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Abstract. We develop a hierarchical approach for pattern discoveryamy-body stochastic systems, motivated
by challenges in guiding engineering tasks for nanopaftammation in heteroepitaxial processes. Patterns in such
systems have rich morphologies at mesoscales that chaag@tically as control parameters vary; typically they form
as a result of microscopic particle dynamics in a complexgnkandscape, in the presence of stochastic fluctuations.

Studying pattern formation mechanisms as functions of trrol parameters of the system poses a significant
computational challenge which is currently intractabléhwionventional Kinetic Monte Carlo (kMC) methods. We
present hierarchical strategies towards tystems’ taskjoal by combining mesoscopic PDE and Coarse-Grained
Monte Carlo (CGMC) approximations of kMC algorithms that vave developed in our earlier work. More pre-
cisely, (i) we employ deterministic mesoscopic PDE as mé&anbtain an approximate (and in principle rather crude)
phase diagram of the system; subsequently, (ii) we emplaptace CGMC at selected regions of the approximate
phase diagram in order to refine it by including interactiand fluctuations properly. Our adaptivity framework al-
lows us to obtain accurate and near-optimal coarse-gigsrfior each parameter regime, ensuring proper “knowledge
representation”— in the information theory sense — of theyglex system for the desired observables, e.g., spatial
correlations, power spectra or scaling laws. In turn sucistoan be also used in model reduction and control of the
underlying complex systems.

1. Introduction. The recent quest for forming periodic arrays of metal clisseend quantum dots of a material
on crystal surfaces of a different metal or semiconducter, heteroepitaxy, has motivated the development of nsodel
that can ultimately aid with the design and control of nanbt®logy-related processes. To achieve these goals we
focus on developing models and simulation techniques bassddhetic Monte Carlo (KMC) that correctly capture a
rich variety of experimentally observed pattern shapemssiorientations and densities. These observables depend
on a number of experimentally controllable factors sucteasperature, film thickness and material properties ([17]).
While phenomenological, equilibrium free-energy-basemteis ([4, 15]) can predict the most energetically stable
patterns at zero temperature incorporating correctly ti@aacopic physics, entropic effects and thermal flucturegi
is essential for predicting nucleation and growth of nanitgpas. Simulation at large spatio-temporal scales, mtal
generation of phase diagrams and detection of metastatikrmmis limited in simulations by large separation of
lengths (1 nm-0.Lm) and temporal scales (1 ps—1 min). In the last few years we baen developing a bottom-up
hierarchy of coarse-grained approximations that leadsdiass of efficient Monte Carlo simulations (CGMC), that
allows us to simulate at large spatio-temporal scales wimenghological features are observed, and are determined
by the interplay between thermal fluctuations and molecuiractions. We refer to the review articles [2, 14].
However, in order to obtain consistent and accurate priedistof phase diagrams from the CGMC models, the level
of coarse-graining has to be linked to a reliable error estiom.

2. Coarse-graining in pattern formation problems.. In spite of the tremendous speed-up and significant im-
provements of the CGMC algorithms, it is still computatitiyaostly to use the CGMC method faystems’ tasks
such as generating a phase diagram for complex systems anestracture control (e.g., a simulation study depicted
in Fig. 4.2 takes about a day to perform). To overcome thismaational challenge, the authors proposed in the recent
work [3] a systematic top-down modeling approach in ordegfiently study pattern formation by using the hier-
archy of our previously developed coarse-grained mod&8, fombining mesoscopic equations and CGMC: a first
(less accurate) approximation of the phase diagram of retteyps is generated via linear and nonlinear analysis of



mesoscopic equations, Fig. 4.1; “educated” CGMC simutatiovhich include thermal fluctuations, are subsequently
performed at selected regions of the phase diagram to réfineliprovide additional information, such as the nanopar-
ticle size, shape, and spacing distributions. This toprdapproach is feasible because the coarse-grained models ar
derived from the same kMC model, and describe the same edggmysics at different levels of CG.

