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Abstract

A general method of deriving reduced models of complex Hamiltonian systems is
proposed. For a given set of relevant dynamical variables, the macroscopic states of
the model are the instantaneous mean values of those relevant variables with respect
to the associated quasi-equilibrium probability densit ies on phase space. Dynamical
closure in terms of these macrostates is obtained by minimizing a t ime-integrated
metric of the residual that results from submit t ing the quasi-equilibrium densit ies
to the Liouville equat ion. The t ime integrat ion extends from the t ime at which
the nonequilibrium init ial state is speciÞed to the t ime at which the evolved state is
predicted. Thevariat ional problem governing this best-Þt closure is equivalent to an
opt imal control problem, and its Hamilton-Jacobi equat ion determines the feedback
that relates thermodynamic ßuxes to forces. In the near-equilibrium regime the
feedback is regulated by a t ime-dependent matrix of t ransport coe! cients, which
solves a matrix Riccat i di" erent ial equat ion whose coe! cients are explicit equilib-
rium ensemble-averaged quant it ies. In this regime entropy product ion coincides
with the t ime-integrated Liouville residual of the best-Þt quasi-equilibrium density.
As a funct ion of the t ime of predict ion, the macrostate sat isÞes an irreversible re-
duced dynamics which has a structure similar to phenomenological nonequilibrium
thermodynamics, but which is derived completely from the underlying Hamiltonian
dynamics.

Key Words and Phrases: nonequilibrium statistical mechanics, irreversible thermodynam-
ics, model reduction, maximum entropy states, optimal control
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1 Introduction

Nonlinear dynamical systems with many interacting degrees of freedom, or many coupled
modes of motion, occur throughout the applied mathematical sciences. Typically the
evolution of such a high-dimensional system is extremely complex. It is therefore generally
desirable to identify a subset of the system’s dynamical variables that are deemed relevant
to a phenomenon of interest and to derive a reduced dynamical model of the evolution of
those relevant variables [15, 13]. Among the numerous examples for which model reduction
is appropriate in this sense, it suffices to mention molecular dynamics and dispersive wave
turbulence. For each of these two classes of complex systems, there are natural choices
of relevant variables in terms of which it is reasonable to formulate a reduced dynamical
description that approximates the collective behavior of the system.

The utility of model reduction for problems of this kind is motivated by analytical
and numerical considerations. From the analytical standpoint, a tangible advance in
understanding is made when the essential features of a complex dynamics are summarized
in a suitably reduced model. From the numerical perspective, an obvious advantage is
gained when the computational complexity of simulations is reduced from that of the
full governing equations to that of a much lower dimensional model. Moreover, the key
phenomena exhibited by complex dynamical systems are normally revealed by joining
theoretical and computational techniques, and these techniques naturally meet at the
point model reduction.

The dominant paradigm for model reduction in this broad context is statistical me-
chanics [1, 2, 4, 16]. While this field has traditionally developed in the narrower context
of deriving thermodynamical properties of matter from the attributes and interactions of
a huge number of elementary constituents, it can be conceptualized as a whole to be a
collection of methodologies for deriving macroscopic behavior from microscopic dynam-
ics. Thus, any model reduction strategy shares features with the methods of statistical
mechanics. In particular, the transition from a deterministic dynamics at the micro-
scopic level to a statistical description at the macroscopic level is a key feature of model
reduction.

Since reduced equations governing statistically averaged relevant variables for a com-
plex system are analogous to transport equations for thermodynamics variables, a system-
atic approach to model reduction naturally makes recourse to the methods of nonequilib-
rium statistical mechanics [1, 17, 28]. However, unlike equilibrium statistical mechanics,
which is a general theory resting on the secure foundation of Gibbs ensembles, nonequilib-
rium statistical mechanics is still an emerging field whose various branches treat particular
physical processes and whose methods require special mathematical assumptions. As a
result, there remain many problems in model reduction on which little progress has been
made because they pertain to phenomena lying outside the range of existing nonequilib-
rium theory. For instance, most aspects of turbulence modeling suffer from the lack of
a general theory of nonequilibrium statistical mechanics, and it is mainly for this reason
that the design of justified statistical closures for turbulent dynamics remains a challeng-
ing open problem.

In this paper we propose a systematic approach to deriving reduced models for classical
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Hamiltonian systems. In essence, our approach is based on the idea of finding useful
best approximations to solutions of the Liouville equation. Since the Liouville equation
governs the exact evolution of ensemble probability density on phase space, it constitutes
a fundamental and general principle of nonequilibrium statistical mechanics, which holds
without any special properties of the underlying Hamiltonian dynamics. Of course, its
exact solutions are computationally intractable because they encode the full complexity of
the phase flow. Our approach therefore utilizes trial probability densities associated with
the relevant variables in a desired reduced model, and our statistical closure is defined by
that trial density whose residual with respect to the Liouville equation is minimal in a
certain metric. The metric that we employ is the time integral of an ensemble-averaged
squared norm of the residual, in which the time integration extends from the initial
time when the nonequilibrium statistical state is prepared to the terminal time when the
evolved statistical state is predicted. By allowing the terminal time to be arbitrary, we
obtain a predictive reduced dynamics that is optimal with respect to the trial probability
densities used in this best-fit strategy.

By means of this strategy we derive reduced equations that model the relaxation of
ensemble-averaged relevant variables from specified nonequilibrium initial values. We re-
strict our attention to this fundamental relaxation problem for Hamiltonian dynamical
systems. In this setting we demonstrate how a dissipative, or irreversible, statistical clo-
sure follows directly and completely from an underlying dynamics that is deterministic
and conservative. We do not address questions about the nonequilibrium behavior of sys-
tems whose underlying dynamics are defined by stochastic processes. Nor do we consider
the stationary statistical states of deterministic dynamical systems that are explicitly
forced and dissipated.

For the sake of definiteness, we limit our presentation to a particular case of our
best-fit strategy. Namely, we use trial probability densities that are quasi-equilibrium (or
quasi-canonical) ensembles, meaning that they have the form

!̃ (z; " ) = exp(" ! A(z) − #(" )) ,

relative to an m-vector A = (A1, . . . , Am ) of dynamical variables that are chosen to
be the relevant, or resolved, variables in the desired reduced model. These relevant
variables, Ak , are real-valued, smooth functions on a phase space Γn of dimension n.
Typically, the Hamiltonian, H , itself would be among these variables, as would any other
conserved quantities; but in any nonequilibrium model, A would also contain nonconserved
quantities. The family of quasi-equilibrium probability densities on Γn is parameterized
by the real m-vector " = (" 1, . . . , " m), and each density is normalized by the function

#(" ) = log
∫

Γn

exp(" ! A(z)) dz .

Here and throughout the paper, ∗ denotes the transpose of a real vector or matrix (so
that in these formulas, " ! A = " 1A1 + · · · + " m Am); z denotes the generic point in the
phase space Γn , and dz is the element of phase volume on Γn .

In the reduced model the ensemble mean of A with respect to !̃ constitutes the
macrostate a = (a1, . . . , am ). The parameter vector " is dual to the macrostate vec-
tor a, and the convex function # determines a one-to-one correspondence between "
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and a through a = $#/ $" . The desired reduced dynamics is therefore characterized ei-
ther by the evolution of " or equivalently by the evolution of a. This point of view is
standard in the information-theoretic approach to nonequilibrium statistical mechanics
[14, 15, 16, 26, 10, 19].

