GLOBAL EXISTENCE OF SOLUTIONS TO
SHIGESADA-KAWASAKI-TERAMOTO CROSS-DIFFUSION
SYSTEMS ON DOMAINS OF ARBITRARY DIMENSIONS

PHAN VAN TUOC

ABSTRACT. We consider a strongly coupled nonlinear parabolic system which
arises in population dynamics in n—dimensional domains (n > 1). Global
existence of classical solutions under certain restrictions on the coefficients is
established.

1. INTRODUCTION.

In this paper, we study the following cross-diffusion system in population dy-
namics

Uy = Al(d1 + av + yu)u] + u(a; —bju —cv) in Q x [0, 00),
o = Al(dz + 0v)v] + v(az — bau — cav) in Qx [0,00),
(1.1)
gu =9 =0 in 99 x [0, c0),
u(z,0) =wg(xz) >0, v(z,0)=uvy(x)>0 in Q,

where Q is an open bounded domain in R™ (for n € N) with smooth boundary 052,
2

n
A= Z % is the Laplacian, 9/0v denotes the directional derivative along the
i=1 "
outward normal on 9Q and «, 7, 6, a;,b;,¢; and d; (i = 1,2) are given positive
constants. The system (1.1) is a special case of models proposed by Shigesada,
Kawasaki and Teramoto [15] in 1979 when they studied the segregation phenomena
of competing species. In this system, v and v are nonnegative functions which
represent population densities of two competing species, d; and ds are respectively
their diffusion rates, a; and as denote intrinsic growth rates, b; and ¢y account for
intra-specific competitions, b2 and c; are inter-specific competition coefficients. The
homogeneous Neumann boundary condition means there is no migration crossing
the boundary 0Q2. When o = § = v = 0, (1.1) reduces to the well-known Lotka-
Volterra competition-diffusion system. The parameters v and § are self-diffusion
rates, and « is a cross-diffusion rate. For more details on the background of this
model, see reference [15].
Local existence (in time) of solutions to (1.1) was established by Amann in a
series of important papers [1], [2], [3]. His result can be summarized as follows.
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Theorem 1.1. Assume p > n, ug,vo € W} (Q). The system (1.1) has a unique
non-negative smooth solution u,v € C([0,T), WP(Q)) N C>®((0,T),C>(Q)) with
mazimal existence time T. Moreover, if the solution (u,v) satisfies the estimate

(1.2) sup ||u(.,t)||W;(Q) < oo and sup ||’U(.,t)||W;(gl) < 00,
0<t<T 0<t<T

then T = oo.

Global existence (in time) of (1.1) has recently received great attention (see
[5], [6], [11] and [13]). When n = 2, Lou, Ni and Wu proved in 1998 that the
system (1.1) has a unique global classical solution (see [13]). In 2003 Choi, Lui and
Yamada considered the problem for 6 = 0 and any n. However, they only obtained
the global existence of the solution to (1.1) when the coefficient « is sufficiently
small (see [5]). Then in 2004, Choi, Lui and Yamada continued their work and
they showed that the solution to (1.1) exists globally for either 6 = 0 or 6 > 0
and n < 6 (see [6]). In these papers, to get the boundedness of the solution of
(1.1), which is crucial in proving (1.2), the authors first obtained LP-estimates of
the solution and then used the Sobolev embeddings and standard regularity results
of parabolic equations. Therefore, they have a restriction on the dimension n of €.

In a different approach, the system (1.1) can be written in the following form
(1.3) { uy =V - [P(u,v)Vu+ Ru)Vo] + u(a —biu — c1v)

’ v =V - [Qv)Vv] + v(az — bau — cov),
where

P(u,v) =dy + av + 2yu, Q(v) =dz + 20v, R(u)= au.
Using test function techniques, Le and Nguyen [11] obtained some global existence
results with arbitrary n for (1.3). Their method is constructive; However, their
results (see Theorem 1.1 of [11]) need more various restrictions on the coefficients
than our results here (Theorem 1.2 below).

For the system (1.1), it is easy to see that maximum principles can be applied
to the second equation of (1.1) to get the boundedness of v (see Lemma 2.1 below).
However, to get the control of solution u, maximum principles are not available for
this system. This is the main difficulty in studying the global existence of (1.1) (see
Section 10 of [4]). In this paper, contrary to the result of Choi, Lui and Yamada [6]
which has a restriction on n when § > 0, we show that, if the self-diffusion coefficient
d > 0 is sufficiently large, it helps control the solution w of (1.1). Our idea is to
introduce a new function that relates the two equations of (1.1) and this function
allows us to use maximum principles to get the boundedness of the solution u of
(1.1) (see (2.9) and Theorem 2.1 below). Our approach only makes use of maximum
principles and does not need LP-estimates of the solution, it is therefore elementary
and independent of n. Moreover, our method can be generalized to more general
abstract equations. We summarize our results in the following theorem.

