LORENTZ ESTIMATES FOR WEAK SOLUTIONS OF QUASI-LINEAR PARABOLIC
EQUATIONS WITH SINGULAR DIVERGENCE-FREE DRIFTS

TUOC PHAN

AsstrACT. This paper investigates regularity in Lorentz spaces for weak solutions of a class of divergence form
quasi-linear parabolic equations with singular divergence-free drifts. In this class of equations, the principal
terms are vector field functions which are measurable in (x, 7)-variable, and nonlinearly dependent on both
unknown solutions and their gradients. Interior, local boundary, and global regularity estimates in Lorentz
spaces for gradients of weak solutions are established assuming that the solutions are in BMO space, the
Jonh-Nirenberg space. The results are even new when the drifts are identically zero because they do not
require solutions to be bounded as in the available literatures. In the linear setting, the results of the paper also
improve the standard Calderén-Zygmund regularity theory to the critical borderline case. When the principal
term in the equation does not depend on the solution as its variable, our results recover and sharpen known,
available results. The approach is based on the perturbation technique introduced by Caffarelli-Peral together
with a “double-scaling parameter” technique, and the maximal function free approach introduced by Acerbi-
Mingione.

1. INTRODUCTION

This paper establishes local interior, local boundary, and global regularity estimates in Lorentz spaces
for gradients of weak solutions of the following class of quasi-linear parabolic equations with singular
divergence-free drifts, and with conformal boundary condition

u, — div [A(x, t,u, Vir) — b(x, Hu — F(x, t)] f,0)  (nt) € Qx(0,T),
(.1 (A(x, t,u, Vu) — b(x, Hu — F(x, 1), V) 0 (x,1) € OQx(0,T),
u(x,0) up(x), x € Q.

where Q is a bounded domain in R” with boundary dQ, v is the unit outward normal vector on dQ, f :
Q x (0,T) — R is a given measurable function, F,b : Q x (0,7) — R”" are given vector field functions,
and u is an unknown solution with a given initial condition ugy for which we do not require any regularity.
Moreover, T is a given fixed positive number, and the principal term

A=A(x15&:Qx(0,T)x KxR" — R"

is a given vector field. We assume that A(-, -, 5, £) is measurable in Qr = QX (0, T') for every (s, &) € KxR";
A(x,t, -, &) Holder continuous in K for a.e. (x,f) € Qp and for all £ € R”; and A(x, ¢, s, ) differentiable in
R™ for each s € K and for a.e. (x,7) € Q. Here, K is an open interval in R, which could be the same as R.
We assume in addition that there exist constants A > 0 and @ € (0, 1] such that A satisfies the following
natural growth conditions

(12) (A1, 5,1) — Ax,1,5,8),n—& > A p—¢?, forae (x,)eQr, VseK, Vé&neR:,
(1.3) |A(x,1, 5,8 + [E10A(x, 1, 5,6 < A, forae. (x,t) € Qr, VseK, V&eR!,
(14) |A(x 1, 51,8) — A(x, 1, 52,6 < Alélls1 — 52| Vsi,s0 €K, forae. (x,1) € Qr, V&éeR"

Under the conditions (1.2)—(1.4) and with F = b = 0, the class of equations (1.1) contains the well-known
quasi-linear parabolic equations with zero-flux boundary condition. If F = 0, but b # 0, the equation (1.1)
is the standard nonlinear advection-diffusion equations. The drift term b considered in this paper could be
singular. Due to its relevance in many applications such as in fluid dynamics and mathematical biology
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(see [4,11,27,43,44,47] for examples), we are particularly interested in the case that b is divergence-free,
i.e.

(1.5) div[b(:,7)] =0, in the sense of distributions in Q, fora.e. € (0,T).

On one hand, when b = 0 and F, f are sufficiently regular, the C'*-regularity theory for bounded, weak
solutions of this class of equations (1.1) has been investigated extensively in the classical work, see for
example [22,23,31,32,45], assuming some regularity of A in (x, ¢, 5,&) € Qp X KX R". On the other hand,
when b, F, f are not so regular or when A is discontinuous in (x, f), one does not expect those mentioned
Schauder’s type estimates for weak solutions of (1.1) to hold. It is therefore mathematically interesting, and
essentially important to search for regularity estimates of Calderén-Zygmund type for gradients of weak
solutions in Lebesgue spaces. In particular, in these situations, this kind of Calderén-Zygmund regularity
estimates is vital in studying many questions in nonlinear equations and systems of equations, see [27]
for example. In this perspective, it is known that to establish the Calderén-Zygmund theory, the class
of considered equations must be invariant under the scalings and dilations, see [46] for more geometric
intuition of this issue. However, due to the fact that the nonlinearity of the principal term A depends on u
as its variable, the class of this equations (1.1) is not invariant under the scalings and dilations

2
(1.6) ur—u/d, and u(x,t) - M, for all positive numbers r, A.
Due the lack of this homogeneity, Calderon-Zygmund type regularity theory for weak solutions of (1.1)
becomes delicate, and is still not completely understood. In a simpler case when A is independent on the
variable s € K, and b = f = 0, the equation (1.1) is reduced to

1.7 u; —div[A(x,t,Vu)] = div[F] in Qp,

and the W'-4-regularity estimate for weak solutions of equations (1.7) has been non-trivially and extensively
developed by many authors for both elliptic, parabolic settings and also for p-Laplacian type equations, for
example see [6-8,10,12,14,17,18,30,34,37].

In the recent work [27, 38,39], the W' 4-regularity estimates for weak solutions of equations (1.1) with
b = 0 is addressed, and the W!94-regularity estimates are established for bounded weak solutions. To
overcome the loss of homogeneity that we mentioned, in [27, 38, 39], we introduced some “double-scaling
parameter” technique. Essentially, we study an enlarged class of “double-scaling parameter” equations of
the type (1.1). Then, by some compactness argument, we successfully applied the perturbation method
in [10] to tackle the problem. Careful analysis is required to ensure that all intermediate steps in the per-
turbation process are uniform with respect to the scaling parameters. See also a very recent work [9] for
further implementation of this idea for which global regularity theory for bounded weak solutions of some
class of degenerate elliptic equations is obtained. In all mentioned papers [9,27, 38, 39], the boundedness
assumption on the solutions is essential to start the investigation of W!9-theory. This is because the ap-
proach uses maximum principle for the unperturbed equations to implement the perturbation technique. We
would like to refer also to [5] for which the W'4-theory for parabolic p-Laplacian type equations of the
form (1.1) is also achieved, but only for continuous weak solutions plus other assumptions on A.

In this paper, we establish regularity estimates in Lorentz spaces for gradients of weak solutions of
(1.1) by assuming that the solutions are in the BMO space, i.e. the critical borderline case, and including
the singular drifts b # 0. We achieve this in Theorem 1.1 and Theorem 1.2, Theorem 1.3 below. Our
paper therefore generalizes the results in [5,9,27,39] for (1.1) by relaxing the boundedness assumption on
solutions, and putting into the context of Lorentz space setting. Even in the linear case, and with f = 0,
our results are also stronger than the classical Calderén-Zygmund results. Precisely, in this case, (1.1) is
reduced to

(1.8) u; — div [Ag(x, H)Vu] = div [bu + F]
and the classical Calderén-Zygmund theory gives
IVullr < ClF]Lr + [lullz bl o]



LORENTZ ESTIMATES FOR WEAK SOLUTIONS, SINGULAR DIVERGENCE-FREE DRIFTS 3

Our results in Theorem 1.1, Theorem 1.2, Theorem 1.3 below improve this estimate by replacing ||u||;~ by
its borderline case [[¢]]gmo. See also [43] for some similar results in this direction for linear equations and
with more regularity assumptions on b. At this point, we also would like to note that when b, F, f satisfies
some certain regularity conditions, weak solutions of (1.8) are proved in [44,47] to be in C%, with some
a € (0,1). The results in this paper therefore can be considered as the Sobolev counter part of this result,
but for more general nonlinear equations.

Unlike [9,27,38,39] which use “double-scaling parameter”, we only use “single scaling parameter” in
the class of our equations (see [41,42]). Precisely, we will investigate the following class of equations

u, - div [A(x, 1, Au, Vue) = b(x, e - F(x,1)| f(x,0, in  Qp,

(1.9) (A(x, t,Au, Vu) — b(x, Hu — F(x, 1), V) 0, on 0Qx(0,7),
u(-,0) = up(-), in Q,

with the scaling parameter 4 > 0. As we will see in Subsection 2.1, this class of equations is the smallest
one that is invariant with respect to the scalings and dilations (1.6), and that contains the class of equations
(1.1). When 1 =0, f =0, and b = 0, the equation (1.9) clearly becomes the equation (1.7). This paper
therefore recovers all known results for (1.7) such as [8,27,43].

In this paper, Br(y) denotes the ball in R” with radius R > 0 and centered at y € R". If y = 0, we write
Br = Bg(0). Also, for each zg = (xo, o) € R"*!, we write

Or(z0) = Br(xo) X Tr(to), with Tr(to) = (to — R, 10 + R?).
When zg = 0, we write
Or = 0r(0,0), Tz =T%(0).

For a measurable set U c R™*!, for some po > 0, and for a locally integrable f : U — R”", the bounded
mean oscillation semi-norm of f is defined by

1 —_
[[fllBMO,py) = SUp —— lf(x,0) — f nuldxdt, where
O —Coew 19p@0) 0 UL Jg,apnu 04(20)
0<p<po
1

_ N (x, Hdxdt.
pr(Zo)ﬂU |Qp(Z0) N U| 0Op(z0)NU /

For each p > 0 and g € (0, co], the Lorentz quasi-norm of f on U is defined by

o0 alp g\
{pfo s, € Ut |f(x, 1)) > s ?} , if g < oo,
sup,so s|{(x, 1) € U - (0] > 5|77

The set of all measurable functions f defined on U so that || f]| Lrauy < © 1s denoted by LP4(U) and called
Lorentz space with indices p and q. It is clear that L”P(U) = LP(U) - the usual Lebesgue space. Moreover,
LPA(U) c LP" forall p > 0and 0 < g < r < oo. When g = oo, the space L”*(U) is usually called
“weak-LP(U)” space or Lorentz-Marcinkiewicz space. See [24, Chapter 1.4], for example, for more details
on Lorentz spaces.

Our first main result is the interior regularity estimates for the gradients of solutions of (1.1).

(1.10) ”f”Lp.q(U) =
if g=oo.

Theorem 1.1. Let A > O0M > 0,p > 2,q € (0,], and ag € (0,1]. Then, there exists a sufficiently
small constant 6 = d(p,q,n, A\, M,ap) > O such that the following statement holds. For every R > 0, let
A O X KXR" — R" be a Carathéodory map satisfying (1.2)-(1.4) on Qg X K X R" for some R > 0
and some open interval K C R, and

1 IA(x, 1,5, ) = Ap(xy)(t, 5, €)|

(1.11) [AlBMO(QR.R) = sup sup dxdt < 6.
N 20=Co10)0x, 1Qp(20)l Jg, o) - £erm\(0), €1 ]
0<p<R sek



4 T. PHAN

Then, if F € LP1(Qag,R"), f € L™P™49(Qyg), and u is a weak solution of
u; — div[A(x, ,t, Au, Vu) —bu — F] = f(x,1) in Qbp,

with [[Au]lemo(gg,r) < M for some A > 0, and [[ullgmo(oz.r)P € LP9(Q2r, R") for some given divergence-
free vector field b defined on Q»g, there holds

1__1
Vullppaogy < C [”FHLM(QZR) + RIQor|P 7 || fll prepnea( o)
(1.12)

1_1
+ [l levoc@r bl pag,,, 1928172 IVl 20y |

where n, = %, and C is a constant depending only on q, p, n, A\, ag, M, K.

Local regularity estimates near the boundary are not only interesting by themselves, but also important in
many problems because they only require local information on data. Our next result is the local regularity
estimate on the boundary 9Q for weak solutions u of (1.1). In this theorem, for z = (y,#) € Q X R, and
R > 0, we write

Qr(y) = QN Br(y), Kr(z) = Qr(y) xTr(®), Tgr(z0) = (0Q N Br(y)) X [r(2)
When z = (0, 0), we write
Qr = Qr(0), Kg=Kgr(0,0), Tg=Tg(0,0).

