
Math 545, HW # 2

due 9-2-11

3. (a) Prove that the irrational numbers ℝ ∖ℚ form a G�-set in ℝ.
(b) Prove that the rational numbers ℚ do not form a G�-set in ℝ.
Hint: You may use without proof the following consequence of the Baire

category theorem: The intersection of a collection of countably many dense
open subsets of ℝ is dense in ℝ.

4. Prove that measures are subadditive. More precisely, let (X,ℳ, �) be
a measure space, and let {An}n∈ℕ ⊆ℳ, then

�(
∞∪
n=1

An) ≤
∞∑
n=1

�(An).

5. Let � be a measure on the Borel subsets of ℝ such that �(K) <∞ for
every compact set K ⊆ ℝ. Define a function F : ℝ→ ℝ by F (x) = �((0, x])
if x > 0, F (0) = 0, and F (x) = −�((x, 0]) if x < 0.

(a) Show that for all a, b ∈ ℝ, a < b one has �((a, b]) = F (b)− F (a).
(b) Show that F is nondecreasing and continuous from the right at each

b ∈ ℝ.
(c) Let x0 ∈ ℝ. Show that �({x0}) ∕= 0 if and only if F is discontinuous

at x0. In fact, show that �({x0}) equals the size of the ”jump” that F has
at x0. You need to define what is meant by ”size of the jump”.

If �({x0}) ∕= 0, then we say that � has a point mass at x0.

6. Let X be an uncountable set. For E ⊆ P(X ) set �∗(E) = 0 if E is
finite or countably infinite and �∗(E) = 1 if E uncountable. Show that �∗

is an outer measure and determine the �∗-measurable sets (with proof).
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