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Abstract. We develop a hierarchical approach for pattern discovery inmany-body stochastic systems, motivated
by challenges in guiding engineering tasks for nanopatternformation in heteroepitaxial processes. Patterns in such
systems have rich morphologies at mesoscales that change dramatically as control parameters vary; typically they form
as a result of microscopic particle dynamics in a complex energy landscape, in the presence of stochastic fluctuations.

Studying pattern formation mechanisms as functions of the control parameters of the system poses a significant
computational challenge which is currently intractable with conventional Kinetic Monte Carlo (kMC) methods. We
present hierarchical strategies towards thissystems’ taskgoal by combining mesoscopic PDE and Coarse-Grained
Monte Carlo (CGMC) approximations of kMC algorithms that wehave developed in our earlier work. More pre-
cisely, (i) we employ deterministic mesoscopic PDE as meansto obtain an approximate (and in principle rather crude)
phase diagram of the system; subsequently, (ii) we employ adaptive CGMC at selected regions of the approximate
phase diagram in order to refine it by including interactionsand fluctuations properly. Our adaptivity framework al-
lows us to obtain accurate and near-optimal coarse-grainings for each parameter regime, ensuring proper “knowledge
representation”– in the information theory sense – of the complex system for the desired observables, e.g., spatial
correlations, power spectra or scaling laws. In turn such tools can be also used in model reduction and control of the
underlying complex systems.

1. Introduction. The recent quest for forming periodic arrays of metal clusters and quantum dots of a material
on crystal surfaces of a different metal or semiconductor, i.e., heteroepitaxy, has motivated the development of models
that can ultimately aid with the design and control of nanotechnology-related processes. To achieve these goals we
focus on developing models and simulation techniques basedon kinetic Monte Carlo (kMC) that correctly capture a
rich variety of experimentally observed pattern shapes, sizes, orientations and densities. These observables depend
on a number of experimentally controllable factors such as temperature, film thickness and material properties ([17]).
While phenomenological, equilibrium free-energy-based models ([4, 15]) can predict the most energetically stable
patterns at zero temperature incorporating correctly the microscopic physics, entropic effects and thermal fluctuations
is essential for predicting nucleation and growth of nanopatterns. Simulation at large spatio-temporal scales, let alone
generation of phase diagrams and detection of metastable patterns is limited in simulations by large separation of
lengths (1 nm–0.1µm) and temporal scales (1 ps–1 min). In the last few years we have been developing a bottom-up
hierarchy of coarse-grained approximations that leads to aclass of efficient Monte Carlo simulations (CGMC), that
allows us to simulate at large spatio-temporal scales wheremorphological features are observed, and are determined
by the interplay between thermal fluctuations and molecularinteractions. We refer to the review articles [2, 14].
However, in order to obtain consistent and accurate predictions of phase diagrams from the CGMC models, the level
of coarse-graining has to be linked to a reliable error estimation.

2. Coarse-graining in pattern formation problems.. In spite of the tremendous speed-up and significant im-
provements of the CGMC algorithms, it is still computationally costly to use the CGMC method forsystems’ tasks,
such as generating a phase diagram for complex systems and nano-structure control (e.g., a simulation study depicted
in Fig. 4.2 takes about a day to perform). To overcome this computational challenge, the authors proposed in the recent
work [3] a systematic top-down modeling approach in order toefficiently study pattern formation by using the hier-
archy of our previously developed coarse-grained models, [13], combining mesoscopic equations and CGMC: a first
(less accurate) approximation of the phase diagram of nanopatterns is generated via linear and nonlinear analysis of
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mesoscopic equations, Fig. 4.1; “educated” CGMC simulations, which include thermal fluctuations, are subsequently
performed at selected regions of the phase diagram to refine it and provide additional information, such as the nanopar-
ticle size, shape, and spacing distributions. This top-down approach is feasible because the coarse-grained models are
derived from the same kMC model, and describe the same essential physics at different levels of CG.

On the other hand in [10] we developed, for the first time in theliterature, an automatic (on-the-fly) CG/refinement
method that recovers accurately phase-diagrams for systems with competing complex interactions, by employing a
posteriori error estimates for the loss of information during CG: the estimates allow us tochange adaptivelythe
CG level within the CG hierarchy, once suitably large or small errors are detected, and dramatically speed up the
calculations of phase diagrams, see Fig. 3.1.

These two recent results on performing certain systems tasks using CGMC and mesoscopic PDE form the basis
of our proposed approach forpattern discoveryin complex stochastic systems:
(i) we employ deterministic mesoscopic PDE as means to obtain an approximate, and in principle rather crude, phase
diagram of the system;
(ii) subsequently, we use Adaptive CGMC (AdCGMC) simulations at selected regions of the approximate phase
diagram in order to refine it by including properly coarse-grained interactions and fluctuations.

