
Chapter 8

Product Spaces

In Chapter 1 we defined Lebesgue measure m1 on ℝ. The starting point
was that we wanted the Lebesgue measure of an interval to be its length.
Similarly, when constructing Lebesgue measure on ℝn, mn, one will want
the Lebesgue measure of an n-box

S = {(x1, ..., xn) : ai ≤ xi ≤ bi}, where ai, bi,∈ ℝ, ai < bi for i = 1, ..., n,

to be the product of its sidelengths, mn(S) = (b1−a1) ⋅ ... ⋅ (bn−an). In this
chapter we will use m1 and an inductive procedure to define mn.

Let (X,A, �) and (Y,ℬ, �) be measure spaces with positive measures �
and �. We want to define a measure �×� on a �-algebra over the cartesian
product X × Y that has the property that

(�× �)(A×B) = �(A)�(B), A ∈ A, B ∈ ℬ (8.1)

i.e. the measure of rectangles is the product of the measure of the sides. One
could proceed as in Chapter 1 and define an outer measure on P(X×Y ) by

(�× �)∗(E) = inf

{ ∞∑
i=1

�(Ai)�(Bi) : Ai ∈ A, Bi ∈ ℬ, E ⊆
∞∪
i=1

Ai ×Bi

}

and then hope to obtain a measure � × � on a �-algebra that contains the
rectangles and satisfies (8.1). After this one still needs a way to calculate
the measure of more general sets E ⊆ X × Y . For this one will want to use
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CHAPTER 8. PRODUCT SPACES 108

iterated integrals and one has to show:

�× �(E) =

∫
X×Y

�Ed(�× �)

=

∫
Y

(∫
X
�E(x, y)d�(x)

)
d�(y)

=

∫
X

(∫
Y
�E(x, y)d�(y)

)
d�(x)

This process will indeed work for �-finite measures � and �, but it turns out
it is easier to start by showing the equality of the last two iterated integrals,
and then use the above string of identities as the definition for �× �. This
is what we will do in this chapter. The principal tools will be the Monotone
Class Theorem and the Monotone Convergence Theorem.

8.1 Product �-algebras and the Monotone Class
Theorem

Let (X,A) and (Y,ℬ) be measurable spaces. A measurable rectangle is a set
of the form

A×B = {(x, y) : x ∈ A and y ∈ B},
where A ∈ A and B ∈ ℬ. Of course, if X = Y = ℝ, then we can take
A and B to be intervals and note that A × B is an ordinary rectangle in
ℝ2. However, the example where A equals the rationals and B the Cantor
set shows that one should be careful with an oversimplified mental image of
what a measurable rectangle is.

The collection ℰ ⊆ X × Y of elementary sets is comprised of sets which
are finite unions of mutually disjoint measurable rectangles, i.e. Q ∈ ℰ if
and only if there are A1, ..., An ∈ A, B1, ..., Bn ∈ ℬ with

Q =
n∪
i=1

Ai ×Bi

and (Ai ×Bi)∩ (Aj ×Bj) = ∅ for all i ∕= j. A×ℬ is the smallest �-algebra
containing all the measurable rectangles.

If A = ℬ = ℬ(ℝ) are the Borel sets of ℝ, then it is an exercise to verify
that A × ℬ = ℬ(ℝ2), the Borel sets in ℝ2. Similarly, ℬ(ℝn) × ℬ(ℝk) =
ℬ(ℝn+k).
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Definition 8.1. A monotone class ℳ ⊆ P(X × Y ) is a collection of sets
with the following two properties:

(a) If E1 ⊆ E2 ⊆ ..., Ei ∈ℳ for all i ∈ ℕ, then
∪∞
i=1Ei ∈ℳ.

(b) If F1 ⊇ F2 ⊇ ..., Fi ∈ℳ for all i ∈ ℕ, then
∩∞
i=1 Fi ∈ℳ.

Note that any �-algebra is a monotone class, and that any intersection of
monotone classes in P(X ×Y ) is a monotone class. Thus, for any collection
of subsets of X × Y there is a smallest monotone class containing it.