Theorem 1.2. Suppose that ug > 0, vg > 0 satisfy zero Neumann boundary con-
ditions and belong to C?T*(Q) for some A > 0. Assume either (i) a < 2§ or
(i) o = 26 and dy < dg. Then (1.1) possesses a unique non-negative solution
u,v € CPHAEHN/2( % [0, 00)).

The paper is organized as follows. Boundedness of solution (u,v) of (1.1) ob-
tained by maximum principles will be presented in Section 2. In Section 3, we give
a proof of Theorem 1.2.
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2. PRELIMINARY RESULTS.

Throughout this paper, (u,v) denotes the non-negative local smooth solution
to (1.1), whose existence is assured by Amann’s Theorem (Theorem 1.1), and T
denotes its maximal existence time and Q1 =  x [0,7T). Also standard notations
for function spaces are used. In particular, W, () (p > 1) is a standard Sobolev
space and ngl(QT) is a space consisting of measurable functions ¢ on Q7 such
that o, ¢t, Yu,, Pz,e; are in LP(Qr) for 4,5 = 1,2...n with norm

n n
lellwzt@ry = ellzr@r) + el lLri@r) + D 1oz lle@r) + D llezia; llLo@r)-
i=1 ij=1

First, applying maximum principles (see [8] or [14]) to (1.1) we have the following
lemma (see also Lemma 2.1 of [13] or Lemma 2.1 of [6] for more details).

Lemma 2.1. There exists a positive constant m such that
0<u and 0<v<m, inQr.
Now, we shall write the system (1.1) in a matrix form. For simplicity, we denote
o1(u,v) = ulay — biu — c1v)

¢2(u,v) = v(ag — bau — cov),

and
(2.1) M(Vu,Vv) = ( gyw g(c;vv; ) D(u,v) = ( OP(“’”) SEZ)) )
where

P(u,v) =dy + av + 2yu, Q(v) =ds + 20v, R(u) = au.
Then the system (1.1) becomes

(2.2) ( v )t:D(u,v)( ﬁj}‘ >+M(Vu,Vv)( g;‘ ) + ( z;gzz% )

Let
P—-Q d+au-—>bv
2. = =
(23)  fluo) =0 R .

Then, we see that the vector < f,1 > is a left eigenvector of D with eigenvalue
P(u,v) i.e.

(2.4) < f,1>-D(u,v) = P(u,v). < f,1>, V (u,v).

We also denote I' = {(u,v) € R? : 0 < v <m,0 <wu} and ' = {(u,v) € R?: 0 <

v < m, K < u} for any positive number K. Because a > 0 and ab® > 0 if b # 0, we
can choose Ky > 0 sufficiently large so that

(2.5) d4+au—bv>0 and b[d(b—1)+abu—bb—1)v]>1ifb#0
for 0 <v <m and u > Ky/2. Now, let G(u,v) = ¥(u)g(u,v) for (u,v) € I where,

ub

[d(b—1) 4+ abu — b(b — 1)v]
+ alogu ifb=1,
u

v+ dlogu + au if b=0,

7d1—d2 72’}/ 25—0[
= a=—, b

(b—l)logb ifb#0and b # 1,

(2.6) glu,v)=4¢ v—d
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and 1 is a smooth function on R, 0 < ¢ < 1, ¥(u) = 1 for u > Ky and ¢¥(u) =0
when u < Kqy/2.

Remark 2.1. When b # 0,1, the same function as g(u,v) is also used in [11].
Now, we introduce the following lemma.

Lemma 2.2. G is smooth onI'. Moreover, onT'k,, < G, G, > is a left eigenvector
of D(u,v) with eigenvalue P(u,v),

(2.7) Gu(u,v) = f(u,v)Gy(u,v) >0 and lim G(u,v) = .

Proof. By definition of G, on I'k, we have
b2(b—1)2

bld(b — 1) + abu — b(b — 1)v]

1

ifb#£0and b # 1,
(2.8) Gy(u,v)

) - ifb=1,

u

1 ifb=0,
and Gy (u,v) = f(u,v)Gy(u,v). Therefore, the lemma follows directly from (2.4),
(2.5) and the construction of G. O

Now we introduce

(2.9) w(z,t) = Glulz, 1), v(z, 1)).
We have
(2.10) Aw = Gy Au + Gy Av + Gy |Vul? 4+ G| Vo[ + 2G ., VuVo.

By (2.2), (2.4), Lemma 2.2 and (2.10) we see that for any (z,¢) € Qr such that
u(z,t) > Ko,

wi(z,t) = Guup + Gyoy =< Gy, Gy > - ( Z >
t

= (GuAu + G, Av)P + 229G, |Vul* + 2aG, VuVv
+ 260G, |Vo|? + Gug1 + Guo

= PAw + (2vG, — PG.)|Vul? + 2(aG., — PGyp)VuVo
+ (286G, — PGop)|VV|? + Gyt + Gypo.

