Free energy in a mean field of Brownian particles
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Abstract

We compute the limit of the free energy

tn
NiN log E exp {]17 Z /0 v(Bj(s) — Bk(s))ds} (N = o0)
1<j<k<N

of the mean field generated by the independent Brownian particles {B;(s)} interacting through
the non-negative definite function ~(-). Our main theorem is relevant to the high moment
asymptotics for the parabolic Anderson models with Gaussian noise that is white in time,
white or colored in space. Our approach makes a novel connection to the celebrated Donsker-
Varadhan’s large deviation principle for the i.i.d. random variables in infinite dimensional spaces.
As an application of our main theorem, we provide a probabilistic treatment to the Hartree’s
theory on the asymptotics for the ground state energy of bosonic quantum system.
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1 Introduction

Mean field theory considers the behavior of the stochastic system consisting of large number of
small particles interacting to each other. In this paper, the independent d-dimensional Brownian
motions { By (s) -+, Bn(s)} represent the locations of these particles at the time s, and the function
N~'5(z — y) measures the pairwise interactions among the Brownian particles. The long term
behavior of the system is the result of the balance between two typical phenomena in the mean field
regime: increasing number of the particles (i.e., N — oo0) and uniform negligibility of individual
contribution (indicated by the multiple 1/N in the interaction function). The quantity

1 N
— — By(s))ds
Nl<]§<N/ He )

stands for the integral potential of the system due to the interaction of the Brownian particles up
to the time tx. In this work, ty — oo as N — oco. Our goal is to study the asymptotic for the
partition function

1 N
Eexp{N > / — By(s))ds } (1.1)
1<j<k<N
In the case when d = 2, a slight different quantity
1 2
Eexp{N 3 / N2y Nﬂ ()—Bk(s)))ds} (1.2)
1<j<k<N
corresponds to the N-body system with Schréodinger Hamiltonian
1 1
BEC _ 2
HFPC = 3 Z Aj+ Z Ny (NP(zj — ay)) (1.3)
1<j<k<N 1<j<k<N
with the parameter 5 € (0, 1] that appears in the investigation of Bose-Einstein condensation ([15]).

Our work is also motivated by the recent investigations (|7], [8] and [4]) of the spatial asymptotics

max u(t,z) R — o0
|z|<R

for the parabolic Anderson equation

ou 1
E(t, x) = iAu(t,x) + V(t,x)u(t,z),

(1.4)
u(0,2) =1

where V (¢, x) is a Gaussian noise which is white in time, white or colored in space, i.e.,
Cov (V(s,2), V(t.y)) =dols — )z —y)  (5.2), (t,y) €R* x RY,

In these works, the most substantial step is the investigation of the high moment asymptotics for
Eu(t,z)Y as N — oo. Under proper positive homogeneity assumption on ~(-), the problem is
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relevant to the investigation proposed in this paper due to the moment representation (Theorem
5.3, [13] and Theorem 3.1, [6])

Eu(t, z)™ = Eexp { 3 /Ot'y(Bj(S) _ Bk(s))ds}. (1.5)

1<j<k<N

In this work we consider a more general phenomena beyond the setting of positive homogeneity. In
addition, we shall work with a larger (than those considered in [4]) class of the covariance functions
~(x) which do not have to be, for instance, pointwise defined, non-negative or vanishing at infinity.
Indeed, the issues such as the singularity of y(x) arising from some practical needs posts new
challenges. In addition, we point out that the approach given in [4] is no-longer working in the case
when ~y(-) switches signs. A practically interesting example is when

Y(z) = Cxy /_ T g, s e R (1.6)

where Cy > 0 is a constant, which corresponds to the parabolic Anderson equation (1.4) with
the Gaussian noise V' (¢, z) being white in time, fractional (with the Hurst parameter H) in space.
Recently, it is pointed out ([12]) that the parabolic Anderson equation (1.4) is solvable with the
moment representation (1.5) as d = 1 and 1/4 < H < 1/2. On the other hand, the fact that
1 —2H > 0 indicates that vy(x) is not defined at any point € R. Later we shall show that ~(-) is
sign-switching in a suitable sense. This example provides a way to measure our capability in dealing
with the issue of singularity and sign-alternativity.