Our adaptivity framework allows us to obtain accurate and near-optimal coarse-grainings for each parameter
regime, ensuring proper “knowledge representation” – in the information theory sense – of the complex system for
the desired observables, e.g., spatial correlations, power spectra or scaling laws. In turn such tools can be also used in
model reduction and control of the underlying complex systems.

2.1. Coarse-grained Hamiltonians and error estimates.Interactions in particle systems modelling the het-
eroepitaxial growth are described by the microscopic HamiltonianH(σ) that defines total interaction energy of the
system associated with the configurationσ. The simplest models are formulated in terms of Ising-type spin variables
σ(x) ∈ {0, 1} which describes whether a particle is present at the sitex ∈ ΛN of the latticeΛN with N sites. For
the sake of simplicity we demonstrate the ideas based on real-space coarse-graining, i.e., by defining coarse-variables
(observables) derived from coarsening the original microscopic lattice (i.e., defining the block-spin variablesη(k) on
a coarser latticeΛM ). In our earlier work (e.g., [7, 11, 13]) we derived the coarse-grained Hamiltonian

H̄(0)(η) = −1

2

∑

l∈Λ̄M

∑

k 6=l , k∈Λ̄M

J̄(k, l)η(k)η(l) −

1

2
J̄(0, 0)

∑

l∈Λ̄M

η(l)(η(l) − 1) +
∑

k∈Λ̄M

h̄η(k) . (2.1)

where the two-body CG potential̄J is defined by the local average or equivalently as an interaction between two
block-spins

J̄(k, l) =
1

q2

∑

x∈Dk

∑

y∈Dl

J(|x − y|) and

J̄(k, k) =
1

q(q − 1)

∑

x∈Dk

∑

y∈Dk

J(|x − y|) . (2.2)

In [11] our goal was to develop more accurate coarse-graining schemes than those proposed in [7, 13], and
quantify their effectiveness in terms of a priori and a posteriori error analysis. The work [11] can also be viewed as a
blueprint for tackling more complex problems described in the subsequent sections.

The principle idea is motivated by the renormalization group map, [5, 6]

e−βH̄M (η) =

∫

e−βHN (σ)PN (dσ|η) , (2.3)

whereH̄M (η) is, by definition, theexactly coarse-grainedHamiltonian andPN (dσ|η) is the conditional probability
(with respect to the prior distributionPN ) of having a microscopic configurationσ given a CG configurationη. Fur-
thermore, we denote the coarse-graining operatorη = Tσ =

∑

x∈Dk
σ(x). Note that, due to the high-dimensional
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integration,H̄M (η) cannot be calculated explicitly and used in numerical simulations. Our approach is to approximate
it by viewing it as a perturbation of̄H(0) in (2.1). Using this first approximation we have

H̄M (η) = H̄
(0)
M (η) −

1

β
log

∫

e−β(HN (σ)−H̄
(0)

M
(η))PN (dσ|η) . (2.4)

The fact that the conditional probabilityPN (dσ|η) factorizes at the level of the coarse cells allows us to usecluster

expansiontechniques to write a series expansion forH̄M (η) aroundH̄(0)
M

H̄M (η) = H̄
(0)
M (η) + H̄

(1)
M (η) · · · + H̄

(p)
M (η) + N O(ǫp+1) , (2.5)

uniformly in η; also recall that Hamiltonian scales linearly withN , hence theN ×O(ǫp+1) term. The small parameter
ǫ is given explicitly and encapsulates the dependence of the error on parameters such as temperature (β = 1/kT ),
regularity and range of the inter-particle potential, and the level of coarse-graining (the size of the block spins), [14].

While (2.5) gives error bounds at the level of the Hamiltonian, it is important to have error bounds for the corre-
sponding canonical Gibbs measure, since the latter determines the most probable statesη at equilibrium. Truncating
the expansion we obtained the following Gibbs measures

µ̄
(p)
M,β(dη) =

1

Z̄
(p)
M

e−β(H̄
(0)

M
(η)+...+H̄

(p)

M
(η))P̄M (dη) .

At the level of Gibbs distributions coarse-graining can be also viewed as an information compression and therefore it
is natural to measure errors in this context in terms of the relative entropy which quantifies the information loss. Recall
that for two probability distributionπ1 andπ2 defined on a common finite state spaceX , the relative entropy ofπ1

with respect toπ2 is defined as

R (π1 |π2) =
∑

σ∈X

π1(σ) log
π1(σ)

π2(σ)
.