On the other hand in [10] we developed, for the first time inliteeature, an automatic (on-the-fly) CG/refinement
method that recovers accurately phase-diagrams for sgstéth competing complex interactions, by employing a
posteriori error estimates for the loss of information dariCG: the estimates allow us thange adaptivelyhe
CG level within the CG hierarchy, once suitably large or dnealors are detected, and dramatically speed up the
calculations of phase diagrams, see Fig. 3.1.

These two recent results on performing certain systems tasikhg CGMC and mesoscopic PDE form the basis
of our proposed approach fpattern discoveryn complex stochastic systems:

(i) we employ deterministic mesoscopic PDE as means tombtaapproximate, and in principle rather crude, phase
diagram of the system;

(i) subsequently, we use Adaptive CGMC (AdCGMC) simulatiaat selected regions of the approximate phase
diagram in order to refine it by including properly coarsedged interactions and fluctuations.

Our adaptivity framework allows us to obtain accurate andrsoptimal coarse-grainings for each parameter
regime, ensuring proper “knowledge representation” — mitiformation theory sense — of the complex system for
the desired observables, e.g., spatial correlations, pspectra or scaling laws. In turn such tools can be also used i
model reduction and control of the underlying complex syste

2.1. Coarse-grained Hamiltonians and error estimates.nteractions in particle systems modelling the het-
eroepitaxial growth are described by the microscopic Hemian H (o) that defines total interaction energy of the
system associated with the configuratianThe simplest models are formulated in terms of Ising-tygia sariables
o(x) € {0,1} which describes whether a particle is present at thezsike Ay of the latticeA y with N sites. For
the sake of simplicity we demonstrate the ideas based orspeale coarse-graining, i.e., by defining coarse-vargable
(observables) derived from coarsening the original micopsc lattice (i.e., defining the block-spin variablgg) on
a coarser latticé\ ;). In our earlier work (e.g., [7, 11, 13]) we derived the caaggained Hamiltonian
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where the two-body CG potentidl is defined by the local average or equivalently as an intenadietween two
block-spins
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In [11] our goal was to develop more accurate coarse-grgisthemes than those proposed in [7, 13], and
guantify their effectiveness in terms of a priori and a posteerror analysis. The work [11] can also be viewed as a
blueprint for tackling more complex problems describechia subsequent sections.

The principle idea is motivated by the renormalization gronap, [5, 6]

o~ BH(n) _ / ¢~BHN ) Py (doln) (2.3)
where H () is, by definition, theexactly coarse-grainedlamiltonian andPy (do|n) is the conditional probability

(with respect to the prior distributioRyy) of having a microscopic configuratiengiven a CG configuration. Fur-
thermore, we denote the coarse-graining operater To = Z:EEDk o(x). Note that, due to the high-dimensional



integration,H ;(n) cannot be calculated explicitly and used in numerical satioihs. Our approach is to approximate
it by viewing it as a perturbation o (*) in (2.1). Using this first approximation we have

Hy(n) = HyY (n)
1 _
Flog [ @I Py (o). (2.4)

The fact that the conditional probabilityy (do|n) factorizes at the level of the coarse cells allows us todhsster
expansiortechniques to write a series expansion fbyr (1) aroundffj(g)

Hyr(n) = B () + B () -+ B () + NO(r ) (2.5)

uniformly in n; also recall that Hamiltonian scales linearly with hence theV x O(eP*1) term. The small parameter
e is given explicitly and encapsulates the dependence ofriloe @n parameters such as temperatuie<{ 1/k7),
regularity and range of the inter-particle potential, anel level of coarse-graining (the size of the block sping}].[1

While (2.5) gives error bounds at the level of the Hamiltonid is important to have error bounds for the corre-
sponding canonical Gibbs measure, since the latter datesthe most probable statest equilibrium. Truncating
the expansion we obtained the following Gibbs measures