To include the cases like (1.6), () is allowed to be generalized function defined as a linear functional
7: S(RY) — R symbolically given as
| A@e@de= ), o e S@,

where S(R?) is the Schwartz space of rapidly decreasing and infinitely smooth functions.

The quadratic form is defined as
[ = el@hidedy = (o), o0 € SERY,
R4 xRd
where t(z) = ¢(—z). Finally, v(-) is said to be non-negative definite if
/ Y = y)p(@)p(y)dedy >0 ¢ € S(R?). (1.7)
R4 xR4

In connection to the parabolic Anderson model given in (1.4), the covariance function is non-negative
definite. Throughout, we assume non-negative definite condition (1.7) on (-).

According to Bochner representation, there is a positive and symmetric measure p(d)) on R? such
that

/Rded V(@ —y)p(@)Y(y)dedy = F()(O)F@)(E)p(de), o,v € S(RY), (1.8)

Rd

where

fwmwa/a“wmm (1.9)

Rd
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is the Fourier transform of ¢(-). Further, p(d€) is tempered in the sense that

/]Rd (1_i_1‘§|2)p,u(d§) < o0 (1.10)

for some p > 0. Bochner representation can be written symbolically as
@) = [ s, (1.11)
R4

Noticing that the difference of two independent Brownian motions is a constant multiple of a
Brownian motion. To make sense of the exponential moment given in (1.1), it is required that
the time integral

/ L (B(s))ds

be properly defined and exponentially integrable. When u(d€) is a finite measure, () is pointwise-
defined, bounded and continuous. The above time integral is nothing more than an ordinary Rie-
mann integral and the exponential integrability follows from the boundedness of y(z).

The problem is highly non-trivial in the general setting. Given € > 0, the function
i €02
sle) = [ e exp { — Sl butag) (112
Ra
is non-negative definite with the finite spectral measure (see (1.10))

peld€) = exp { = SI¢[ fu(dg).

It is required that for every ¢ > 0

¢ ¢
/ V(B(s))ds d:ef le Ve (B(s))ds exist in £2(Q, A, P),
0 €7 Jo

(1.13)
t
E exp {0/ 'y(B(s))ds} < 00, for every 6 > 0.
0

One can see that the function «y(z) in (1.13) is replicable by «(ax) for any constant a > 0 as

t i a—l at . )
/0 fy(aB(s))dS— /0 fy(B( ))d )

In particular, the Brownian motion B(s) in (1.13) is replicable by Bj(s) — By(s). Finally, the
exponential moment written in (1.1) is well-defined and finite under the assumption (1.13).

Theorem 1.1 Under non-negative definite condition (1.7) and the assumption (1.13) on ~(-),

1 1 tn 1
lim log E exp { / v(B;(s) — Bg(s) ds} = &, (1.14)
N—oo NtN ngjgk:SN 0 ( J ) 2
where
Eg = sup {/ V(z —y)92(w)92(y)d$dy—/ IVg(x)de}, (1.15)
g€Fq R4 xRd R4
which is well-defined and finite with
Fa={ge W2®Y;: g2 =1}. (1.16)
4
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We now comment on the condition (1.13) by considering the following three classes of (x) that are
encompassed by (1.13).

The first class consists of the constant multiples of all characteristic functions y(z) on R? that
correspond to symmetric probability distributions p(d€). As mentioned, (1.13) becomes automatic
when 1(d€) is finite. In particular, Theorem 1.1 holds for every characteristic function y(z) on R

In view of the example ‘
sin
v(x) = eI e R,

we see that y(z) is allowed to pick positive and negative values. In addition, one can make y(x) pe-
riodic (in particular, y(x) does not vanishing at co) by considering the distribution p(d€) supported
on the lattice Z.

The second class consists of all non-negative and non-negative definite y(z). In the case when ~(-)
is not defined point-wise, “y(-) > 0” means () > 0 for sufficiently small ¢ > 0. It is well-known
([9]) that for any non-negative definite v(-) > 0, the assumption (1.13) is equivalent to the Dalang’s
condition

/Rd 1 +1|§’2,,L(d5) 0. (1.17)

This class includes some practically interesting cases such as v(x) = dp(x) for d = 1 where the time

t
integral is / d0(B(s))ds is the Brownian local time; y(z) = |z|™® for 0 < a < max{2,d}, where
0

t
the time integral / |B(s)|”“ds stands for the Riesz potential (|2]); and the covariance function

=Cy H |;|*15 72 of the space-time noise W (s, z) with the Hurst index H = (1/2, Hy,--- , Hy)

satisfying 1/2 <Hj<lforl<j<d.