The following theorem is a special case of what is called the Monotone
Class Theorem.

Theorem 8.2. A × ℬ is the smallest monotone class which contains the
elementary sets ℰ.

Proof. Let ℳ be the smallest monotone class which contains ℰ . Since ℰ ⊆
A × ℬ and since A × ℬ is a monotone class it is clear that ℳ ⊆ A × ℬ,
and we will conclude the proof by showing that ℳ is a �-algebra. Since
X×Y ∈ ℰ ⊆ℳ and sinceℳ is a monotone class it suffices to show thatℳ
is closed under taking complements and finite unions, because a countable
infinite union can be written as the union of an increasing sequence of sets
each of which is a finite union of the given sets. By use of de Morgan’s laws
we see that this is equivalent to the following two statements:

(a) If E ∈ℳ, then Ec ∈ℳ.
(b) If E,F ∈ℳ, then E ∩ F ∈ℳ.

We start by verifying that (a) and (b) hold ifℳ is replaced by the elementary
sets ℰ . In fact, we start with (b). If P,Q ∈ ℰ , then P =

∪n
i=1(Ai × Bi),

Q =
∪m
j=1(Cj × Dj), where each of the families of measurable rectangles

{Ai ×Bi}i and {Cj ×Dj}j consists of mutually disjoint sets. Then

P ∩Q =
∪
i,j

((Ai ×Bi) ∩ (Cj ×Dj))

=
∪
i,j

((Ai ∩ Cj)× (Bi ∩Dj)) ∈ ℰ ,

so (b) holds for ℰ . We further note that this inductively implies that when-
ever P1, P2, ..., Pn ∈ ℰ , then

∩n
i=1 Pi ∈ ℰ . If A ∈ A and B ∈ ℬ, then

(A×B)c = (X ×Bc) ∪ (Ac ×B) ∈ ℰ .

Hence, if P =
∪n
i=1(Ai ×Bi) ∈ ℰ , then P c =

∩n
i=1(Ai ×Bi)c ∈ ℰ .
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Now let
N1 = {P ∈ℳ : P c ∈ℳ}.

Then by the above ℰ ⊆ N1 ⊆ ℳ. We will show that N1 = ℳ by showing
that N1 is a monotone class.

For i = 1, 2, ... let Pi ∈ N1 with P1 ⊆ P2 ⊆ ..., then P =
∪∞
i=1 Pi ∈ ℳ

sinceℳ is a monotone class. Furthermore, the definition of N1 implies that
P ci ∈ℳ for each i. Of course, we have P c1 ⊇ P c2 ⊇ ..., hence P c =

∩∞
i=1 P

c
i ∈

ℳ, because ℳ is a monotone class. This means that P ∈ N1. Similarly
one proves that if Pi ∈ N1 with P1 ⊇ P2 ⊇ ..., then

∩∞
i=1 Pi ∈ N1. Thus N1

is a monotone class with ℰ ⊆ N1 ⊆ ℳ, hence N1 = ℳ. This implies that
(a) holds.

We will verify (b) in two steps. Let

N2 = {P ∈ℳ : P ∩Q ∈ℳ for all Q ∈ ℰ}.

Then we see that ℰ ⊆ N2 ⊆ℳ and as above one easily shows that N2 is a
monotone class, thus N2 =ℳ. Finally we set

N3 = {P ∈ℳ : P ∩Q ∈ℳ for all q ∈ℳ}.

Then since N2 = ℳ we have ℰ ⊆ N3 ⊆ ℳ, and again one easily verifies
that N3 is a monotone class, thus N3 =ℳ and (b) holds.

8.2 Product Measures and Fubini’s Theorem

If E ∈ A× ℬ and x ∈ X, then we define the x-section of E by

Ex = {y ∈ Y : (x, y) ∈ E}.

Similarly for y ∈ Y we set

Ey = {x ∈ X : (x, y) ∈ E}.

Lemma 8.3. If E ∈ A× ℬ, then for all x ∈ X and all y ∈ Y we have

Ex ∈ ℬ and Ey ∈ A.

