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AsstrAcT. This paper studies second order elliptic equations in both divergence and non-divergence
forms with measurable complex valued principle coefficients and measurable complex valued poten-
tials. The PDE operators can be considered as generalized Schrodinger operators. Under some suf-
ficient conditions, we establish existence, uniqueness, and regularity estimates in Sobolev spaces for
solutions to the equations. We particularly show that the non-zero imaginary parts of the potentials are
the main mechanisms that control slowly decaying solutions. Our results can be considered as limiting
absorption principle for Schrodinger operators with measurable coefficients and they could be useful
in other areas such as dispersive equations. The approach is based on the perturbation technique that
freezes the potentials. The results of the paper not only generalize many known results but also provide
a key ingredient for the study of L”-diffusion phenomena for dissipative wave equations.
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1. INTRODUCTION AND MAIN RESULTS

Let (ag)nxn : R" — C™" be a matrix of measurable complex valued functions that is uniformly
elliptic and bounded. In particular, we assume that there exists a constant A > 0 such that

n

AP <Re ) au()éé, V&= (& é,...,&) € R"and forae. x R,
(1.1) k=1

lag(x)] < A" and Im apy(x) =Imap(x) forallk,l=1{1,2,...,n}and fora.e. x € R".

Also let ¢ : R* — C be a given measurable complex valued potential function. Motivated by the
study of LP-diffusion phenomena for dissipative wave equations in [30] and by the study of other
related topics such as [1-3,5,7,9,11,13-18,21-23,34], we are interested in studying the uniqueness
solvability and regularity estimates in W>?(R", C) for solutions u of the equations

(1.2) Luu(x) = f(x) in R",
where f : R"” — C is a given measurable function, and £ is the generalized Schrédinger operator in

non-divergence form with measurable coefficients defined by

n

L) = = Y au(x)Dyu(x) + Ae(x)u(x)

k=1

in which 4 > 0 is a scaling parameter. Throughout the paper, for each £,/ = 1,2,...,n, we denote
Dy = 0y, the first order partial derivative operator with respect to the k™ -variable and Dy; = 0 . the
second order partial derivative operator with respect to the k-variable and /™ -variable.
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In this paper, we also investigate the uniqueness solvability and regularity in W!P(R", C) for the
generalized divergence form Schrodinger equations

(1.3) Quu(x) = Af(x) + div[g(x)] in R”"

for some given measurable function f : R” — C and some given measurable vector field g : R" —
C", where Q, is the generalized Schrodinger operator in divergence form with measurable coeffi-
cients defined by

Quu(x) = = " Dilan()Dgu(x)] + de(u(x).
k=1

Different from other available work in the theory of W>? and W'!”-regularity estimates such as
[6,9,10,21-25] and also motivated by [2,13-15,17,18,30], this paper investigates the case in which
the potential ¢ is a measurable complex valued function. Throughout the paper, we write c(x) =
c1(x) + icp(x) where c¢1, ¢ : R® — R are measurable functions. We assume that

(1.4) c1(x) 20, ci(x)+cr(x) =g, and ci(x)+|ca(x)] < A 'y forae. xeR”,

and for a fixed number ag > 0.
To state the results, let us introduce some notation. For a measurable function f defined in R” and
for any xo € R",p > 0, the mean of f in the ball B,(xo) is written as

1
(1.5) Dty = Ji fodx= —— [ fax,

. (x0) 1B (x0)| JB,(x0)

and the mean oscillation of f in B,(xo) is denoted by

fhx0) = fB V) = Dol

where B,(xp) is the ball in R" with radius p and centered at xo. In particular, with the matrix
(ari(x))nxn and the potential function c(x) = c1(x) + ico(x), we write

# # # #
a,(xp) = max a X Cc,(Xp) = maxc X0)-
p( 0) ki=12 0 kl,p( 0), p( 0) k=12 k,p( 0)

Our first main result is the following existence, uniqueness and regularity estimate for strong solu-
tions of the non-divergence form Schrodinger equation (1.2).

Theorem 1.1. Let A > 0,a9 > 0,Rg > 0, and p € (1,00) be given numbers. Then there exist a
sufficiently small number 6 = 6(A\,n, p) > 0 and a sufficiently large number N9 = No(A, p,n) > 1
such that the following statement holds true. Assume that (1.1) and (1.4) hold, and assume that

(1.6) sup sup aﬁ(x) <06 and sup sup cﬁ(x) < oayg.
xeR" pe(0,Rp) xeR" pe(0,Rp)

Then, for every f € LP(R",C) and A > al(:%, there exists a unique strong solution u € W>P(R", C) of
(1.2). Moreover, it holds that ’

(1.7) 1D%ul] gy + VA0 IDUll ey + Ao Nutlloeny < CCA, P ) I fll oy -

Similarly, we also prove the following result on existence, uniqueness and regularity estimates for
weak solutions of the divergence form Schrodinger equation (1.3).
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Theorem 1.2. Let A > 0,a9 > 0,Ryp > 0, and p € (1,0) be fixed numbers. Then there exist a
sufficiently small number 6 = 6(\,n, p) > 0 and a sufficiently large number Ny = No(A, p,n) > 1
such that the following statement holds true. Suppose that (1.1) and (1.4) hold and suppose also that

(1.8) sup sup aﬁ(x) <6 and sup sup cﬁ(x) < day.
xeR™ pe(0,Ry) xeR”™ pe(0,Rp)

Then, for every f € LP(R",C), g € LP(R",C)", and for A > —N"z, there exists a unique weak solution
R,
0
u € WhP(R”,C) of (1.3). Moreover, it holds that

A
(1.9) IDullpp@ry + VAo lullpp@ny < C(A, p,n) [ \/ o 11l zp ey + N8l Loy | -

A few remarks regarding Theorems 1.1-1.2 are worth pointing out. Note that the novelty in the
estimates (1.7) and (1.9) is that they do not contain any norms of the solutions on the right hand sides.
This fact together with p > 1 imply that we can control slowly decaying solutions as |x| — co. More
importantly, this kind of estimates is useful in applications such as in [30] regarding the LP-diffusion
phenomena in dissipative wave equations. When the potential c(x) = 1 + ie with some sufficiently
small € > 0, we can take @9 = % and (1.4) still holds. In this case, Theorems 1.1-1.2 can be
considered as limiting absorption principle for Schrodinger operators with measurable coefficients,
which are new. As such, Theorems 1.1-1.2 could be useful in other areas such as dispersive equations
with measurable coefficients. Regarding this, ones may also see Theorem 2.2 and Theorem 3.1 for
the special case of Theorem 1.1 and Theorem 1.2 which deal with constant coefficient equations.
Note also that our Theorems 1.1-1.2 are still valid when taking ¢; = 0, i.e. the potential c is purely
imaginary. In comparison with the known work, we would like to note that similar estimates as (1.7)
and (1.9) are established in many papers for both linear and nonlinear equations, see [6, 8—10, 20—
22,24-26,31,32]. However, in the available mentioned work, the potentials are assumed to be real
valued functions. Moreover, in [6,8,21,22,24-27], to obtain the estimates (1.7) and (1.9), the purely
real potentials are assumed to be sufficiently large to insure that eigenvalues of the PDE operators £,
and Q, are positive. In our case, due to the non-vanishing of the imaginary parts of the potentials, we
can take the real parts of the potentials to be identical to zero. To the best of our knowledge, the case
with complex valued potentials have not been investigated before and our estimates (1.7) and (1.9)
are new. Also, we would like to note that the estimates (1.7) and (1.9) imply the resolvent estimates of
the considered Schrodinger operators, which may have some interesting applications, see [16—18,34].
Moreover, note that both of the equations (1.2) and (1.3) can be rewritten into systems of equations
by taking the real and imaginary parts of the equations. Therefore, in some sense, Theorems 1.1-1.2
can be considered as an extension of the results in [6, 8-10, 20-22, 24-26, 31, 32] for systems of
equations.