Our goal is to predict the macrostate vector a(t1) at any time t1 past a fixed initial
time t0. We assume that at time t0 a nonequilibrium initial state is specified by a quasi-
equilibrium density ! (z, t0) = !̃ (z; " 0), where " (t0) = " 0 corresponds to an initial mean
value a(t0) = a0 of A. The exact density ! (z, t) at later times t > t0 solves the Liouville
equation,

$!
$t

+ L̂ ! = 0 in Γn × (t0, +∞) ,

where L̂ = {·, H } denotes the Liouville operator associated to the Poisson bracket {·, ·}.
Generically, ! loses its quasi-equilibrium form as it evolves, and eventually develops a much
more intricate structure than the trial probabilities !̃ . The key to devising a statistical
closure with respect to the given m-vector A of relevant variables is to accept some
approximation to ! within the quasi-equilibrium family !̃ . Accordingly, we calculate the
residual of !̃ with respect to the Liouville equation,

$!̃
$t

+ L̂ !̃ = ["̇ ! (A − a) + " ! {A, H }] !̃ ,

and we evaluate the following ensemble-averaged squared metric of this residual over the
time horizon T = t1 − t0:

ΣT [" ] =
1

2

∫ t1

t0

dt
∫

Γn

["̇ ! (A(z) − a) + " ! {A, H }(z)]2 !̃ (z; " ) dz .

We then select that vector-valued function " (t) on t0 ≤ t ≤ t1 which minimizes ΣT [" ]
subject to the constraint that " (t0) = " 0. This minimizer determines what we call the
best-fit quasi-equilibrium ensemble over the time horizon T . Since the macrostate vector
a(t) is in one-to-one correspondence with parameter vector " (t) at each instant of time
t, the minimizer also defines the best-fit macrostate a(t) over the same time horizon. To
emphasize the dependence of the best-fit parameter and the best-fit macrostate on the
time horizon T = t1 − t0, let us denote them by " (t, T) and a(t, T), respectively.

For each t1 > t0 we adopt a(t1, t1 − t0) as our approximation to the ensemble mean
value of the relevant vector A time t1, and we call it the predicted macrostate at time t1.
From the point of view of our statistical closure, the best-fit macrostate a(t, t1 − t0) for
t0 < t < t1 is used merely a trajectory used to determine the predicted macrostate at the
terminal time t1. For fixed t the trajectory values a(t, t1 − t0) vary as the terminal time t1
is increased beyond t, and consequently those values do not provide a unique prediction
of the macrostate at time t. Similarly, if a finite time horizon T were chosen and a multi-
step trajectory were determined by iterating the minimzation principle over successive
intervals of duration T , then the prediction would depend on the choice of T . In our
formulation, we overcome this ambiguity by choosing the time horizon to be precisely the
time interval from the initial time t0 to the time of prediction t1. This choice produces
the unique and optimal prediction using the best-fit quasi-equilibrium ensemble.
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In Sections 2 and 3 we formulate our best-fit quasi-equilibrium approach in the gen-
eral setting summarized above, which applies to nonequilibrium states that not necessarily
close to some equilibrium state. At this level of generality we derive an equivalent opti-
mal control formulation of the reduced equations that determine the best-fit trajectory,
in which the desired statistical closure is determined by a feedback synthesis. This op-
timal control interpretation thereby reveals the thermodynamic structure of the reduced
equations.

Our approach seems to have no antecedent in the literature. Certainly, we build on
the ideas of Jaynes [14, 15] and Zubarev [26], as well as many later workers [24, 19, 25,
27], in that we utilize quasi-equilibrium densities, which maximize entropy subject to
instantaneous macroscopic constraints. But our strategy to obtain closure in terms of
these densities by minimizing a time-integrated metric of their Liouville residuals appears
to be new.

In Sections 4 and 5 , we specialize our general formulation to the near-equilibrium ver-
sion of our theory, in which the reduced equations take a more explicit and concrete form.
In the near-equilibrium regime, we establish a key relation between the time-integrated
Liouville residual and the entropy production of the best-fit trajectory, thereby obtaining
the irreversibility of the best-fit reduced dynamics. For the purposes of this introductory
summary, we now outline the near-equilibrium theory and its main properties.

We invoke a near-equilibrium approximation around a fixed equilibrium Gibbs density
! eq, which we take to be the canonical ensemble ! eq(z) = Z (%)" 1 exp(−%H ) with inverse
temperature %. We assume that the vector A of relevant dynamical variables consists of
nonconserved quantities normalized relative to ! eq, so that their equilibrium mean values
vanish, 〈A〉eq = 0, and they are orthogonal to H , 〈AH 〉eq = 0. Then, if the initial state
! 0 is close to ! eq, we expect that the entire evolution for t > t0 will remain close to ! eq,
and that the evolving ensemble-mean values of A will relax to zero as t → ∞.

As in linear response theory [4, 28], the quasi-equilibrium densities are approximated
by

!̃ (z; " ) = exp(" ! A(z) )! eq(z) ≈ [ 1 + " ! A(z) ]! eq(z) ,

with H now included in ! eq. The near-equilibrium theory is therefore the linearization of
the general theory around " = 0, the equilibrium value of the parameter vector " . Under
this approximation, the metric of the Liouville residual is a quadratic functional in " ,
namely,

ΣT [" ] ≈ 1

2

∫ t1

t0

〈["̇ ! A + " ! {A, H }]2〉eq dt .

As we show in Section 4, the minimization problem defining our best-fit quasi-equilibrium
ensemble can be transformed into the linear regulator problem of optimal control theory
[3, 8]. The unique minimizer " corresponds to the unique macrostate a that solves the
reduced equations

da
dt

= [ JA − K (t1 − t) ]" , a = CA " . ( t0 < t < t1 )

Here, CA = 〈AA! 〉eq and JA = 〈{A, H }A! 〉eq are m × m matrices of equilibrium aver-
age quantities; K (&) is the solution to a Riccati matrix differential equation in back-
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wards time & = t1 − t with coefficients built from the matrices CA , JA and DA =
〈(Q̂A{A, H })(Q̂A{A, H })! 〉eq, where Q̂A = 1 − P̂A and P̂A is the projection operator
onto A with respect to ! eq. Our best-fit reduced equations are thus constructed entirely
from equilibrium ensemble averages; they require no computation of autocorrelations of
the relevant variables, nor any computation that relies on the phase flow of the underlying
Hamiltonian system.

The predicted macrostate a(t1, t1 − t0) is therefore easily computed by integrating the
initial value problem for the reduced equations with the matrix K (&), which is determined
independently by solving the matrix Riccati differential equation with initial condition
K (0) = 0. The solution matrix, K (&), is positive-definite and symmetric for all & > 0.

The irreversibility of the best-fit trajectory a(t, t1 − t0) for t0 ≤ t ≤ t1 takes a simple
and elegant form under the near-equilibrium approximation. Namely, the information
entropy of the best-fit quasi-equilibrium ensemble !̃ ,

s = −
∫

Γn

!̃ (z; " ) log !̃ (z; " ) dz ≈ −1

2
" ! CA " ,

satisfies the entropy production inequality

ds
dt

= −" ! da
dt

= " ! K (t1 − t)" ≥ 0 .

This expression shows the Riccati solution matrix K regulates the dissipative character
of our reduced dynamics.

In Section 6 we derive a closed equation for the evolution of the predicted macrostate,
a(t1, t1 − t0), as a function of time t1. To distinguish this equation from the reduced
equation that governs the best-fit trajectory a(t, t1 − t0) for t0 < t < t1, we refer to it as
the predictive reduced equation. This predictive reduced dynamics is the main result of
our theory.