Furthermore, since we are dealing with extended systems andcompressing local interactions, the errors will be exten-
sive quantities and it is thus natural to measure the error per unit volume, i.e., in terms of the relative entropy per unit
volume. Using (2.5), one can prove the following estimates for the loss of information during coarse-graining [11]

THEOREM 2.1. (Relative entropy error bounds)

1

N
R(µ̄

(0)
M,β |µN,β ◦ T

−1) = O(ǫ2) ,

1

N
R(µ̄

(p)
M,β |µN,β ◦ T

−1) = O(ǫp+2) ,

wherep = 1, . . . andǫ is given explicitly from the expansion of the Hamiltonian.

2.2. Coarse-graining schemes.The first scheme is based on the approximation that usesH
(0)
M and it has been

extensively studied in [7, 8, 9, 12]. The first result concerns the approximation of long-time behavior in the kMC
simulations that use the CG Hamiltonian̄H

(0)
M .

SCHEME 2.1 (2nd-order coarse-graining).The 2nd-order coarse-graining algorithm has the followingcharac-
teristics

1. Hamiltonian:H̄(0)
M , with inter-particle interactions defined by (2.2).

2. Gibbs measure:
µ̄

(0)
M,β(dη) = 1

Z̄
(0)

M

e−βH̄
(0)

M
(η)P̄M (dη).

3. Relative entropy error:
1
N R(µ̄

(0)
M,β |µN,β ◦ T

−1) = O(ǫ2).
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This scheme is second-order accurate.
The correction terms̄H(1)

M (η), H̄
(2)
M (η) etc. include multi-body interactions and are calculated explicitly in [11].

The termH̄
(0)
M (η) consists of only two-body interactions whereasH̄

(1)
M (η) includes a correction to the two-body

interactions and a new term that consists of three-body interactions. All detailed formulas for the CG interactions can
be found in [11].

As an example we define the improved CG scheme withp = 1.
SCHEME 2.2 (3rd-order accurate).Hamiltonian:H̄(0)

M + H̄
(1)
M , where the corrections are

H̄
(1,1)
M (η) =

∑

k<l

Λ
(1)
2 (k, l; η(k), η(l)) +

∑

k

Λ
(1)
1 (k; η(k)) , (2.6)

and

H̄
(1,2)
M (η) =

∑

k 6=l

Λ
(2)
2 (k, l, k; η(k), η(l), η(k))

+
∑

k<l<m

Λ
(2)
3 (k, l, m; η(k), η(l), η(m)) . (2.7)

The approximation order of the scheme is given by the error estimate in terms of the specific relative entropy

R(µ̄
(2)
M,β |µN,β ◦ T

−1) = O(ǫ3) , (2.8)

2.3. Compression of multi-body interactions.The multi-body interactions such as the three-body term inH̄
(1)
M

of Scheme 2.2 can be computationally expensive due to the potentially large number of three-body terms. Hence it is
important to understand when the multi-body interactions are necessary in a CG scheme in order to achieve an error for
a given tolerance in (2.6). When multi-body corrections areindeed required, we study how they can be compressed via
suitable truncations. For example, the expression (2.6)and the explicit dependence ofǫ on properties of the interaction
potential suggest that in coarse-graining smooth long-range potentials the scheme with only two-body interactions is
an accurate approximation and does not require the computationally expensive multi-body interactions of Scheme 2.2.
On the other hand, for singular potentials we can make use of decay properties of the interactions and show that the
multi-body interactions can be compressed by truncating them to a given tolerance. see [1]. For example, truncations
of two- and three-body terms can be essentially restricted to the nearest neighbor triplets only, in all dimensions, due
to the decay properties of typical inter-particle potentials J . For example, we can truncate the correction termH̄

(1,2)
M

as

H̄
(1,2)
M (η) =

∑

k

Λ
(2)
2 (k, k + 1, k; η(k), η(k + 1), η(k))

+
∑

k

Λ
(2)
3 (k − 1, k.k + 1; η(k − 1), η(k), η(k + 1)) .