Proof. Let Ω be the collection of all E ∈ A × ℬ such that Ex ∈ ℬ for each
x ∈ X. We will show that Ω is a �-algebra which contains all the measurable
rectangles, hence Ω = A× ℬ.
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Clearly, if A ∈ A, B ∈ ℬ, then (A × B)x = B ∈ ℬ if x ∈ A and
(A × B)x = ∅ ∈ ℬ if x /∈ A. Hence A × B ∈ Ω. Thus in particular
X×Y ∈ Ω. Next we show that if E ∈ Ω, then Ec ∈ Ω. If E ∈ Ω and x ∈ X,
then Ex ∈ ℬ and

(Ec)x = {y ∈ Y : (x, y) ∈ Ec}
= {y ∈ Y : (x, y) /∈ E}
= {y ∈ Y : y /∈ Ex} = (Ex)c ∈ ℬ.

Finally, if E1, E2, ... ∈ Ω, then E1,x, E2,x, ... ∈ ℬ and hence
∪∞
i=1Ei,x ∈ ℬ for

all x ∈ X. One checks that (
∪∞
i=1Ei)x =

∪∞
i=1Ei,x. Thus Ω is a �-algebra

containing all measurable rectangles, hence Ω = A× ℬ.
Similarly, if E ∈ A× ℬ, y ∈ Y , then Ey ∈ A.

We will consider measurable functions f : X×Y → Z, where Z = [0,∞]
or Z = ℂ. Because we are now dealing with three �-algebras, we will indicate
which of these �-algebras the word measurable refers to.

One can constructA×ℬ-measurable functions fromA- and/or ℬ-measurable
functions as follows: If u : X → Z is A-measurable, then f(x, y) = u(x) for
all (x, y) ∈ X × Y defines an A×ℬ-measurable function. Indeed, if W ⊆ Z
is open, then f−1(W ) = u−1(W ) × Y is a measurable rectangle in A × ℬ.
It follows that g(x, y) =

∑n
i=1 ui(x)vi(y) is A × ℬ-measurable, whenever

u1, ..., un are A-measurable and v1, ..., vn are ℬ-measurable.
For the following theorems we will be interested in the opposite process,

i.e. we will start with an A × ℬ-measurable function and we will see that
the x- and y-sections are measurable.

If f : X × Y → Z, then for all x ∈ X we define a function fx : Y → Z
by fx(y) = f(x, y), y ∈ Y . Similarly, for y ∈ Y we set fy : X → Z, fy(x) =
f(x, y).

Lemma 8.4. Let Z = [0,∞] or Z = ℂ. If f : X × Y → Z is A × ℬ-
measurable, then for all x ∈ X and all y ∈ Y we have fx is a ℬ-measurable
function on Y and fy is an A-measurable function on X.

Proof. Let E ∈ A×ℬ and f = �E . For x ∈ X we have fx(y) = 1 if and only
if (x, y) ∈ E, hence fx = �Ex , and this is ℬ-measurable by Lemma 8.3. It
follows that fx is ℬ-measurable, whenever f is an A×ℬ-measurable simple
function on X × Y . If f : X × Y → [0,∞] is an A×ℬ-measurable function,
then f(x, y) is the pointwise limit of a nondecreasing sequence sn(x, y) of
nonnegative measurable simple functions. Hence fx(y) = limn→∞ sn,x(y)
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is a pointwise limit of ℬ-measurable functions. It follows that such fx is
ℬ-measurable.

Finally, if f : X × Y → ℂ is A × ℬ-measurable, then f = f+1 − f
−
1 +

i(f+2 − f
−
2 ), where f±j are A × ℬ-measurable and nonnegative for j = 1, 2.

Hence f±j,x are ℬ-measurable, and so is fx = f+1,x − f
−
1,x + i(f+2,x − f

−
2,x). The

proof that fy is A-measurable is exactly the same.