Unlike its traditional analogues, our predictive reduced dynamics do not rest on any
hypotheses about the statistical properties of fluctuations or on a explicit separation of
time scales between the relevant variables and the unresolved variables. Nonetheless, they
have a formal structure analogous to the phenomenological linear transport equations of
the classical Onsager theory [9, 17]. For example, we demonstrate in Section 7 that, if
all the relevant variables composing A are even with respect to time reversal, then our
predictive reduced equations become simply

d
dt1

a(t1, t1 − t0) = −K (t1 − t0) " (t1, t1 − t0) , a(t1, t1 − t0) = CA " (t1, t1 − t0) .

It is therefore evident that (i) the elements of the Riccati solution matrix K (t1 − t0) play
the role of the transport coefficients that relate the thermodynamic forces, −" , to the
thermodynamic fluxes, da/ dt; (ii) the entropy production of the predicted macrostate is
positive at each time t1 since K (t1−t0) is positive-definite; and (iii) the reciprocal relations
hold since K (t1−t0) is symmetric. In the Onsager theory of irreversible processes, however,
the matrix of transport coefficients L is constant, while in our predictive reduced equations
the matrix K (t1 − t0) varies from 0 to a finite limit matrix as t1 progresses from t0 to
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infinity. In effect, the Onsager regression hypothesis imposes a separation of time scales
under which the phenomological matrix L corresponds to our limiting matrix K (+∞).

Finally, we mention that the Mori-Zwanzig projection method [28] has recently been
employed as a basis for statistical closure for underresolved Hamiltonian dynamics [5,
6, 13]. This work follows a line of development in nonequilibrium statistical mechanics
that have been pursued by various investigators in the past [1, 22, 24, 23, 27, 25]. In
the approach through the Mori-Zwanzig formula the central difficulty is to find tractable
approximations to the exact memory kernel, which in our notation is the matrix-valued
function

G(&) = 〈[ e! Q̂AL̂ (Q̂A L̂A)](Q̂A L̂A! ) 〉eq .

This kernel defines the time-convolution that determines the memory-dependent dissipa-
tion of the reduced dynamics and, by the fluctuation-dissipation theorem, the autocorre-
lations of the noise. Generally, it is only under conditions allowing a limiting separation of
time scales that a computable approximation to this kernel is available. By contrast, our
approach imposes an approximation in the best-fit characterization itself by minimizing
over trial densities that are quasi-equilibrium ensembles. While our predictive reduced
dynamics is conditioned by the entire history of the evolution, being determined by an
optimization over the time interval from t0 to t1, it does not require evaluation of the
memory kernel. Thus, we obtain an optimal approximation without recourse to a partic-
ular asymptotic regime. The error of the resulting approximation, however, depends upon
the choice of the macroscopic variables and the properties of the underlying microscopic
dynamics. The Mori-Zwanzig formula therefore provides a potentially useful benchmark
for identifying those regimes in which a closure based on quasi-equilibrium ensembles
furnishes a good approximation.

In a sequel paper we will address the practical implementation of our method for
some particular Hamiltonian systems and check its predictions against direct numerical
simulations [21].

2 Preliminaries

Our method of model reduction for Hamiltonian dynamics is based on two fundamental
notions — Liouville’s equation and quasi-equilibrium ensembles. In this section we estab-
lish our conventions and notations for the rest of the paper and recall these two familiar
notions.

We consider a general Hamiltonian dynamics of canonical form

dz
dt

= J∇zH (z) with J =

(
O I
−I O

)

, (1)

where z = (q, p) denotes a generic point in the phase space Γn = IRn of dimension n = 2d,
where d is the number of degrees of freedom of the system. We place no special restrictions
on the Hamiltonian H other than it be a smooth function on Γn with some growth at
infinity (say, H (z) ≥ b|z|2 −c, with b> 0, c≥ 0, for large |z|). Most of what follows holds
for more general systems, such as noncanonical Hamiltonian systems with incompressible
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phase flows, but we will restrict our attention to classical, canonical systems for the sake
of definiteness.

We denote the phase flow for the Hamilton equations (1) by Φ(t) : Γn → Γn , so that

z(t1) = Φ(t1 − t0)(z(t0)) for all t1 ≥ t0 ,

where z(t) is any solution of (1). This deterministic phase flow Φ(t) is a volume-preserving
diffeomorphism of Γn for all t, by Liouville’s theorem. We denote the invariant n-volume
on Γn simply by dz.

Our attention focuses on statistical ensembles of solutions to (1) because we are inter-
ested in making macroscopic predictions about the average of a few dynamical variables
rather than following the details of the microscopic dynamics (1) itself. We therefore
suppose that some relevant dynamical variables are chosen, and we assemble them into
the dynamical vector A = (A1, . . . , Am ). We assume that each dynamical variable Ak is a
smooth real-valued function on Γn , and that the set A1, . . . , Am is linearly independent.
In principle there is no restriction on n or m, but in practice the number m of relevant
variables will be small compared to the dimension n of the phase space. In constructing
useful reduced models the choice of the dynamical variables is informed by the known
behavior of the underlying Hamiltonian dynamics and the desired predictive capacity of
the model.

The induced evolution of any dynamical variable, F , relevant or not, is determined by
the equation

dF
dt

= {F, H } , (2)

where {F, H } = (∇F )! J∇H is the Poisson bracket associated with the canonical Hamil-
tonian structure. Indeed, the statement that (2) holds for all smooth functions F on Γn

is equivalent to the Hamiltonian dynamics (1). Fundamentally, the problem of closure in
terms of given relevant variables A1, . . . , Am arises from the fact that, except under special
circumstances, the corresponding derived variables Ȧ1 = {A1, H }, . . . , Ȧm = {Am, H } are
not expressible as functions of A1, . . . , Am . Exceptional cases occur when all the relevant
variables are either conserved or cyclic variables, so that Ȧ = ΩA identically on Γn for
some m ×m constant matrix Ω. In those cases a deterministic closure is immediate from
(2).

We are interested, however, in the generic case, and hence we are compelled to adopt
a statistical description. Rather than tracking the microscopic solutions z(t), we consider
instead the evolving probability measure p(dz, t) on the phase space Γn that is induced
by the phase flow; namely, p(dz, t) determined by the identities

∫

Φ(t1 " t0)(B )
p(dz, t1) =

∫

B
p(dz, t0) for all Borel subsets B ⊂ Γn , and any t1 ≥ t0 .

It suffices for us to consider probability measures, p(dz, t) = ! (z, t)dz, having densities
! that are smooth in z and t, because all trial densities in our reduced model have this
regularity. Then the propagation of probability by the phase flow is governed by the
Liouville equation

$!
$t

+ L̂ ! = 0 in Γn × IR , (3)
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in which we introduce the Liouville operator L̂ = {·, H }. Given a density ! (z, t0) at an
initial time t0, (3) completely determines the density ! (z, t) at any later time t; we denote
the solution formally by ! (·, t) = e" (t " t0 )L̂ ! (·, t0). The statistical mean of any dynamical
variable F at time t is given by

〈F (t)〉 =
∫

Γn

F (z) ! (z, t) dz =
∫

Γn

F ◦ Φ(t − t0) (z) ! (z, t0) dz .

In particular, the evolution of the statistical average of the relevant vector 〈A(t)〉 is
completely determined by the solution of the Liouville equation. From the point of view of
a practical computation, however, the exact solution of (3) is highly undesirable because
it requires synthesis of an ensemble of exact solutions to (1). Nevertheless, it does furnish
a fundamental starting point for a useful approximation procedure, to which we now turn.