(p 1 a0 7 (r) =
A o(dn) = 7 BN (b HHar (D) Py (dy)
M

At the level of Gibbs distributions coarse-graining can ls®aiewed as an information compression and therefore it
is natural to measure errors in this context in terms of thetike entropy which quantifies the information loss. Recal
that for two probability distributionr; andns defined on a common finite state spakethe relative entropy ofr,

with respect tar, is defined as

= m1(o)lo m(o)
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Furthermore, since we are dealing with extended systems@mng@ressing local interactions, the errors will be exten-

sive quantities and it is thus natural to measure the ernoupié volume, i.e., in terms of the relative entropy per unit

volume. Using (2.5), one can prove the following estimategtie loss of information during coarse-graining [11]
THEOREM2.1. (Relative entropy error bounds)
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wherep = 1,... ande is given explicitly from the expansion of the Hamiltonian.

2.2. Coarse-graining schemesThe first scheme is based on the approximation that H@‘A&and it has been
extensively studied in [7, 8, 9, 12]. The first result consetime approximation of long-time behavior in the kMC
simulations that use the CG Hamiltoniéfﬁ).

ScHEME 2.1 2™“-order coarse-graining)The 2nd-order coarse-graining algorithm has the followitgrac-
teristics

1. Hamiltonian:H](J}), with inter-particle interactions defined by (2.2).
2. Giobbs measure: o

ﬂgu),ﬁ(dn) = Z%me_ﬁHM D Py (dn).
3. Relative entroai/ error:

RS gl g0 T71) = O(e).




This scheme is second-order accurate.

The correction termﬁﬁ,) (n), Hl(j) (n) etc. include multi-body interactions and are calculatealieily in [11].
The termH](J}) (n) consists of only two-body interactions whereﬁﬁ}) (n) includes a correction to the two-body
interactions and a new term that consists of three-bodyant®ns. All detailed formulas for the CG interactions can
be found in [11].

As an example we define the improved CG scheme with1.

SCHEME 2.2 (3"4-order accurate)Hamiltonian: H](J}) + A}, where the corrections are

Y ) = 3" AN (k, 1 (k) (1) +
k<l
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k

and
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The approximation order of the scheme is given by the ertimase in terms of the specific relative entropy

R(AS) sluv,s o T7Y) = O() 2.8)

2.3. Compression of multi-body interactions. The multi-body interactions such as the three-body tenﬁjﬁ
of Scheme 2.2 can be computationally expensive due to threnfially large number of three-body terms. Hence it is
important to understand when the multi-body interactioesecessary in a CG scheme in order to achieve an error for
a given tolerance in (2.6). When multi-body correctionsindeed required, we study how they can be compressed via
suitable truncations. For example, the expression (2d)amexplicit dependence ebn properties of the interaction
potential suggest that in coarse-graining smooth longegrotentials the scheme with only two-body interactions is
an accurate approximation and does not require the coniquigdlyy expensive multi-body interactions of Scheme 2.2.
On the other hand, for singular potentials we can make useadydproperties of the interactions and show that the
multi-body interactions can be compressed by truncatiegitto a given tolerance. see [1]. For example, truncations
of two- and three-body terms can be essentially restricigtie¢ nearest neighbor triplets only, in all dimensions, due
to the decay properties of typical inter-particle potelstia For example, we can truncate the correction té?ﬂ)’m
as

252 () = 3" AP (kK + 1,k n(k), n(k +1),9(k))
k

+ ZAg2>(k — 1 kk+1; nk —1),n(k),nk +1)).
k

N = 1000, 3.Jy = 6.0,

Process CPU (secs)

g=1 (no coarse-graining)) 322192.06

q=8 (H® only) 5232.62

g=8c (no compression) | 69473.09

g=8c (compression) 6900.72
TABLE 2.1

CPU cost comparisons of different CG algorithms for potstwith a singularity, cittAKPR. The casgs= 8c include higher order
corrections (i.e., multibody interactions) and they areated with and without compression. The CPU time is for datmg the phase diagram
using the same number of samples. Note that in this simoléti® case; = 8 failed to approximate the true phase curve.