For each % € 0Q, we assume that div[b] = 0 in Qyz(%) and (b, V) = 0 on Br(%) N Q in the sense that
(1.13) f (b(x, 1), Vo(x))dx =0, V¢ e Cy(Br(%)), forae.te(0,7).
Qop(%)

Theorem 1.2. Let M > 0,A > 0,p > 2,q € (0,00], and ag € (0, 1]. Then, there exists a sufficiently small
constant 6 = 8(p,q,n, N\, M,ag) > 0 such that the following statement holds true. Suppose that 0 € 0
and for some R > 0, 0Q N Byg is C', and suppose that A : Kg x K x R" — R" is a Carathéodory map
satisfying (1.2)-(1.4) on Krg X K X R" for some R > 0 and some open interval K C R, and

1 IA(x, 1, 5,€) = Aq,(x)(t, 5, €)|

(1.14) [AlsMO(kz.R) = sup sup dxdt <.
T a=oekn, Ko@)l Jk, @) Feermypol, €1 ]
0<p<R sekK

Then, for every F € LP4(Kyg,R™), f € L™P™9(Kyp), if u is a weak solution of

(1.15) u; — div[A(x, t, Au, Vu) — bu — F] f(x, 1), in Kog,
) (A(x,t,Au, Vu) — bu — F, V) = 0, on Top,

satisfying [[Aullpmokz.r) < M, and [[ullemokz.r)b € LP9(Kog,R") with some A > 0 and some given
divergence-free vector field b defined on Kyg and satisfying (1.13) at X = 0, there holds

1o
IVullLraxy) < € [llFlle(KZR) + RIKg[? 7 | fll e posacico)
(1.16)

11
+ ”[[u]]BMO(KR,R)b||L,,,q(K2R) + 1Korl? 2 IVull 2k | »

where n, = %, and C is a constant depending only on q, p, n, \, ag, M, K.

Theorem 1.1, Theorem 1.3 are still valid if we replace Q,(zo) by Qp(Zo) = By(x0) X (to— 2, tp] and K,(z0)
by kp(zO) = Q,(x0) X (to — pz, tp]. As a consequence, the following global regularity estimates in Lorentz
space for gradients of weak solutions of (1.9) can be obtained.

Theorem 1.3. Let M > 0,A > 0,p > 2,q € (0,00], and agy € (0, 1]. Then, there exists a sufficiently small
constant § = 8(p,q,n, A, M, ag) > O such that the following statement holds true. Suppose that 0Q is C',
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and suppose that A : Qp X K xXR" — R" is a Carathéodory map satisfying (1.2)-(1.4) on Qr X RXR” for
some T > 0 and some open interval K C R, and

1 |A(-x, Z,s, ) _AQ) (t, s, )l
sup ~ - f sup d oot 58 ]dxdt <6,
20=(0.10)€x (A7), 10p(20) N (Q X (7, T)) J,0n0r - germ(0), €1
O<p<r sekK

for some r > 0, € (0,T). Then, for every F € LP1(Qp,R"), f € L™P™4(Qy), if u is a weak solution of
(1.9) satisfying [[Aullsmoy,» < M and [[ullgmo@,,»b € LP9(Qr,R") with some A > 0 and some given
vector field b satisfying (1.13) at every x € 0Q, there holds

IVullzpaoxy < C [IBllraqr) + 1 llpmnnear + [Tl BMo@r by, |

where n, = "2 and C is a constant depending only on q, p, n, A, g, M, K, r,Q,7,T.

n+4’

Several remarks are worth mentioning regarding Theorem 1.1, Theorem 1.2, and Theorem 1.3 . Firstly,
we reinforce that the most important improvement in Theorem 1.1, Theorem 1.2, and Theorem 1.3 is that
they relax and do not requires the solutions to be bounded as in the known work [5,9,27,38,39]. This
is completely new even for the case b = 0 and f = 0, in comparison to the known work that we already
mentioned for both the Schauder’s regularity theory and the Sobolev’s one regarding weak solutions of
equations (1.1). To overcome the loss of boundedness from the assumption, instead of applying maximum
principle during the approximation process, we directly derive and carefully use some delicate analysis
estimates and Holder’s regularity estimates for solutions of the corresponding homogeneous equations, see
the estimates (3.5) and (3.18) for examples. These estimates are first observed in the work [41, 42] but for
elliptic equations. In a related context, interested readers may see [15,33] for other study on C*-regularity
of weak, BMO solutions. Secondly, we also note that due to the availability of f, which is scaled differently
compared to F and Vu, the approach based on Hardy-Littlewood maximal function, and harmonic analysis
used in [7, 8, 10, 41, 42, 46] does not seem to produce our desired estimates here. Instead, we use the
maximal-function free approach introduced in [1], and also used in [2,5,6]. This paper seems to be the first
one that treat the equations (1.1) with in-homogeneuous f in the Lorentz space setting. In addition, this
paper also treats quasi-linear equations with non-homogeneous singular drifts b, which has not done before.
As one will find in the proof, to deal with b, we introduce the function G(x, f) = [[u]]lgmob(x, t) which has
the same scaling properties as F, Vu. This key fact plays an essential role in the proof. Thirdly, we note
that when 4 = 0, f = 0, and b = 0, Theorem 1.1, Theorem 1.2 and Theorem 1.3 recover and sharpen
results in [6-8,10,14,17,18,27,30,34,37,43] when restricting to the class of equations (1.1) in which A is
independent on u € K, see Remark 1.4 for more details on this. See also [16,29,40] for some other related
work with more regular f,F. This paper therefore not only unifies both W'4-theories for (1.1) and (1.7)
but also extends the theory to the Lorentz regularity estimate setting. Lastly, observe that all papers such
as [6,7,9,37], to cite a few, regarding the W!4-regularity estimates in non-smooth domains only establish
globally regularity estimates. Our paper provides the regularity estimates locally for both the interior and
the boundary one. Our Theorem 1.1, Theorem 1.2 can be considered as some high regularity estimates of
Caccioppoli type which are important for many practical purposes for which local information is available
and required. Certainly, our local regularity estimates imply the global ones as Theorem 1.3. However, it is
generally impossible to derive local estimates directly from the global ones in [6-9,37].

Remark 1.4. Two important points are worth pointing out.

(1) This paper does not require any regularity assumption on the initial data ugy in (1.1), compared
to [6,8, 37] in which it is assumed that uy = 0. Moreover, M is not required to be small. Note also
that the condition [[u]]lgmob € L1 is trivial if b = 0. Similarly, the condition [[Au]lgmo < M is
always satisfied when A = 0.
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1) If A =0,b =0and f = 0, known results for (1.7) such as [5, 6, 8, 37] provide the estimates of the
form

(1.17) Vullr < C[11Fl + 1]

Our estimates in Theorems 1.1-1.3 are invariant under the scalings and dilations, and they do not
contains the inhomogeneous constant, i.e. the number 1 in the right hand side of (1.17). Our results
are natural, and sharp.

We now conclude this section by outlining the organization of this paper. Section 2 reviews some defini-
tions, and proves preliminaries needed in the paper. Perturbation arguments, and approximation estimates
are given in Section 3. Section 4 establishes estimates of level sets of gradients of solutions. The proofs of
main theorems, Theorems 1.1-1.3 are given in Section 5. The paper concludes with an appendix, Appendix
A, giving proofs for some reverse Holder’s inequalities needed in the paper.

2. DEFINITIONS, AND PRELIMINARIES

2.1. Invariant properties, and definitions of weak solutions. Let 2’ > 0, and O,z ¢ R"*! be the para-
bolic cylinder of radius 2R. Let us consider a weak solution u of

u; — div[A(x, 1, A'u, Vu) — bu(x, 1) — F(x,0)] = f(x,f) in QO
Then it is simple to check that for some fixed 4 > 0, the rescaled function
t
2.1 v(x, 1) = @ for (x,1) € O,
is a weak solution of

v, — div [A(x, Av, Vv) = b(x, Hv(x, 1) — F(x, t)] = f in QO

for A=A >0, A : Qg x K x R" — R” defined by

N A N N F
ey Amnsd =20 g =T ke = T e o
Moreover, let 1 = RV,
Rx, R? -
2.3) P(x,t) = % A(x,t,s,&) = A(Rx, R’t, 5,8 (x,H) e Oy, seK, &€eR",  and

F(x,1) = F(Rx,R*1), f(x,0) = Rf(Rx,R*), b(x,7) = Rb(Rx,R*1), (x,1) € Q.
Then, 7 is a weak solution of
7, — div [A(x, 1, AP, Vi) = by —F] = f, in Q.
This is the main reason that we study the class of equation (1.9) with a parameter A, instead of (1.1).

Remark 2.1. It is not too hard to see that if A : Qg X K X R" — R” satisfies conditions (1.2)—(1.4) on
Orr X K X R", then the rescaled vector field A : Qg X K X R" — R" defined in (2.2) also satisfies the
conditions~(1.2)—(1.4) on Qrr X K X R" — R" with the same constants A, ag. The same conclusion also
holds for A : O» x KX R" — R" defined in (2.3). Moreover,

[AleMo(0r.r) = [AlBMO(01.1) = [AlBMOOR): and

[[AV]]BMO(0r.R) = [[AT]IBMO(01.1) = [ ullBMOOR R)-

With respect to the scalings and dilations, the following remark follows directly from (1.10), see also [24,
Remark 1.4.7].
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Remark 2.2. For all 0 < p,r < oo and for all 0 < g < oo, if f is a measurable function defined on a
measurable set U c R™ then

WA ey = WAy -
Moreover, for a measurable function f defined on Qg with some R > 0, then

”JFHLp,q(Ql) = R ||f||Lp-q(QR) )
where
f(x, ) = f(Rx,R*), (x,1)€ Q.

Let us now give the precise definition of weak solutions that is used throughout the paper.

Definition 2.3. Let K C R be an interval, let A > 0, ag € (0, 1] and a > 2. Also, let Q C R" be open, and
bounded domain with boundary 0Q, and A : Qp X KXR" — R" satisfy conditions (1.2)—(1.4) on Qy. For
2(n+2
each F € L*(Qr;RY), fe L(nfzt) (Qr) and A > 0, a function u is called weak solution of
u; - div[A(x, 1, Au, Vu) - bu - F| fx,0, in Qp,

(A(x,t,Au, Vu) — bu — F,V) 0, on 0Qx(0,T),
if u(x, 1) € K fora.e. (x,1) € Qp, u € L¥((0,T), LAQ)NL*((0,T), W'*(Q)), [[ullsmo,)b € L (Qr, R,
and for all p € Cw(ﬁr) with ¢(-,0) = (-, T) =0

- f updxdt + f <A(x, t,Au,Vu) —bu —F, V(,0> dxdt = f f(x, He(x, Hdxdt.
Qr Qr Qr

Here, LP(U,R") for 1 < p < oo is the Lebesgue space consists all measurable functions f : U — R"
such that |f|P is integrable on U, and WUP(U) is the standard Sobolev space on U. Moreover, {-,-) is the
Euclidean inner product in R".

Remark 2.4. When b # 0, we require that the solution u € BMO(Qr) to insure that fQT(bu, V)dz is
well-defined for a singular vector field b. Indeed, for b € Li; (Qr) with some a > 2, if ¢ € Cy(Q) with
some cube Q C Qr, since div [b(-, )] = 0, we can write

(bu,V)dz = f(b(u —iip), Vp)dz.
Qr 9

Then, it follows from the Holder’s inequality that
12

1/a o
< (f |b|“dz) (f lu — ﬁQIQ,dz) (f IVgolzdz) < o0,
o 0 (@]

1 1 1
2.4) —+—+==1.

a o 2

(bu, Vp)dz
Qr

where o is defined as

2.2. Some technical lemmas. Several technical, analysis lemmas are needed in the paper. Our first lemma
is a standard iteration lemma which can be found, for example, in [25, Lemma 4.3] or [23, Lemma 6.1].

Lemma 2.5. Let ¢ : [r, R] be a bounded, non-negative function. Assume that for allr < s <t <R,

(1) < 0p(s) +
where A,B >0, k > 0and 6 € (0,1). Then,

+ B
(t—s)~

+ B

¢(r) < C(k,0) [

(R—-r)x

Our next lemma is the classical Hardy’s inequality, which can be found, for example, in [26, Theorem
3301, [2, Lemma 3.4], and [28].
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Lemma 2.6. Let h : [0, 00) — [0, 00) be a measurable function such that

f N h(D)dA < .
0

Then, for every k > 1, and for every r > 0, there holds

R B “dl (kK «kdA
foa(ﬁ h(y)du)7s(;)fo vl =

The following variant of reverse-Hdolder’s inequality can be found in [2, Lemma 3.5] and it will be useful
for the paper.