The simplest natural choice of a reduced statistical description is supplied by the
so-called quasi-equilibrium densities [14, 15, 26, 20]:

!̃ (z; " ) = exp(" ! A − #(" )) , with #(" ) = log
∫

Γn

exp(" ! A) dz . (4)

One standard motivation for choosing a probability density of the form (4) is that it
maximizes information entropy subject to the mean value of the relevant vector; that is,
!̃ solves

maximize S(! ) = −
∫

Γn

! log ! dz subject to
∫

Γn

A! dz = a ,
∫

Γn

! dz = 1.

From the perspective of information theory [7], !̃ (z, " ) is the least informative probability
density relative to the invariant phase volume dz on Γn that is compatible with the
macrostate vector

a =
∫

Γn

A(z)!̃ (z; " ) dz . (5)

The parameter vector " then constitutes the Lagrange multipliers for the relevant vector
constraint. There is a one-to-one correspondence between " and a given by

a =
$#
$"

, " = −$s
$a

, (6)

where s(a) = S(!̃ ) denotes the entropy of the macrostate a. This correspondence is a
convex duality, and −s(a) is the convex conjugate function to #(" ).

In physical terms, the quasi-equilibrium description establishes a nonequilibrium sta-
tistical mechanics without memory. That is, the statistical distribution on the phase
space Γn at time t is defined by !̃ (z, " (t)) dz, which depends only on the instantaneous
macrostate a(t), not on its history, a(t#) for t# < t. One might use such a memoryless de-
scription when there is known to be a wide separation between the time scale of evolution
of the relevant variables, A1, . . . , Am , and the time scale of conditional equilibration of
the unresolved degrees of freedom in the microscopic dynamics. Then one might obtain
a closed reduced dynamics in terms of these instantaneous quasi-equilibrium densities by
imposing on them the instantaneous A-moment of the Liouville equation, namely,

d
dt

∫

Γn

A(z)!̃ (z; " (t)) dz =
∫

Γn

{A, H }(z)!̃ (z; " (t)) dz .
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The resulting statistical closure is known to be entropy conserving, as the following
straightforward calculation shows:

d
dt

s(a) = −
∫

Γn

" ! A
$!̃
$t

dz =
∫

Γn

" ! A L̂ !̃ dz = 0 .

Thus, the combination of a quasi-equilibrium description and an instantaneous moment
closure results in a reversible reduced dynamics [10]. The inability of this naive closure
to capture the dissipation, or entropy production, of the actual nonequilibrium statistical
behavior induced by the underlying dynamics is a serious defect, making it useful only
for very short-time phenomena.

In much previous work [26, 27, 19, 25, 23], the remedy for this defect has been to
include memory effects into the relevant probability densities by replacing " (t)! A with
time-weighted averages of the dynamical variables,

∫ $
0 " (t − &)! A ◦ Φ(−&) w(&) d&. Clo-

sure is then obtained by taking instantaneous A-moments with respect to these memory-
dependent densities. The resulting reduced equations, however, depend upon the weight-
ing function w, for which there is no universal choice, and involve convolutions over time.
They therefore require the evaluation of various correlations of A and {A, H } over a range
of time shifts &. The statistical closures derived in this manner are consequently difficult
to justify theoretically and hard to implement computationally.

The new approach that we propose in the next section is fundamentally different.
Rather than design memory-dependent densities, we use the instantaneous quasi-equilibrium
densities associated to the relevant variables A as trial densities. And rather than close
the reduced dynamics by imposing the instantaneous A-moment of the Liouville equation,
we obtain closure by best-fitting a trajectory of these quasi-equilibrium densities to the
Liouville equation over the entire time interval of evolution. This approach to statistical
closure does not appear to have been considered in any previous investigations.

3 Best-fit closure

We now turn to the formulation of our best-fit closure. As explained in the Introduction,
we quantify the residual of the quasi-equilibrium densities (4) with respect to the Liouville
equation (3) over an interval of time t0 ≤ t ≤ t1 = t0 + T by the functional

ΣT [" ] =
∫ t1

t0

L(" , "̇ ) dt , (7)

where

L(" , "̇ ) =
∫

Γn

1

2
[ "̇ ! (A(z) − a)) + " ! {A, H }(z) ]2 !̃ (z; " ) dz . (8)

This Liouville residual metric ΣT has the form of an action integral for a Lagrangian L,
which is a function of " and "̇ = d" / dt.

The particular form of this Lagrangian can be motivated by deriving it from the relative
entropy between the quasi-equilibrium density and the exact solution to the Liouville
equation. To do so, we introduce

R(! 2|! 1) =
∫

Γn

! 2 log
! 2

! 1
dz ,
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the relative entropy between two probability densities ! 1 and ! 2 [7, 11]. For any fixed
time t, consider the quasi-equilibrium density !̃ (t + &) at time t + &, for small positive &,
and propagate it backwards & time units under the exact dynamics, obtaining e! L̂ !̃ (t +&);

recall that e" ! L̂ is the formal propagator for the Liouville equation forward in time &.
If the quasi-equilibrium density were an exact solution of the Liouville equation, then
e! L̂ !̃ (t +&) would coincide with !̃ (t). The departure of the quasi-equilibrium density from
the exact solution is revealed by the asymptotic formula:

R( e! L̂ !̃ (t + &) | !̃ (t) ) =
&2

2

∫

Γn

[(
$
$t

+ L̂

)

log !̃

]2

!̃ dz + o(&2)

= &2L( " (t), "̇ (t) ) + o(&2) , as &→ 0 .

Thus, L(" , "̇ ) furnishes a natural metric of the instantaneous residual in an information-
theoretic sense. Accordingly, we choose the objective functional ΣT in our best-fit criterion
to be the integral of L over the time horizon T .

Given an initial time t0, and for any time of prediction t1 = t0 + T , we determine a
best-fit quasi-equilibrium density by solving the optimization problem:

minimize ΣT [" ] subject to " (t0) = " 0 . (9)

The specified m-vector " 0 determines the quasi-equilibrium initial state ! 0 = !̃ (·; " 0) from
which the statistical state evolves. We denote a minimizing solution by " (t, T), t0 ≤ t ≤
t1, emphasizing in the notation the dependence of the solution " on the time horizon T .
This minimizer is a solution to the Euler-Lagrange equations

d
dt

$L
$"̇

− $L
$"

= 0 ( t0 < t < t1 ) . (10)

This system of (generally nonlinear) second-order differential equations is supplemented
by the boundary conditions

" (t0) = " 0 ,
$L
$"̇

(t1) = 0 , (11)

corresponding to a fixed initial value and a free terminal value.
The structure of our best-fit closure is more transparent when the governing variational

problem is rewritten as an equivalent optimal control problem [8, 3]. To this end, we invoke
the Legendre transform of the Lagrangian L, and we introduce the canonical vector µ
conjugate to "̇ and the Hamiltonian function H(" , µ) conjugate to L(" , "̇ ); that is,

µ =
$L
$"̇

, H(" , µ) = "̇ ! µ − L(" , "̇ ) . (12)

The Lagrangian (8) is quadratic and convex in "̇ , and therefore the Legendre transform
establishes a one-to-one correspondence between "̇ and µ that can be calculated explicitly.
This straightforward calculation yields

µ = CA "̇ + J !
A " , (13)
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H(" , µ) =
1

2
µ! C" 1

A µ − " ! JA C" 1
A µ − 1

2
" ! DA " , (14)

where CA , JA , DA are m × m-matrices that depend on " ; specifically,

CA (" ) =
∫

Γn

(A − a) (A − a)! !̃ dz , (15)

JA (" ) =
∫

Γn

{A, H } (A − a)! !̃ dz ,

DA (" ) =
∫

Γn

{A, H }{A, H } ! !̃ dz − JA C" 1
A J !