Further strategies to decrease the computational costpéimenting the multi-body interactions are discussed in
[1]. We emphasize that the CG approximation may fail to cegtioe phenomena we want to observe in the simulation.
This is demonstrated in Fig 2.1 where we compare probalalgtribution functions for the transition time between
two metastable states (low and high total coverage) in agisipe lattice model with a piece-wise constant inteoacti
potential. While the potential is long-range the CG schemag ases (*) only andg = 100 predicts a wrong mean
transition time. The higher order scheme gives a reasorsgdgeoximation even in this case £ 100¢). Therefore it
is important to find a posteriori error indicators which walert us that the CG simulation misses important features
of the full microscopic model. We discuss this aspect of oariwin the next section.
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FIG. 2.1. Probability density function (PDF): comparisons betwedifiedent coarse-graining levelg. The estimated mean times for each
PDF are shown in the legend.

3. A posteriori estimation and on-the-fly error estimation. The error estimate in Theorem 2.1, along with the
cluster expansion provide us with an explicit represeatedif the error in the coarse-grained numerical approxiomati
For instance, in [11] we showed the following a posterioroefor Scheme 2.1
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FIG. 2.2. Systems tasks tools (outer box) are used in conjunctionhigtfarchical coarse-grained models (inner box) derivezhirkinetic
Monte Carlo models for studying pattern formation and uitiely a kinetic phase diagram. ([3])

THEOREM3.1. (A posteriori error)l. Loss of information estimate:

1
SRE lins o T = B0 [RO)]+

1
N log ( (o) [e R(n) ) + 0(63),

where the residuum operator (n) = H\M () + H P (n).
2. By formally expanding in the Taylor series we get the (ficat) error indicator

R(n) — EﬁﬁﬁR(n) 2
err ~ Eﬂg\g)ﬁ \/N (31)
3. A posteriori estimates for a given observabl(e):
e~ ()
E¢(To) —Eg(n) ~ Ed(n) |1 - Ro B |7 (3.2)

Observables relevant to patterning: Typical target quantitieghat we would like to eventually control depend only
on coarse observabledor example, (i) nanoparticle size, (ii) shape, (iii) sjpac(or density of nanopatrticles), and
(iv) spatial organization (e.g., the type of pattern, suebtapes, hexagons, squares, and the degree of perfattion i
array). Mathematically, the morphology of a patternedatefcan be characterized by a spatial average of the 2-point
correlation function of the local coverage= To;

Gk, 1) = 5oz S m@m(i + ) — Bl (]Elm + b
1EAN

Regular patterns are then more easily characterized bypeetral density function defined as the Fourier image
S=dG.
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FiG. 3.1. Demonstration of computing a phase diagram for a system edthpeting short and long-range interactions using adaptiv
CGMC. The figure compares the adaptive strategy (the levfet®arse-graining, i.e., the size of block-spins is notedhia figure) with fully
resolved (microscopic) simulatior (= 1), with a fixed coarse-graining and with the exact solutiorialthis available in this example. For more
details see [10]

In[10] we demonstrated the use of adaptive diagnosticstamedrisuing adaptive coarse-grainingsin the numerical
calculation of phase diagrams in systems with combinedt stnat long-range interactions, see for instance Fig. 3.1.
We discuss further this perspective in the following settio

4. Hierarchical strategies for pattern discovery. To overcome the computational challenge, the authors pro-
posed in [3] a systematic top-down modeling approach inraalefficiently study pattern formation by using hierar-
chically our coarse-grained models (in particular, comalitn of mesoscopic equations and CGMC): a less accurate
phase diagram of nanopatterns is generated via linear amthear analysis of mesoscopic equations, Fig. 2.2; “ed-
ucated” CGMC simulations, which include thermal fluctuatipare subsequently performed at selected regions of
the phase diagram to refine it and provide additional infdioma such as the nanoparticle size, shape, and spacing
distributions.

The approach was applied in [3] to simulating an ensembl&/ patoms chemisorbed ol lattice sites of a
(100) surface. Only one adsorbed atom per lattice site is alloweldiaus the model can be simulated by Ising-type
spinso. An adatom can interact with another adatom via a shorteatigactive and a long-range repulsive two-body
potential. The form of potentials was chosen to be a comioinaif two Gaussians

BI(r) = BJo(elr/me)" — xelr/™)%).