Next, we remark that the first smallness condition in both of (1.6) and (1.8) on the BMO-semi
norm (bounded mean oscillation) of the coeflicient matrix (ax;),x, is necessary. This is known in [26]
by a well-known example, see also [12] for a recent development and discussion. However, in our
case, it is not clear that if the same kind of the smallness condition on the mean oscillation of the
potential ¢ is necessary. Nevertheless, it could be possible to relax these smallness conditions in
the BMO-semi norms and replace them by the corresponding smallness conditions in the partial
BMO-semi norms as in [9,23]. However, we do not pursue this direction to avoid more technical
complications. Similarly, it could be also possible to improve Theorems 1.1-1.2 to more general
functional settings such as weighted spaces, mixed-norm spaces, and Lorentz spaces as in [10,11,32].

We also would like to mention that the scaling parameter A plays an essential role in the analysis
of our paper. Essentially, both of the estimates (1.7) and (1.9) and both of the classes of the equations
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(1.2) and (1.3) are invariant under the natural scaling and dilation

(1.10) u(x) — @, and  u(x) = uy(x) := u(yx), with y>0.

In particular, it is not too hard to check that if u is a solution of (1.2), then u, defined above with
v > 0 is also a solution of the equation
n
= > @)Dty (x) + AT (uy(x) = f(x) in R,
k=1

where
ay(x) = au(yx), I(x) =y’clyn), and  f(x) =y’ f(yx).
Note that in this case, the constant «g in (1.4), (1.6), and (1.7) is replaced by a/oy2 and the constant

Ry is replaced by %. As a result, the constant - in Theorem 1.1 is invariant. Moreover, the

onR2

estimate (1.7) in Theorem 1.1 is also invariant with re(:)spect the scalings and dilations (1.10). Similar
homogeneous properties also hold for the class of divergence form equations (1.3) and Theorem 1.2.
Ones may find in the recent work [20, 28, 29, 31, 32] further applications and developments of the
scaling parameter technique in studying regularity theory in Sobolev spaces for solutions of nonlinear
elliptic and parabolic equations.

We apply the perturbation method using equations with freezing coefficients to prove our results,
see [3-6, 810, 20-23, 28, 29, 31-33]. We follow the method introduced in [21], which uses the
Fefferman-Stein sharp functions. See also [8-10,22,23] for further implementation and development
of the method. However, unlike the work [3-6,9,10,21-23] that freeze the principle coefficient matrix
(axr)nxn and treat the lower order terms as forcing terms, we freeze the coefficient matrix (ag;),x, and
also the potentials as well to take advantage of the non-zero imaginary parts of the potentials. In
this way, we are not only able to gain the control of the L”-norms of the derivatives of solutions,
but also gain the control of the LP-norms of the solutions even when the real parts of the potential
are identically zero. To achieve this, the role of the scaling parameter A becomes essential in our
approach, see the recent work [20,28,29,31,32] for further intuition and applications. To implement
the above perturbation technique, we derive several interesting estimates utilizing the structure of the
equations with complex potentials.

The paper is organized as follows. In the next section, Section 2, we prove Theorem 1.1. Section
3 is devoted to the proof of Theorem 1.2.

2. SCHRODINGER EQUATIONS IN NON-DIVERGENCE FORM

This section proves Theorem 1.1. Our method is based on the perturbation approach using equa-
tions with frozen coefficients. See [3-6,8-10,20,20-23,28,29,31-33], for instance. However, unlike
in [3,6,8-10,20,20-23, 33] which consider lower order terms as forcing terms and therefore move
them to the right hand sides of the equations, in our approach, we take advantage of the imaginary
part of the potentials. Therefore, we freeze the spatial variable in our potentials and establish several
estimates for equations with complex constant coefficients. We start the section with the following
simple lemma that is useful in our paper.

Lemma 2.1. Let (ag)uxn be a matrix such that Im ay; = Im ay, for all k,1 = 1,2,...,n. Assume that
the ellipticity condition in (1.1) holds. Then
n

Re ) au&idy = AT,

k=1
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forall ¢ = (£1,&,...,&,) € C.

Proof. Let us denote
ay = ayjg +iazy and & = &1 + i,
where ajy;, &y are in R for k,/ = 1,2,...,n and for j = 1,2. Then, we see that

n n n

Z anéiél = Z ar(E1péry + E2xéa)) i Z ax(&24é11 — E1ké2,0)-

k=1 k=1 k=1

From this it follows that
n n

Re Z awéiél = ar (i€ + Exéap) — a2 j(E2 k€11 — E1k62.1)

k=1 =1 k=1

=

=~

AsIm ay; = Im ay, we see that az i = ap j forall k,/ = 1,2, ..., n and consequently,

n

Z @ k(2,11 — E1,é2) = 0.

k=1
Then, it follows from (1.1) that

n n n

Re Z awérér = Z ar g€ k€ + E2xé21) = Re ané1éry + Re aké&r i

k=1 k=1 k=1 k=1
2 2 2
> A(1€11 + Ial) = AP

where we have used the notation &£; = (£1,&12,...,&1,) € R" with [ = 1,2. The assertion is then
proved. O

N

2.1. Equations with constant coefficients. This section derives important estimates for solutions
of second order elliptic equations with complex constant coefficients. We consider the following
equation

n
2.1) = > apDju+ Aey +icolu=f in R,
Ji=1

where 4 > 0 is a scaling parameter constant, f : R” — C is a given measurable function and
u : R" — Cis an unknown solution. Moreover, (a;)ux, 18 @ given n X n matrix of complex numbers,
and c; € R, c» € R are given numbers satisfying

2.2) 120, ci+cp>ap and cj+]ep < A_la/o.
The following theorem is a special case of Theorem 1.1 in which the coefficients are constants.

Theorem 2.2. Let A > 0,ap > 0,p € (1,00), and let (a)uxn be a matrix of complex numbers
satisfying (1.1). Then, for every real numbers c1, cy satisfying (2.2) and for A > 0, f € LP(R",C),
there exists a unique strong solution u € W2P(R", C) of (2.1). Moreover,

2.3) 1P|y + VA0 1Dull o eny + Ao lullpny < C Il
where C = C(A, p, n).

Theorem 2.2 plays an important role in the proof of our Theorem 1.1. Even though Theorem 2.2
is for equations with constant coeflicients, it is new, and we prove it. The first step in the proof of
Theorem 2.2 is to prove it for p = 2. This step is carried out in the following lemma.
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Lemma 2.3. Let A > 0,29 > 0 and assume that (ay)nx, is a matrix of complex numbers satisfying
(1.1). Also, let ¢y, cy be real numbers satisfying (2.2) . Then, for every A > 0 and for f € L*(R",C),
there exists a unique solution u € W22(R", C) of (2.1). Moreover,

D21 2y + VA0 1Dull 280y + Ao |2y < CAANIf N2y -

Proof. Observe also that since C'(R", C) is dense in W22(R", C), we can find a sequence of functions
u € C(R",C) such that uy — u in W>*(R", C). Moreover, uy is a solution of

n

n
= > apDju + Aley +icalug = = " apDj(u—w) + Aley +ical(w —w) + f, in R,
Jil=1 Jil=1

As the right hand side of the above equation converges to f in L2(R", C), it is sufficient to prove the
estimate in the lemma with the assumption that u € C*(R", C).