The third class contains the non-negative definite functions ~(-) that have infinite spectral measure
and are allowed to take negative values. Dalang’s condition is no longer sufficient without assuming
() > 0. A good example is given in (1.6) where &(d¢) = [¢]'72d¢. Tt has been pointed out
recently ([12]) that (1.13) holds for 1/4 < H < 1/2. On the other hand, it is easy to see that
the Dalang’s condition (1.17) holds for any 0 < H < 1. Therefore, (1.17) alone is not sufficient if
“H > 1/4" is necessary for (1.6).

To show the necessity of “H > 1/4”, we start from an easy-to-check identity

T 2 ) |€’172H ’n’172H
E B(s))ds| =2C ded
] =ack [ e e

1-2H 1-2H
7 Jaxr 1+271ER 1+ 2712

where 7 is an independent exponential time with [ET = 1. The integral on the right hand side is
bounded from below by

1\ 1-2H 2—4H 1
2 (le>21 gmi<ay 1+ 27HEP 1+ 271 n|
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which is finite only when H > 1/4. On the other hand, by Brownian scaling

E[/OTﬁy(B(s))dsr = ¢~ (1+2H) (ETHzH)E[/Ol'y(B(s))dsr.

Summarizing our argument, “H > 1/4” is necessary for (1.6).

Finding a condition for (1.13) that is “uniformly right” for the third class appears to be a hard
problem beyond the scope of the current paper.

We now discuss the links to the high moment asymptotics of the parabolic Anderson equation and
to the model of the Bose-Einstein condensation given in (1.2). By Brownian scaling, (1.14) can be
rewritten as

li L
1m
N—oco Nty

log E exp {tjj\fv Z /Ot'y(\/ﬂ(Bj(s) — Bk(s)))ds} = %é’H. (1.18)

1<j<k<N
for any t > 0
In the special case when 7(+) satisfies the homogeneity v(Cz) = |C|~®y(z) (z € R? and C € R) for

2
some 0 < a < 2, taking txy = N2-« in (1.18) we have, in view of the moment representation (1.5),
the high moment asymptotics

. _4—a N t
lim N~ 2=« log Eu(t,z)" = §€H (1.19)

N—o0

for the parabolic Anderson equation (1.4). In the special case of (1.6), « = 2 — 2H. By variable
rescaling &g = C?I/ (27a)5}{, where the variation £}, is generated by the interaction function (-) in

(1.6) with Cg = 1. We therefore have

Corollary 1.2 When 1/4 < H < 1/2 in the setting of (1.6), for any t > 0

lim N~ log Eu(t, )N (1.20)

N—oo | )
[ g wys| 1en-2a — [ |g'<x>|2dx}-
R R

t 1
= 50}_‘; sup {/
geF1 R

Here we point out that (1.19) is achieved in [4] under the extra assumptions that @ < d (The
equality is allowed in the case d = 1 and () = dp(+)) and y(-) > 0. These extra assumptions are
not required by Theorem 1.1. Corollary 1.2 provides a concrete example of the improvement where
~(+) switches sign (as analyzed above) and « =2 —2H > 1 =d.

In case d = 2, substituting ¢ty = N2# into (1.18) for some 3 > 0, we obtain the following asymptotic
law for the model of the Bose-Einstein condensation given in (1.2):

1 1 - 1
: B B(B.(s) — i
]\}lm 755 logEexp{N 1<A<Ek<N/0 N ’Y(N (Bj(s) Bk(s)))ds} = QEH. (1.21)
<j<k<

The proof of Theorem 1.1 consists two steps: The first step is carried out in Section 2 where we prove
Theorem 1.1 in the special case when the spectral measure p(d€) is finite. The main idea in this step
is linearization and tangent approximation. A fascinating feature of our treatment is its relevance to
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the famous Donsker-Varadhan large deviation principle for the i.i.d. random variables with values
in infinite dimensional spaces. The general setting is treated in step 2 that is given in Section 3,
where 7(-) is approximated by ~¢(-) defined in (1.11). After completing this work mathematically,
we became aware of the literature on bosonic quantum system, the very recent development [16] on
Hartree’s theory and their relevance to the main topic of our paper. We therefore add Section 4 to
address this link.