Theorem 8.5. Let (X,A, �) and (Y,ℬ, �) be �-finite measure spaces.
(a) Let E ∈ A× ℬ. Define

' : X → [0,∞],  : Y → [0,∞]

by '(x) = �(Ex) and  (y) = �(Ey), x ∈ X, y ∈ Y .
Then ' is A-measurable,  is ℬ-measurable, and∫

X
'd� =

∫
Y
 d�.

(b) If f : X × Y → [0,∞] is A× ℬ measurable, if

'(x) =

∫
Y
fxd� and  (y) =

∫
X
fyd�,

then ' is A-measurable,  is ℬ-measurable, and∫
X
'd� =

∫
Y
 d�.

Of course, (a) is just the special case of (b) where f = �E . (b) is a
version of Tonelli’s Theorem.

It follows from Lemma 8.4 that fx is ℬ-measurable for all x ∈ X. Hence
'(x) =

∫
Y fxd� is well-defined, and

'(x) =

∫
Y
f(x, y)d�(y).

Thus ∫
X
'(x)d�(x) =

∫
X

(∫
Y
f(x, y)d�(y)

)
d�(x).

Hence we see that the conclusion of the theorem is that two iterated integrals
coincide ∫

X

(∫
Y
fd�

)
d� =

∫
Y

(∫
X
fd�

)
d�

for every nonnegative A× ℬ-measurable function f .
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Proof. We will first prove (a) and (b) when � and � are finite measures, and
then we will use the same trick that we used in the proof of the Lebesgue-
Radon-Nikodym Theorem to extend the theorem to the �-finite case.

Thus suppose that � and � are finite measures and let ℳ be the col-
lection of sets in A× ℬ such that all conclusions of part (a) of the theorem
hold. We will show that ℰ ⊆ℳ and that ℳ is a monotone class, hence by
the Monotone Class Theorem it will follow that ℳ = A× ℬ.

If E = A× B for some A ∈ A and B ∈ ℬ, then one checks that '(x) =
�A(x)�(B) and this is A-measurable. Similarly,  (y) = �B(y)�(A) is ℬ-
measurable and

∫
X 'd� = �(A)�(B) =

∫
Y  d�. Hence E = A×B ∈ℳ.

Next if E =
∪n
i=1Ei is a finite union of mutually disjoint measurable

rectangles Ei, then Ex =
∪n
i=1Ei,x is a finite union of mutually disjoint sets

Ei,x ∈ ℬ. Hence

'(x) = �(Ex) =
n∑
i=1

�(Ei,x) =
n∑
i=1

'i(x),

where each 'i(x) = �(Ei,x) is A-measurable since Ei is a measurable rect-
angle. Thus ' is A-measurable and∫

X
'd� =

n∑
i=1

∫
X
'id�.

Similarly,  is ℬ-measurable and∫
Y
 d� =

n∑
i=1

∫
Y
 id�,

where  i(y) = �(Eyi ). Since we already showed that the theorem holds for
the measurable rectangles Ei, we know that for each i we have

∫
X 'id� =∫

Y  id�, and hence we conclude that
∫
X 'd� =

∫
Y  d�. Thus ℰ ⊆ℳ.

Next we show that ℳ is a monotone class. Let

P1 ⊆ P2 ⊆ ..., Pi ∈ℳ for all i = 1, 2, ...

We must show that P =
∪∞
i=1 Pi ∈ℳ.

For x ∈ X and y ∈ Y we set '(x) = �(Px) and  (y) = �(P y). The hy-
pothesis on the Pi implies that for each x ∈ X we have P1,x ⊆ P2,x ⊆ ... and
hence {'i(x)}i = {�(Pi,x)}i forms a nondecreasing sequence of functions.
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Since Pi ∈ ℳ we also have that each 'i is A-measurable. The continuity
property of the measure � implies that

lim
i→∞

'i(x) = lim
i→∞

�(Pi,x) = �(
∞∪
i=1

Pi,x) = �((
∞∪
i=1

Pi)x) = '(x).

