||f || for all f ∈ N ,



Fact (ABFP): In L2
a there are invariant subspaces

of arbitrary index.

Thm 3.Hedenmalm, ARS, H-Jacobsson-Shimorin

If M∈ Lat(Mζ, D), M 6= (0), then

M = [Mª ζM].

If M,N ∈ Lat(Mζ, L
2
a), ind M = ind N = 1,

(0) 6= N ⊆M ⊆ L2
a,

if GN , GM are the extremal functions for N and

M, then one has the contractive inclusions

H2 ⊆ N
GN

⊆ M
GM

⊆ L2
a,

i.e. ||GNf || ≤ ||f ||H2 for all f ∈ H2,

|| f
GM|| ≤ ||f || for all f ∈M, and

||GMGN f || ≤ ||f || for all f ∈ N .



Cor 4. If f ∈ L2
a, f 6= 0, then f has an L2

a-inner-

outer factorization, i.e.

f = FG,

where G is extremal for [f ] and F ∈ L2
a is cyclic,

[F ] = L2
a.



H = H(k) has reproducing kernel kλ(z):

f(λ) = 〈f, kλ〉
for all f ∈ H.

kλ(z) >> 0 positive definite, i.e.

∀a1, .., an
∑

i,j

aiaj kλi
(λj) ≥ 0,

because ||∑i aikλi
||2 =

∑
i,j aiajkλi

(λj).

If {en} is an orthonormal basis for H(k), then

kλ(z) =
∑

en(λ)en(z).

Fact: If uλ(z) >> 0 is analytic in z, then ∃un ∈
Hol(D) such that

uλ(z) =
∑

un(λ)un(z).



H(k1) :=
N

GN
⊆ M

GM
=: H(k2)

Abstract nonsense:

Set || f
GM||M = ||f ||, f ∈M, || f

GN ||N = ||f ||, f ∈ N .

Then the contractive inequality

||GM
GN

f || ≤ ||f || for allf ∈ N

is equivalent to

||g||M ≤ ||g||N for all g ∈ N
GN

.

If g ∈ N
GN , then g = f

GN for some f ∈ N , so

||g||M = || f

GN
||M = ||GM

GN
f

GM
||M = ||GM

GN
f ||

≤ ||f || = || f

GN
||N = ||g||N



M,N ⊆ H(k)

H(k1) :=
N

GN
⊆ M

GM
=: H(k2)

reproducing kernels : 〈f, kλ〉 = f(λ)

H(k) − kλ

M − PMkλ

M
GM − PMkλ(z)

GM(λ)GM(z)



Thm 5 (Aronszajin). H(k1) ⊆ H(k2) contrac-

tively, if and only if

k1 << k2,

i.e. k2 − k1 >> 0.

Proof: Define T : H(k2) →H(k1) by

T
(∑

aik
2
λi

)
=

∑
aik

1
λi

,

then T is a contraction if k1 << k2, and T ∗ :

H(k1) →H(k2) is the inclusion map. ¥



We shall get :

k2

k1
>> 0.

Lemma 6. If

k2

k1
>> 0

and if k1
0(z) = k2

0(z) = 1, then

k2 − k1 >> 0.

Proof: Since
k2
0(z)

k1
0(z)

= 1 we have

k2

k1
− 1 >> 0,

hence by the Schur product theorem

k2 − k1 = k1
(

k2

k1
− 1

)
>> 0.



Note: In our situation k1
0(z) = k2

0(z) = 1 for all

z ∈ D:

Say H(k) := M
GM, where ind M = 1 and GM ∈

Mª ζM, ||GM|| = 1.

Then, for f ∈M we have

〈f, GM〉 =
f

GM
(0)

(= a property of extremal functions), hence

〈 f

GM
,1〉M =

f

GM
(0),

and so

〈g,1〉M = g(0) for all g ∈ M
GM

.

Thus

1 = k0.



Interpretation: dilation theorem

Thm 7 (Agler). If

k2

k1
>> 0,

then

(Mζ,H(k2)) dilates to (M(∞)
ζ ,

⊕H(k1)),

i.e. ∃M ∈ Lat (M(∞)∗
ζ ,

⊕H(k1)) such that

(M∗
ζ ,H(k2)) is u.e. (M(∞)∗

ζ ,
⊕H(k1))|M.

proof omitted in talk



Proof: Write uλ(z) =
k2
λ(z)

k1
λ(z)

, then

uλ(z) =
∑

n un(z)un(λ), hence

k2
λ(z) =

∑
n un(z)un(λ)k1

λ(z).

Thus, if we set

M∗
un

: H(k2) →H(k1), M∗
un

k2
λ = un(λ)k1

λ,

one checks that each M∗
un

extends to be bounded

and
∑
n
||M∗

un
f ||21 = ||f ||22,

whenever f is a finite linear combination of re-

producing kernels. Thus, the map

V : H(k2) → ⊕H(k1) V f = {M∗
un

f}n

is an isometry. Set M = ranV , then the Theo-

rem follows, because

V (M∗
ζ ,H(k2)) = (M(∞)∗

ζ ,
⊕H(k1))V.



Defn 8. Let k be a reproducing kernel for H(k)
with k0(z) = 1.

(a) k is a complete NP kernel, if ∃u >> 0 such
that

kλ(z) =
1

1− uλ(z)
.

(b) k is a Bergman-type kernel, if ∃u >> 0 with
u0(z) = 0 and ∃ρ ∈ H∞, outer, 1 ≤ |ρ|2 ≤ 2,
ϕ = ζρ,

kλ(z) =
1

1− ϕ(λ)ϕ(z)(1− uλ(z))
,

and ||kz|| → ∞ as |z| → 1.