2  When the measure p(d¢) is finite

In this case, everything stated in Theorem 1.1 can be directly defined. In particular, the fact that
v(z) is uniformly bounded implies that £y < co. Notice that

3 /tN — By(s))ds = /tN/Rd

1<j<k<N

2
B pu(de)ds — Npu(RY).

Theorem 1.1 can be restated as

tn
logE
N—oo N tN 0g = exp { 2N / /Rd

lim

Z ez{ ‘B (s)

ulde)ds f = 5 (2.1)

2.1 Lower bound for (2.1)

By integral substitution

I
// dfds_NtN//
N 0 R4 =1 R4

Let H C £2([0,1] x R% ds ® p) be the subspace consists of the functions with f(s, —\) = f(s, A).
Then H is a real Hilbert space. Here we point out that in order for H to be a real Hilbert space,
the functions in H do not have to be real valued. What matters is that for any real number cq, co
and hi,ho € H, c1hy + casho € ‘H and that the linear functional

(h1,ho) = /Ol/Rd ha(s, &)ha(s, E)u(d€)ds = / /Rd hi(s,§)ha(s, —&)u(d§)ds

takes real values. All those hold thanks to the symmetry of u(df).
Let f € H be a fixed bounded function. By the fact that ||h]|? > —||f||* + 2(f, h) for all h € H, we

/ / N
0 Rd N

2 L L
> —||f||2+NZ | Byt s))as
j=1

2
i€ Bi 1€'Bj (tns)

pu(d€)ds

zf -Bj( tNS)

p(d€)ds
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where

f(s,x) = /Rd ST f(s,—Eu(dé) 0<s<1, zeR

By independence

Qu(df)dS}

1 - i&-Bj(s
Eexp{w/o /]Rd j;egB()
N

> <exp{—;\\fu2tN}Eexp{ /O " f(t‘jv,ms))ds}) .

By Proposition 3.1 in [5],
1 In g
]\}gnootjvlogEexp{/o f(tN’B(S))dS}
1 B 1 1
= sup {/ f(s,x)gQ(s,:n)dxds—// ]Vzg(s,x)\zdazds}
gedy UJo Jrd 2 Jo Jre

1 } 1 1
= — 7’6'3;2 _ 2
gsé‘fd{ /0 [ 16 5)[ /e g(s,a»dx}u(dg)ds : /0 [ 1Vasts.a) dwds}

where

Ay :{g(s,x); g(s,-) € Fqg V0 <s< 1}. (2.2)

Thus,

2
ulde)ds (23)

1 1 tN N .5, (5)
lim inf log E — g i€-By(s
im in in og exp{N/O /d j 16

_1 2 ' _ |: Az 2 :|
> sup { <50+ [ [ 16=0)| [ e aoe] tacyis

1 1
—// |ng(s,:n)|2da:ds}.
2 0 JRd

Notice that the relation [|h||? > —||f||? + 2(f, h) becomes an equality when h = f. Hence, for any
dense sub-space Hg of H,

sup { —[IfI2+2(£.h) | = [l hen. (2.4)
feHo

We call the identity approximation by tangent planes.
Let Hg be the space of the bounded functions in ‘H. Taking supremum over f € Hg on the right
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hand side of (2.3), it becomes

_1 2 ! _ |: i€x 2 :| >
sup {sup (=34 [ [ a0 [ gy tde)as
1
—;// ]ng(s,x)|2d:vd8}
0 Jrd
B 1 1 2 1 )
= 298611./‘]\)(1{/0/]]@ u(d§)ds—/O/Rd\V:pg(S,x)| dxds}
1 2 ) 1
=g { /Rd p(d§) — /Rd Vg(z)| dfﬂ} = 5&m

Summarizing our estimates, we obtain the lower bound for (2.1):