N = 1000, βJ0 = 6.0,
Process CPU (secs)
q=1 (no coarse-graining) 322192.06

q=8 (H(0) only) 5232.62
q=8c (no compression) 69473.09
q=8c (compression) 6900.72

TABLE 2.1
CPU cost comparisons of different CG algorithms for potentials with a singularity, citeAKPR. The casesq = 8c include higher order

corrections (i.e., multibody interactions) and they are treated with and without compression. The CPU time is for calculating the phase diagram
using the same number of samples. Note that in this simulation the caseq = 8 failed to approximate the true phase curve.
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Further strategies to decrease the computational cost of implementing the multi-body interactions are discussed in
[1]. We emphasize that the CG approximation may fail to capture the phenomena we want to observe in the simulation.
This is demonstrated in Fig 2.1 where we compare probabilitydistribution functions for the transition time between
two metastable states (low and high total coverage) in an Ising-type lattice model with a piece-wise constant interaction
potential. While the potential is long-range the CG scheme that usesH(0) only andq = 100 predicts a wrong mean
transition time. The higher order scheme gives a reasonableapproximation even in this case (q = 100c). Therefore it
is important to find a posteriori error indicators which willalert us that the CG simulation misses important features
of the full microscopic model. We discuss this aspect of our work in the next section.

FIG. 2.1. Probability density function (PDF): comparisons between different coarse-graining levelsq. The estimated mean times for each
PDF are shown in the legend.

3. A posteriori estimation and on-the-fly error estimation. The error estimate in Theorem 2.1, along with the
cluster expansion provide us with an explicit representation of the error in the coarse-grained numerical approximation.
For instance, in [11] we showed the following a posteriori error for Scheme 2.1
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FIG. 2.2. Systems tasks tools (outer box) are used in conjunction withhierarchical coarse-grained models (inner box) derived from kinetic
Monte Carlo models for studying pattern formation and ultimately a kinetic phase diagram. ([3])

THEOREM 3.1. (A posteriori error)1. Loss of information estimate:

1

N
R(µ̄

(0)
M,β |µN,β ◦ T

−1) =
1

N
E

µ̄
(0)

M,β

[R(η)] +

1

N
log

(

E
µ̄

(0)

M,β

[e−R(η)]

)

+ O(ǫ3) ,

where the residuum operator isR(η) = H̄
(1,1)
M (η) + H̄

(1,2)
M (η).

2. By formally expanding in the Taylor series we get the (practical) error indicator

err ∼ E
µ̄

(0)

M,β

[

R(η) − E
µ̄

(0)

M,β

R(η)
√

N

]2

. (3.1)

3. A posteriori estimates for a given observableφ(η):

Eφ(Tσ) − Eφ(η) ∼ Eφ(η)

[

1 − e−R(η)

Ee−R(η)

]

, (3.2)

Observables relevant to patterning:Typical target quantitiesthat we would like to eventually control depend only
on coarse observables, for example, (i) nanoparticle size, (ii) shape, (iii) spacing (or density of nanoparticles), and
(iv) spatial organization (e.g., the type of pattern, such as stripes, hexagons, squares, and the degree of perfection in an
array). Mathematically, the morphology of a patterned surface can be characterized by a spatial average of the 2-point
correlation function of the local coverageηt = Tσt

G(k, t) =
1

M2

∑

i∈ΛN

ηt(i)ηt(i + k) − E[ηt(i)]E[ηt(i + k)] .

Regular patterns are then more easily characterized by the spectral density function defined as the Fourier image
S ≡ Ĝ.

6



q=1

q=4

Levels of coarse−graining

q=2

q=8

q=1

exact n.n.+C−W

 0.6

 0.8

 1

−0.4 −0.2  0  0.2  0.4  0.6  0.8  1  1.2  1.4

m
ag

ne
tis

at
io

n 
<

|m
|>

short range interaction strength K

Magnetisation curve  L_short=1, L_long=32, J=0.5, beta=1.0, h=0.05

 0.2

 0

adaptive
CG q=4

microscopic q=1

 0.4

FIG. 3.1. Demonstration of computing a phase diagram for a system withcompeting short and long-range interactions using adaptive
CGMC. The figure compares the adaptive strategy (the levels of coarse-graining, i.e., the size of block-spins is noted inthe figure) with fully
resolved (microscopic) simulation (q = 1), with a fixed coarse-graining and with the exact solution which is available in this example. For more
details see [10]

In [10] we demonstrated the use of adaptive diagnostics and the ensuing adaptive coarse-grainings in the numerical
calculation of phase diagrams in systems with combined short and long-range interactions, see for instance Fig. 3.1.
We discuss further this perspective in the following section.

4. Hierarchical strategies for pattern discovery. To overcome the computational challenge, the authors pro-
posed in [3] a systematic top-down modeling approach in order to efficiently study pattern formation by using hierar-
chically our coarse-grained models (in particular, combination of mesoscopic equations and CGMC): a less accurate
phase diagram of nanopatterns is generated via linear and nonlinear analysis of mesoscopic equations, Fig. 2.2; “ed-
ucated” CGMC simulations, which include thermal fluctuations, are subsequently performed at selected regions of
the phase diagram to refine it and provide additional information, such as the nanoparticle size, shape, and spacing
distributions.