Examples:

H2: kλ(z) = 1
1−λz

is both.

D: kλ(z) = 1
λz

log 1
1−λz

is a complete NP kernel
(proof omitted).

L2
a: kλ(z) = 1

(1−λz)2
= 1

1−2λz(1−1
2λz)

is a Bergman-

type kernel, ϕ(z) =
√

2z, uλ(z) = 1
2λz.



k
β
λ(z) = 1

(1−λz)β , 1 ≤ β ≤ 2 is a Bergman-type

kernel

1

k
β
λ(z)

= (1− λz)β = 1− βλz +
∑

n≥2

cn(λz)n,

where cn ≥ 0 for all n ≥ 2, since 1 ≤ β ≤ 2.

Fact: If k is a Bergman-type kernel, then

H2 ⊆ H(k) ⊆ L2
a

contractively.



Thm 9 (Shimorin). If M ∈ Lat (Mζ, D), M 6=
(0), and if G is the extremal function for M, then

PMkλ(z)

G(λ)G(z)

is a complete NP kernel.

Thm 10 (McCullough-Ri). IfM∈ Lat (Mζ, L
2
a),

ind M = 1, and if G is the extremal function for
M, then

PMkλ(z)

G(λ)G(z)

is a Bergman-type kernel.

Fact 1: ∃ a complete NP kernel k and invariant
subspace M of (Mζ,H(k)) such that PMkλ(z)

G(λ)G(z)
is

not a complete NP kernel.

Fact 2: If k is a Bergman-type kernel, if M is
a zero-based invariant subspace of (Mζ,H(k)),

then PMkλ(z)

G(λ)G(z)
is a Bergman-type kernel.



Operator identities:

uλ(z) >> 0 so uλ(z) =
∑

un(z)un(λ).

k is an NP kernel, iff

(1−
∑

un(z)un(λ))kλ(z) = 1,

iff

(I −
∑

MunM∗
un

)kλ = kλ(0) = Q0kλ,

where Q0f = f(0). Thus

I −
∑

MunM∗
un

= Q0,

or
∑

MunM∗
un

= I −Q0 = P0.



k is a Bergman-type kernel, iff
(
1− ϕ(λ)ϕ(z)(1− uλ(z))

)
kλ = kλ(0),

so

kλ − kλ(0)

ϕ(λ)ϕ(z)
+ uλ(z)kλ = kλ

P0kλ

ϕ(λ)ϕ(z)
+

∑
un(z)un(λ)kλ = kλ

M1
ϕ
P0M∗

1
ϕ
+

∑
MunM∗

un
= I



Thm 11 (McCullough-Trent). If k is a com-

plete NP kernel, and if M is a multiplier invariant

subspace of H(k), then

PMkλ(z)

kλ(z)
>> 0.

Hence, if G is extremal for M, then with

k1
λ(z) =

PMkλ

G(λ)G(z)
,

we have

k1

k
>> 0

and we obtain the contractive inclusion

H(k) ⊆ M
G

.



Proof: Set Q(A) =
∑

MunAM∗
un

, so

I −Q(I) = Q0.

Also

PMQ(PM)PM = Q(PM),

because Q(PM)PM⊥ = 0 , PM⊥Q(PM) = 0.

Set

T = PM −Q(PM)

= PM(I−Q(PM))PM = PM(I−Q(I−PM⊥))PM

= PM(I −Q(I)) + Q(PM⊥))PM

= PMQ0PM + PMQ(PM⊥)PM ≥ 0

Thus,

0 << 〈Tkλ, kz〉 = PMkλ(z)−
∑〈MunPMM∗

un
kλ, kz〉

= PMkλ(z)− uλ(z)PMkλ(z)

= (1− uλ(z))PMkλ(z) = PMkλ(z)
kλ(z)

¥



Thm 12 (McCullough-Ri). If k is a Bergman-

type kernel, if M ∈ Lat (Mζ,H(k)), ind M = 1,

if G is the extremal function for M, then

PMkλ(z)

G(λ)G(z)
= (1− lλ(z))kλ(z)

for some lλ(z) >> 0.

Hence, if we set

k1
λ(z) =

PMkλ(z)

G(λ)G(z)
,

then we get

kλ(z)

k1
λ(z)

=
1

1− lλ(z)
=

∑

n≥0

lλ(z)
n >> 0.

Thus we have the contractive inclusion

M
G
⊆ H(k).



Proof. Recall

M1
ϕ
P0M∗

1
ϕ
+

∑
MunM∗

un
= I.

Set

T = PM − (M1
ϕ
PζMM∗

1
ϕ
+

∑
MunPMM∗

un
),

then as in the proof of the McCullough-Trent

theorem one calculates that T ≥ 0.

Thus

vλ(z) = 〈Tkλ, kz〉 >> 0,

calculate some more, the theorem will follow with

lλ(z) =
ϕ(z)ϕ(λ)vλ(z)

G(z)G(λ)
.



Thm 13 (McCullough-Ri). If k is a Bergman-
type kernel, if

M∈ Lat (Mζ,H(k)), M 6= (0),

if

C = Mª ζM,

then

Mζ|M is u.e. to Mζ

on a space of C-valued analytic functions with
operator-valued reproducing kernel of the type

Kλ(z) = (IC − zλV (z)V (λ)∗)kλ(z),

where V is a contractive analytic function

V : D→ B(E, C)
for some auxiliary Hilbert space E.

This implies that

H2(C) ⊆ H(K) ⊆ H(k, C)
contractively.

Here H(k, C) = H(k)⊗ C, i.e. the C-valued H(k)-
space.