Lemma 2.7. Let h : [0,00) — [0, ) be a non-increasing, measurable function, and let k € [1,00),r > 0.
Then, there is C > 0 such that

00 1/« 00
( f [t’h(t)]K%) < Vh() +C f z’h(r)?, forany A2 0.
A A

2.3. Holder regularity of weak solutions of homogeneous equations. We recall some results on Holder’s
regularity for weak solutions of homogeneous equations that will be needed in the paper. Those results are
indeed consequences of the well-known, classical De Giorgi-Nash-Moser theory. Our first lemma is about
the interior Holder’s regularity estimate, whose proof, for example, can be found in [31, Theorem 1.1, p.
419 and Theorem 2.1 p. 425], and also in [3, Theorem 2, Theorem 4] and [45, Theorem 2.2].

Lemma 2.8. Let A > 0, and let Ay : O, X R" — R" be a Carathéodory map and satisfy (1.2)-(1.3) on Q»,
with some r > 0. If v is a weak solution of the equation

vy —div[Ag(x,t,VV)] =0, in Q.
Then, there exists Cy > 0 depending only on A, n such that

1/2
IVlo(0s,) < Co (f |v|2dz) :
or

Moreover, there exists o € (0, 1) depending on A, n and ||v||;~ g, 6) such that

|X_ xll + |l,_ t/|l/2 Bo
r b

v(z) = vl < Co ||V”L°°(Q5,/6)[ Vz=(x1),7 =.1)€ 0y

To state the boundary regularity, we recall that for some domain Q c R", and for each r > 0, zo = (xp, 7o) €
0Q X R, we define
Qr(x0) = QN B(x0), Qr =Q0), Ki(z0) = Qp(x0) XI'r(t0), K, = K,(0,0).
Moreover, we also write
T1(z0) = (0Q N Bx(x0)) X I'(t0), T = T,(0,0).

The following classical boundary Holder’s regularity result can be found in [31, Theorem 1.1, p. 419 and
Theorem 2.1 p. 425], and [45, Theorem 4.2].

Lemma 2.9. Let A > 0 be fixed and let @ c R" be an open bounded domain with boundary 0Q € C'.
Assume that Ag : K, X R" — R" be a Carathéodory map and satisfy (1.2)-(1.3) on K, X R" for some r > 0.
Assume also that T, # O and v is a weak solution of the equation
v —div [Ag(x,t,Vv)] = O, in K,
(Ao(x, 1, Vv), V) =0, on T,

then there exists Cy > 0 depending only on A, n such that

1/2
VIl (&s,6) < Co (f |v|2dz) :
K,
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Moreover, there exists a constant By depending only on A,n and ||v||p~k;, 6) such that v € Cﬁo(ijr/ﬁ), and

lx = x|+ |t = 7|2
r

Bo
v(z) = v(@)| < C0||V||L°°(K5,/6)[ ] . Vz=(un, 7 = (.1) € K.
2.4. Self-improving regularity estimates of Meyers-Gehring’s type. We need to establish two higher
regularity estimates of Meyers-Gehring’s type, see [19-21, 35, 36, 44], for weak solutions of (1.1). To
begin, let us introduce the following notation with will be used frequently in the paper. For each function f
defined on U c R"*! we write

1-nx

(2.5) Gu(f) = (f |f|2”*dz)2n*, with n, =
U

Our first lemma is the interior one.

n+2
n+4

Lemma 2.10. Let A > 0. Then, there exists g = €y(A,n) > 2 such that the following statement holds.
Suppose that A : Q) X KX R" — R" is a Carathéodory map satisfying (1.2)-(1.3) on Q. If u is a weak
solution of the equation

u; — div [A(x, t, Au, Vu) —bu — F] = f(x,1), in Q,
with some A > 0. Then for every p € [2,2 + €] and yg > 0, there exists a constant C = C(A, p,n) > 0 such

that
1/p 1/2 1/p Toop

2 (1+y0) o

(JC |Vu|pdz) <C (JC |Vu| dx) + (JC |F|pdx) + (JC |GIP dz)
0r(20) 02/(20) 02/(20) 02/(20)

1/p
+Go,(f) (JE IfI"*de) l ,
02,(20)

where 7o = (xo,%9) € Q1, ¥ € (0,1/2), G(x,1) = Co(n, vollullemocg,,Hb with Co(n, Y0) is some definite
constant.

The next lemma is a self-improving regularity estimate on the boundary.

Lemma 2.11. For every A > 0, there exists € = ey(A,n) > 2 such that the following statement holds.
Suppose that Q c R with boundary dQ € C'. Suppose that A : K» x K xR" — R" is a Carathéodory map
satisfying (1.2)-(1.3) on K» X K x R" and (1.13) holds on Q, with Ty # (0. Suppose also that u is a weak
solution of the equation

u, — div [A(x, t, Au, Vu) — bu — F] f(x, 1), in K,
(A(x,t,u,Vu) —bu — F, V) = 0, on T,

with some A > 0. Then, for every p € [2,2 + €], and yo > 0, there exists a constant C = C(A, p,yo,n) >0

such that

1/p 1/2 TEemy 1/p

(JC |Vu|1’dz) <C (f |Vu|2dz) +(JC |G|P<1+7°>dz) +(JC |F(x,t)|”dz)
K (z0) K>r(20) K> (z0) K>r(z0)

1/p

+ng(f)(f If(x,t)l"*”dz) l

K> (z0)

for every zo = (20, t0) € T, € (0,1/2), G(x, 1) = Co(n, yo)l[ullpmok,,1»)b. n. = 22, and with Co(n, yo) is
some definite constant.

Remark 2.12. Two remarks on Lemma 2.10 and Lemma 2.11 are in ordered.
(1) Observe that when b € L1(Q) and u € BMO, it does not follows that ub € L1(Q). Therefore, the
above self-improving regularity estimates are new and could not directly deduced from the known
self-improving regularity estimates.
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(i) Ifb € L°BMO™") and F = f = 0, a similar self-improving regularity estimate as in Lemma 2.10
for linear equations is established in [44].
From Remark 2.12, proofs of Lemma 2.10 and Lemma 2.11 are needed. We follow the standard approach
using Caccioppoli’s estimates as in [19,20]. Details will be given in the appendix at the end of the paper.
3. APPROXIMATION ESTIMATES

3.1. Interior approximation estimates. In this section, let A : Qog X K X R" — R” satisfy (1.2)—(1.4) on
Orr X K X R" for some R > 0. We also recall that d,,Qk is the parabolic boundary of Qr. We study a weak
solution u of the class of equations

3.1 u; — div[A(x, t, Au, Vu) — b(x, Hu — F] = f(x,1), in Qop,

with the parameter A > 0. The following number is used frequently in the paper

n+?2
(3.2) Ny = ot
In the sequel, for each @ > 2, let @’ > 2 be the number such that
L Y B
o a 27 7 a-2

Moreover, if u is a weak solution of (3.1), we define
G(x,1) = Co(n, @)[[ullemoorR)P(X, 1), (x,1) € Oar, with some definite constant  Co(n, @),

In our first step, we freeze u in A, and then approximate the solution u of (3.1) by a solution of the corre-
sponding homogeneous equations with frozen u. See also in [5,9,27,38,41,42] for some similar approaches.

Lemma 3.1. Let A, > 2 be fixed. Assume that A : Qg X KX R" — R” satisfies (1.2)—(1.4), and
assume that F € L>(Qxr,R"), f € L*(Qr) and G € L*(Qar). Assume also that u € C(Tag, L*(Bag)) N
L*(Tag, WY2(Bag)) is a weak solution of (3.1) with some A > 0. Then, for each zog = (xg, ) € Qg, r € (0, R),

1/n.
£ Wu-wifdrs e [ f wpaer ( f Iflz"*dz)
0:(z0) 0:(z0) 0(z0)

2 2
+ ( J[ | — ﬁQr(zo)I“'dz) ( J[ [b(x, t)l“dz)
0,(z0) 0,(z0)

where v € C(T'x(tp), L*(B1(x0))) N L>(T'x(t9), W'2(B,(x0))) is the weak solution of

v —div[A(x, t, Au, Vv)] = O, in  Qr(20),
v = u, on 0,0,(20).

(3.3)

’

34

Moreover, it also holds that

1/2
( f v— ﬁQ,@o)lde)
0/ (20)
1/2 1/2
r (JC Vv — Vulzdx) + (JC u — ﬁQr(ZO)IZdZ) } .
Or(20) Or(20)

Proof. Though, the proof is similar and simpler than that of Lemma 3.5 below. We give the proof for
the sake of clarity and completeness. Observe that for a given weak solution u € C(I'2g, L2(Bag)) N
L>(Tor, WH2(Bog)) of (3.1), by taking Ag(x,1,€) := A(x, t, du(x, 1), &), we see that Ag : Qg X R" — R is
independent on the variable s € K, and it satisfies all assumptions in (1.2)—(1.3). Therefore, the existence
of weak solution v € C(I',, L*(Bs,)) N L>(T's,, W2(B,,)) of (3.4) can be obtained using the Galerkin’s
method, [31, p. 466-475]. It remains to prove the estimates (3.3), and (3.5). Through the procedure using

(3.5)
< C(n, p)
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the Skelov’s average (see [5, 13, 38], for examples), we can formally use v — u as a test function for the
equation (3.4), and the equation (3.1), we obtain

1d
—— v — ulzdx + f (A(x,t, Au, Vu) — A(x, t, Au, Vv), Vv — Vu)dx
2dt Jp,,, B,(x0)
(3.6)
= f (bu+F,Vu—Vv)dx + fx, (v —u)dx.
B,(x0) By(xo)

Also, because div [b(-, )] = 0, it follows that

f (b(x, Hu(x, 1), Vu — Vv)dx
Br(x())

f (b(x, H[u(x, 1) — g, z)l, Vu — Vv)dx
B:(x0)

1/2 1/a’ 1/a
< ( f |Vu - vv|2dx) ( f |t — T, ()" dx) ( f Ib(x, t)l”) :
By(x0) Br(x0) By(x0)

Then, it follows from an integration in time, Remark 2.1, (3.6), and the Young’s inequality that

o .
— sup
2 1,40) JB

r(xp)

2,
— sup
2 Fr(tO) Br(xo)

<C(N) [f [(bu + F,Vu — Vv)|dz + f |fllv — uldz]
Q)‘(XO) Qr(ZO)

1
< = f [Vu — Vv[2dz + C(A) { f |F|>dz + f Ifllv — uldz
2 Jo,(z0) 0,(z0) 0/(z0)

2/a’ 2/a
+ ( f I = fig, (20" dxdt) ( f Ib(x, t)I“dxdt) .
Qr(ZO) Qr(ZO)

v — ulPdx + f |Vu — Vv|2dz
Qr(ZO)

< C(A)

lv — ulzdx + f (A(x,t, Au,Vu) — A(x, t, Au, Vv), Vv — Vu)dzl
Qr(ZO)

Hence,

sup r_zf
1—‘r(t()) Br(,‘(o)
37 SC(A>{ £ wpdze2f - e
0:(z0) 0;(z0)

2/a’ 2/a
+ ( f U = figy, a0 dxdt) ( f Ib(x, t)l"dxdt) .
0(20) 0r(20)

Now, let us denote py = 2n, > 1 where n, is the number defined in (3.2). Also, let p6 be the number such
that plo + 1% =1,ie. p, = @ It follows from Holder’s inequality, and the parabolic Sobolev imbedding
0

v — uldx + f IVu — Vv|2dz
Qr(ZO)
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(see [31, eqn (3.2), p. 74] or [13, Proposition 3.1, p. 7]), and Young’s inequality

Rt 1/po
JC [fllv — uldz < (JC Iv—ulpodz) (JE Iflpodz)
Qr(ZO) 0:(20) Qr(ZO)

1/p} o 1/po
(3.8) < C(nyr ( JC Vv — vu|2dz) (sup r2 f v — u|2dx) ( JC | flpodz)
0/(20) I'(10) B:(x0) 0/(20)

1 1 2/po
< - f IVv — Vu)|?dz + — sup r> JC v — ul’dx + C(n)r? ( JE | fl”Odz) .
4 J0,(z0) 4 1,10 By(x0) 0,(z0)

The estimate (3.8), and (3.7) imply that

sup 2 f v — ul*dx + f |Vu — Vv|*dz
I'(10) Brxg) 0r(z0)

2/po
f |F|2dz+r2(f |f|”°dz)
0r(20) 0(0)
7 :
+(JC |u—uQ,(ZO)|“'dxdt) (J[ |b(x,t)|"dxdt) }
0r(z0) 0r(20)

This proves the estimate (3.3). Also, by the Poincaré’s inequality, we see that

1/2 1/2 1/2
( JC v — uQr(ZO)Fdz) < ( J[ v — u|2dz) + ( f u — uQ,(ZO)Fdz) l
0(z0) 0,(z0) 0r(z0)

1/2 1/2
<|C@, p)r ( f [Vy — vu|2dz) + ( JC lu — uQr(ZO)Fdz) l .
0(z0) Or(x0)

This proves (3.5) and completes the proof of the lemma. O

< Co(A, n)

The next step is to approximate the solution u in Q,,(z9) by the solution w of
w; —div [A(x, 8, Aig,, (), VW) = O, in  Qur(20),
w = v, on 3,020,

where in (3.9) v is the weak solution of (3.4), and « € (0, 1/3) is some sufficiently small constant which
will be determined.