The approach was applied in [3] to simulating an ensemble ofNp atoms chemisorbed onNs lattice sites of a
(1 0 0) surface. Only one adsorbed atom per lattice site is allowed and thus the model can be simulated by Ising-type
spinsσ. An adatom can interact with another adatom via a short-range attractive and a long-range repulsive two-body
potential. The form of potentials was chosen to be a combination of two Gaussians

βJ(r) = βJ0(e
(r/ra)2 − χe(r/rr)2) .

The selected form of the potential has an explicit Fourier transform, which in turn enables derivation of explicit
formulas for the wavelength of emerging patterns and for theconditions leading to the onset of patterns providing
insights into the patterning process. The range of repulsion has been estimated using linear elasticity theory. The
model also includes microscopic surface diffusion with a diffusion transition rate

Γ =
1

4
Γme−βU(x)σ(x)(1 − σ(y)) .
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This process describes a random hop of an adatom at the sitex of the lattice to a vacant sitey. Arrhenius dynamics
is assumed for surface diffusion and the molecular potential U(x) is linked to the interaction potential byU(x) =
∑

y 6=x J(x − y)σ(y). In the CGMC simulationU is replaced by its coarse-grained approximationŪ that involves
J̄ . In the limit of -long-range interactions we can employ a mean-field approximation in which the site occupancy is
replaced by the local coveragec. The ensemble-averaged master equation yields the continuum mesoscopic equation
describing the evolution of the local coveragec

∂tc = −∇ · (e−βV (∇c − c(1 − c)∇V ) ,

whereV (x) =
∫

J(x − y)c(y) dy. This mesoscopic equation was derived and studied in [18]. In the present context
the mesoscopic equation is used to obtain a first approximation of the phase diagram. Due to the choice of the potential
J the linear stability and bifurcation analysis can be carried explicitly as the convolutionJ ∗ c can be handled in the
Fourier space, see [16]. Such analysis produces the phase diagram in Fig 4.1.

On the other hand we have developed for the first time in the literature, an automatic (on-the-fly) CG/refinement
method that recovers accurately phase-diagrams for systems with competing complex interactions, by employing a
posteriori error estimates for the loss of information during CG: the estimates allow us tochange adaptivelythe CG
level within in the CG hierarchy, once suitably large or small errors are detected, and dramatically speed up the
calculations of phase diagrams, [10]. In the cases presented in [10] it turned out that most of the phase diagram is
constructed using coarse levels and hence inexpensive CG simulations are used, while the relatively fewer regimes
where critical phenomena occur, require finer, or even fullyresolved simulations. The transitions from finer to coarser
scales and back are done on-the-fly, based on the a posteriorierror computation. The refinement or coarsening in [10]
was governed by the error indicator in (3.1), although this indicator does not easily relate to the absolute error of a given
observable (e.g.,local coverage, correlations, etc.). Inthe presented simulations in Fig. 3.1 a simple strategy has been
adopted: the change of the level of coarse-graining is controlled by the relative value of the indicator with respect to
its maximal value along the simulation path. For controlling error in observables such as the 2-point spatial correlation
function, which is a more appropriate choice for the patterning applications considered here, we can employ the new
estimator in (3.2).

These two recent studies on performing (certain) systems tasks using Adaptive CGMC and mesoscopic PDE form
the basis of our proposed approach forpattern discoveryin complex stochastic systems:

Step 1: First, we obtain a rather ”crude” phase diagram by employing deterministic mesoscopic PDE, e.g., [13, 3],
derived from the microscopic model under the assumption of amean-field approximation.
Step 2: Next, we perform Adaptive CGMC (AdCGMC) at selected regions of the phase diagram obtained in Step 1
in order to refine it and include fluctuations. A (near) optimal level of CG can be obtained for each parameter regime,
ensuring proper representation of the complex system on thedesired observables, e.g., spatial correlations, power
spectra, scaling laws, etc.

Single-level CGMC can provide inaccurate phase diagrams, e.g.,q = 4 in Fig. 3.1 (see also examples in [1]), espe-
cially in parameter regimes where we may have over-coarse-grained the typically unknown mesoscopic morphologies.
On the other hand, Adaptive CGMC is essentially amulti-levelalgorithm, at least as applied in the evaluation of phase
diagrams, exchanging information between scales in an error-controlled manner, as shown in (3.1); thus, through
the minimization of the a posteriori error our approach willyield a (near) optimal CGMC, providing reliable fast
simulators for pattern formation problems.
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