1 L™ [ S sy
1 ]:E - (1d ] S
N—oo NtN 8 exp{zN/O Ad jz_:le

e g2(s, x)dx

e g?(x)dx

lim inf

2
u(df)ds} > %SH. (2.5)

2.2  Upper bound for (2.1)

Let ¢ > 0 be fixed but large. For the sake of simplification we assume that ¢/t always remains to
be an integer. By Markov property,

L[ e
E — &8 (de)d 2.
o {ow [, > it y (26)
1 ¢ N 2 tN/t
2 i&-b; i&-B;(s)
< <squexp{N /O/R Y eieteic u(d£)d8}> ,
b j=1
where the supremum is taken over b = (by,--- ,by) € (RN,
We now claim that for any b = (b1, --- ,by) € (RN, and integer n > 1,
E // Y et B u(de)ds| <E / / 3B u(deyds| . (2.7)
0JRd | S 0o Jre|S
J J
Indeed,
t N o 2
E / z ezf bj elf B;(s) M(d&)ds
0Jre |57

p(dé) -+ - p(dén)dsy -+ - ds .
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Write

n N 2
H Z o610 i1 B (s1)
1=1'j=1
n N N
H (Zelfl ]elf B (Sl)> <Z e—i§l~b]-e—if-Bj(Sl)>
=1 j=1
N
= Z C(1, 5 dn) exp{ Zal i1 (S5 }
1, 7]1’1,—1
where C(j1,- - -, jn) are deterministic complex numbers with norm 1, and oy € R are deterministic
such that
N n N 2
> e {i S sy} <[ [T o
Jiyjn=1 I=1j=1
Therefore,

i£-bj ,16-Bj (s)

t N
/ e
0JRd =1

2 n
u(dé)dSI

N
Y. Clr i EeXp{ Zal Bj,(s; }]

L1, 5n=1

(di)dsl -oodsy

/Rd
/(Rd)N f: Eexp{ ZOél ey }]M(d&)---u(dEN)dsl---dsN
Juor

tINJ(

x p(dér) -

J
“Ju
<,
“J,

-j 1, 7.jn:1
( E PUIREH
=1

,t
t j=1
'L§ B;( s)

]N
]N

> (dfl) (di)dsl s dSN

t
= [LI%
O]Rdj

where the inequality follows from the fact that

]Eexp{ Zal i, (84, }>O.

p(dg)d ]

Thus, we have proved (2.7). From (2.7), and by Taylor expansion, for any b= (by,--- ,by) € (RHV,
1S

Eexp { //
2N 0 JRa j=1

2
Z e€:bj 1€ Bj(s)

1 [ | 2
gEeXp{QN/O/Rd 2 u(dﬁ)ds}.

u(dé)dS}

Z (i€ (5)

10
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Then, in view of (2.6), we have

tN
E
eXp{QN/ /Rd
1 t
< Eexp{//
2N 0 ]Rd j:l

2
z{B

| utagyas} (23)

2 (df)ds})m/t.

Recall the following Donsker-Varadhan’s large deviation principle (Theorem 5.3, [11]): Let E be a
real separable Banach space with E* as its topological dual. Let {X, X} },>1 be a sequence of i.i.d.
random variables taking values in E such that

Z ¢i6B5(9)

E exp {euxu} <oo VO > 0.

Then for any close set F' C F,

hmsuplogIP’{ ZX € F} < —inf A*(z)

N—oo zeF

and for any open set G C E,

zeG

N
| 1 : X
lﬂlgoleog]P’{NZ:lXj € G} > — inf A*(z)
]:
where the rate function is given as the convex conjugate

(@)= sup {(f.2) ~A()} wek

feE*

of the convex functional

A(f)zlogEexp{(f,X}} feE".

This result appears to be an infinite dimensional extension of Cramer’s large deviation (Theorem
2.2.3, p.27, [10]) We refer an interested reader also to [1] for an elegant proof of the Donsker-Varadhan
large deviation principle.