A

=
∫

Γn

[
{A, H } − JA C" 1

A (A − a)
] [

{A, H } − JA C" 1
A (A − a)

]!
!̃ dz .

For each " , CA (" ) is a positive-definite symmetric matrix, being the covariance matrix of
the relevant vector A with respect to the quasi-equilibrium density !̃ (" ). Similarly, DA (" )
is a semi-definite symmetric matrix.

When expressed in terms of " and µ the Lagrangian (8) takes the separated form

L =
1

2
" ! DA (" )" +

1

2
µ! CA (" )" 1µ .

The governing variational problem is then equivalent to the Lagrange optimal control
problem

minimize ΣT [" , µ] =
1

2

∫ t1

t0

[
" ! DA (" )" + µ! CA (" )" 1µ

]
dt (16)

subject to

CA "̇ = −J !
A " + µ , for t0 < t < t1 , with " (t0) = " 0 . (17)

In this reformulation of the minimization problem (9), the objective function is taken to
be a functional of two independent vector-valued functions, " and µ, and the differential
equation (13) that relates these canonically conjugate vectors is imposed as a constraint.
In the resulting control problem, the parameter vector " plays the role of the state vector,
while the conjugate vector µ plays the role of the input (or control) vector.

The advantage gained by this optimal control formulation is that our best-fit closure is
then realized as a feedback synthesis, in which the input µ is determined instantaneously
by the state " . In this way, the constraint equation (17) between " and µ becomes a
closed equation in " alone. In turn, this furnishes the desired closed reduced equation in
a, since

da
dt

=
d
dt

∫

Γn

A exp(" ! A − #(" )) dz = CA (" )"̇ .

The method of dynamic programming provides the feedback synthesis in terms of the
value function, v(" , t), which is defined to be the optimal objective value

v("̄ , t̄) = min
" (t̄)="̄

∫ t1

t̄

1

2

[
" ! DA " + µ! C" 1

A µ
]

dt , (18)
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considered as a function of an arbitrary initial state, "̄ ∈ IRm , and initial time, t̄ ∈ [t0, t1].
The desired expression that relates the input µ to the state " is simply

µ = −$v
$"

(" , t) . (19)

We refer to the optimal control literature for this fundamental result [8, 3, 12], and we
omit the routine calculation required to convert our particular problem (16,17) to standard
form. Gathering together these identities and recalling the one-to-one correspondence (6)
between " and a, we arrive at the reduced equations governing the best-fit closure:

da
dt

= −JA (" )! " − $v
$"

(" , t) , a =
$#
$"

(" ) ( t0 < t < t1 ). (20)

These equations, along with the initial condition a(t0) = a0, determine the trajectory of
the best-fit macrostate, which we denote by a(t, T), again emphasizing the dependence of
the solution on the time horizon T .

The value function v can be determined by solving the following Hamilton-Jacobi-
Bellman equation with a homogeneous terminal condition [12]:

$v
$t

− H(" ,−$v
$"

) = 0 , ( t0 < t < t1 ), with v(" , t1) = 0 . (21)

The Hamiltonian H is defined in (12), from which it is evident that H is constructed from
the quasi-equilibrium ensemble-averaged matrices defined in (15). Accordingly, v(" , t) is
entirely determined by quasi-equilibrium statistical properties of the dynamical variables
A and {A, H }.

Even though we ascribe predictive significance only to the macrostate a(t1, t1 − t0) at
t = t1, not to the best-fit trajectory a(t, t − t0) for t0 < t < t1, it is nonetheless instructive
to notice that the best-fit reduced equations have a formal thermodynamic structure. We
complete this section with a discussion of this interpretation.

In the quasi-equilibrium description, the parameter vector " , which is in one-to-one
correspondence with the macrostate a at each instant of time t under the convex duality
(6), may be identified with the vector of thermodynamic forces. In keeping with the usual
sign conventions in the physical literature, we refer to −" as the vector of thermodynamic
forces. The optimal control formulation of the best-fit closure recasts the second-order
Euler-Lagrange equations (10) in " as a system of first-order equations in " and µ. The
closure of this system is achieved through the value function v(" , t), which determines
µ in terms of " . It is evident from these best-fit reduced equations that µ may be
viewed as the corresponding vector of thermodynamic fluxes. In this way, the (generally
nonlinear) equations governing our best-fit closure (20) have a form analogous to the
phenomenological transport equations of nonequilibrium thermodynamics [9].

The thermodynamic meaning of the optimal control formulation is exemplified by the
role that the vectors " = " (t, T) and µ = µ(t, T) play in the entropy production along the
best-fit trajectory. The time rate of change of entropy of the quasi-equilibrium ensemble
determined by the best-fit trajectory is given by the familiar formula,

' =
ds
dt

= −" ! da
dt

. (22)
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Substituting (20) into this formula, we obtain an expression with a term involving JA (" )! "
and term involving $v/ $" . We now verify that the first term does not contribute to the
entropy production. The necessary calculation is

" ! JA (" )! " = " ! JA (" )"

=
∫

Γn

" ! {A, H } " ! (A − a) !̃ (" ) dz

=
1

2

∫

Γn

{[" ! (A − a)]2, H } !̃ (" ) dz

= −1

2

∫

Γn

{[" ! (A − a)]2, !̃ (" )}H dz

= 0 ,

by virtue of the definition of !̃ in (4). Thus, the entropy production of a best-fit trajectory
is given by

' = −" ! µ = " ! $v
$"

(" , t) . (23)

From (23) we see that the entropy production, or equivalently the rate of information loss,
along the best-fit trajectory is regulated by the time-integrated metric of the Liouville
residual, as quantified by the value function (18). This tight connection between the
objective value in the defining minimization problem and the entropy production of the
resulting reduced dynamics is a central attribute of our theory.

While our general formulation of the closed reduced dynamics is valid even far from
any equilibrium, the synthesis of the optimal control is often difficult to implement in
practice. In the next section, we specialize the best-fit closure to the near-equilibrium
case, using a linear response type approximation. Under that approximation, the matrices
CA , JA , DA are given by equilibrium averages independent of " , the feedback control is
conveniently provided by the solution to a standard matrix differential equation, and the
best-fit reduced dynamics admit an efficient numerical implementation.

4 Near-equilibrium approximation

As outlined in the Introduction, the best-fit quasi-equilibrium closure takes a simple form
when it is considered in a neighborhood of statistical equilibrium under a linear response
type approximation. We now develop this form of our theory.

Rather than include the Hamiltonian H and any other conserved quantities among the
relevant variables, we now separate the dynamical invariants from the relevant dynamical
variables A1, . . . , Am , which we assume to be nonconserved quantities. The dynamical
invariants then define an equilibrium Gibbs distribution, say the canonical ensemble

! eq(z) = Z (%)" 1 exp(−%H (z)) , with Z (%) =
∫

Γn

exp(−%H (z)) dz , (24)

with given inverse temperature % > 0. For simplicity, we assume that H is the only
invariant, but other invariants can be included in ! eq if they exist. In fact, the equilib-
rium distribution used in the near equilibrium theory can be a canonical ensemble or a
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microcanonical ensemble, or even a mixed ensemble when several conserved quantities are
present in the Hamiltonian dynamics. We denote the equilibrium mean of any dynamical
variable or vector F on Γn by 〈F 〉eq.