(3.9

Lemma 3.2. Let A,M > 0,a > 2, and ay € (0, 1] be fixed, and let € € (0,1). There exist positive,
sufficiently small numbers k = k(A\, M, n, ag, €) and 51 = 01(€, A, M, n, ag) € (0, €) such that the following
holds. Assume that A : Qg X KX R" — R" satisfies (1.2)—(1.4), and assume that F € L*(Q,R"),G €
L*(Qar,R"), f € L*"(Q2r) and

1/n. 2
f IFPdz + r* ( f |f|2"*dz) + ( f IG(x, t)I“dz) <41,
Qr(ZO) Qr(ZO) Qr(ZO)

for some z9 = (xo,t9) € Qr and some r € (0,R). Then, for every 1 > 0, if u € C(Tag, L*(Bag)) N
LP(Tag, WH2(Bog)) is a weak solution of (3.1) satisfying

JC \VuPdz <1, and [[Aullemoge.r) < M,
O2xr(20)

it holds that

JC Vv — Vwl?dz < €,
ri(ZO)

where w is the weak solution of (3.9).
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Proof. The proof is similar that of Lemma 3.6 in the next subsection using Lemma 2.8 and (3.5) instead of
Lemma 2.9 and (3.18) respectively. We therefore skip the proof. O

The next lemma is a general result which particularly compares the solution w of (3.9) with a solution
of the corresponding constant coefficient equation.

Lemma 3.3. Let A > 0 be fixed, then there is some y = y(A\, n) > 2 such that the following statement holds.
For some zg = (xg,ty) € QOr, assume that Ag : Qg X R" — R" such that (1.2)—(1.3) hold for some R > 0.
Assume also for some p € (0,R/2), w is a weak solution of

wr = div[Ao(x, 5, VW) = 0, in  Q25(20).
Then, there is some function h € L™((T'75/4(t0), L*(B7p/a(x0)) N L*(T7,4(t0), W'2(B7,/4(x0))) such that

1 1/2 1 1/2
S IVw — Vh|2dz) < C(A, n)[Ao)Y (— |Vw|2dz) .
(|Q7p/4(ZO)| 07p/4(z0) BMOQ2rR){ 105,(20) 03,(20)
Moreover,
1/2
IVA|| < C(A, n)( |Vw|2dz) .
L (Q3/J/2(ZO)) |Q2p(Z0)| sz(zo)

Proof. The proof is simple, and we give it here for the sake of completeness. Observe that from Lemma
2.11, there is p; = p1(A,n) > 2 such that

1/p1 1/2
(3.10) ( f IVWI’”dz) < C(A, p,n) (JC |Vw|2dz) .
Q7p/4 02
Let us denote
|A (-x’ f, ) - a(t’ )| n
a(t,£) = f Ao .5, Opgs, sy = 21O ZAGD] gy g,
Brp/4(x0) €1

Then, let & be the weak solution of
h; — div [a(z, VV)] 0, in  Q7p4(z0),
h = w, on ap Q7p/4(ZO)-
Observe that the existence of 4 can be obtained by a standard method using Galerkin’s approximation. Also,
from the Skelov’s average as in [5, 13], we can formally use w — & as a test function for both the equations
of w and of A to obtain
1d
2dt

(3.11)

[w— hlzdx + f (a(t,Vw) — a(t, Vh), Vw — Vh)dx
B1p/a(x0) Brp/4(x0)

= f (a(t, Vw) — Ap(x,t, Vh), Vw — Vh)dx.
Bip/4(x0)

This and (1.2) imply that

1
— sup f lw — hf>dx + f IVw — Vh|?dz
2 1€l7,/4(t0) J B7p/4(x0) 07p/4(20)

<CW) la(t, Vw) — Ag(x, t, VW)||[Vw — Vh|dz
Q7p/4(20)

<C) ®A0,37p/4(x())(x, HIVw||[Vw — Vh|dz
Q7p/4(20)

Let us now denote y > 2 be a number satisfying

L1l
y p 2
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Then, by using Holder’s inequality and (3.10), we see that
1/y 1/p
J[ [Vw — Vh|2dZ < C(AN) (JC |®A07Q7p/4(x())(x’ t)|7dz) (JC Ilepdz) X
07p/4(20) 07p/4(20) Q7p/4(20)

172
X (JC [Vw — Vhlzdz]
07p/4(20)

1/2 1/2
2/y 2 2
< C(A, n)[Ao]BMO(QR’R) (ng o V| dz) (JCQ7 . [Vw — Vh| dz) .
P o

Hence,

1/2 1/2
( f Vw — Vhlzdz] < COA WA o000 ( f Ilezdz) :
07p/4(20) 020(20)

and this proves the first assertion of the lemma. To prove the last estimate of Lemma 3.3, we can use
standard regularity theory for equation (3.11) to obtain

12
VANl (03,000 < C(A 1) (JC |Vh|2dz) -
07p/4(z0)

This, together with the fact that [Aglsmo(gg.r) < C(A, n), triangle inequality, and (3.33) imply (3.11). The
proof of the lemma is then complete. O

Our next result is the main result of the section.

Proposition 3.4. Let A > 0,a > 2 and ag € (0, 1] be fixed. Then, for every € € (0, 1), there exist sufficiently
small numbers k = k(\, M, n, ap, €) € (0,1/3) and 69 = do(e, A, M, n,ap) € (0, €) such that the following
holds. Assume that A : Orp X K X R" — R" satisfies (1.2)—(1.4) and (1.11) hold with 6 replaced by dy.

Assume also that
1/n. %
f |F|2dz+r2(f Iflz"*dz) +(f |G<x,r>|“dz) < &g,
02-(20) 02-(20) 02r(z0)

for some 7y = (xg,1y) € @R and some r € (0,R/2). Then, for every A > 0, ifu € C(Tar, L*(Bag)) N
L*(Tar, WY2(Bag)) is a weak solution of (3.1) satisfying

JC \Vuldz <1, and [[Aullemoge.r) < M,
Qazr(20)

then there is h € C(T'7z,/2(t0), L*(B7zr/2(x0))) N L*(T7zr/2(t0), W2 (B7zr2(x0))) such that the following esti-
mate holds

1
(3.12) _ \Vu — Vh*dz < €, |[Vhlli~0-. < C(A,n).
1Q7%r/2(z0)] J 01ty 2200 L(Qsinta0))
Proof. The proposition follows directly by applying Lemma 3.2 with r replaced by 2r, and Lemma 3.3 with
Ao(x,1,8) = A(x, t, ditg,,, (), &) and p = 2kr, and the triangle inequality. O

3.2. Boundary approximation estimates. To be convenient for the readers and self-contained, we recall
some frequently used notation. For each R > 0, we write Bg = Bg(0) the ball in R” centered at the origin
with radius R. Moreover, for an open set Q C R” with boundary 0Q2, we write

Qr=BrNQ, Kr=QrxITg, and Tg=(0QN Bg)XxTk.
We also denote 0, Ky the parabolic boundary of Kz, moreover, for each zg = (xo, o), it is denoted that

Qr(x0) = x0 + Qgr, Kr(z0) = 20 + K, Tr(20) = 20 + Tr.
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We can assume that g # (), and we investigate weak solutions u of the equation

{ u, — div [A(x, t, Au, Vu) — b(x, Hiu — F(x, 1)] f(x,0), in  Kog,

(.13) (A(x,t, Au, Vu) — b(x, Hu — F(x, 1), V) = 0, on Tog.

with the parameter 4 > 0. By weak solutions of (3.13), we mean any u € C(I'zg, L*(Qor)NL*(Tor, WH2(Qar))
such that G € L¥(K»g) for some a > 2, Au(x, t) € K for a.e. (x,t) € Kpg, and

- f u(x, 1)0p(x, dz + f (A(x,t, Au, Vu) — bu — F,Vp)dz = f(x, He(x, Hdz,
Kog Kor Kog

for all ¢ € C(‘;"(QZR). Here,
(3.14) G(x,1) = Co(n, ®)[[ullpmokz R)P(X, 1), 7= (x,1) € Kpg, for some definite constant  Co(n, @).

As before, for each a > 2, let @’ be the number satisfying

I 1 1 2a
3.15 —+—==, ie. ad=——.
( ) o a 2 e @ a—2
Recall that the number 7, is defined in (3.2). Our first step is to approximate u by the solution v of the
homogeneous equation with frozen u in A.

Lemma 3.5. Let A, a > 2 be fixed. Assume that A : Kyp X K X R" — R” satisfies (1.2)—(1.4). Assume that
G € L*(KR), and u is a weak solution of (3.13) for some A > 0, then for each 7o = (xg, ty) € Kg and each
(3.16) IVu — VvPdz < Co(A, n)

r € (0,R), it holds that
2 1/n,
f IF|dz + ( JC IG(x, t)l"dz) + 77 ( f | flz”*dz) ,
Kr(ZO) Kr(ZO) Kr(ZO) KV(ZO)

where v € C(T'x(to), L>(Q,(x0))) N L>(T'(t9), W2(Q,(x0))) is the weak solution of

v, —div [A(x, 1, Au, Vv)] = O, in  K,(z0),
(3.17) v = u, on 0,K(20)\ T(z0),
(A(x,t, Au, Vv), V) = 0, on T.(z20), if T(z0)#0.
Moreover,

1/2 1/2 1/2
(3.18) ( JE v — ﬁK,(ZO)Izdz) < C(n) lr ( f Vi — Vvlzdz) + ( f lu — uK,(ZO)Fdz) } .
K, (z0) K (z0) K (z0)

Proof. If T\(z0) = 0, this lemma follows directly from Lemma 3.1. Therefore, we only consider the case that
T(zp) # 0. The proof is similar to that of Lemma 3.1 with some modification dealing with the boundary.
Observe that since 0Q € C!, Q,(xo) is a Lipschitz domain. Therefore, W'2(Q,(xo)) is well-defined with
all imbdedding and compact imbedding properties. Therefore, the existence of the solution v of (3.18) can
be obtained by the Galerkin’s method, see [31, p. 466-475]. It then remains to prove the estimates (3.16)
and (3.18). By proceeding with the Steklov’s average (see [5, 13,38]), we can formally use v — u as a test
function for the equations (3.17), and (3.13) to infer that

1d
—— v — ulzdx + f (A(x,t, Au, Vu) — A(x, t, Au, Vv), Vu — Vv)dx
2dt Jo,(x) Q,(x0)
= f (b(x,Hu + F,Vu — Vv)dx + f(v—u)dx.
Q,(x0) Q,(x0)

Due to the fact that divb = 0 on Qyr and (b, V) = 0 on Bz N Q in the sense that

f b(x,1) - Vo(x)dx =0, forall ¢ e Cy(B.(xp)), forae. teTlk,
Q,(x0)



16 T. PHAN

we see that
f (b(x,Hu, Vu — Vv)dx = f (b(x, Hlu — iix,(zp)], Vu — Vv)dx.
Q,(x0) Q,(x0)
Therefore,
1d 2
—— [v —ul“dx + (A(x, t, Au, Vu) — A(x, t, Au, Vv), Vu — Vv)dx
2dt Jo,(xy) Q,(x0)
= f (b(x, U — ik, ;)] + F, Vu — Vv)dx + fv —udx.
Q,(x0) Q,(x0)

From this, and the condition (1.2)—(1.4), we infer that

1
— sup f v — uldx + f [Vu — Vv[dz
2 4er (1) Jo,(xo) K,(z0)

1
< = sup f lv — u|2dx + C(A) [f (A(x,t, Au, Vu) — A(x, t, Au, Vv), Vu — Vv)dz]
1€l (t9) JQ(x0) K:(20)

< C(A) [ f (11 + Ibllue = g, )| )| Ve — V] + f
KV(ZO) Kr

1
<= f [Vu — Vv|>dz
2 k)

+C(A) [ f (1P + b |ue = ik, o)z + f
Kr(z())

K;(z0)

[fllv = uldz]
(z0)

[fllv — uldz] .
Then,
sup 2 JC v — ulPdx + JC Vu — VvlPdz
tel(1y) Q,(xg) K (z0)

scm,n)[f (1B + IbPlut = i, ) )bz + f IfIIv—uIdz}-
K (z0) K (z0)