The selected form of the potential has an explicit Fouriansform, which in turn enables derivation of explicit
formulas for the wavelength of emerging patterns and fordbeditions leading to the onset of patterns providing
insights into the patterning process. The range of repulkims been estimated using linear elasticity theory. The
model also includes microscopic surface diffusion withffudion transition rate

1
I = mee*ﬁU(m)a(x)(l —o(y)).-



This process describes a random hop of an adatom at the sitéhe lattice to a vacant sitg Arrhenius dynamics
is assumed for surface diffusion and the molecular potedtia) is linked to the interaction potential by (z) =
Zy# J(x — y)o(y). Inthe CGMC simulatiorU is replaced by its coarse-grained approximatiorthat involves

J. In the limit of -long-range interactions we can employ a méiald approximation in which the site occupancy is
replaced by the local coverage The ensemble-averaged master equation yields the cantimuesoscopic equation
describing the evolution of the local coverage

de=—V-(e PV (Ve —c(1—c)VV),

whereV (z) = [ J(z — y)c(y) dy. This mesoscopic equation was derived and studied in [1&he present context
the mesoscopic equation is used to obtain a first approxamafithe phase diagram. Due to the choice of the potential
J the linear stability and bifurcation analysis can be caragplicitly as the convolutiot x ¢ can be handled in the
Fourier space, see [16]. Such analysis produces the phagedi in Fig 4.1.

On the other hand we have developed for the first time in teedlitire, an automatic (on-the-fly) CG/refinement
method that recovers accurately phase-diagrams for sgstéth competing complex interactions, by employing a
posteriori error estimates for the loss of information dgriCG: the estimates allow us thange adaptivelthe CG
level within in the CG hierarchy, once suitably large or sheators are detected, and dramatically speed up the
calculations of phase diagrams, [10]. In the cases predemtd 0] it turned out that most of the phase diagram is
constructed using coarse levels and hence inexpensive iB@ations are used, while the relatively fewer regimes
where critical phenomena occur, require finer, or even fidolved simulations. The transitions from finer to coarser
scales and back are done on-the-fly, based on the a pos&rimricomputation. The refinement or coarsening in [10]
was governed by the errorindicatorin (3.1), although thiidator does not easily relate to the absolute error of@giv
observable (e.g.,local coverage, correlations, etc.)hérpresented simulations in Fig. 3.1 a simple strategy baa b
adopted: the change of the level of coarse-graining is otlatt by the relative value of the indicator with respect to
its maximal value along the simulation path. For contrglarror in observables such as the 2-point spatial coroalati
function, which is a more appropriate choice for the paftegrmpplications considered here, we can employ the new
estimator in (3.2).

These two recent studies on performing (certain) systesks tasing Adaptive CGMC and mesoscopic PDE form
the basis of our proposed approachpattern discoveryn complex stochastic systems:

Step 1: First, we obtain a rather "crude” phase diagram byleyimg deterministic mesoscopic PDE, e.g., [13, 3],
derived from the microscopic model under the assumptionméan-field approximation.

Step 2: Next, we perform Adaptive CGMC (AdCGMC) at selectegions of the phase diagram obtained in Step 1
in order to refine it and include fluctuations. A (near) optihesel of CG can be obtained for each parameter regime,
ensuring proper representation of the complex system oréiseed observables, e.g., spatial correlations, power
spectra, scaling laws, etc.

Single-level CGMC can provide inaccurate phase diagramsge= 4 in Fig. 3.1 (see also examplesin [1]), espe-
cially in parameter regimes where we may have over-coaraed the typically unknown mesoscopic morphologies.
On the other hand, Adaptive CGMC is essentialipalti-levelalgorithm, at least as applied in the evaluation of phase
diagrams, exchanging information between scales in am-eaatrolled manner, as shown in (3.1); thus, through
the minimization of the a posteriori error our approach wikld a (near) optimal CGMC, providing reliable fast
simulators for pattern formation problems.
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