Recall that H C £2([0, ] xR%; ds®p) is the subspace consists of the functions with f(s, —&) = f(s, &)
a.e.. Also, note that H is a real Hilbert space. To apply Donsker-Varadhan large deviation principle
to the space E = H, we define the i.i.d. H-valued random variables {X}}xr>1 as

Xi(s,6) = B (5,6) € [0,¢] x R

By the fact that ||X|| < tu(R9), the condition of Donsker-Varadhan large deviation principle holds.
Further, by Varadhan integral lemma (Theorem 4.3.1, [10]),

1 1t N
lim — logE —
N N 08 eXp{QN/O/Rd ~

S0 i) ’

s | = sup (G102 - A1)} (29

11
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Some delicate steps are needed in handling the variation on the right hand side. To this end we
first claim that A*(h) = oo for any h € H with ||hl|s > 1, where

bl = sup fe 05 dse (5.8 91> c} > 0},

Indeed, applying Hahn-Banach theorem there is a € > 0 and f € £([0,¢] x R?) such that

/Ot /R |/ (5,)ln(d€)ds = 1,

and (f,h) > 1+ €. In addition, we may make f € H. In particular,

tx)= [ [0t -ontaas < [ [ 156 0lutaeris =1

Hence, for any C' > 0
A(CF) = log Eexp {0<f,X>} <c.

Thus,
A*(h) > C(f,h) —A(Cf)>(1+¢€C—-C=eC

which leads to A*(h) = oo as C' can be arbitrarily large.
Thus,

sup { [P~ A%} = sup {2

SRl = A*(n)}. (2.10)
heH Il <1
heH

Let
N = {f € H; ||fllo <1 and f(s,&) is continuous on [0, ¢] x Rd}.

An obvious modification of (2.4) leads to

12 = sup { = IFI2+2(f, 1)} Il <1, hEH.
FEN

Hence,
1 1
—||h 2 —A*(h = { - 2 2 7h’ — A*(h }
s {GIAE =AW} = s (g s { =717 2000} - A%
heH heH
1 *
= s { =G s {r - A}

[[h]loc <1
heH
By duality lemma (Lemma 4.5.8, p.152, [10])

o (o =00 < pup {110 =009} = A
her

12
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Therefore, it follows that

1 1
sup L)z — arw) < sup{—llf\l2+logEexp (. X) }
hoo<1{2 } ren: U 2 { }
heH

= sup § — leHz —i-logEexp{/t f(s B(s))ds}
TEN: 2 0 7

Floso) = [ s, =< ntas)

where

Combining (2.8), (2.9) and (2.10), we obtain,

I L oeE {1 /tN/ i i€-B;(s)
1msu (0] ex — e
Vo P Ny BEEP N S, S <

1 1 v
< —log sup Eexp{—HfH2+/ f(s,B(s))ds}.
t feN: 2 0

Qu(dﬁ)dS}

Thus, all we need is to prove that

1 1 ¢ 1
lim sup — log sup ]Eexp{ — = |IfI12 —|—/ f(s,B(s))ds} < =&n. (2.11)
t—300 FeN; 2 0 2
Define 7; = inf{s > 0; |B(s)| > t?}. Then,
Lo, [t
Bexp { — Sl + [ 7(s.B(s)ds (2.12)

=FE

exp{ — %Hf”2 +/0t f(S,B(s))ds}; > t]

+E

exp{ - %Hf”2 +/Ot f(s,B(s))ds}; T < t].

Notice that |f(s,z)| < u(R?%). The second term on the right hand side is bounded by
exp {tu(R?) }P{ max | B(s)| = £*/2}

which is negligible.
As for the first term, first notice that

exp{/otf(s,B(s))ds}; 0>t

E

< exp {M(Rd)}E

exp{/ltf(s,B(s))ds}; 0>t

= exp { ()} /B o P

exp { /OH F1+ s,B(s))ds}; > t] dz,

13
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where p1(z) is the density of the measure v(A) =P{B(1) € 4; 7 > 1}.

Let p1(z) be the density of B(1) and notice that p1(z) < pi(z) < (2r)~%2. Hence, the right hand
side is no greater than

(27) % exp {M(Rd)}/B(O,tQ)EI exp{/ot_lf(1+s,B(s))ds}; T Zt] dx

< (2m) 74 B(0,%)| exp {M(Rd)} exp { /Otl Mf(L+s, -))ds},

where

A f(Q+s,-)) = sup { y f(1+s,2)¢%(x)dx _;/Rd \Vg(x)\Qda:},

9EF4

and the last step follows from Lemma 7.1 in [4].