We now employ quasi-equilibrium distributions for the relevant vector A that are
densities with respect to the equilibrium distribution, and we normalize the equilibrium
mean of A to be zero: 〈A〉eq = 0. Under this normalization, equilibrium corresponds to
" = 0, and the near-equilibrium theory is the linearization of the general theory around
" = 0. Hence, we adopt the linear response type approximation [4, 28]

!̃ ≈ [ 1 + " ! A ]! eq . (25)

In this approximation the metric for the Liouville residual is a quadratic in " , being
expanded to second order in " , and hence the objective functional for the best-fit opti-
mization problem is

ΣT [" ] ≈ 1

2

∫ t1

t0

〈["̇ ! A + " ! {A, H }]2〉eq dt ( T = t1 − t0 ) . (26)

The best-fit closure is based on minimizing this quadratic functional over " subject to
" (t0) = " 0.

The reformulation of this variational problem into an optimal control problem (16,
17) follows as in the general case, but with a number of simplifications. In particular, the
coefficient matrices CA , JA , DA defined in (15) are now independent of the perturbation
" and are given by equilibrium ensemble means:

CA = 〈AA! 〉eq (27)

JA = 〈{A, H }A! 〉eq

DA = 〈[{A, H } − JA C" 1
A A][{A, H } − JA C" 1

A A]! 〉eq

Since we choose the relevant variables A1, . . . , Am to be linearly independent, the equi-
librium covariance matrix CA is positive-definite and symmetric. The one-to-one corre-
spondence between the parameter vector " and the macrostate a at each instant of time
is simply the linear relation

a = CA " . (28)

The entropy of the macrostate is the quadratic form

s = s(a) = −1

2
a! C" 1

A a . (29)

The matrix DA is symmetric and semi-definite; it is positive-definite if and only if there
are no conserved or cyclic variables among the relevant variables. The matrix JA is skew-
symmetric, as is seen from the identities

〈Ai{Aj , H }〉eq =
∫

Γn

Ai{Aj , H } ! eq dz

= −%" 1
∫

Γn

Ai{Aj , ! eq} dz

= −%" 1
∫

Γn

{Ai , Aj } ! eq dz .
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The equations (13) and (14) defining the conjugate canonical vector µ and the Hamiltonian
H(" , µ) hold under the near-equilibrium approximation, with the simplification that now
the coefficient matrices are independent of " , and J !

A = −JA .
The optimal control problem governing the near-equilibrium best-fit closure is

minimize ΣT [" , µ] subject to (30)

CA "̇ = JA " + µ ( t0 < t < t1 ), with " (t0) = " 0 . (31)

This is a so-called linear regulator problem, in which the running cost of the state "
and the input µ are separate quadratic forms, and the constraining first-order system of
differential equations is linear in " and µ [8, 3]. The solution to this standard optimization
problem is expressed in terms of a Riccati matrix equation, which is equivalent to the
Hamilton-Jacobi equation (21) in this case. Namely, the best-fit reduced equations in "
are expressible as

CA
d"
dt

= [ JA − K (t1 − t) ]" ( t0 < t < t1 ), (32)

where K (&) is the solution to a Riccati matrix differential equation

dK
d&

= K (C" 1
A JA ) + (C" 1

A JA )! K − K C" 1
A K + DA ( & > 0 ), (33)

together with the initial condition K (0) = 0 . The Riccati equation runs in backwards
time &and so its initial condition corresponds to the terminal condition for the Hamilton-
Jacobi equation. The solution matrix K (&) for & > 0 is symmetric and semi-definite,
and the associated quadratic form ( ! K (&)( for any fixed m-vector ( is a non-decreasing
function of & [18].

This solution matrix K (&) furnishes the feedback control for the linear regulator prob-
lem, in that it determines the input µ(t, T) instantaneously in terms of the state " (t, T).
Specifically,

µ(t, t1 − t0) = −K (t1 − t)" (t, t1 − t0) ( t0 ≤ t ≤ t1 ). (34)

Thus, in the near-equilibrium regime, the feedback relation (34) closes the linear transport
equations that govern the best-fit reduced dynamics, and K (t1 − t) plays the role of the
matrix of transport coefficients which relates the flux vector µ to the force vector −" . The
identification of the Hamilton-Jacobi equations (21) in v with the matrix Riccati equation
in K is made by setting the value function in (18) to be the quadratic form associated
with K , namely,

v(" , t) =
1

2
" ! K (t1 − t)" .

This derivation is entirely standard, and so we refer the reader to the optimal control
literature for details [8, 3].

In a computational implementation, the best-fit reduced dynamical equations are as-
sembled by computing the matrices CA , JA , DA using any method that samples the equi-
librium ensemble (24); for instance, a Monte Carlo Markov Chain method such as a
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Metropolis algorithm can be used. Given these matrices, the Riccati matrix equation is
solved for K (&) in backward time &over the specified time horizon T = t1− t0. The closed
reduced dynamics (32) is then available for forward integration in t as a m-dimensional
system of ordinary differential equations. In terms of the macrostate a = a(t, T) for
t0 ≤ t ≤ t1, these equations are the linear system

da
dt

= [ JA − K (t1 − t) ] C" 1
A a , (35)

which is solved with the initial condition a(t0, T) = a0 ∈ IRm .

5 Irreversibility of the best-fit closure

We now establish the irreversibility of the best-fit closure in the near equilibrium case.
Specifically, we show that the entropy of the best-fit trajectory, s(a(t, t1 − t0)), is a non-
decreasing function of t for t0 ≤ t ≤ t1.

This key property of the best-fit reduced dynamics (32) is a consequence of the fol-
lowing identities for the entropy production:

' (t̄) = " (t̄ , T)! $
$"

v(" (t̄ , T), t̄) (36)

= 2 v(" (t̄ , T), t̄)

= " (t̄ , T)! K (t1 − t̄)" (t̄ , T) ≥ 0

for any t0 ≤ t̄ ≤ t1 = t0 + T . These identities follow immediately from the preceding
discussion of the general case combined with the fact that the value function v is a
quadratic form in " in the near-equilibrium approximation, and hence that v satisfies the
corresponding Euler relation.

The above identities imply that, for each intermediate time t̄ between t0 and t1, the
entropy production along the best-fit trajectory satisfies

' (t̄) =
∫ t1

t̄
[ " ! DA " + µ! C" 1

A µ ] dt . (37)

Thus, the entropy production equals the time-integrated squared Liouville residual over
the remaining time horizon. This interpretation establishes a quantitative link between
the best-fit criterion and the physical intuition that entropy is produced in a reduced model
when there is a lack of fit between the trial probability densities of the reduced model
and the exact propagation of the probability density by the Liouville equation. While
this genesis of entropy production underlies the traditional conception of nonequilibrium
thermodynamics, our best-fit approach establishes a strict identity between the entropy
production and the optimized time integral of the Liouville residual in a natural metric.
Moreover, this key property of the best-fit reduced dynamics holds without an assumption
about a separation of time scales between relevant and irrelevant dynamical variables, or
a stochastic model interposed between the underlying Hamiltonian microscopic dynamics
and the macroscopically closed dynamics. We note that, since our approach pertains to
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the general situation, the matrix of transport coefficients K (t1 − t) in the best-fit closure
depends on time.