We use standard energy estimate taking advantage of the fact that ¢; + |c2| > @p. By multiplying
the equation (2.1) with Aii, and using the integration by parts, we obtain

n
(2.4) A Z f auDuDyiidx + 2%[c1 +ica] | lufdx=A | fx)a(x)dx.
J,l:l n Rn Rll

From this and by taking the real part of (2.4) and using Lemma 2.1, the boundedness of ¢y, ¢z in (1.4)
and the Young’s inequality, we see that

(2.5) dag | IDu(x)PPdx < C(A) [/lzaé

lu(Pdx+ | | f(X)Izdx] .
R -

Rl‘l
Now, let € > 0 be sufficiently small which will be determined. By taking the real part of (2.4) and
using Lemma 2.1, we see that

|Du(x)Pdx + 22c f lu(x)|?dx < 1 f |f (0l (x)ldx
Rll Rn Rll
2

1
< A lu(x)|?dx + — f If ()| dx.
2 R 26 R

This estimate and since ¢; > 0, we particularly infer that

|Du(x)[*dx < C(A) [eﬁ Iu(x)lzdx+é f |f(x)|2dx], and
Rn

R” R”

(2.6) )

A 1
2oy | weoPdx < = | juoPdx+ — | 1fo2dx.
Rn 2 R}‘l 2 R}l

On the other hand, by taking the imaginary part of (2.4) and by using boundedness condition of the
coeflicients ay; in (1.1) and Young’s inequality, we obtain

ey | uPdx<aA' | |[Vuldx+ A | FOOllu(x)ldx
Rll Rll

1
2.7) < AN~ f VulPdx + < Iu(x)lzdx oo f |f(x0)Pdx
n € JRn

< C(A) [az f ) lu(x)|?dx + é ., | f(x)lzdx],
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where we have used the first estimate of (2.6) in the last step. Now, we combined this last estimate
with the second estimate in (2.6) to imply that

(et + ) f lu(x)|?dx < C(A) [6/12 f |u(x)|2dx+l f If(x)lzdx].
R” R~ € R®

From this and the condition ¢; + ¢ > ag, we can choose € such that C(A)e = aq/2 to obtain

(2.8) 2af | luPdx < C(A) f |f ()l dx.
R7 R"

It then follows from (2.5) and (2.8) that
(2.9) Aayg f |Du(x)|*dx < C(A) f |f(x)|dx.
n Rn

From (2.8) and (2.9), we see that it remains to control the L?>-norm of the second derivative of u.
To this end, for each k € {1,2,---,n}, by multiplying the equation (2.1) with Dyt and using the
integration by parts, we see that

> f ayD(D)Dj(Dii)dx = Aley +ica] | IDgu(x)Pdx + f F(X)Dygei(x)dx.
n R" R”

Jil=1 Jil=1
Then, by taking the real part of the above equation, and using Lemma 2.1, (2.9), and the Young’s

inequality again, we obtain

f ID?u(x)*dx < C(A) f | (x)|2dx.
R? R”

This completes the proof of the estimate in lemma.

Finally, we prove the unique solvability of (2.1) in W22(R",C). Observe that the uniqueness
follows directly from the estimate that we just proved. Also, the solvability can be obtained by the
method of continuity (see [22, Theorem 1.4.4, p. 15 and Theorem 6.4.1 p. 139]) using the solvability
of the equation

—Au+ dapu = f in R

The proof of the lemma is completed. O

Observe that Lemma 2.3 justifies Theorem 2.2 when p = 2. For general p € (1, o), the proof
of Theorem 2.2 is more involved and it requires more analytic theory and regularity estimates. Our
next lemma gives local regularity estimates for solutions of the homogeneous constant coefficient
equations.

Lemma 2.4. Let (ay)nx, and cy, ¢y be as in Lemma 2.3. If u € C*(By) is a solution of
n
(2.10) = > apDju+ Aey +icalu=0 in By
jl=1
with some A > 0 and q € (1, ), then
sz, ) < CCA o) o,

where C(A, q, n) is independent on A and «y.
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Proof. Letr,R € (1/2,1) with r < R. Let ¢ € C7(Bg) be a real valued function satisfying ¢ = 1 on
B, and 0 < ¢ < 1 on Bg. Multiplying the equation (2.10) with #i¢* and using the integration by parts,
we obtain

f ¢*(x)a ;1 Du(x)Dja(x)dx + Aley +ica] | |u(x)P¢*(x)dx
2.11) Br Br
=-2 fB ajiDu(x)D jp(x)[a(x)p(x)]dx.

Then, by taking the real part of the identity (2.11) and using the Lemma 2.1, and the boundedness of
the coeflicient a;; in (1.1), we obtain

A f DU (x)dx + Ay f (R (X)dx < 277! f DU DS P()dL.
Br Br Br

Now, using the Holder’s inequality and Young’s inequality for the right hand side term of the last
estimate, we obtain

(2.12) A f IDu(x)*¢*(x)dx + Acy | |u@)P¢*(x)dx < C(A) | [u(x)P|D(x)|dx.
B, Br Br

Similarly, by taking the imaginary part of the identity (2.11), and using the boundedness condition
in (1.1) and the Young’s inequality, we obtain

(2.13) Acy f |u(x)|2dst—1[ |Dul*¢*(x)dx + |u(x)|2|D¢(x)|2dx].
Br

Bgr Br
This estimate together with (2.12) imply that
f |Du|2dx + Adag f |u(x)|2dx <CA,nR-71) Iu(x)lzdx.
B, B, Br
Because Du is also a solution of (2.10), we also obtain
f \D*ul?dx + g f |Du(x)*dx < C(A,n,R—71) | |Du(x)ldx.
B, B, Br
By an iteration, we then see that
(2.14) f \D* uPdx + Aag f ID*u(x)Pdx < C(A,n,R=1) | |u(x)dx, VkeN.
B, B, Bg
Then, by taking k > n/2 and using Sobolev’s imbedding, we obtain

12
(1 + o) lull =z, SC(A,n)(Ji |u(x)|2dx) , re(0,1/2).

2r

From this, and a standard iteration technique (see [19, p. 75]), we obtain

1/q
(2.15) (1 + Ao) llull =, ) < C(A, g, n)( Iu(x)lqu)

B

for g € (1, 0). Because DFu satisfying the same equation as u, we use (2.14) and (2.15) to derive
that

1/q
(1+/lao)HDkuHLw(Bl/2)SC(A,n,k)(Ji Iu(x)lqu) :

The proof of the lemma is completed. O
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Next, we state and prove a corollary of Lemma 2.4, which gives the control of the mean oscilla-
tions of the solutions and its derivatives for the equation (2.10).

Lemma 2.5. Let A € (0,1) and g € (1,00) be fixed. Then, there is C = C(A,q,n) > 0 such that
the following statement holds true. Suppose that p > 0 and (1.1) holds for some matrix of complex
numbers (ax;)nxn. Suppose also that u € C*(B,) is a solution of

n
- Z aﬂDﬂu +Alcy +icxJu=0 in Bp,
Jil=1

with some A > 0 and some real numbers c|, cy satisfying (2.2). Then, for every k € (0,1/2), the
following estimates hold

JC |D2u - (Dzu)kaldx < kCy (JC
By B

0

1/q
|D2u(x)|qu) ,

1/q
JC |Du — (Du)p, |dx < KC()( |Du(x)|qu) ,
B

Kkp

0
1/q
J[ |t — (u)BKpldx < kCy (JC |u(x)|qu) .
By B,

Proof. By scaling, we may assume that p = 1. Observe that from Lemma 2.4, we see that

B

1/q
JC lu — (w)p,ldx < C(A, g, n)k||Dul|r=B, ,,) < C(A,n)K( Iu(x)lqu) .
By

B
This proves the last estimate in the lemma. The other first two estimates in the lemma can be proved
similarly as Du, D?u are solutions of the same equations as u. The proof is then completed. O

The next lemma provides us the mean oscillation estimates of solutions and their derivatives for
the non-homogeneous equation (2.1).