Thus ' is A-measurable. Similarly

 (y) = lim
i→∞

 i(y),  i(y) = �(P yi )

is ℬ-measurable. Since Pi ∈ℳ we have
∫
X 'id� =

∫
Y  id� for each i, hence

the Monotone Convergence Theorem implies∫
X
'd� = lim

i→∞

∫
X
'id� = lim

i→∞

∫
Y
 id� =

∫
Y
 d�.

This shows that P ∈ℳ.
If P1 ⊇ P2 ⊇ ..., Pi ∈ ℳ for all i = 1, 2, ..., then we can use almost

the same argument to show that P =
∩∞
i=1 Pi ∈ ℳ. The difference is that

we have nonincreasing sequences 'i and  i. Thus at the very end we use
the Dominated Convergence Theorem instead of the Monotone Convergence
Theorem. That is where we use that � and � are finite measures. This
concludes the proof of (a) in the case when � and � are finite measures.

Next we will verify (b) for finite measures. Linearity implies that (b)
holds for all A × ℬ-measurable nonnegative simple functions. The gen-
eral case follows, because the nondecreasing limit of measurable functions
is measurable and we can write any nonnegative measurable function as a
pointwise limit of a nondecreasing sequence of measurable simple functions
and then use the Monotone Convergence Theorem.

Finally we will prove the theorem for �-finite measures � and �. By
Lemma 7.14 there are functions w ∈ L1(�), v ∈ L1(�) such that 0 <
w(x), v(y) ≤ 1 for all x, y. Then d�1 = wd� and d�1 = vd� define finite
measures.

If f : A× ℬ → [0,∞] is A× ℬ measurable, then

g(x, y) =
f(x, y)

w(x)v(y)

is A× ℬ-measurable, and

'(x) =

∫
Y
f(x, y)d�(y) = w(x)

∫
Y
g(x, y)d�1(y)
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is A measurable since �1 is a finite measure. It also follows that∫
X
'(x)d�(x) =

∫
X

(∫
Y
g(x, y)d�1(y)

)
d�1(x).

By symmetry we obtain that  is ℬ-measurable and∫
Y
 (y)d�(y) =

∫
Y

(∫
X
g(x, y)d�1(x)

)
d�1(y).

Hence the theorem follows from the case of finite measures.

Definition 8.6. Let (X,A, �) and (Y,ℬ, �) be �-finite measure spaces. For
E ∈ A× ℬ define

(�× �)(E) =

∫
X
'd� =

∫
Y
 d�,

where '(x) = �(Ex) and  (y) = �(Ey) as in the previous theorem.

One easily verifies that this defines a positive measure on A×ℬ. In fact,
it is trivial that �×�(∅) = 0 and the countable additivity follows from part
(b) of the previous theorem and the Beppo Levi Theorem. Note also that
�× � is a �-finite measure and that

(�× �)(A×B) = �(A)�(B)

for all A ∈ A and B ∈ ℬ.

Theorem 8.7 (Fubini-Tonelli Theorem). Let (X,A, �) and (Y,ℬ, �) be �-
finite measure spaces, and let f be an A×ℬ-measurable function on X×Y .

(a) If 0 ≤ f ≤ ∞, then∫
X

(∫
Y
fd�

)
d� =

∫
X×Y

fd(�× �) =

∫
Y

(∫
X
fd�

)
d�. (8.2)

(b) If f is complex-valued and if∫
X

(∫
Y
∣f ∣d�

)
d� <∞,

then f ∈ L1(�× �).
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(c) If f ∈ L1(�× �), then fx ∈ L1(�) for [�]a.e. x ∈ X, fy ∈ L1(�) for
[�] a.e. y ∈ Y . Thus the functions '(x) =

∫
Y fxd� and  (y) =

∫
X f

yd� are
defined a.e.. They satisfy ' ∈ L1(�) and  ∈ L1(�) and∫

X
'd� =

∫
X×Y

fd(�× �) =

∫
Y
 d�,

i.e. (8.2) holds.

Thus the order of integration may be reversed for A × ℬ measurable
functions f whenever f ≥ 0 (by (a)) and also whenever one of the iterated
integrals for ∣f ∣ is finite (by (b) and (c)).