Now now control the last two terms in the right hand side of the previous estimate. Observe that from
(3.15), the John-Nirenberg’s theorem, and the Holder’s inequality it follows that

f IbPlu — ik, | )dz
Kr(ZO)
2/a 1 ) 2/’
< Cn) (JC Ibladz) ( | — ik, (20| dz)
K. () 10,0l Jk ) o

2/a 2/a
< Co(n, a)[[u]]ZBMO(KR,R) (f{( : |b|“dz) = (Jg( )IG(x, t)I"dz) .
(20 {20

On the other hand, as in (3.8), we denote py = 2n. and p such that 1/po + 1/pj = 1, i.e. py = nz+—”2 From

Holder’s inequality, the parabolic Sobolev imbedding (see [31, eqn (3.2), p. 74] or [13, Proposition 3.1, p.
7]), and Young’s inequality, it follows that

) 1/pg 1/po
f Lfllv — uldz < (JC |v—u|p0dz) (JC Iflpodz)
KV(ZO) Kr(ZO) Kr(ZO)

2/po
1 1
<= f Vv — Vul?dz + - sup r—2 f v — ul*dx + C(n)r? ( JC | fl”odz) .
2 Jk, (@) 4ru B K.(z0)

(3.19)
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Therefore,

sup 772 f v — ul*dx + f IVu — Vv[dz
1€l (1p) Q(x0) K, (z0)

2/a 2/po
<C(A,n) [ JC IFI> + ( f IG(x, t)l"dz) + 1 ( JC |/ (x, t)I”‘)dz) l
K (z0) K (zo0) K (z0)

and (3.16) follows. Lastly, we prove (3.18). Observe that the triangle inequality gives

JC v — fig, (o)l *dz < C [JC v — uPdz + JC |u — EK,(ZO)lzdx] .
K;(x0) K(z0) K;(z0)

Then, using the Poincaré’s inequality for the first term in the right hand side of the above inequality, we see

that
1/2 1/2 1/2
(f |v—ﬁz<,<zo>|2dz) scm)[r(f |Vu—Vv|2dz) +(f |u—fn<,<zo)|2dz) }
K;(z0) K, (z0) K, (z0)

This proves (3.18) and also completes the proof. O
Lemma 3.6. Let A, M > 0,a > 2 and ag € (0, 1) be fixed. Then, for every € € (0, 1), there exist sufficiently
small numbers k = k(A, M,n, g, €) € (0,1/3) and 6, = 62(e, A\, M,n,aq) € (0, €) such that the following
holds. Assume that A : Ko X KX R" — R" such that (1.2)—(1.4) hold with some R > 0 and some open set
K c R, and assume that

2 1/n.
(3.21) JC IF|°dz + ( f |G|“dz) +7? ( f | f|2"*dz) <83,
Kr(ZO) KV(ZO) Kr(z())

for some zo = (x0,ty) € Kg and some r € (0,R). Then, for every A > 0, if u is a weak solution of (3.13)
satisfying

(3.20)

Jf VuPdx < 1, and [[Aullsvower) < M.
KZKr(ZO)

then there is a weak solution w of

w; — div [A(x, ¢, /lL_tKK,-(Zo)’ vw)] = 0, in K (z0),
(3.22) w = on apKKr(ZO) \ Tir(20),
<A(-x’ t’ AﬁKKr(ZU), VW)’ ‘7> - 0’ on TKV(ZO)’ lJC TK}’(ZO) :/t 0’

such that the following estimate holds

1/2 1/2 n
(3.23) ( f [Vu — lezdz) <e, and ( f |Vw|2dz) <1427,
Kkr(ZO) er(ZO)

where in (3.22) the function v is defined as in Lemma 3.5.

Proof. For a given sufficiently small € > 0, let ¢ € (0,¢/2) and « € (0, 1/3) both sufficiently small
depending on €, A, M, n, @y which will be determined. Now, by Lemma 3.5 with €, we can find §, =
62(€’, A, ) > 0 sufficiently small such that if (3.21) holds, then

(3.24) J[ IVu — VvlPdz < (€)*"?,  and a(f
K (z0) K,

+(20)

where v is the solution of (3.17). Observe that the first inequality in (3.24) and the fact that €',k € (0, 1)

imply
1/2 1/2 1/2
( f |Vv|2dz) < ( JC \Vu — Vvlzdz) + ( JC |Vu|2dz)
KZKr(ZO) Klkr(ZO) K2/<r(ZO)

1 1/2
< (—2 f [Vu — Vv|2dz,) +1<2.
)™= JK,zo)

12
v — ﬁ&-(zo)lzdz) < C(n, p)[re’K%/l + M],

(3.25)
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Note that when A = 0, w = v. The lemma is then trivial with every x € (0, 1/3). Therefore, we only need
to consider the case A > 0. From the standard Caccioppli’s type estimate for the solution v of (3.17), and
(3.24), we also see that

1/2 1/2
C(A,n _
( JE IVVIZdz) < (—)z (J[ v — MKr(zo)lde)
(3.26) Kaur(z0) (1 =26k 2 r \JK:(z0)

< C(Am)[€ + M(ak%r)—l],

where in the last estimate we have used the fact that x € (0, 1/3) to control the factor 1 — 2x. Now, let w
be the weak solution of (3.22), whose existence can be obtained by a standard method using Galerkin’s
method, see [31, p. 466-475]. It remains to prove the estimate (3.23). By using the Skelov’s average as
in [5, 13], we can formally take v — w as a test function for the equation (3.22) and the equation (3.17) to
obtain
1d
2 dt

= f (A(x,t, diig,, (z5), VW), Vw — Vv)dx
Qyr(x0)

v — w)?dx + f (A(x, 1, Au, Vv), Vw — Vv)dx
(327) ri(xo) QK}‘(XO)

From this, it follows that

1
— sup f v — wi?dx + f Vv — Vw|?dz
2 T (10) JQur(x0) Ker(z0)

1
— sup f v — wlzdx
2 rkr(t()) ri(XO)

+ f (A(x, t, Atk (), Vv) — A(x, 1, Aiik,, (zy), VW), Vv = Vw)dz
Kkr(ZO)

< C(A)

< C(A)

f [(AGr 1, i,z T9), T = V| dz

KKr(ZO)

+ f |(A(x, £, A, Vv), Vv — Vw)|dz]
KKT(ZO)

< C(AN) f V||V — Vw|dz
KKI‘(ZO)

1
< C(N) f IVv[>dz + = f Vv — Vw|?dz.
KKV(ZO) 2 KKV(ZO)

This last estimate together with (3.26) imply that

1/2 1/2
( f Vv — lezdz) < C(A,n) ( J[ |Vv|2dz)
KKr(ZO) er(ZO)

1/2
< C(A,n) ( J[ |Vv|2dz) < Ci(A,m)|€ + M(r,%arl].
KZK)‘(ZO)

Hence, if MC;(A, n)(/lk% < ﬁ, we can choose € sufficiently small such that

(3.28) 4C1(A,n)e < e.

1/2
( JC Vv — Vw|2dz) <e€/2.
Kkr(ZO)

From these choices, it follows that
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This estimate, the triangle inequality, and the first estimate in (3.24) gives

1/2 1/2 1/2
( JC [Vu — lezdz) < ( JC |Vu — Vv|2dz) + ( JC Vv — Vw|2dz)
KKV(ZO) KKV(ZO) KKV(ZO)

1/2
1
< ( — JC [Vu — Vvlzdz) +€/2<€e +€/2<¢€
K KV(ZO)

which is the first estimate in (3.23). It therefore remains to consider the case

(3.29) Ark'F e < 2C1 (A, m)M.

In this case, we note that from our choice that € < €, we particularly have
KT Er < C(A, M, n).

Then, it follows from (3.24) that

1/2
a (JC v — ﬁK,(zg)|2dZ < C(A, M, n).
Kr(x())

From this and the equation (3.17), we can apply the Holder’s regularity theory in Lemma 2.8 and Lemma
2.9 for the function

V(x, 1) := A[v(x — X0, — 19) — UK, ()], (x,1) € K},

to find that there is Sy € (0, 1) depending only on A, n such that ¥ € CPBo (I_(2,/3). Then, by scaling back, we
obtain the following estimates

<C(A,M,n), and

A “V - ﬁK,(zO)”L"O(Ksr/s(Zo)) -

(3.30)

<k, Vz=(x0,7 =, 1) € Kol(20).

|)C— X'| + |l— tl|1/2 Bo
r

Av(z) = (@) < C(A M, n)[

From now on, for simplicity, we write &t = u — iix,,(;,). We can use (3.27) again to obtain

1
~ sup f v — wldx + f Vv — Vw|?dz
2 Ltt0) O (0) K (z0)

1
< C(A)|= sup f v — wldx
2 rkr(t()) ri(xO)

+ f (A(x,t, ik, (z5), VV) — A(x, 1, Aiig,, (z9), VW), Vv = Vw)dz
Kir(20)

< C(A) f (A(x, t, Atk (z5), Vv) = A(x, t, Au, Vv), Vv — Vw)dz
KKV(ZO)

< C(A) f [Aa]*|VVv||Vv — Vw|dz
KK"(ZO)

1
<= f Vv — Vw|?dz + C(A) f |0 >%0| V|2 dz.
2 JKke(zo) K

Kr (ZO)

Hence,

f Vv — Vw|>dz < C(A) JC |07\ V|2 dz.
KK}"(ZO) K,

K1 (ZO)
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For p; > 2 and sufficiently close to 2 depending only on A, n, we write g = 2;%”21 > 2. Then, using the

Holder’s inequality, and the self-improving regularity estimate, Lemma 2.11, we obtain

p1-2

pi== 2

P P

f Vv — Vwl2dz < C(A) (JC umq) 1 (J[ IVvlp‘dz) 1
Kir(z0) Kir(20) Kir(20)

-2

P12
P
SC(A,n)(JC |/m|qdz) 1 (f |Vv|2dz)
Kkr(ZO) KZKr(ZO)
We further write

1/2 1/2
f afids = f allaa dz < ( f I/lit|2dz) ( f umzﬂdz)
Kkr(ZO) KK}‘(ZO) Kkr(ZO) KKr(ZO)

1/2 1/2
< C(n, a) LA o0k ) ( Ji |/lit|2dz) < C(n, M, ap) ( J[ l/lﬁlzdz) :
«r(20) Kir(20)

Therefore,

r1-2

2p
f Vv — VwPdz < C(A, M, n, arp) ( JC um%zz) ‘ ( JC |Vv|2dz).
KKr(ZO) Kkr(ZO) KZKr(ZO)

This, and (3.25) imply that

P12

2p1
(3.31) JC Vv — VwPdz < C(A, M, n, ) ( f |/m|2dz) "
KKr(Z()) KKV(ZO)

On the other hand, we also write

J[ |IA0fdz < C [ JC [A(u —v)|Pdz + JC (v = P,z dz
Kkr(ZO) Kkr(ZO) Kkr(ZO)

i JC Ak, (z0) = V(o)) 2
KKr(ZO)

K—(n+2) f |/l(l/l _ v)|2dZ + f |/1(V - ‘_}KKV(ZU))|2dZ:| .
K:(z0) Kyr(z0)

Then, by using the Poincaré’s inequality for the first term on the right hand side of the last estimate, we

obtain
1/2
(JC I/Iitlzdz) < C(A,n)
KKr(ZO)

This, (3.24), and (3.30) imply that

1/2
(JC |/lﬁ|2dz) < C(Am)|(Ar)e +].
KK}‘(ZO)

From this last estimate, the estimate (3.31) can be written as

<C()

1/2
/U’K_% (JC Vu — Vvlzdz) +4 sup |v(z)— V(Z')ll ,
K(z0) X,yefxr(z())

P12

f Vv = Vwl*dz < C(A, M, n, ag) (Are’ + k) 7.
KKr(ZO)

This, (3.29), we can further imply that

n+2

EK 2

12 ! P2
(J[ Vv - VW|2dZ) < Co(A, M, aq, )| S SR
Kir(20)
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Now, we choose « sufficiently small depending only on A, M, n, @ and € such that

1 € 1)
o<l .
© 2L2C(A, M, a0, n)

Then, we choose € > 0 sufficiently small depending only on A, n, @ and € such that

s € 221
L ]"“2
2C(A, M, ap, n)

= 2
1/2
(JC |Vv—Vw|2dz) <€/2.
Kkr(z())

Then, we use the first estimate in (3.24), the triangle inequality again to obtain the first estimate in (3.23).
It now remains to prove the second estimate in (3.23). By the triangle inequality, the assumption in this
lemma and since € € (0, 1), we see that

1/2 1/2 1/2
( f |Vw|2dz) < ( f IV — Vulzdz) + ( JC |Vu|2dz)
KKV(ZO) Kkr(z()) Kkr(ZO)

2

1/2
<e+ (2"+2 JC |Vw|2dz) <1427
szr(Z())

as desired. The proof is therefore complete. O

From these choices, we obtain

Our next result is a standard approximation which particularly gives a comparison of the solution w of
(3.22) with a constant coefficient solution.