Lemma 2.6. For a given constant A € (0, 1), there exists C = C(A,n) such that the following

statement holds. Suppose that (ag;)nxn is a matrix of complex numbers satisfying (1.1). Suppose also
that f € L*(By(x0), C). Then, if u € W**(B,(xo), C) is a solution of

n
- Z ajgDju+ Alcy +iclu=f in By(xo)
jl=1

for some xg € R", some p > 0, 1 > 0, and for cy, cp satisfying (2.2), the following estimates hold

1/2 1/2
f U = (U)g,,(xp)ldx < C lK ( JC |U(x)|2dx) +k3 ( f | f(x)|2dx) } ,
Bip(x0) By(xo) By(x0)

Je

for every k € (0, 1/4) and for U = D*u, \AagDu, or dagu.

Proof. By using the translation x — x—xo, we can assume that xo = 0. Let 5 € C°(B,) be a standard
cut-off function which satisfies
n=1 on B,p;.

Then, let w € W>2(R”, C) be the solution of the equation

(2.16) - Z apDyw + Alci + icylw = n(x)f(x) in R".
ji=1
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Note that the existence of w is obtained from Lemma 2.3. By writing W = (D*w, \AagDw, dagw),
we can see that from Lemma 2.3 that

1/2
(JC |W|2dx) < C(A ") (][ IfCx )|2dx) . and
BKP
1/2 1/2
(JC |W|2dx] SC(A,n)(J[ If(x)lzdx)
B, By

Now, let v = u — w, we see that v is a solution of the equation

2.17)

n
— Z ajgDjyv + Alc; +ic2lv=0 in B,p.
=1

Again, by writing V = (D?v, VAaoDv, Adagv), we can apply Lemma 2.5 for V to see that

(2.18) J[ V(x) = (V)p,ldx < kCo (JC
B B

Kp /2

1/2
|V(x)|2dx) , Yke(0,1/4).

Recall that
JC |U - (U)kaldx < 2JC |U = cldx, VYceR.
Kp

Then, by taking ¢ = (V)g,,, and using the triangle inequality and Holder’s inequality, we see that

JC U — (U)g, ldx < 2Jf U = (V)g, ldx
B B

Kp Kp

1/2
szlf |V—<V>ka|dx+(f IWIde) }
I B

From this estimate, the first estimate in (2.17), and from (2.18), we see that

f U - (U)p, ldx

Byp

1/2 1/2
sc[K(f |V(x)|2dx) +K72 (JC |f(x)|2dx]
By By
1/2 1/2 1/2
< C[K( JC |U(x)|2dx] +K( JC |W(x)|2dx) + K2 ( f | f(x)lzdx) }
Bpp Byp2 B,

P
Now, using the second estimate in (2.17), we can control the second term on the right hand side of

the last estimate and infer that
1/2
K(JC |U(x)|2dx) +K2 (JC |f(x)|2dx) }
B,

where C is a constant depending only on A and n. The proof of the lemma is therefore completed. O

Kkp

JC U~ (U, ldx < C
BKp

Remark 2.7. We observe that (2.7) and (2.13) still hold true if the constant c; in the terms on the
left hand sides of (2.7) and (2.13) is replaced by |cy|. As such, Lemmas 2.3, 2.4, 2.5, and 2.6 are all
valid if the second condition in (2.2) is replaced by c| + |c2| = ap.
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Next, to prove our main results, we need to recall several definitions and analysis estimates. Let
us denote the collection of balls in R" by

B ={By(x):p>0,xeR").
For any locally integrable function f defined in R”, the Hardy-Littlewood maximal function of f is
defined by

M@ = sup fB FOldy.

BeB,xeB
Moreover, the Fefferman-Stein sharp function of f is defined by

@ = sup f £O) = (Dsldy,
BeB,xeB JB

where (f)p is defined as in (1.5). Note that for p € (1,00) and f € LP(R"), it follows from the
Fefferman-Stein theorem and Hardy-Littlewood maximal function theorem that (see [22, Chapter 3],
for instance)

(2.19) Ifllr@n < C@, i@,  and  [IMllr@n < C I flleen.
Also, observe that it follows directly from the definitions that
) <2M(f)(x), forae. x € R™.

Consequently,
(2.20) 1y < 2MDNr@ny < Clr, P Flliree)-

Proof of Theorem 2.2. By duality, we only need to consider the case p € [2, 00). Moreover, as the
case p = 2 is proved already by Lemma 2.3, it remains to consider the case p > 2.

We first prove the a-priori estimate (2.3). Let u € W2P(R", C) be a solution of (2.1). By using the
density of Cf’(R",C) in W2P(R",C) as in the proof of Lemma 2.3, we can assume that u € Cj’(R", C).
Then, by applying Lemma 2.6, we can control the Fefferman-Stein sharp function of U as

U () < CAL ) kMUY + kS MASP)@)'?], forae. x e R,

where U = (D*u, \AaoDu, dagu), C = C(A,n) and « € (0, 1/4). By using the Fefferman-Stein
theorem for sharp functions and Hardy-Littlewood maximal function theorem (see (2.19) and (2.20)),
we obtain

1Ulpeny < €O, p) [UH{] ey < € [ [IMAUPY'?]

< C[k U@y + €5 Mo | -

From this and by choosing « sufficiently small, we obtain
Ul gy < CA p, ) 1 Nl oy »

MUY P

_n
LP(R") +K 2

and this proves (2.3).

Now, it remains to prove the existence of the solution as the uniqueness follows from (2.3). For
given f € LP(R",C), by the density of C7’(R",C) in LP(R",C), we can find a sequence of smooth
compactly supported functions {fi}x ¢ C7(R",C) such that fy — f in LP(R",C). Observe that as
p > 2, fi € L*(R") N LP(R™). Then, by Lemma 2.3, there is a unique solution u; € W>2(R", C) of the
equation

n
2.21) - Z apDju + Alcy + icalug = fil(x) in R
ji=1
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Since f; € Cy(R",C), and the coefficients in (2.21) are constants, we can formally differentiate the
equation (2.21) and then apply Lemma 2.3 iteratively to prove that uy € W-2(R”,C) for all [ € N.
From this and by choosing / sufficiently large, we can apply the Sobolev imbedding theorem to infer
that u; € W>P(R", C). Then, by using the a-priori estimate (2.3), we obtain

1D k]|, + VA0 DUkl Ly + A0 ltkl| oy < CCA, P 1) | fillogery -

Similarly to this estimate by considering the equation for u; — u;, we also see that

102 are = )| gy + VA0 1D = udllirny + Ao itk = wrllony < CCA pam) Ui = fill Loy

for every k,I € N. This estimate, and since fy — f in L°(R") as k — oo, we infer that {u;}
is a Cauchy sequence in W2P(R",C). Let u € W>P(R",C) be the limit of the sequence {ug}; in
W2P(R",C). It can be proved easily that u is a solution of (2.1). The proof of the theorem is
completed. O

Remark 2.8. By observing the proof and from Remark 2.7, we see that Theorem 2.2 still holds if the
second condition in (2.2) is replaced by ¢y + |c3| = ap.

2.2. Equations with measurable variable coefficients. We first state and prove an improved ver-
sion of Lemma 2.6 for equations with constant coefficients.