Proof. (a) In Theorem 8.5 (b) we already proved the equality of the terms on
the left and on the right in equation (8.2). That the term in the middle also
equals the other two follows from the definition of �× � and the Monotone
Convergence Theorem just as (b) followed from (a) in Theorem 8.5.

(b) follows immediately from (a).
(c) It is enough to verify this for real-valued functions f ∈ L1(�× �). If

f is real-valued, then (a) applies to f+ and f−. Let '1 and '2 correspond
to f+ and f− as ' corresponds to f . f ∈ L1(� × �) and f+ ≤ ∣f ∣ implies
'1 ∈ L1(�) by (a). Thus '1(x) < ∞ for a.e. x [�]. Similarly, '2 ∈ L1(�)
and '2(x) <∞ a.e. The identities fx = f+x − f−x and ∣fx∣ = f+x + f−x imply
that '(x) = '1(x) − '2(x) and fx ∈ L1(�), whenever both '1(x) < ∞
and '2(x) <∞ which happens a.e. [�]. Equation (8.2) holds for f+ and f−

hence it holds for f . The remainder of the statement follows analogously.

Example 8.8. Let f(x, y) = x2−y2
(x2+y2)2

if (x, y) ∕= (0, 0) and f(0, 0) = 0,

then f is Borel measurable on ℝ2 (verify). We want to integrate f over
[0, 1]× [0, 1] with respect to Lebesgue measure. Note that for x ∕= 0 we have

'(x) =

∫ 1

0
f(x, y)dy =

∫ 1

0

1

x2 + y2
− 2y2

(x2 + y2)2
dy

=

∫ 1

0

1

x2 + y2
dy +

∫ 1

0
y
d

dy
(x2 + y2)−1dy

=

∫ 1

0

1

x2 + y2
dy + [y

1

x2 + y2
]y=1
y=0 −

∫ 1

0

1

x2 + y2
dy

=
1

1 + x2
.
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Hence
∫ 1
0 '(x)dx = �

4 . On the other hand since f(x, y) = −f(y, x) it is clear
that reversing the order of integration should yield −�

4 .
This does not contradict Fubini’s Theorem since one can show that∫ 1

0

∫ 1

0
∣f(x, y)∣dydx =∞.

Example 8.9. Let X = Y = [0, 1], � = Lebesgue measure on X, � = count-
ing measure on Y , and f(x, y) = 1 if x = y and f(x, y) = 0 otherwise. Then
 (y) =

∫
X f(x, y)d�(x) = 0 for all y ∈ Y and '(x) =

∫
Y f(x, y)d�(y) = 1

for all x ∈ X. Thus∫
Y

(∫
X
fd�

)
d� = 0 ∕= 1 =

∫
X

(∫
Y
fd�

)
d�.

This does not contradict Fubini’s theorem since � is not a �-finite measure.

If one of the measures is counting measure on a countable set, then the
Fubini-Tonelli Theorem reduces to the Beppo Levi Theorem and we don’t
need to assume that the second measure is �-finite.

We also remark that it is possible to construct examples of two measures
and a function f such that the two iterated integrals exist and don’t equal
one another, because f is not jointly measurable (i.e. measurable with
respect to the product �-algebra).

8.3 Completion of product measure spaces and
Lebesgue measure on ℝn

Even if (X,A, �) and (Y,ℬ, �) are complete measures, it may happen that
(X×Y,A×ℬ, �×�) is not complete. For example, let (X,A, �) = (Y,ℬ, �) =
([0, 1],ℒ1,m1) be Lebesgue measure on [0, 1]. Then E = [0, 1] × {0} is a
measurable rectangle with (m1 ×m1)(E) = m1([0, 1])m1({0}) = 0. Now let
G ⊆ [0, 1] be a non-Lebesgue-measurable set. Then F = G × {0} ⊆ E is a
subset of a set of measure 0, yet F /∈ ℒ1 × ℒ1, because if it were, then by
Lemma 8.3 G = F 0 ∈ ℒ1.