Further, notice that

/t )\(f(l—l—s,-))dsS/t)\(f(s,-))ds
0 0

t ) 1 t
_ _ &x 2 = 2
gﬁiﬁt){ L[ s 5)[ X g(w)dw}u(df)ds 5 | [ 190 dxds},

where A4(t) = {g(s,x); g(s,) € Fyq for every 0 < s < t}.

Summarizing our computation, we obtain the bound

E[exp{/ot f(s,B(s))ds}; > t]

2d o ! _ [ itx 2 ] 1 ! 2 }
< ct ep(gjzﬁt){ | r6=0)] | e<a | utaeyas =5 [ [ V.g(s.)Pdes

uniformly over f € N;. By the relation —| f||? 4+ 2(f, h) < ||h|3,

t
E[exp{ =5+ [ Be)ass 7> t]
t
scﬂdexp( szp(t){—;rrfuu [ [ 69| [ et utaeras
ge d d d
1/t 5
5 [ [ Wagtsio dwds})
< Ct* exp (; S,latlp(t){/ot/R /Reig'“gz(s,x)dx
gEA, d d

By the fact that

t
sup { I/
geA,L(L) 0 JRd
t
Y
0 geFq R4

=t&y,

e ds - / t |19z x>r2dxds}> .

2 t
- SI'Z.TS
)i~ [ [ 9205, Psas}

) - [ IVoto)dz |

/[Rd et g?(s, x)dx

/ et g? (x)dx
Rd
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we therefore reach the bound (2.11). O

3 When the measure p(d¢) is infinite

The first thing we need to show is that & is well defined and finite under our assumption. We
specifically point out that the integrals

/ v(z —y)g*(x)g*(y)dzdy g € Fy
R xR

have to be properly defined as g?(z) is not necessarily in S(R?).
With the method used in proving (2.8), one can show that for any t1,t9 > 0

Eexp{&/otlthzfy(B(s))ds} gEexp{H/otlfy(B(s))ds}Eexp {G/Otgv(B(s))ds}. (3.1)

Consequently, the limit
1 t
A= tliglo n log E exp {9/0 'y(B(s))ds}
exists and finite.

Recall that 7.(z) is the non-negative definite function defined in (1.12). Given € > ¢ > 0, notice
that ve(+) — 7¢(+) is non-negative definite with the spectral measure

(0 { - 5leP} - oxw { - 517} utas)

For any given z € R%, ¢ > 0 and the integer n > 1, similar to (2.7)

n

e [ (ool B6) — el BN Jas| <] [ o) o)} w2

By (1.13), this implies the moment convergence

t t
/ v(B(s) — x)ds dlef lim [ 7 (B(s) —xz)ds z¢€ RY.
0 0

E—00

Further, the moment comparison similar to (2.7) also leads to

Eexp{@/ot’y(a:—i—B(s))ds} < Eexp{G/Ot*y(B(s))ds} < 00, (3.3)

for every € R? and 4 > 0.
By Theorem 4.1.6, p.99, [3], for any € > 0

1 ! 1
lim logEexp{@/ 'yG(B(s))ds} = sup {0/ Ye(x)g? (z)dx — / |Vg(m)|2dx}.
t—oo t 0 geFa U Jre 2 Jrd
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By Jensen inequality and (3.3), on the other hand,
¢ ¢
Eexp{@/ 7€(B(5))d8} g/ pe(aj)Eexp{G/ ’y(:E—I—B(s))ds}da?
0 R4 0
t
< Eexp{@/ 7(B(5))ds},
0

where p.(z) is the density of B(e). Consequently,

sup {Q/Rd Ye(x)g? (x)dx — ;/Rd |Vg(a:)|2d:v} <A. (3.4)

9g€Fa

Noticing that for any g € Fy

— 2 T 2 . _
/Rded Ve(z = y)g~(2)g”(y)dudy /

R

P [ e =g ay

< sup/ Vel —y)g*(z)dx = Sup/ Ve(2)g* (@ + y)da.
yeRd JR4 ycRd JRE

Consequently, for any § > 0 and € > 0

sup {G/Rdxw Ye(z = y)g*(2)g° (y)dady — % /Rd V9($)|2dl‘}

ge€Fq
1
< sup {0 Sup/ ’ye(x)QQ(:c—l—y)dx - 2/ |Vg(:c)|2d$}
9€Fq yERd JRE R4
1
= sup sup {0 [ su@lgPlo 4o 5 [ Vo))
yERL gEFy Rd R4

1
— sup {e [ a3 [ |Vg<m>|2da:}gA,
geF, Rd 2 Jrd

where the third step follows from translation invariance.