Lemma 2.9. For a given constant A € (0,1) and g € (1, 00), there exists C = C(A, q,n) > 0 such
that the following statement holds. Suppose that the matrix (aji)uxn of complex numbers satisfies the
conditions in (1.1). Suppose also that f € LY(B,(xo),C). Then, if u € Wz’q(Bp(xo), C) is a solution of

n
= > apDju+ Aley +icolu=f, in  By(xo)
=1

for some xg € R", p > 0, A > 0, and some real numbers cy, c, satisfying (2.2), the following estimate

holds
1/q . /g
£ W= Wl < Cagn) H f |U<x>|%zx) bih [ f If(x)lqu] l ,
Bxp(x()) Bp(xo) Bp(xo)
for every k € (0,1/4) and for U = D?u or \JAagDu or Aagu.
Proof. The proof is similar to that of Lemma 2.6. The only difference is that we do not apply Lemma
2.3 as in the proof of Lemma 2.6, but instead, we apply Theorem 2.2. We provide the details of the

proof for completeness. By using the translation x +— x — xp, we can assume that xo = 0. Let
n € Cy(By) be a standard cut-off function which satisfies

n=1 on B,p;.
Then, let w € W>4(R", C) be the solution of the equation

n
(2.22) - Z ajDyw + Alcy +ic2lw = n(x)f(x) in R",
j=1

where the existence of w is obtained by using Theorem 2.2. By writing W = (D?*w, VAaogDw, Aagw),
we can see that from Theorem 2.2 that

1/q
(JC |W|qu] CAgm [f If(x)lqu] and
B

(2.23) i

1/q l/q
(JC Iqudx) SC(A,q,n)(JC If(x)lqu) .
B, B,
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Now, let v = u — w, we see that v is a solution of the equation

n
— Z aﬂDﬂv + Alcy +icy]v = 0 in Bp/z.
jl=1

Again, by writing V = (D?v, YAagDv, Aapv), we can apply Lemma 2.5 for V to see that

(2.24) JC [V(x) = (V)p,ldx < kCo (JC
B B

Kp /2

1/q
|V(x)|qu) , Yke(0,1/4).

Recall that

JC |U - (U)kaldx < ZJC |U - cldx, VYceR.
ka BKP

Then, by taking ¢ = (V)g,,, and using the triangle inequality and Holder’s inequality, we see that

f

U - (U)g, ldx < 2f U = (V)g, ldx
By

< 2lf IV — (V)g, ldx + (JC
I B

From this, the first estimate in (2.23), and from (2.24), we see that

JC |U = (U)g,,ldx
By

l/q . l/q
K(JC IV(x)I"dx) +K 4 (JC If(x)lqu]

By By
1/q 1/q . 1/q
<C [K(JC |U(x)|qu) + K(JC |W(x)|qu) +K 4 (JC |f(x)|qu) } .
Bpp2 By B,

0.
Now, using the second estimates in (2.23), we can control the second term on the right hand side of

the last estimate and infer that
g g
IU(x)qux) +K (J[ |f(x)|qu) },
B,

J[ U - (U)p,ldx < C K[JC

By B,

where C is a constant depending only on A, ¢ and n. The proof of the lemma is therefore completed.
o

Kp

1/q
IWqux) } .

Kkp

<C

Lemma 2.10. Let A € (0,1) and assume that (1.1) and (1.4) hold. Let g € (1,), p € (g, ) and
assume that f € LY(B,(x),C) and u € w2r (Bp(x0), C) is a strong solutions of

= Y ap@D e+ Aer () + icx(x)u(x) = f(x) in By(xo),
jk=1
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with some A > 0. Then, for every k € (0, 1/4), it holds that

JC |U(x) = (U)B,,(xp)ldx
BKp(XO)

l/q n 1_1 l/p
K ( f IU(x)qux] + Kk a[d(x0)] e ( f |D2u(x)|”dx)
Bp(xo) Bp(xo)

1/p 1/q
Aok 12 (x0)] 770 ( f |u<x>|!’dx) + ( f If(x)lqu) }
By(x0) By (x0)

where C = C(A, p, g, n), and U = D*u or \AagDu or Aagu and &(x) = ),

(
ag

<C

Proof. Let us denote
n
F(x) = f(x) + Z [ajk(x) = (@ji) B, (xo) 1D jrtt(x) + AL(C) B, (xg) — c(X)]u(x),
jil=1
where (a i) B,(x0) and (¢)p  (xp) Are defined as in (1.5). Then, we see that u is a strong solution of
—(@i)B,(xo) D jktt + A(C)B, (xp)tt = F(x).

From (1.4), it follows that (c1)p,(x,) = 0 and (c1)B,xy) + (€2)B,(x) = @o. Then, by applying Lemma
2.9, we infer that

1/q 1/q
f U — (U)p,apldx < C(A, g, ) [K( f |U<x>|qu) + KT ( f |F(x)|qu) }
ka(xo) Bp(xo) Bp(XO)

for every k € (0,1/4) and for U = D?u, \AagDu, or Adagu and for some fixed q € (1, p). Now,
observe that by using Holder’s inequality with the power ﬁ and g and by using the boundedness of
the coeflicients (ag;),x, in (1.1), we see that

1/q
( f (@B, 0x0) — @ jk<x>|‘I|Djku<x>|qu]
By (x0)

2 1/p
qp_ Pq
< ( JC (k) B, (xo) — @jk(xX)|P~4 dx) ( JC D jru(x)|P dx)
Bp(xo) Bp(XO)

rP—q

rq l/p
<CA,p,q) ( f [(ajk)B,(xo) — @ jk(x)ldx) ( JC D jru(x)|P dx)
B,(x0) By, (xo)

. 1/p
~p ( Jf |D2u(x)|pdx) )
By (x0)

[4€3)
@

Q=

= C(A, p, @)a(x0)]

Similarly, using the fact that ¢(x) = is bounded above by a constant depending only on A, we

also have

1/q 1/q
A ( JC 1(€)B,(xp) — ()| Iu(x)lqu] = Ay [ JC 1(©)B,(x0) = E(X)Iqlu(X)l"dx]
Bp()co) Bp(x())

1 1 1/[7
< AagC(A, p. & (x0)]? 77 (Ji |u(x>|”dx] .

p(xo)

Collecting all of the above estimates, we obtain the desired result. O

Now, we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. We first prove the a-priori estimate (1.7). Assume that u € W2P(R", C) is a
strong solution of the equation

(2.25) Lu(x) = f(x), forae. x e R™

By (1.4), the density of C7(R",C) in W2P(R",C), and by following the argument in the proof of
Lemma 2.3, we prove (1.7) only for u € C’(R", C). Recall that from (1.6), we have

(2.26) aix) <6, ch(x)<dag, forae. xeR" Vpe(0,Ry).

We follow the approach introduced in [21,22] and split the proof of the estimate (1.7) into two steps.
Step I. We assume that spt(x) ¢ R*! x (%, — Ropo, £, + Ropo) for some pg > 0 sufficiently small that

will be determined, and for some %, € R. For all p € (0, Ry), by applying Lemma 2.10 and (2.26),
we infer

f UG) — (), oldy
ka(x)

227) < C(A q.1) [kMAUIDE) Y + M 1)) 4]
+ C(AL g k115575 | MAD2ul)) P + Aag M(ul?) ()77

for a.e. x € R”, where U = (D%u, VAagDu, dagu), k € (0, 1/4) and some g € (1, p).
On the other hand, when p > Ry, we see that

f UG) — (@), wldy < Cl™ f UG)Idy
ka ()C) BP ()C)
1

1-1 1

q q

< Cln" ( f 1@,,_Ropo,x,lmopmwdy) ( f |U<y>|‘fdy]
By(x) B,(x)

1-1 7
< Coyk™ (M) ( J[ |U<y)l"dy)
P By(x)

< CmK™" (o) "1 MUIT)(x)e.