For any (z,t) € Qr, we write

(2.11) h(z,t) = [(2YGu — PGuu)|Vul® + 2(aGy — PGyy)VuV] (z,1)
+ [(26GU - PGUU)|VU|2] (.I,t),
(2.12) d(x,t) = [Gu(u,v)d1 (u,v) + Gy (u, v)p2(u,v)] (z,t).

Then we have
(2.13) wy(z,t) = PAw + h(z,t) + ¢(z,t), for all (x,t) satisfying u(z,t) > K.
Let
A:=2vG, — PGyy, B:=aG,— PGy, C:=20G,— PG,,.
So, from (2.11) we have
(2.14) h(z,t) = (A|Vul®> + 2BVuVov + C|Vv|?) (z,t), for ¥ (z,t) € Qr.



GLOBAL EXISTENCE TO SHIGESADA-KAWASAKI-TERAMOTO SYSTEMS 5

Moreover, on I'k,, we have
A= 2’7va - (quv + qu'u)P
= (27.]0 - Pfu)Gv - Pf(vav + vav)
= (27f_ Pfu - Pffv)Gv _Pf2va7

B = O[va - (vav + va'u)P
= (O[f — va)G»U - PfG’U'U'

We now define

(2.15) E(u,v) = (2f = Pfu— Pff.) = 2(af — Pf.)f + 251>

Hence, for (z,t) € Qr such that u(z,t) > Ko and f(u(z,t),v(z,t))Vu(z,t) +
Vo(z,t) =0, we get

(2.16) h(z,t) = [E(u,v)Gy|Vul?] (z,1).

We have the following lemma.

Lemma 2.3. Assume either a < 26 or a = 26 and di < da. Then there is K1 > 0
such that for all 0 < v <m and u > K;, we have E(u,v) < 0.

Proof. We have

E(u,v) = (2vf = Pfu— Pffs) = 2(af — Pf,)f +26f°
=2vf+2(6 - a)f*+ Pff, — Pfu
:f{27+2(6_a)f+va}_Pfu

_f{27+2(5_a)d+a5—bv_b(d1—|—04;)—|—2*yu)}_Pfu

= 5 {[27 +2(§ — @)a — 29bJu — b[2(0 — @) + a]v — bdy + 2(0 — «a)d} — Pf,

:5{—()(25—04)1}— 26;ad1+2(6—a)d1;d2} — Pfy,
zg{—b(%—a)v—dl —M} — Pf,

_d—bvtau {—b(25—a)v—d1— 2(5—04)(12}

u? o

(d —bv)(d1 + av + 2vyu)
+ 2
u
- c1iu + (d — b’L))ClQ
= > ,

u
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where

ci1=a {—b(25 —a)v—dy — M} + 2v(d — bv)

2v(d1 — d
+7(1 2)

«

2
= —bla(26 — ) + 2y}v — g[dl +

]
=——"v— a—(25 —a)dy = 2by (da + 26v),

o «

2(5 — a)dg}

2(5 — a)d2
«

Clo = {—b(25—a)v—d1 - +di + av

2(6 — a)dy { (26 — a)? }
=+t —— 50
2(a = 8)d2 n 46(av — 9) 2(a—9)

« «

So we have
- d2 + 25’0

(2.17) E(u,v) ol

[—2vbu + 2(a — 0)(d — bv)].

Therefore, from the assumptions of Lemma 2.3, we can choose sufficiently large
K7 > 0 such that E(u,v) <0 for all 0 < v < m and u > K;. This completes the
proof of Lemma 2.3. O

Now let Ko > max{ Ky, K1} be sufficiently large so that
(2.18) ¢1(u,v) <0 and ¢o(u,v) <0, VO <v<m, u> Ky,

where K is a positive number appearing in (2.5) and K7 is a positive number given
in Lemma 2.3. Also we define

(2.19) My = max{sup G(ug(x),vo(z)), sup G(u,v)}+1.
Q (u,v)ET\I'ky

Then,

(2.20) w(z,t) > My = (u(zx,t,v(z,t)) € Tk,.

Now, we are ready to apply the maximum principle to the equation (2.13) and
get the boundedness of w which in turn implies the boundedness of u. We have the
following theorem.

Theorem 2.1. Assume either o < 26 or a« = 26 and di; < do, then w < My on

Qr.
Proof. We introduce

(2.21) w(t) :=supw(z,t), Vt € [0,7T).