We stress that the best-fit macrostate a(t, t1 − t0) on the time interval t0 < t < t1
is a trajectory that mediates between the initial macrostate a0 = a(t0, t1 − t0) prepared
at time t0 and the terminal macrostate a(t1, t1 − t0) predicted at time t1. Only the
predicted macrostate a(t1, t1 − t0) is considered an output, or a physically relevant mean
observable, in our theory. From this point of view, the appropriate form of the Second
Law of Thermodynamics in the context of our best-fit closure is the inequality

s(a(t1, t1 − t0)) ≥ s(a0) for all t1 > t0 . (38)

Explicitly, the entropy increase of the best-fit quasi-equilibrium ensemble over an interval
t0 < t < t1 is given by the formula

s(a(t1, t1 − t0)) − s(a0) =
∫ t1

t0

(t − t0) [ " ! DA " + µ! C" 1
A µ ] dt ,

which follows readily from (37).
Whether such identities hold in general for the far-from-equilibrium best-fit closure

formulated in Section 3 is an open question, since then the relation between v and ' is
more complicated.

6 Predictive reduced dynamics

We now elaborate the predictions of the best-fit reduced dynamics (32) in the near-
equilibrium case. These predictive reduced dynamics constitute our main results, as they
govern the evolution of the predicted macrostate a(t1, t1 − t0) as a function of the time of
prediction t1.

We introduce the fundamental matrix solution, Ψ(&), for the best-fit reduced dynamics
(32) in backwards time &= t1 − t. Namely,

dΨ

d&
= [K (&) − JA ] C" 1

A Ψ ( & > 0 ), (39)

with the initial condition Ψ(0) = I ; here K (&) is the solution to the matrix Riccati
equation (33) with K (0) = 0. In terms of Ψ, the best-fit trajectory, a(t, T), with T =
t1 − t0, is given by

a(t, t1 − t0) = Ψ(t1 − t) Ψ(t1 − t0)" 1 a0 ,

recalling that a(t0, t1 − t0) = a0 = CA " 0. We immediately see that the predicted
macrostate at time t = t1 is given by the formula:

a(t1, t1 − t0) = Ψ(t1 − t0)" 1 a0 . (40)

Thus, the predictive content of our best-fit closure is entirely contained in the two matrix
solutions K (&) and Ψ(&), which are defined for &≥ 0 by initial value problems for matrix
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differential equations of first-order with coefficient matrices derived from the equilibrium
ensemble-averaged matrices CA , JA , DA defined in (27).

The predicted macrostate a(t1, t1 − t0) itself is the solution to an initial value problem
which is derived directly from (40). This differential equation governs what we call the
predictive reduced dynamics. Differentiating (40) with respect to t1 and inserting (39)
yields the desired equation:

d
dt1

a(t1, t1 − t0) = Ψ(t1 − t0)" 1 dΨ

d&
(t1 − t0) Ψ(t1 − t0)" 1 a0 (41)

= Ψ(t1 − t0)" 1 [JA − K (t1 − t0)] C" 1
A Ψ(t1 − t0) a(t1, t1 − t0) .

Since this closed reduced equation for the evolution of the predicted macrostate is a
main result of our best-fit closure, it is instructive to write it in an alternative form that
highlights the dissipation inherent in this dynamics. Specifically, we claim that (41) is
equivalent to

d
dt1

a(t1, t1 − t0) =
[

JA −
∫ t1 " t0

0
D (&) d&

]
C" 1

A a(t1, t1 − t0) , (42)

where we define the matrix-valued function

D (&) = Ψ(&)" 1 dK
d&

(&) C" 1
A Ψ(&) CA . (43)

We arrive at this form of the governing equation for the predicted macrostate by manip-
ulating the coefficient matrix function appearing in (41) as follows:

Ψ(t1 − t0)" 1 [JA − K (t1 − t0)] C" 1
A Ψ(t1 − t0) − JA C" 1

A

=
∫ t1 " t0

0

d
d&

{
Ψ(&)" 1 [JA − K (&)] C" 1

A Ψ(&)
}

d&

=
∫ t1 " t0

0
Ψ(&)" 1 dK

d&
(&) C" 1

A Ψ(&) d&.

In the final equality, the two other terms that result from expanding the derivative cancel
by virtue of (39).

The dissipative character of the predictive reduced dynamics (42) is revealed by ex-
pressing the entropy production of the predicted macrostate as a function of t1 in terms
of the matrix-valued function

M (&) =
∫ !

0
D (&#) d&#.

Namely, we have

' (t1) =
d

dt1
s(a(t1, t1 − t0)) (44)

= −" (t1, t1 − t0)! da
dt1

(t1, t1 − t0)

= " (t1, t1 − t0)! M (t1 − t0)" (t1, t1 − t0) ,
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recalling that a(t1, t1 − t0) = CA " (t1, t1 − t0) under the near-equilibrium approximation.
Thus, we see that the term in (42) involving the constant skew-symmetric matrix JA

contributes oscillation but no dissipation to the predictive reduced dynamics, while the
term involving the time-dependent matrix function M (t1 − t0) regulates the entropy pro-
duction. But, unlike the matrix function K (t1 − t) in the best-fit reduced dynamics (32),
M (t1 − t0) is not necessarily positive-definite and symmetric.

We note that D (0) = DA , a symmetric and semi-definite matrix which is positive-
definite provided that the dynamic variables composing A are neither dependent, con-
served nor cyclic. It follows that for short durations t1 − t0,

M (t1 − t0) = (t1 − t0)DA + O((t1 − t0)2) .

Consequently, the entropy production ' (t1) is zero at t1 = t0 and then becomes positive
for some interval t0 < t1 < t0 + ) . Whether ' (t1) remains nonnegative for all t1 > t0 is not
obvious in general from the form of D (&). While the predictive reduced dynamics never
violates the appropriate form of the Second Law expressed by (38), the monotonicity of
the entropy s(a(t1, t1 − t0)) is not necessarily enforced in general.

Not only do these natural properties of the predictive reduced dynamics hold for short
durations t1 − t0, but in fact the predicted macrostate agrees with the exact statistical
solution to second order in t1 − t0. We now proceed to demonstrate this fact.

Under the near-equilibrium approximation, the solution of the Liouville equation de-
fines an exact macrostate according to

aexact(t1) = 〈[A ◦ Φ(t1 − t0)] [ 1 + " !
0A ]〉eq

= 〈 [A ◦ Φ(t1 − t0)]A! 〉eq C" 1
A a0 ,

where Φ(t) is the phase flow on Γn . Expanding to second order the matrix function that
takes a0 into aexact(t1) we obtain

〈[A ◦ Φ(t1 − t0)]A! 〉eq C" 1
A (45)

= 〈[ A + (t1 − t0){A, H } +
1

2
(t1 − t0)2{{A, H }, H }+ . . . ]A! 〉eqC" 1

A

= I + (t1 − t0)JA C" 1
A − 1

2
(t1 − t0)2[DA − JA C" 1

A JA ]C" 1
A + . . . ,

where we use the identities

〈{{A, H }, H }A! 〉eq = −〈{A, H }{A, H }! 〉eq = −DA + JA C" 1
A JA .

On the other hand, the predicted macrostate determined by (40) has a corresponding
expansion using the Neumann series; namely,

Ψ(t1 − t0)" 1 =
[
I + (t1 − t0)Ψ#(0) +

1

2
(t1 − t0)2Ψ##(0) + . . .

]" 1

= I + (t1 − t0)Ψ#(0) +
1

2
(t1 − t0)2[2Ψ#(0)2 − Ψ##(0)] + . . . .
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Referring to (39), we evaluate the matrices appearing in this expansion to be

Ψ#(0) = −JA C" 1
A , Ψ##(0) = [DA + JA C" 1

A JA ] C" 1
A .