From this last estimate and (2.27), it follows that

U*(x) < C(A, g, n)

(c+ Ky *YMAUIDGE' + K‘"/qM(IfI")(x)”q]

+ C(A g8 7 [ MADPulP)()'7 + dao M(ul?)(0)' 7], ¥ x e R™.
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Then, by using the Fefferman-Stein theorem for sharp functions, and Hardy-Littlewood maximal
function theorem (see (2.19) and (2.20)), we obtain

Ul < €t p) [ U*]]

<C

_1 n
(k+ K7y 1) IMAUID )| g + 67 ||M<If|">”‘lilmw>]

_p 1-3 _n
(2.28) < C(Aq.m)|(k+ 570y VNUNzogny + K2 1 fllpogen,

_p 1-1 _n
< C(Ag.m)|(k+ 570y VNUNzogny + K 1 fllpogen,

i 11
+ C(A, n)K ada » ”U”LP(RH) .

Now, we choose « sufficiently small and then we choose pg sufficiently small so that

1

C(A. g m)(k + K—"p(1)7) < %

From this and the estimate (2.28), it follows that

1Ulscery < CCAL . @) f oy + CCA o ST K9 Uy
Then, with the choice of § so that it is sufficiently small depending only on A, n, p, we can deduce
from the last estimate that
Ullppgny < CA Py g W) 1 fllpgny -
This proves (1.7) when spt(u) € R*™! x (£, — Ropo, &, + Ropo) -

Step II. We remove the condition on the smallness of the support of the solution u and proving (1.7)
for A > 0?132 with some sufficiently large constant Ny > 0 that depends only on n, A, p. The essential
idea is to uge the partition of unity. Let pg > 0 be the number defined in Step I which depends only
onn,q,A. Let § € C°(—Ropo, Ropo) be the standard non-negative cut-off function satisfying

4
(Ropo)*

For any s € R, let ws(x) = u(x)é(x, — ) for every x = (x’, x,) € R"! x R. We observe that for each
s, wy 1s a solution of

2
(2.29) ffp(S)dS =1, |¥|<-—, and [¢'|<
R Ropo

Laws(x) = Fy(x) x¢€ R",

where

n—1
Fy(x) = f()(x, = $)+2 ) au(x)Dyig (x, — 5)
(2.30) =1
+ 4 (02D (5 = ) + u(E (vn = )|, x= (o) €R™ xR,
As spt(wy) € R*™ ! x (s — Ropo, s + Ropp), we can apply the result in Step I to conclude that

(2.31) |[D?w|

wr@n T VA IDWllp@n + Ao [Wsllp@ny < CA, p, ) |Fsllp @) -
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Now, we observe that for each multi-index o € (N U {0})", it follows from the first identity in (2.29)
that

|IDu(x)P = f ID7u(x)|PEP (x,, — s)ds, fora.e.xeR".
R
From this and the Fubini’s theorem, we find that

17w}, ey = fR [ fR n |Df’u(x)|”§l’<xn—s)dx]ds

On the other hand, observe that
IDulé < C[IDws| + [ullg'l],  1D?ul¢ < C(1D?wyl + 2ADull€’] + lullg”)).
Then, we deduce that

”DM”LP (R?) < C(P) |:f ”DWYHL]} R") ds + (ROPO) p”u“Lp(Rn :|

and

|27l

i < ) [ f ID*Will ey s + (Rop0) PIDUIT gy + (Ropo) 2Pl g ] :
As a consequence, we obtain

A/ P P
”DZMHL[’(RH ( /lalo ||DM||LP(R")) + (AQOHMHLP(R" )
V4
< C(p) [f ||D2WSIIZ,,(R,1)dS + (Aap)? f”DWfHZ’(Rn ds + (Aag)? f lIw, ”LP(Rn ]
R R

2 P
+ C(p,pOIRY™” [ROIDUIL 5y + (R (A20)? + Vlul] ey |-

From this last estimate and (2.31), we obtain

1074l gy + VA0 DUy + Aol

< CA, p,n)(an - )

+ C(A, p. po. MRy |RollDull oy + (Ro Aao + 1)llull e
From this estimate, the definition of F; in (2.30), and the fact that Ry € (0, 1), we infer that

”DZMHLP(Rn) + VAao ”Du”LI’(R" + /la()”M”Lp(Rn)
< C(A’ P n) ||f”LI)(Rn) + C*(A, n, p)Raz I:R()”DM”L,;(RH) + (RO A ’/ICZ() + I)HM”L”(R”):I ,

where in the last step, we have used the fact that pg is a constant depending only on A, n, p. Now, let
Ny = 16C f, where C. is the constant defined in the right hand side of (2.32) which can be assumed
to be greater than one. Then, with yy := NoR| 2, we easily deduce that

C.(A,n, p)R;! s@ and  C.(A,n, p)(Ry' 7 + Ry?) <

(2.32)

Y
Z >
5’ Y 270,
From this and (2.32), we conclude that

D[y + V@0 DUl ooy + Acollitllogeny < CA 1, PY Il ey

for all 4 > Z—‘(’) = %}%. This completes the proof of (1.7).
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It now remains to prove the existence and uniqueness of solutions of (1.2). Observe that the
uniqueness of solution u € W>P(R", C) follows from the a-priori estimate (1.7) that we just proved.
Therefore, we only prove the solvability of (1.2) in W2P(R", C). We use the method of continuity

(see [22, Theorem 1.4.4, p. 15 and Theorem 6.4.1 p. 139] for instance). As this is standard, we only
provide some important steps in the proof. For fixed 4 > ;:—1‘;% and for each u € [0, 1], we define the
operator

Tuu =pLyu+ (1 = w[-Au + dagu].
By simple calculations, we see that

n

Tutt = = " G(0)Dggu(x) + AZ(0u(x),
k=1

where
ayi(x) = pag(x) + (1 = wog,  &(x) = pe(x) + (1 — wWao
with 6y = 0 for k # land 6 = 1, for k,/ = 1,2,--- ,n. Observe that the new coeflicients (a); ,_,

and ¢ satisfy the conditions (1.1), (1.4), and (1.6). Therefore, by the a-priori estimate (1.7) that we
just proved, there is a constant C = C(A, n, Ro, p) independent on u such that

1D?u] gy + VA@0 IDUll ey + A0 Nl Loeny < Cllllgpr »
where u € W2P(R”, C) is a solution of
Ju=f in R”

and for u € [0, 1]. On the other hand, by Theorem 2.2, we see that for every f € LP(R",C), there
exists unique solution u € W>P(R", C) of the equation

Tou=f in R

Hence, by the method of continuity (see [22, Theorem 1.4.4, p. 15 and Theorem 6.4.1 p. 139] for
details), for every f € LP(R", C), there is a solution u € W2P(R", C) of the equation

Tw=f in R

As 71 = L, the proof of the theorem is completed. O

3. SCHRODINGER EQUATIONS IN DIVERGENCE FORM

In this section, we prove Theorem 1.2. The proof is similar to that of Theorem 1.1 using equa-
tions with frozen coeflicients and Fefferman-Stein sharp functions, see also [9, 10,21-23]. To take
advantage of the imaginary part of the potentials, we freeze the spatial variables of the potentials.

3.1. Equations with constant coefficients. This section derives basic estimates for solutions of
second order divergence form elliptic equations with constant complex coefficients. We consider the
following equation

(3.1) - Z DilayDju] + Al +icylu = Af +div[g(x)], in R”,
ji=1

where A > 0is a constant, f : R" — Cis a given measurable function, g = (g1,82,--- ,gn) : R" = C"
is a given measurable vector field, and u : R" — C is an unknown solution. Moreover, (a))ux, 1 a
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given nxn matrix of complex numbers, and ¢, ¢3, A are given constants. We say that u € WHP(R", C)
is a weak solution of (3.1) if

Zf aﬂDju(x)Dlgo(x)dx+/lf [ +icz]u(x)de
n Rb

Jil=1
=4 | f@e0dx - >, f gk(x) - Drp(x)dx,
n k:l n

for every ¢ € C°(R", C).
The main result of this subsection is the following theorem which is a special case of Theorem 1.2
when coeflicients are constants.