One can extend Fubini’s Theorem to the completion of product measures.
We omit the details, but mention that one needs to be a little careful. Indeed,
if (A× ℬ)∗ denotes the completion of A× ℬ with respect to some measure
�× �, then one wants to prove a version of Fubini’s Theorem for (A×ℬ)∗-
measurable functions f . The key observation is that there is an A × ℬ-
measurable function g that agrees with f a.e. [�× �].
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By an inductive process one can easily extend the definition of prod-
uct measures and Fubini’s theorem to the product of n measures. The
completion of (ℝn,ℒ1 × ... × ℒ1,m1 × ... × m1) is called n-dimensional
Lebesgue measure and is denoted by (ℝn,ℒn,mn). Thus, if a, b ∈ ℝn, say
a = (a1, ..., an), b = (b1, ..., bn) with ai < bi for all i = 1, ..., n, if

[a, b] = {(x1, ..., xn) ∈ ℝn : ai ≤ xi ≤ bi for all i = 1, ..., n},

then mn([a, b]) =
∏n
i=1(bi − ai), i.e. the Lebesgue measure of an n-box is

the product of the sidelengths.
Recall that ℬ(ℝn) denotes the �-algebra of Borel measurable sets. We

already mentioned that ℬ(ℝn+k) = ℬ(ℝn) × ℬ(ℝk), thus ℬ(ℝn) ⊆ ℒ1 ×
... × ℒ1 ⊆ ℒn. Hence all Borel measurable functions on ℝn are Lebesgue
measurable.

In Chapter 4 we mentioned that any positive measure on the Borel sets
of ℝn which is finite on the compact sets is automatically regular. Since
every compact subset of ℝn is a subset of an n box, this applies to mn. In
fact, as for n = 1 one can prove that for every E ∈ ℒn, there is an F�-set
F ⊆ E and a G�-set G ⊇ E with mn(G ∖ F ) = 0. Thus mn is a Radon
measure on the Borel sets.

For further properties of mn we refer to Rudin’s textbook.

8.4 Convolutions

Theorem 8.10. Let f, g ∈ L1(ℝ). Then∫ ∞
−∞
∣f(x− y)g(y)∣dy <∞ for a.e. x ∈ ℝ

and

ℎ(x) =

∫ ∞
−∞

f(x− y)g(y)dy ∈ L1(ℝ)

with ∥ℎ∥L1 ≤ ∥f∥L1∥g∥L1

The function ℎ is called the convolution of f and g, one writes ℎ = f ∗ g.
Note that in general f, g ∈ L1(ℝ) implies fg ∈ L2(ℝ), but one cannot
conclude that fg ∈ L1(ℝ).

Proof. There exist Borel measurable functions f0 and g0 such that f0(x) =
f(x) and g0(x) = g(x) a.e.. The integrals in the theorem are unaffected for
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every x ∈ ℝ, if we replace f, g with f0, g0. Thus we will assume that both
f and g are Borel measurable. Set '(x, y) = x− y and  (x, y) = y, then '
and  are Borel measurable on ℝ2, hence

K(x, y) = f('(x, y))g( (y) = f(x− y)g(y)

is Borel measurable ℝ2 → ℂ. Hence K is ℒ1 × ℒ1-measurable and thus∫∞
−∞ ∣K(x, y)∣dy is ℒ1-measurable and∫ ∞

−∞

∫ ∞
−∞
∣K(x, y)∣dydx =

∫ ∞
−∞

∫ ∞
−∞
∣K(x, y)∣dxdy.

Thus by Tonelli’s Theorem∫ ∞
−∞

(∫ ∞
−∞
∣f(x− y)g(y)∣dy

)
dx =

∫ ∞
−∞
∣g(y)∣

∫ ∞
−∞
∣f(x− y)∣dxdy

=

∫ ∞
−∞
∣g(y)∣∥f∥L1dy

= ∥f∥L1∥g∥L1 <∞.