Thus, we obtain the expansion of the matrix function that takes a0 into a(t1, t1 − t0):

Ψ(t1 − t0)" 1 = I + (t1 − t0)JA C" 1
A − 1

2
(t1 − t0)2[DA − JA C" 1

A JA ]C" 1
A + . . . . (46)

When we compare the two expansions (45) and (46), we find that the predictive reduced
dynamics furnishes a second-order accurate approximation to the exact statistical solution
(up to the linearization of the near-equilibrium theory) for short durations t1 − t0.

7 Special case of even variables

We now consider the special case in which each of the relevant variables, Ak (k =
1, . . . , m) , is even under time reversal. In this case, and in the case when m = 1
and A = A1 is an arbitrary scalar variable, the predictive reduced dynamics (41) sim-
plifies and the thermodynamic properties of its solutions are easily derived. Moreover,
this case pertains to reduced models that are purely dissipative, a physically important
special situation [9].

Let R : Γn → Γn denote the time reversal operator defined by R(q, p) = (q,−p) for
z = (q, p) in the phase space Γn . A dynamical variable F is even under time reversal if
F ◦ R = F on Γn . Provided that the Hamiltonian itself is even, which we assume, the
phase flow Φ(t) on Γn satisfies Φ(t) = R ◦ Φ(−t) ◦ R. For any even dynamical variable,
F , it follows that F ◦ Φ(t) = F ◦ Φ(−t) ◦ R.

If the relevant vector A = (A1, . . . , Am) is composed of even component variables, then
the matrix JA = 〈{A, H }A! 〉eq is zero. This fact follows from a well-known observation
about the relevant finite-differences; namely,

〈[A ◦ Φ(∆t) − A]A! 〉eq = 〈A[A ◦ Φ(−∆t) − A]! 〉eq

= 〈A[A ◦ Φ(∆t) ◦ R − A]! 〉eq

= 〈A[A ◦ Φ(∆t) − A]! 〉eq ,

using the fact that the equilibrium ensemble is invariant under the transformation R.
Now, dividing by the time increment ∆t > 0 and taking the limit ∆t → 0, we obtain
JA = J !

A . Since JA is skew-symmetric, we conclude that JA = 0. Consequently, the two
matrix differential equations for K (&) and Ψ(&) take the simpler forms:

dK
d&

= DA − K C" 1
A K ,

dΨ

d&
= K C" 1

A Ψ .

The predictive reduced dynamics determined by K (&) and Ψ(&) therefore simplifies con-
siderably, as we show next.
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Let WA be a matrix of normalized eigenvectors of DA relative to CA , and let ∆A be
the corresponding diagonal matrix of eigenvalues, all of which are real and nonnegative.
The nonsingular matrix WA diagonalizes DA relative to CA , meaning that

W !
A DA WA = ∆A and W !

A CA WA = I .

Applying this diagonalization to the matrix differential equations (33) and (39), which
define K and Ψ respectively, we transform these equations into equivalent equations for

K̄ (&) = W !
A K (&)WA Ψ̄(&) = W !

A Ψ(&) .

These transformed matrix functions satisfy the differential equations

dK̄
d&

= ∆A − K̄ 2 ,
dΨ̄

d&
= K̄ Ψ̄ ,

and the initial conditions, K̄ (0) = 0, Ψ̄(0) = W !
A . Because each of these systems of

differential equations is completely decoupled, their solutions are elementary; specifically,

K̄ (&) =
√

∆A tanh(
√

∆A &) , Ψ̄(&) = cosh(
√

∆A &) W !
A ,

where
√

∆A denotes the nonnegative square root of the nonnegative diagonal matrix ∆A ,
and the hyperbolic functions act on the diagonal matrices in the obvious way.

Inverting the diagonalizing transformation, we obtain the explicit formulae

K (&) = (W !
A )" 1

√
∆A tanh(

√
∆A &) W " 1

A (47)

Ψ(&) = (W !
A )" 1 cosh(

√
∆A &) W !

A

Substituting these formulae into the expression for the dissipation matrix (43), we find
that this expression collapses to simply

M (&) =
∫ !

0
D (&#) d&# = K (&) . (48)

Thus, the predictive reduced dynamics (42) is governed by the simplified equation

d
dt1

a(t1, t1 − t0) = −K (t1 − t0) C" 1
A a(t1, t1 − t0) , (49)

in which the fundamental solution matrix Ψ does not appear explicitly. An analogous
simplication does not appear to hold in general when the coefficient matrix JA is non-
zero.

The format of (49) is reminiscent of the linear transport equations of phenomenological
nonequilibrium thermodynamics [9, 17]. In that setting, a separation of time scales be-
tween the evolution of the coherent macrostate and the fluctuating microstate is assumed,
and linear relaxation equations are posited to relate fluxes to forces. In our notation these
equations have the form

da
dt

= L" , with a = CA " .
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In this traditional Onsager theory of near-equilibrium relaxation, the matrix of transport
coefficients L is constant in time. Moreover, if the relevant dynamical variables A are
even under time reversal, then the celebrated Onsager reciprocity relations imply that L
is symmetric. The entropy production is then ' = " ! L" , and this expression is invoked to
imply that L is positive-definite. We stress that these classical results are derived from a
number of assumptions concerning the format of the macroscopic transport equations and
the statistical properties of the microscopic fluctuations, namely the Onsager regression
hypothesis.

Returning to our best-fit closure, we find that in the special case of even variables our
predictive reduced equations have a very similar structure to the transport equations in the
classical Onsager theory. The most significant difference is that our matrix of transport
coefficients, K (t1 − t0), is time-dependent, unlike the constant matrix L . In light of the
separation of time scales inherent in the Onsager regression hypothesis, we can identify
L with the limit matrix K (+∞) = lim! % +$ K (&), which exists and solves the associated
algebraic Riccati equation. In our approach, the matrix function K is derived from the
underlying Hamiltonian dynamics, and it is necessarily symmetric and positive-definite.
Thus, we obtain a generalization of the reciprocity relations and the monotonicity of
entropy as direct and unequivocal consequences of our best-fit approach. Moreover, our
theory supplies a rational approximation of the statistical relaxation without assuming a
separation of time scales between the macroscopic and microscopic dynamics.
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[21] P. Plecháč and B. Turkington, Numerical tests of best-fit quasi-equilibrium closures
of underresolved Hamiltonian dynamics, in preparation (2007).

[22] I. Prigogine, F. Mayne, C. George and M. deHaan, Microscopic theory of irreversible
processes, Proc. Nat. Acad. Sci. USA. 74:4152–4156 (1977).

[23] J. .D. Ramshaw, Elementary derivation of nonlinear transport equations from sta-
tistical mechanics, J. Stat. Phys. 45:983–999 (1986).

[24] B. Robertson, Application of maximum entropy to nonequilibrium statistical me-
chanics, in The Maximum Entropy Formalism. R. D. Levine and M. Tribus (eds).
The M.I.T Press, Cambridge, Massachusetts, 1979. pp. 289–320.

[25] A. R. Vasconcellos, R. Luzzi and L. S. Garcia–Colin, Microscopic approach to ir-
rversible thermodynamics,I: General theory, Phys. Rev. A. 43:6622–6632 (1991).

[26] D. N. Zubarev, Nonequilibrium Statistical Thermodynamics, (Plenum Press, New
York, 1974).
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