Lemma 3.7. Let A > 0 be fixed. Then, for every € € (0, 1), there exists a constant § = §'(A,n, €) > 0 and
sufficiently small such that the following statement holds. Assume that Q is be an open bounded domain
with boundary 0€) € C'. Assume also that Ay : KopxR" — R” satisfying (1.2)—(1.3) and [A¢ Mo kg.R) < 0
for some R > 0. Suppose that w is a weak solution of

{Wt—diV [Ao(x, 7, YW)] 0, in Kip(zo),

(3.32) (Ao(x, 1, Vw), %) 0, on Ta(o) if Taplzo)# 0,

J[ IVwl?dz < 1,
K4]

/e
with some 0 < p < R/4, and some zo = (xo,1t9) € Kg. Then, there is some function h such that

and it satisfies

1/2
(3.33) (JC IVw—Vhlzdz) <€, and VAl i < CA, ).
K2p(ZO)

Proof. The proof can be done exactly the same as that of Lemma 3.3. Since 0Q is C!, the Lipschitz
regularity estimates for weak solutions of the corresponding homogeneous equation with frozen coefficient
holds true if 75,(z9) # 0. Alternatively, since 0L is C!, it is sufficiently flat in the sense of Reifenberg’s.
Therefore, this lemma follows from [8, Lemma 6 and Corollary 1], see also [6]. One can flatten the
boundary as in [27] and prove a similar approximation in the upper-half cube O as Lemma 3.3. O

Finally, we state and prove the main result of the section.

Proposition 3.8. Let A,M > 0,a > 2 and ag € (0,1) be fixed. Then, for every € € (0, 1), there exist
sufficiently small numbers k = (A, M,n, ag, €) € (0,1/3) and 6 = 5(e, A, M,n,ag) € (0, €) such that the
following holds. Assume 0Q € C', and A : Kop x K X R" — R" such that (1.2)—(1.4) and (1.14) hold, and

assume that
2 1/n,
JC |F|2dz+(f |G|“dz) +(8r)2(f |f|2”*dz) < s,
Ksr(20) Kgr(z0) Ks,(z0)
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for some zo = (xo,t0) € Kg, and r € (0,R/8). Then, for every A > 0, if u is a weak solution of (3.13)
satisfying

JC \VuPdz < 1, and [[Aullemoker) < M,
Ki6kr(z0)

then there is h € L®(Taer(t0), L*(Quir(x0))) N L2(Car(t0), WH2(Qupr(x0))) such that the following estimate
holds

(3.34) f Vi = ViPdz < €, ([Vhllpogky, oy < C(A 7).
K4kr(ZO)

Proof. Let

n+2

11
6= min {525 5] 7 € A M.n,@).8'(A.n. /121 + 22 ))),

n+2
where 5 is defined in Lemma 3.6, and ¢’ is defined in Lemma 3.7. Moreover, let « = k(A, M, n, aq, %[%] > )

be the number defined in Lemma 3.6. Then, by applying Lemma 3.6 with r replaced by 8r, we can find
w e Lw(FSKr(tO)a LZ(QSKV(XO))) N Lz(FSKr(tO)a Wl’z(QSKr(XO))) SatiSf}’ing

RER I 1z w2
(3.35) ( Jf |Vu — lezdz) < —[—] e and ( f |Vw|2dz) <1+27.
Kser(z0) 212 Kser(20)

Then, we can apply Lemma 3.7 with Ag(x,1,&) = A(x, 1, Adligg, (). €),p = 2kr, and with some suitable
scaling, we can find a function 2 € L®([T4(t0), L*(Quir(%0))) N L2>(T4r(t0), WH?(Qu(x0))) such that the
following estimate holds

1/2
(3.36) ( f Vw — Vhlzdz) <€/2, IVhllpogky, @y < C(AR).
K4Kr(ZO)

It then follows from (3.35), (3.36), and the triangle inequality that

1/2 1/2 1/2
( JC Vi — Vh|2dz) < ( f |Vu — lezdz) + ( f Vw — Vhlzdz)
Ka(20) Kur(z0) Kur(z0)

n+2

2 1/2
< [2] 2 ( f Vi — lezdz) te/2<e
K8Kr(ZO)

The proof is therefore complete. m]

4. LEVEL SET ESTIMATES

This section gives the key level set estimates needed in the proofs of the main theorems, i.e. Theorem
1.1, and Theorem 1.2. We can assume R = 1 as Theorem 1.1, and Theorem 1.2 can be retrieved to general
R > 0 by using the dilation (2.3), Remark 2.1, and the dilation property of Lorentz quasi-norms, Remark
2.2.

Let € > 0 be a sufficiently small number to be determined depending only on the given numbers n, A, p, g,
and ap . Let 0 = 0(e, A, M, n, ap), k = k(A, M, n, g, €) be the numbers defined in Proposition 3.8. Note that
since € depends on n, A, p, g and @, the numbers « and ¢ also only depend on these numbers. Assume that
all assumptions in Theorem 1.2 are valid with this 6 and R = 1. For each 4 > 0, and if u is a weak solution
of (1.15), recall that

G(x, 1) = [[ullemok,,Hb(x, 1), (x,1) € K>.

We fix n > 2 such that n < min{2 + €y, p}, where € = €(A, n) validates both Lemma 2.10 and Lemma 2.11.
Let us also denote

4.1 F(x,0) = [F(x, Ol + G, )l + GNIf(x, 0™, (x,0) € K,
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where 7. is defined in (3.2), and

1-nsx

fx, z>|2"*dz)

(4.2) G(f) = (

K>
As we will see in (4.12) and (4.13) below, the function G plays an essential role in our proof. Observe also
that since p > 2

* 1- * *
4.3) GO NI iy = Wl gy W W pncaiyy < CO M lmpmaicyy -

From now on, let 79 > 0 be the number defined by

2y 1/n
4.4) To = (JC |Vu|2dz) + = (J[ |F|'7dz) < oo,
K> 6 K>

For fixed numbers 1 < u < 2, and 7 > 0, we denote the upper-level set of Vu in K, by
(4.5) E,(7) = {Lebesgue point (x, ) € K, of Vu : [Vu(x, 1] > 7.
The following Proposition estimating the upper-level sets of Vu is the main result of this section.

Proposition 4.1. There exist Ny = No(A,n) > 1 and By = Bo(n) such that

|Es, (No7)| < €

a d
|Es, (/4)] + f sT(x, 1) € Kz« [F(x, 0] > s}ITS],
0

(57’)77 T/4
forall 1 < s1 < 55 <2, for every T > Byto, where By := Bol(s2 — s1)k]™'%".

The rest of the section is to prove this proposition. We follow the approach developed in [1] and used
in [2,5, 6]. However, some nontrivial modifications are also required to treat the terms f, b and to obtain
the sharp homogeneous estimates, see Remark 1.4. For each Z € K, and each r > 0, we define

1/2 1 1/n
(4.6) CZ,(3) = ( f |Vu|2dz) + = ( f |F|’7dz) .
K3 0 \JUk, 2

Several lemmas are needed to prove Proposition 4.4. Our first lemma is a stopping-time argument lemma.
Lemma 4.2. There exists a constant By = By(n) such that for each 1 < 51 < sp <2, 7 > Boto, and for
Z € E (1), there is r; < (2=s0K cuich that

20
CZ. =7, and CZ(3) <7, VYre(s:l).

Proof. The argument is quite standard, see [1,2,5,6]. Observe that because r < 1, and n > 2, we have

1 (n+2)/2 ) 1/2 1 (n+2)/n1 I/n C(n)ro
= - - - n
CZ.(2) < C(n) [(r) ( i [Vu| dz) + (r) 5 (JLI;Z |F| dz) < prrEE

Therefore, if r > %, then for By = C(n)[40]"*?/2, we see that

Cn)r ( 40 )““2)/ 2

_ns2
“an < C(n) 52— 5K T0 = Bol(sp — s1)k]” 2 19 < T.

Then,
(s2 — 51K
= L <r<1
0 =0
On the other hand, when z € E, (1), by the Lebesgue’s theorem, we see that if 7 is sufficiently small, then
CZ,(2) >t

Due to the fact the CZ,(Z) is absolutely continuous, we can find rz, which is the largest number in (0, W),

such that CZ,.(z) = 7. From this, the conclusion of the lemma follows. O

CZ,(2) <1, when and 7> By1o.
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Lemma 4.3. For each t > Byto, and each 1 < sy < sy < 2, there exists a countable, disjoint family
{Ky.(zi)Yier with ri < (S245])K and z; € Ky, such that the following holds

(1) Es (1) € U2, Ksp,(zi)
(i) CZ,(zi) =7, and CZ,(r) < T forall r € (r;, 1).

Moreover, for each i € I, the following estimate holds

4.7 |Ky,(z)| < C(A, p,n) [|Kr,»(Zi) NEg,(t/4)] + ! f sT(x, 1) € K (zi) 2 |F(x,0)] > S}lé .
(1)1 Jrs/4 s

Proof. The conclusions (i) and (ii) follow directly from Lemma 4.2, and Vitali’s covering lemma. It remains
now to prove (4.7). Observe that if

1 e
4.8) — |F(x,)|"dz > —
0" JK () 2
then
21 21 > ds
n n 2 - -
Kool o [, wreenras= 25 [ o € Koo e o

m oT/4 )
- e .
715N [fo [sm ]

K@) 2" . ds
= 21 - 7161 f67/4 s ’{(x’ 1) € Ki(zi) < [F(x, 0l > s}|T'

Hence, (4.7) follows. Otherwise, i.e. (4.8) is false, it follows from the fact that CZ,,(z;) = 7 that

2
Vul’dz > —,
ﬁri(z,) 2

22
K.(z) < = f \Vul*dxdt.
K. (z)

and therefore

Then, observe that since r; < (Sz S‘)K , K,.(z;)) C Kj,, and hence

22 5 22 5
|K; (zi)] < _Zf \Vul"dz + — |Vu|~dz
T JK, @)\Eyy (714) ™ JK, N,y (/%)

K, (z) 22
S | Vz( l)l + _Zf |Vu|2dZ
4 72 JK,,G)NEs, (1/4)

Therefore,

16
Kl 55 [ Vuld:.
37% Jk, zonEs, (o/4)

This, and Holder’s inequality with some yy > 0 yield that

1 1
6|K,(z)| 70 70
K, (z0)] < T JC VuP 00z | K, () 0 E;, (r/4)] T
K (z)

Hence,

1

6 I+yo
(4.9) K, (z)' 0 <T—2[f |Vu|2<“7°>dz) K, (zi) N Eg,(t/4)|'~
Krl(zi
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On the other hand, with yq sufficiently small so that 2(1 + y¢) < 1, we can apply Lemma 2.10 and Lemma

2.11 to obtain
ﬁm) 1/2 2<1iy0)
f |Vu|? 170 g <C JC VulPdz| + f |F|2(1+70) g
Ky (z) Koy (zi) Koy, (zi)

1 _ 1
2 21+yg)? 2(T+y)
+ [JC |G|2(1+70) dZ] + g(f) (JE |f|2n*(1+70)) .
Koy (i) Koy (zi)

Then, since 2(1 + y0)> < 1, we can use Holder’s inequality to control the last three terms on the right hand
of (4.10) as the following

2(1-11»70) s X Hlm)z 2(1170)
JC |F|2(1+)’0)dZ + JC |G|2(1+70) dz +(2r) JC |f|2n*(1+70)
Kzri (zi) KZr,- () KZ",‘ (@)
1 1 1 1
] ] ] ]
< (JC |F|'7dz) + (JC |G|’7dz] + G(f) (Jc |f|”*”] <C [JC |F|'7dz] .
Koy, (zi) K, (zi) Kor;(zi) Koy (i)

Collecting the estimates (4.9), (4.10), and (4.11), we conclude that

(4.10)

@.11)

1
1 6 170 1
K, )l T Sﬁ(JE IVuF“”O)dzJ 1K, (z) N Egy(x/4)] %0
Kri(zi)

C(A, - 1
< (Tz ") €2 (i Ko (2) ) Exy (2] ™5 < CO m)IK(20) 0 By 0/ 4] 75
This implies
Ky, (zi)l < C(A, mIKy,(zi) N Eg, (T/4)],
and (4.7) follows. The proof is therefore complete. O