Theorem 3.1. Let A € (0,1),a9 > 0 and (ar)uxn be a matrix of complex numbers satisfying the
conditions in (1.1). Then, for every real numbers cy, cy satisfying (2.2) and for 1 > 0, f € LP(R",C),
g € LP(R™,C)" with some p € (1, 00), there exists a unique weak solution u € WP(R™, C) of (3.1).
Moreover,

A
(3.2) 1Dl + N0 Welipery < COA, po )] 3 = Ul + 8lurcen |

As Theorem 3.1 is new and important in our approach, we prove it in the remaining part of the
section. We start with the proof of Theorem 3.1 when p = 2 in the following lemma.

Lemma 3.2. Let A € (0, 1), ag > 0 and assume that the matrix (ag)nxn 0f complex numbers satisfies
(1.1). Moreover, let cy,cy be real numbers satisfying (2.2) and A > 0 be a given number. Then, for
every f € L*(R",C) and g€ L*(R™,C)", there exists unique weak solution u € WL2(R, C) of (3.1).
Moreover,

[ A
||DM||L2(R”) + vAag ||u||L2(]R") < C(A)[ CY_O ||f||L2(Rn) + ||g||L2(Rn)]-

Proof. The proof is similar to that of Lemma 2.3 and we only provide main steps. The existence and
uniqueness of weak solution can be done exactly as that in the proof of Lemma 2.3. Therefore, it
remains to prove the estimate in the lemma. By using density, we can assume that u, f are smooth
and compactly supported. By using u as a test function for (3.1), we obtain

n
Zf aﬂDluDjﬁdx+/l[cl+ic2]f |u|2dx
j,lzl n Rn

3.3) \
=1 fx)u(x)dx — Z f gr(x)Dru(x)dx.
R’l k:l n
Now, let € > 0 be sufficiently small which will be determined. By taking the real part of (3.3) and
using Lemma 2.1, we see that

A | |Du(x)Pdx + Ac; f lu(x)|>dx
Rn Rn

< /lfRn | f()llu(x)ldx + ‘L;n lg(OllDu(x)ldx

A
+= | |Du(x)’dx.

SC(A)[/laoe |u(x)|2dx+i IFOPdx+ | |g(x)[dx 5
R® R

R~ Qo€ JRrn
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Therefore, by cancelling similar terms, we obtain

A
— |Du(x)|2dx + Acy Iu(x)lzdx
2 R}’l R}’l

< C(A) [/la/oe lu(x)|?dx + A I (x0)|Pdx + f Ig(x)lzdx}.
Qo€ JRrn R2

Rl‘l
From this and as ¢; > 0, we infer that

f |Du(x)|>dx < C(A) [/la/oe f |u(x)|2dx+i f | ()P dx + f |g(x)|2dx},
n n Qo€ n R

Acy f |u(x)|2dx§C(A)[/laoe f |u(x)|2dx+i f |f ()P dx + f Ig(x)lzdx}
R~ R7 Qo€ Jrn R?

Also, by taking a imaginary part of (3.3) and by using the boundedness condition of (a;),x, in (1.1)
and Young’s inequality, we obtain

3.4)

Acy |u|2dx <A! |Vu|2dx + /lf | fOllu(x)ldx + f lg(0)||Du(x)|dx
Rn R’l Rl‘l Rl‘l

A A
<A n) [ pudxs S5 [ woPdrs 37 [ iroldse [ leoPax
n 2 R~ 2&’()6 Rn Rn
Then, combining the last estimate with (3.4), we can derive the following estimate
A
Alct +¢2) | |u(x)Pdx < C(A) [/laoe f lu()Pdx + — | |f)Pdx + |g(x)|2dx] .

Rn n ape Rn R~

Since ¢ + ¢ > g, we can choose € such that C(A)e = 1/2 to obtain

(3.5) A |u|2dst(A)[i f |f(0)Pdx + f |g(x)|2dx].
R @y Jrn R

From (3.4) and (3.5), it follows that

|Du(x)|2dst(A)[i f If ()P dx + f |g(x)|2dx].
R” aog JRrn R~

This last estimate and (3.5) imply our desired estimate. O
We next state and prove an important result similar to that of Lemma 2.5.

Lemma 3.3. Let A € (0,1) and g € (1, ) be fixed. Then, there is Cy = C(A, q,n) > 0 such that the
following statement holds true. Suppose that p > 0 and assume that the conditions in (1.1) hod for
the matrix of complex numbers (ay)pxn. Assume also that (2.2) holds for two real numbers ¢, and
2. Suppose also that u € W'“2(B,, C) is a weak solution of

n
- Z DjlajDu] + Alci +ic2lu=0 in By,
Jl=1

with some A > 0. Then, for every k € (0, 1/2), the following estimate hold

f

Kkp

l/q
JE lu — (u)p,,ldx < kCo (J(: |u(x)|qu) .
By B,

1/q
|Du — (Du)p,,|dx < kCo (JC |Du(x)|qu) ,
B,
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Proof. The proof is similar to that of Lemma 2.5. Note that by standard regularity theory, u €

C*(B,,C). Therefore, we can apply Lemma 2.4. Because of this, the proof is now the same as that
of Lemma 2.5. m|

Our next lemma gives the mean oscillation estimates for solutions u of the equation (3.1), which
is the same fashion as that of Lemma 2.6.

Lemma 3.4. For a given constant A € (0, 1), there exists C = C(A,n) such that the following
statement holds. Suppose that the matrix (aj)pxn of complex numbers satisfies (1.1). Suppose also
that two given numbers ci,c; satisfy (2.2), f € Lz(Bp(xo),C),g € Lz(Bp(xo), C)'. Then, ifu €
Wl’z(Bp(xo), C) is a weak solution of

n
- Z Djla;Djul + Alcy +ic2lu = Af +div[g], in B,(xop)
ji=1

for some xg € R", some p > 0 and some A > 0, the following estimates hold

JE U = (U)B,,(xp)ldx
ka(x())

1/2 1/2 1/2
<C [K (J[ IU(x)|2dx) +K2 Aag! (JC |f(x)|2dx) + K2 [JC |g(x)|2de l ,
Bp(xo) Bp(XO) Bp(xO)

for every k € (0,1/4) and for U = Du or for U = +Adagu.

Proof. The proof is similar to that of Lemma 2.6, but instead we useLemma 3.2 and Lemma 3.3. By
using the translation x > x — xo, we can assume that xo = 0. Let n € C7(B,) be a standard cut-off
function which satisfies

n= 1, on Bp/z.
Then, let w € W2(R”, C) be the solution of the equation
n
3.6) - Z DilajDjw] + Alcy + icalw = n(x)Af(x) + div[p(x)g(x)] in R",
=1

whose existence is assured by Lemma 3.2. Then, by writing W = (Dw, yAaow), we can infer from
Lemma 3.2 that

1/2 /2 1/2
(JC |W|2dx] < CA ”)[ —1 (JC If(x)lzdx] +(JC |g(x)|2dx) } and
By, B,
1/2 1/2
(JC |W|2dx) SC(A,n)[ m—l (JC |f(x)|2dx) +(f Ig(x)lzdx) l
B, B,

Now, let v = u — w and we see that v is a weak solution of the equation

3.7

n
= > DilapD] + Aley +icalv=0 in Byp.
Ji=1

Again, by writing V = (Dv, YAdagv), we can apply Lemma 3.3 for V to see that

(3.8) JC V(x) = (V)p,ldx < kCo (JC
B B

Kp 0/2

1/2
|V(x)|2dx) , Yke(0,1/4).
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Recall that
JC |U - (U)kaldx < ZJC |U = cldx, VYceR.