Note that
∫∞
−∞ ∣f(x−y)∣dx = ∥f∥L1 by the translation invariance of Lebesgue

measure. Thus K ∈ L1(ℝ2) and we conclude
∫∞
−∞ ∣f(x − y)g(y)∣dy < ∞

for a.e. x ∈ ℝ. For each x ∈ ℝ where the previous expression is finite
ℎ(x) is well defined and by Fubini’s theorem ℎ is measurable and satisfies
∥ℎ∥L1 ≤ ∥f∥L1∥g∥L1 .

It is easy to see that f∗g = g∗f . Furthermore, if 1 ≤ p ≤ ∞ if f ∈ L1(ℝ),
g ∈ Lp(ℝ)), then it turns out that f ∗ g ∈ Lp(ℝ) and ∥f ∗ g∥p ≤ ∥f∥1∥g∥p.
In fact, for p =∞ a stronger conclusion is true.

Theorem 8.11. If f ∈ L1(ℝ), g ∈ L∞(ℝ), then f ∗ g is bounded and
continuous.

Proof. The measurability of all expressions follows as in the proof of Theo-
rem 8.10. We have∫ ∞

−∞
∣f(x− y)g(y)∣dy ≤ ∥g∥∞

∫ ∞
−∞
∣f(x− y)∣dy = ∥g∥∞∥f∥1.

This implies ℎ(x) =
∫∞
−∞ f(x− y)g(y)dy is defined for all x ∈ ℝ and

∣ℎ(x+ t)− ℎ(x)∣ ≤
∫ ∞
−∞
∣(f(x+ t− y)− f(x− y))g(y)∣dy ≤ ∥g∥∞∥ft − f∥1

where we have written ft(x) = f(x + t). Thus the continuity of ℎ follows
from Exercise 5.11.
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8.5 Exercises

1. Show that ℬ(ℝn+k) = ℬ(ℝn)× ℬ(ℝk).

2. Let (X,A, �) and (y,ℬ, �) be �-finite measure spaces. Suppose that � is
a positive measure on A×ℬ such that �(A×B) = �(A)�(B) for all A ∈ A
and B ∈ ℬ. Show that � = �× � on A× ℬ.

3. Show that Lebesgue measure on ℝn is translation invariant, i.e. if E ∈ ℒn
and if x ∈ ℝn, then E + x ∈ ℒn and mn(E + x) = mn(E).

4. Let 1 ≤ p <∞, let f ∈ L1(ℝ), g ∈ Lp(ℝ)). Show that f ∗ g ∈ Lp(ℝ) and
∥f ∗ g∥p ≤ ∥f∥1∥g∥p.

5. Let f, g be non-negative real measurable functions on [0,∞). Let 1 <

p ≤ 2 and q = p
p−1 . If g ∈ Lp([0,∞),m1) and

∫∞
0 f(t)t

1
q
−1
dt < ∞, show

that ∫ ∞
0

∫ x

0

g(x)

x
f(t)dtdx ≤ ∥g∥p(q − 1)

− 1
q

∫ ∞
0

f(t)t
1
q
−1
dt.

6. Use Fubini’s Theorem and the relation

1

x
=

∫ ∞
0

e−xtdt

to prove that

lim
M→∞

∫ M

0

sinx

x
dx =

�

2
.

Similarly show that ∫ ∞
0

e−x

x
sinxdx =

�

4
.

7. A function F : ℝ → ℂ is said to be in L1
loc(ℝ), if F is Lebesgue-

measurable and
∫
K ∣F (t)∣dt <∞ for every compact set K ⊆ ℝ.

Let � be a finite Borel measure on ℝ, g ∈ L2(�), f ∈ L2(ℝ). Show that∫
ℝ
∣g(x)f(t− x)∣d�(x) <∞ for a.e. t [m1],

and that

F (t) =

∫
ℝ
g(x)f(t− x)d�(x)
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is well-defined a.e. with F ∈ L1
loc(ℝ).

8. Let � be a �-finite measure on (X,A) and let f : X → [0,∞] be measur-
able. Show that ∫

X
fd� =

∫ ∞
0

�({x ∈ X : f(x) > t})dt.