Q
By (2.9) and (2.19), we see that wW(0) < My. Assume by contradiction that there
exists 0 < t1 < T such that My = wW(t1) > My. Let to = inf{t : w(t) > M1}. We
then see that 0 < tg < t1, W(tg) = M; and wW(t) < M; for all 0 < ¢ < tg. Let xo be
a point in Q such that w(xg,ty) = Mi; then

8w($0, to)

> 0.
ot 20

(2.22)
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Now, if z¢ € Q, then Vw(zg,to) = 0. Moreover, if zy € 99, then
8w($0,t0) _ 8u($07t0) 31}(170,150)
v = Gu v + G ov

and the tangential derivative Vaqw(xo,to) = 0. So Vw(zg,tg) = 0 for both cases.
By (2.20), we have (u(zo,to),v(z0,t0)) € I'k,. Therefore, by Lemma 2.2 we have

207

(2.23) f(u(zo,to), v(z0,t0)) Vu(zo, to) + Vo(zo,to) = va(Io,to) =0.

G
So by Lemma 2.2, Lemma 2.3, (2.16), (2.18) and (2.23), we see that
(2'24) h(l‘o,to) = (E(UJU)GU|VU|2) ($07t0) <0,

(225) (b(IOvtO) < Oa

where h,¢ and E are defined by (2.11), (2.12) and (2.15), respectively. Now if
xo € 2, we have Aw(zg,to) < 0. From (2.13) we have

’wt(l'o, to) < 0.

This contradicts to (2.22). On the other hand, if zy € 99, we see from (2.13),
(2.24) and (2.25) that in a neighborhood of (zg, to)

Wy — PAw S 0.
Then, by the Hopf’s boundary point Lemma (see [14]) we also get a contradiction.
This completes the proof of Theorem 2.1. O

3. PROOF OF THEOREM 1.2.

By (2.9), Lemma 2.2 and Theorem 2.1 we see that « is uniformly bounded.
Therefore, the proof of Theorem 1.2 is now exactly the same as that of Theorem
1.1 of [6]. We give it here for completeness. First, we write

(3.1) vy = V- [(d2 + 260)Vv] + v(ag — bau — cv).
Since dy + 20v and v(as — bau — cov) are bounded in Qr, applying Theorem 1.3
in [7, p.43] to (3.1) (see also Theorem 10.1 in [9, p.204]), we see that there is a
constant 3 > 0 such that
(3.2) ve CPPI2Qy).
Let wy = (d2 + év)v, then we have

gy

ot

where f1 = (d2 + 20v)¢2(u,v). Since da + 26v is in CPB/2(Qr) and f; is bounded
in Qr, by Theorem 9.1 [9, p.341-342] and its remark [9, p.351], we have

= (dg + 25U)A’LU1 =+ f17

||w1||qu,1(QT) < oo, Vg>1.

Choosing a sufficiently large ¢ and using Lemma 3.3 in [9, p.80], we get

(3.3) wy € CHPHUHED/2(Qr) for any 0 < f* < 1.
Since v = {—ds + \/d3 + 40w1)} /26, it follows from (3.3) that
(3.4) ve CHPLAFBI/2(Qr) for any 0 < §* < 1.

Now, u is a solution of

ug =V - [(d1 + av + 26u)Vu + auV] + fo,
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where w,v, Vv and fo = ¢1(u,v) are all bounded. By Theorem 1.3 p.43 of [7], we
have

(3.5) u e C72(Qr) with some 0 < o < 1.

Now equation of v can be written as

(3.6) v = (do + 26v)Av + f3,

where f3 = 25| V|2 + ¢2(u,v) € C7°/2(Qr) by (3.4) and (3.5). Then the Schauder

estimate (see Theorem 5.3 in [9, p.320-321]) applied to the equation (3.6) yields
(3.7) ve o EHN/2(Qr) with o = min{)\, 0}

Now let wg = (d1 + av + yu)u. Then wo satisfies

gwz
ot

where fi = (di 4+ av + 20u)py (u,v) + auvy € C7 7 /2(Qr) by (3.5) and (3.7).

From this, di + av + 20u € C?/2(Q7) (by (3.5)) and by applying the Schauder

estimate to the equation (3.8), we have

(3.9) wy € CHH 2@,

Then

(3.10)  w={—(d1 +aw) + /(d1 + av)? + dywy} /2y € C*+o T2,

Now repeat the procedure by making use of (3.7) and (3.10) in place of (3.4) and
(3.5) we have

(3.11) u,v e CHMEN2@Q).

Finally, the estimates (3.7) and (3.10) imply that the hypotheses of Theorem 1.1
are satisfied. Therefore, the solution (u,v) exists globally in time. The proof of
Theorem 1.2 is now complete.

(3.8) = (d1 + av + 26u) Aws + f4,

Remark 3.1. Theorem 1.2 still holds with general ¢1, @2 if we assume that ¢1, P2
are continuous, negative when u or v is sufficiently large and ¢1(0,.) = ¢2(.,0) = 0.
Our results also hold for Dirichlet boundary condition.
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