By By

Then, by taking ¢ = (V)p_ , and using the triangle inequality and Holder’s inequality, we see that

kp°

JC U — (U)p,ldx < ZJ[ U - (V)p,,ldx
Bip B

Kp

<2 [JC IV~ (V)g, ldx + (JC
B By,

Kkp P

1/2
|W|2dx) } .

From this, the first estimate in (3.7), and from (3.8), we see that

f U - (U)p, ldx
B

1/2 1/2 1/2
<C V(x)Pd -3 /1‘1][ Zd) —z(f 2d) l
K(JCBMI (€3] XJ +Kk 2 4[Aag ( , lfGolFdx|  +« , lg(x0)"dx
1/2 1/2
SC[K(JC |U(x)|2dx) +K(JC |W(x)|2dx)
Bo)2 Byja

1/2 1/2
+K_%1//1(Yal (Ji If(x)lzdx] +K2 (Ji |g(x)|2dx] }

Now, using the second estimates in (2.23), we can control the second term on the right hand side of
the last estimate and infer that

f U — (U)p, |dx
ka

1/2 1/2 1/2
<C [K(Jip |U(x)|2dx] + K72 [y (Jip If(x)lzdx] +K72 (Jip |g(x)|2dX) }

where C is a constant depending only on A and n. The proof of the lemma is therefore completed. O

Proof of Theorem 3.1. From Lemma 3.4, the proof of Theorem 3.1 follows exactly the same as that
of Theorem 2.2. We therefore skip it. O

Remark 3.5. As in Remark 2.8, Theorem 3.1 is still valid if the second condition in (2.2) is replaced
by c1 + |c2] = ap.

3.2. Equations with measurable coefficients. This section provides the proof of Theorem 1.2. To
this end, we first apply Theorem 3.1 to establish an improved version of Lemma 3.4.

Lemma 3.6. For a given constant A € (0, 1) and g € (1, 00), there exists C = C(A, q, n) such that the
following statement holds. Suppose that the matrix (aj;)nx, of complex numbers satisfies the condi-
tions in (1.1). Suppose also that c, c; are fixed numbers satisfying (2.2), and f € L1(B,(x0),C), g €
LY(B,(x0),C)". Then, if u € Wl"’(Bp(xo)) is a weak solution of

n
- Z DilayDju] + Alcy +icolu = Af +div[g] in  By(xo),
jil=1
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for some xo € R", some p > 0 and some A > 0, the following estimates hold

JC |U = (U)B,,(xp)ldx
ka(xo)

1/q 1/q l/q
<C JC IU(x)lqu] +Ka A Aa! (JC |f(x)|qu] + (JE Ig(x)lqu) l ,
[K( By(x0) ‘ 0 By (x0) By (x0)

for every k € (0,1/4) and for U = Du or for U = +Adapu.

Proof. Similar to that of Lemma 2.9, but we use Theorem 3.1 and Lemma 3.3 instead of Theorem
2.2 and Lemma 2.5. We therefore skip the proof. O

From Lemma 3.6 we can establish the following result on the mean oscillation of solutions that is
similar to Lemma 2.10.

Lemma 3.7. Let A € (0,1) and assume that (1.1) and (1.4) hold. Let g € (1,0),p € (g, ) and

assume that f € L1(B,(xo),C), g € LI((By(x0),C))" and assume also that u € Wl’p(Bp(xo),C) isa
weak solution of

n
= ). Dilag(0Djul + Alei1(x) + icx(Du(x) = Af(x) + divigl, in  By(xo),
k=1
with some A > 0. Then, for every k € (0, 1/4), it holds that

f [U(x) = (U)B,,(xp)ldx
kp(x())

l/q . . 1/p
K (JC |U(x)|qu] +K 9 [a’;(xo)] qp (JC |Du(x)|pdx)
B, (x0) Bp(x0)

1/p
ﬂaok_g [Eﬁ(xo)]%_é (JC |u(x)|pdx) +x9 Maal (JE
By(x0) By(x0)
1/q
+k 4 ( f |g<x>|‘fdx] l ,
By(x0)

where C = C(A, p,q,n), U = Duor U = \Aaou, and &(x) = C(x).

Proof. Let us denote

<C

1/q
If(x)l"dx]

F) = F0) + [(©)B,xp) — cONu(x),  Zr = g(x) + Z[a (X)) = (aji) B, (xo) 1D ju(x).
j=1
Then, we see that u is a weak solution of

- Z Dil(@i)B, ) Djul + AC)p, oyt = Af(x) + div[Z(x)].
=1

From (1.4), it follows that (c1)p,(xy) = 0 and (c1)B,(xy) + (¢2)B,(xy) = @0 Then, we can apply Lemma
3.6 to infer that

JC U = (U)B,,(xp)ldx
ka(x())

1/q /q . 1/q
< C(A,n) [K (J[ |U(x)|qu) + /la‘l (JC If(x)lqu) +K 4 (JC |g(x)|qu] l ,
B, B,
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for every « € (0,1/4) and for U = Du or U = v Aaou. From this, the proof can be done exactly the
same as that of Lemma 2.9 and we then skip it. O

Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1 and we only outline some main
steps. As in the proof of Theorem 1.1, it is sufficient to prove the estimate (1.9) for u € C*(R", C).

Step I. We prove that there is pg = po(A,n, p) > 0 and sufficiently small such that if spt(u) C
R x (%, — Ropo, X, + Ropo) for some %, € R, then (1.9) holds. The proof of this claim can be done
exactly the same as that of Step I in the proof of Theorem 1.1 in which we use Lemma 3.7 instead
of Lemma 2.10 .

Step II. We use partition of unity to remove the condition on the smallness of the support of the
solution u. Let £ € C7(—Ropo, Ropo) be the standard non-negative cut-off function satisfying

(3.9 fgfp(s)ds =1 and |£|< i
R Ropo

For any s € R, let wy(x) = u(x)é(x, — s) where x = (¥, x,) € R™! x R. We observe that for each
fixed s, wy is a weak solution of

(3.10) Quw,(x) = /lfs(x) + divgs(x) xeR",
where

&

fi0) = fE(x, = ) - ( s [gnoc) + Z an(X)Du(x))),

3.11)
85(x) = g(OEX, — 5) — u(DE (x, — S)an(x), x= (¥, x,) e R XR,

where a,(x) = (a1,(x), azn(x), . . ., Anp(x)). As spt(wy) € R x (s —Ropo, s+ Ropo), by applying Step
I to the equation (3.10), we obtain

(3.12) IDWyllLr@n + VAo IWsllLp@n < C(A, 1, p) [ VA il ey + ||gs||Lp(Rn)] :

Since pg depends only on A, n, p, it follows from (3.9), (3.11), and the boundedness of (a;),x, in
(1.1) that

ﬂa‘l(f (VAL S) < C(A,n, p)[ A Il ey + gllzr gy + 1DullLr ) )]

;(
Ro Vaag

and

(f [ S) <C(A,n,p) [Hg”LI’(R”) + _”MHLI’(R”)]
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From (3.12) and the last two estimates, we can follow the calculation as in Step II of the proof of
Theorem 1.1 to conclude that

1DullLr @y + v Ao |lull Lz

1
» 1
< v )| aag! ([ 1 ds) 4 f 18I e |+ = Meluscer
R Ro

1
(3.13) < Co(A, n, p) | {JAag Ifllren + (1 + ——=—=)llgllr@
0 p o Ifllzr@n ( Rom)gua&)
1 1
+————||Dullpmny + = lullpp@n
Ro\//lT/o” Il Ry Ry lleell Ly

Now, we choose Ny = 4C2 where Cy = Co(A, p,n) is the number defined in (3.13). Then, for all

A> RZ’ it can be deduced from (3.13) that
1Dullpprmy + VAo |lullpp@ny < C(A, 1, P)[ Ay 1 fllr@ny + lIgllzr @)
The proof is then completed. O
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