Proof of Proposition 4.1. Fix sy, so and 7 as in the statement of Proposition 4.1. For each i € 7, observe
that from (ii) of Lemma 4.3, CZ40,,(z;) < T and CZyy,(z;) < 7, where 7; = k" 'r; € (0, 1/40). Therefore, we

have
1/2 1/n
[JC |Vu|2dz] <7, (JC |F|'7dz] < oT.
Kaoui; (2i) Kaop,;(zi)

Moreover, since K»oz,(zi) C K», it follows that there is some constant Co = Co(n) > 1 such that

1/(2n.) (1 1) i_% 1/2
207; ( f |f|2”*dz] = 207;|Kaon| \*" 2 ( | fIZ”*dz) ( f |f|2”*dz)
Koor; (zi) K Koor; (zi)

1/2
< ComG(f) (f Iflz”*dz] .
Koo, (2i)

Now, with the Cy defined in (4.12), we define 7 = 3Cor, &t = u/7’, and 1 = /1. We see that @i is a weak
solution of

(4.12)

i —div[A(x,t, A0, Vi) —ab-F] = f, in K
(A(x, 1, A0, Vi) — b — F, V) = 0, on T
where . A
Lol ~ N aty ) !
F=X, f=L and Awrsg=2008TO
T T

As from Remark 2.1, A satisfies all conditions (1.2)-(1.4) and

[Alsmok,.1) = [AlBMok,.1) < 6,
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and

[[A]]smok,.1) = [[Aullmoik,.1) < M, \Val*dz < 1.
Kaour; (zi)

Also, with G ~ [[Z]lBmo(k,,1)b, and some @ = 2(1 + yp) € (2,n) it follows from (4.12) and the Holder’s
inequality that

1/2 1/a 1/(2ny)

( JC |F|2dz] - ( JC |G|“]dz] +207; ( J[ | f|2"*dz]

Koor; (zi) Koor; (zi) Koop; (zi)

1 1/2 1/a 1/(2n.)
== ( J[ |F|2dz) +( JC |G|“dz) + 207, ( J[ | flz”*dz)

T Koor; (zi) Koor; (zi) Koor; (zi)
C 1/2 1/a 1/2
= [ f |F|2dz] +[ f IGI”dz] +6() ( f Iflz"*dz]
T Ko, (zi) Ko7 (zi) K07, (zi)
1 I/n 1/n I/n
= [f |F|"dz] +( f |G|"dz] 6 (f Ifl”*”dz)
37 Koz, (zi) Koo, (zi) Kooz, (zi)

1 1/n
< - JC |F|"dz <é.

T\ Ik,

Therefore, all assumptions in Proposition 3.8 are satisfied with r = 57;/2. Hence, we can find a function 7;
such that

(4.13) -

IA

N A2 2 N
JC Vi~ Vo,Pdz < €, IV0illmks, ) < ColA.n).
Kior,(zi)

Then, by scaling back with v; = 7/{;, we obtain

(4.14) JC IVu — Vvildz < 9C3T% €%, (IVVillisks, (o) < 3Co(A, n)T.
Kior;(z) '
Now, let Ng = 6Cy(A, n) \VC.(n), where C.(n) is defined to be
K
Comy > Kool 01, v eans,.
|K(z0)l

Observe that from Lemma 4.3,

I (Noml < ) [{Cr0) € K@) : IV, 1 > No|

iel
Therefore,
IEsl(NOT)l < Z ’{(X, t) € Ksr,-(Zi) : |Vu(x, t) _ VVi(X, t)l > %}’
iel
+ ; |{(X, 1) € Ks,(z) : [Vvi(x, )| > %H
< Z |{(X, 1) € K]Or,-(zi) | Vu(x, 1) = Vvi(x, 1) > %}’
iel
2 \2
<|(— Vi — Vultd
- (N()T) ;»[I;mri(zi)l ! wl*dz

2 2
<903 (x) 2 K101 (20 < 9C3(-) Cuto) ZI) 1K (@)
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From this and our choice of N, it follows that
IE,(NoT)| < € )" 1K, (20,
iel
and the conclusion of our proposition follows directly from (4.7) and the fact that {K,,(z;)}ies 1s a disjoint
family. O

5. PROOF OF MAIN THEOREMS

As already discussed, Theorem 1.3 follows immediately from Theorem 1.1, Theorem 1.2, and some
standard energy estimate. The proof of Theorem 1.1 is however similar to that of Theorem 1.2 by using
Proposition 3.4 instead of Proposition 3.8. We therefore skip its proof and focus on proving Theorem 1.2.
Again, through the dilation (2.3), Remark 2.1, and Remark 2.2, we can assume without loss of generality
that R = 1.

Proof of Theorem 1.2. With Proposition 4.1 in hand, the proof is now standard (see [1,2,6]). We however
give it here for the sake of completeness. For each k € N, we define (Vu)i(x,t) = max {qu(x, 1|, k}. It
should be noted that we do not know yet if Vu is in L”9(K). However, since (Vu); is bounded, (Vu); €
LP9(Kjp) forall p > 2 and 0 < g < oo. For u € [1,2], we denote

EX®) = {(x.1) € Ky : (Vup(x.1) > 7).

By considering the cases k < Nyt and k > Ny7, we can conclude from the Proposition 4.1 that

5.1) IE’S‘I(TNO)I <& [|E§2(7/4) . f“ sT(x,0) € Ky : |F(x,1)| > s}ld—:},
P

O Jsr/a

forall T > Byrg = Bol(s2 — $2)k]~ 221, We now divide the proof into two cases depending on if g = oo
or not.
Case I: We start with the easy case when g = oco. In this case, it is trivial that

1/p
IVl = suplice ) € Ky (Vay >
™
5.2) [

1/p 1/p
<| sup T|{(x, ek, : (Vuy > r}| + sup T|{(x, ek, : (Vuy > r}| .

0<T<N()B’0T() N()é()‘['()<‘1‘

From (4.4), the first term on the right hand side of (5.2) is obviously controlled by
Kol P NoBoto < Cl(sz = skl "2 Vull 2y + 6™ 1 Fllacks |
< Cl(s2 = sk "2 [ Vull iy + 6~ I1Fllpesciy |-

On the other hand, with (5.1), the second term on the right hand side of (5.2) can be rewritten and then
controlled as

1/p 1/p
sup T|{(x, 1) e Ky, @ (Vu) > T}| = Ny sup T’{(x, e K, : (Vu) > N()T}|

N()B()T0<T B()T()<T

) 1/p
< CEMP sup T[|{(x, f) €Ky, : (Vu) > r/4}| ;! f SNt € Ky : |F(x0)] > s}|—S]
(0T Js s

Byt T/4

00 d I/p
<celr [||<w>k||mmz>+6‘”“’ sup (r’"" f s"—f’sfﬂ{(x,r)eKz:|F<x,z>|>s}|§) }
B 15

™>Bo10 7/4

co 1/p
<celr l||(vu)k||u,,w(,{sz)+5—"/P||F||U,,M(K2) sup (rl"" f s"‘l"lds) }
B o

7>Bo1o T/4

< C| TRl ) + 0 IF sy | -
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Hence, combining the previous two estimates, we see that for every 1 < s; < s < 2, there is a constant
Ci = Ci(A,n) > 0 such that
2/p —(n+2)/2 -1
Vil ok, ) < CLEP IVl e, ) + Cill(s2 = s1)K] IVl 2y + 6 NPl iy |-
This and since € is sufficiently small so that C;€>/? < 1/2, we can use the iteration Lemma 2.5 to imply that
OVl oy < CCAL 1, po ) [Vl 201y + IF Nl s iy |
< C[IIVullaqiy + Bl ey + Gl sy + GO A o]

We note that the Lorentz quasi-norm is lower semi-continuous with respect to the a.e. convergence. Because
of this, we can take k — oo, and use (4.3) to obtain the desired estimate (1.16).
Case II: We consider the case 0 < g < co. In this case,

a/pds\'
s

Vel zrack, ) < CNo p. @) ( fo [sPl{Cx 1) € Ky, @ (Vu(e, 1) > Nos}

() +(L:0...)“1:,1+,2.

Using (4.4), the first term /; is easily controlled as followings
+2

Iy < CIKy|"? Boto < Cl(sa = sOKI™ T [IVutll ks + 6~ 1P llacy) |

_nt2 -
< Cl(s2 = sOKI™ [IVullpagiey + 67 IFlpaciy| -

For the term I, we use (5.1) to control it as

(5.3) 1/q

<C

5.4

0o l/q
/
L <cer ( f stlice 0 € Ky, + (Vi1 > 574" ”9)
B s

070

1/q
00 00 d q/p d
+ CeMrsnlp f stp=malp { f {(x,1) € Ky : F(x,1) > T}|—T} s
Boro os/4 T S

5.5
(53) < CEP Vil ra,,)
1/q
- o dc)4P g4
+C5! (55)P~malp {f N{(x,1) € Ky : F(x,1) > T}l—T} =
Boto 6s/4 T §
= C[E7 I(Villprack, e + I
where
1/q
(5.6) J=5" (65) P-4l { f T{(x, 1) € Kyt F(x,1) > T}I—T} =l -
Boto os/4 T s

To control J, we consider the cases ¢ > p and g < p. When g > p, we use the Hardy’s inequality, Lemma
2.6 with

K= 4 >1, r= (]7——77)61 >0, and A(7r)= T”_ll{(x, HnekK,:F(xt) >
p p
Observe that because n < p, F € L"(K3), and hence & € L'((0, 00)). Therefore, Lemma 2.6 implies

* 1/q
J<Cs! [f s(p—n)q/pan/p|{(x’ Hek,: F(uf)> S}’q/pé]
0

q/rds lq

=Co! [foo sq|{(x, NeK,:F(x,t)> s}|
0

= C5  IFllpraky) -
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This estimate, (5.3), (5.4), and (5.5) imply that

_n+2

IVe)llzra,, ) < Ca |€/P IVWRlIzpack, ) + (52 = 161 (IIVal 2y + 67 ||F||LM<K2>)],

for some constant C, depending only on A,n, p,q. This, and by taking € sufficiently small such that
C»€*/P < 1/2, we can apply the iteration lemma, Lemma 2.5, to obtain

Vil zrakyy < C (IVullz2ekyy + I Nipacky) -
Then, as before, we can send k — oo to infer that
||VM||LI7JI(K1) < C(||Vu||L2(K2) + ||F||vaq(K2))

This estimate and (4.3) imply the desired estimate (1.16).
It now only remains to consider the case g < p. In this case, by using Lemma 2.7 with

p _nq

k=L>1 r=B and @ =|l@nek: Fan> T}|‘1/p
q p

we see that

00 /
(f T”|{(x, NekK,: F(x,t) > T}|ﬂ)q ’
5s/4 T

B (fw [an/p“(x’ nek,: F(x,t)> T}|q/P]”/q ﬂ)q/p
6

s/4 T
<c [(sé)”q/p’{(x, ek Fx,H)> 5s/4}|"/p + f ) MPl{(x,0) € Kyt Fx 1) > T}|"/ ? d_T]
os/4 T

Pluging this estimate into the definition of J in (5.6), we infer that

) /pds\"?
J<co! [( f (s6) P9I (s5y1P (. ) € Ko+ F(x,1) > 85/4)" ”TS)
0

0o 0o 1/q
/pdt\d
+ {f (s6)P=m4lP (f T”"”’H(x, N eK: F(x,1)> T}‘q p—T) —s}
0 ds/4 T) s

~  (r-ma/ ol alpdr\ ds) "
WFllpacgy + 4 | o) ( [ ol n e Ky - Feen > o ") 2
0 os/4 T N

= C5 I Fllpagiyy + 1.

<Ccs!

We control J’ by using Fubini’s theorem as follows

00 / 7/(45) 1/q
J = ( f ?7|{(x, 1) € Kyt Foo 0y > ol ( f (sa)U’—'?)‘f/f’@)d—T)
0 0

N T

1/q
q/pdrt
7) = ClIFllraky) -

< C(foo Tq|{(x, Hek,: Fx,0)> T}’
0

Hence, we conclude in this case that J < C||F||1r4(k,). From this estimate, (5.3), (5.4), and (5.5), we again
conclude that

_ns2 .
ICVlsair, ) < Cs |7 IVl + 1652 = 50K (HVullzgey + 6 IFlsary)|-
Argue as before, by choosing € such that C3€>/? < 1/2 and then sending k — oo, we also obtain

IVullzrayy < C (IVull2ky) + IFlIracky) -
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2
This and (4.3) give (1.16). The proof is therefore complete once we chose € < min { 2é , Zéz , 2é }p/ , Where

C1, Cy, C3 are constants defined above and dependent only on A, M, g, n, . O

APPENDIX A. ProoFs oF LEMma 2.10 aND LEMMA 2.11

We only prove Lemma 2.11 since the other is simpler. We follow the approach used in [19,44]. To this
end, some notation is needed. We fix a cut-off function ¢ € C7°(B;) with the following properties

px)=1, for xe Bj.
For each r > 0, and each xo € R”, we also define

Pxo2r(X) = @((x = x0)/1).
As in [19], the following mean value of u will be used

-1
(A1) sy 2r(1) = ( f soio,z,(x)dx) f u(x, g% 5, (x)dx.
Qo (x0) Qo (x0)

Without loss of generality, we can assume that R = 1. Hence, we consider the equation

(A2) u; —div[A(x,t,u,Vu) —=bu—-F] = f, in K,
) (A(x,t,u,Vu) —bu — F, V) 0, on T,.

‘We recall that if u is a solution of (A.2), we define

G(x, 1) = Cy(yo, m[[ullemok,,nb(x, 1), (x,1) € K7,
for some constant C((yo,n) > 1 defined in (A.4) below.

Lemma A.1. If u is a weak solution of (A.2), then for every t,t, € (=4,4) with t| < t, and for every
X0 € Qp, every p € (0, 1)

1 1 1 "2
lixy,00(12) = 1ty 2p(11)] < C(A, ”)[ f f Vi + [¥l)dz+ _f f iz
X0,20 X0,2p pn+l " sz(xo)( ) o" - JQp(x0)

1 ty 1/2
— ( f f |G|2dz] } :
Y t1 JQ0y(x0)

Proof. With Steklov’s average as in [5, 13, 38], we can formally use ¢y, 2, as a test function for (A.2) to
obtain

f U, 1)@ 2 (O — f U 1) 2 (D)X
sz(xo) QZp(XO)

5]
- [ At - - ab— F Vg adr s f [ g
1 JQop(x0) Qp(x0)

Therefore,

C(A,n) "2 "2
ttxp2p(12) = thzg 2p(12)] € — [ f f (IVul + IF1)dz + p f f | x, Dldz
Y 1 JQou(x0) 1 JQ(x0)
" 12 12
+( f f |b|2dz) ( |u—u,<2|2dz) }
Qop(x0) K>
CA
<o [ f [ (masmyz f | et
Qop(x0) Qop(x0)
1/2
+( f f |G|2dz) .
f JQou(x0)

The proof is complete. O
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Lemma A.2 (Caccioppoli’s type estimate). For each zg = (xo,ty) € K, for each p € (0,1), if u is a weak
solution of (A.2), there holds

p_2 sup f lu(x, 1) — uxo,zplzdx + JC |Vu|2dz
Qp(xo)

7€lo,(to) Ko (20)
2]a 1/n.
scamlo? £ - uga Pl ( f |G|“dz] +f ol p? ( f i r>|2"*dz) } .
KZp(ZO) KZp K2p K2p
where a = 2(1 + yp) with yg > 0 is any fixed number, and n, = %.

Proof. Let o € C7(I'25(1)) be a cut-off function satisfying 0 < o < I and
100
o =1, forall teT,(tp), and |0’ <—-, Vitely@®.
0

By using Steklov’s average as in [5, 13, 38], we can formally use (1 — uxo,zp(t))az(t)gofmlp as a test function
for the equation (A.2) to obtain
1d

ST 03l = g 2o (DT (D)x + Byt 2p (1) (1) P2 (U = Uy 2)dx

Qy,20(x0) Qo (x0)

== f o> (t){A(x, t,u, Vu) — bu — F, V[(u - uxo,zp)soio,zpbdx
Qo (x0)

+ f f(x, t)az(t)wio’z (U = Uy 20)dX + f go% 1 — uxo,gp(t)lzo"(t)a(t)dx.
Qs (x0) Q

20 (XO)

We observe that from Lemma A.1, 01y, 2,(?) is integrable and it is defined a.e. t € I';,(f9). Moreover, it
follows immediately from (A.1) that

2
f 90x0,2p(” — Uyy20)dx = 0.
Qop(x0)

From this and since (1.13) holds on €, it follows that for each 7 € I'5,(0),

1 2 2 2
P f ()Oxo,Z;)'M(x’ T) - “xo,Zp(T)l o (T)dx +
on,zp X0

T

f (ACx, 1, u, Vu), Yy (D@ 5 dz
10—4p% JQs,(x0) ’

-
=-2 f f (A, 1,1, Via), Voo 2p) (1t = thy )P 200 (Ddlz
to—=4p? JQap(x0)

.
+ f f (U = gy (z0)b + F, V[(u - Mxo,zp)wio,zdeZ
t0—=4p? J Qo (x0)

T T
+ f f F0 D000, 5 (1 — g ) + f f @2 5l g (D (D (1)
10—4p? JQap(x0) 10=4p% J Q) (x0)
This, and the conditions (1.2)-(1.3) imply that

sup f ©% 206, T) =ty 2p(D > (7)dlx + f V(= ttxy 2P 03, 5,07 (D
Qoy(x0) K>,

7€ls, (1) 0(20)

< C(A)

f |V”|(pxo,2plv‘pxo,2p”u - ’ft,\f(),2p|0_2(l’)dZ
(A.3) K2p(Z0)

+ f (Iblle = @tk | + IFY)(IVatlg, o, + 21t = st 2plIV 0 2l 2 ) (1)l
K2p(z0)

+ f f e DI (D)3, ol = 1y 2pldz + f 9% 2pltt = g 20O (D)o (1)elz.
Kop(z0) Kap(z0)
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We now control the first two terms on the right hand side of (A.3). Let € > 0 sufficiently small, which will
be determined. Use Holder’s inequality, and Young’s inequality, we obtain

2
f Vil 2V, it =t 200 (12
K

0 (ZO)

KZp(ZO)

se | PR Lod s @ [ Wenaflu- uafoiod:
KZp(ZO)
Similarly,
- 2 2
f (1Dl = iy, 0| + V1)1Vl o, + 21 = 1, 20lIVp 2pl600,20 ) (D)l
K>p(z0)
<e f Vul@?, 5,0 (0dz + C(€) [ f (161t = iy (o) + PP )3, 5,07 (D)l
KZp(ZO) KZp(ZO)
+ f Ju — uxo,zpﬁ|Vsox0,2p|2(rz(r>dz} :
Ky (20)

Apply Holder’s inequality again for the term involving b, we see that

f |b|2|u - IZK2p(ZO)|2()0)260,2p0-2(t)dZ
K5,

p(ZO)

2/a (@-2)/a
(A.4) < ( f |b|"dz) ( JC lu = Gk, (o) )
K>p(20) K2p(20)

0

2/a 2/a
< CS(n, 70)[[u]]2BMO(K1,1) (JLI; o |b|01dz) = (f{ o |G|Ftdz) .
2020 2020

Then, by writing w = [u(x, 1) — ux,20()|l¢x,,20(x)o(?) and collecting all last estimates together with (A.3),
and the choice that € sufficiently small, we infer that

,o_2 sup f |w(x,t)|2dx+ f |Vw|2dz
7€, (10) JQop(x0) Kap(20)

(A.5) < C(A,n) [ f 1 = 1ty 2p (%, 2|0 DI (®) + [V, 2P 0(0)) + ( f
K2p(20) K

2p (ZO)
f
Kz

p(ZO)

‘I\J
NS

2/a
IGIQdZ)

FP¢% 07 (0dz + f | (e D)l — ux0,2p||¢i0,2pcrz<z>dz] :

K2p(Z0)

Finally, it remains to control the last term on the right hand side of (A.5). This, however, can be done
exactly the same as in (3.19) using Holder’s inequality, Sobolev imbedding [31, eqn (3.2), p. 74]), and
Young’s inequality with € sufficiently small, we then obtained

f LG Dl = s 2l 5,002
K2p(z0)

<elp™? sup f w(x, )*dx + f \Vw|*dxdt
1€l (to) J Qap(x0) Kop(z0)

1/n,
+ C(n, e)p® (JC If(x, t)IZ”*dZ] .
KZp(ZO)




LORENTZ ESTIMATES FOR WEAK SOLUTIONS, SINGULAR DIVERGENCE-FREE DRIFTS 33

Then, with € sufficiently small, it follows from (A.5) and the last estimate that

p2 sup f lw(x, B)dx + f \Vw[2dz
7€l (10) JQ0op(x0) K2p(20)

f 1 = 1, 20 (03, |7 DI (0) + Vo 2p 0 (1)) + ( f
KZp(ZO) K,

p(ZO)
1/n,
+ f PPy, 500 (0dz + p? (f If(x,t)lz”*dz] :
Kp(20) Kp(20)

The proof of the lemma is now complete. O

2/
< C(A,n) |G|“dz)

Lemma A.3. There is u € (1,2) which depends only on n such that the following holds. For every € >
0, = 2(1 + yp) with some yg > 0, there exists Co = Co(A, n, €) such that the following holds. For every
20 = (x0, %) € K1, for each p € (0, 1/4), if u is a weak solution of (A.2), there holds

2/u 2/a
JC |Vu|2dz < GJC |VM|2dZ + Co {(JC |Vu|“dz) + (JC |G|adz)
Kp(ZO) K4p Kap(z0) K4p

If(x, t)|2"*dz]] .

. f |F<x,z)|2dz+g(f>2(f
Ky K

4p

where n, = 2 and G(f) is defined in (4.2).

n+4’

Proof. For simplicity in writing, let us denote

2/a
?(2p>=( f |G|f'dz] " f IF(x, 0Pdz + G (f If(x,t)lz”*dz)-
K2p(z0) K>p(z0) K>p(20)

By Poincaré’s inequality, we see that

p f lu =ty 2 dz < C(n) IVuldz.
Kp(20) Kop(z0)

This estimate, Lemma A.2, and (4.12) imply that

(A.6) ,o_2 sup JC lu — uxo,zplzdx <C(A,n) [Jc \Vul>dz + T(Zp)] .
Qp(xO) KZp(ZO)

1€T, (to)

We now denote it = u — uy, 7,. Then, observe that

1/2 1/2
p2 JC lif*dz < p~2| sup (JC |a|2dx) Hf (J[ |a|2dx) dt}
K2(z0) 1€l (10) \J Qp(x0) [ap(t0) \J Q25 (x0)
(A'7) 1/2 1/2
SCp_l[(JC |Vu|2dz] + F(4p)'/? [JC (JC |ﬁ|2dx] dtl,
Kap(20) [ap(10) \J Qs (x0)

where we have used (A.6) in the last estimate with p replaced by 2p. We now control the last multiplier in
the right hand side of (A.7). To this end, if n > 2, and we take 2* = n%, and when n = 2, we can take 2*

to be any number that is greater than 2. Then, let 4 € (1,2) such that zi + ;ll = 1 (observe that u = 21 if

n+2
n > 2). From this, Holder’s inequality, Poincaré’s inequality, and Sobolev-Poincaré’s inequality, it follows
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1/2 % ) e
p! f (JC |ﬁ|2dx) dts,o“f (JC |a|ﬂdx] (JC |iif? dx) dt
oy (10) \J Qo5 (x0) [ap(10) Qop(x0) Qop(x0)
< C(n)p~'/? JC (f IVul“dx] (JC |af? dx) dt
[op(20) Qop(x0) Qop(x0)

% i

< C(n) [J[ |Vu|“dx] (J[ |Vu|2dx) dr.
[op(0) Qp(x0) Qyp(x0)

We then use Holder’s inequality twice for the time integration in the last estimate to infer that

that

2u-1
| u 175

1/2 ﬁ =d
p! JC (f |a|2dx) dt < C(n) (JC IVul“dz) [JC dt(f |Vu|2dx)
[op(10) \JQpp(x0) Kp(20) [op(0) Qo (x0)
4 %
SC(n)(JC IVul"dz) (f |Vu|2dz] .
K>p(20) K>p(20)

The last estimate, together with (A.7) imply that
12 % ;
o2 JC |a*dz < C(n) [( f |Vu|2dz) + F(4p)'/? ( f |Vu|"dz] ( JC |Vu|2dz)
K>p(20) Kap(20) Kap(z0) Kap(20)
2

(JC |Vu|”dz]u + F (4p)
K4p(20)

1

’

<e JC IVulPdz + C(n, €)
Ky,

p(ZO)

From this estimate, and Lemma A.2, we see that

2
M
J[ \Vul’dz < € JC IVul’dz + C(A, n, €) ( JC |Vu|“dz) + F(4p)].
K, (20) Kap(20) Kap(20)

Hence, Lemma A.3 is proved. O

Proof of Lemma 2.11. Lemma 2.11 follows from Lemma A.3 and the standard Gehring’s type lemma (see
[19, Proposition 1.3], [20, Proposition 5.1], or [23, Corollary 6.1, p. 204] for example). O
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