Thus, by the relation

/ / ei/\-xQQ(x>dx
Re | JR4

and monotonic convergence, the integral

— 2(z)g* rdy =
/Rdedv(:v y)g~(v)g”(y)dzdy /Rd

is well-defined and finite for every g € F4. Further,

2

exp { = S} = [ il =)@t ey

2

p(ds)

/ ei’\“QQ(x)d:L‘
R

1
sup {0/ V(& —y)g*(2)g*(y)dady — 2/ !Vg(w)Ide} <A < .
g€Fq Rd xR R4

In particular, &g is well-defined and finite.
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To establish (1.14), first notice that for any fixed € > 0, 7.(z) is non-negative definite with the
spectral measure p(d§) = e_€|5‘2/2u(d§) that is finite by (1.10). By what have been proved,

ngnooNltNEexp{;f > /tN'ye ())ds} (3.5)

1<j<k<N
1
—gsw { [ e gl oy - / Vo(o)ds .
gEFq Rd x R4 Rd

For any integer n > 1

[ > [T <>)dsr

1<j<k<N

/[OtN]n/Rd w(dér) - - p(dén)dsy - - - dsy exp { — ;g |§j|2}
X EH Z exp {iﬁl - (Bj(s1) — Bk(sl))}_

1=11<j<k<N

By the fact that

E]] Y. exp {ifz - (Bj(s1) — Bk(sl))} >0

1=11<j<k<N

we obtain that

>, /N% ())dS] (3.6)

1<j<k<N

/[0 . /Rd p(dér) - - p(dén)dsy -- dS"EHK%N“‘p{ Bj(s1) —Bk<sn>}
Z /tN — Bi(s))ds ]n

1<j<k<N

Therefore, it follows from Taylor expansion that

Eexp{l > /tN Bk(s))ds}

1<j<k<N
1 N
2Eexp{N Z / V(B By(s ))ds}.
1<j<k<N
By (3.5) t
1 1 N
lim inf Eexp{ Z / — By(s))ds }
N—oo Nty N1<]<k<N

1
> 5 sup { / Ye(x — ) g*(2)g* (y)dady — / \Vg(x)IQd:v}.
gEFq R4 xR4 Rd
17
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Letting € — 0T on the right hand side leads to

.. 1 1 N 1
lim inf WEGXP {N Z /0 v(Bj(s) — Bk(s))ds} > 551{.

N—
oo SVEN 1<j<k<N

On the other hand, set ((z) = vy(z) — Ye(x). We claim that

1ogEexp{]f[ > /OtNg}(Bj(s)—Bk(s))ds}:O

1<j<k<N

lim limsup
=0T Nooo N
for any 6 > 0

By Jensen’s inequality

sew{p X [T ame- B

1<j<k<N

> exp {fVE 3 /OtN ¢(By(s) - Bk(s))ds} > 1,

1<j<k<N

where the last step follows from (3.6) with n = 1.
Thus, all we need is to show the upper bound of (3.8). Write

tN N tn
3 /O G (By(s) ~ Bels))ds = 5 Z'/O C(B;(s) — Bi(s))ds.

1<j<k<N G=1 k: ktj

By Hoélder’s inequality,

Eexp {Jff Z /OtN Ce(Bj(s) — Bk(s))ds}

1<j<k<N

gj]iv[l (Eexp{g Zl/otN C(Bj(s) —Bk(g))ds}>1/N

k: k2
=Eexp {z é /OtN Ce(Bi(s) — Bk(s))ds}.

Write

k=2

where

ve(d€) = <1 —exp{ - §|§|2}>u(d5)-

18
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For any n > 1, by independence between B; and {Bs,--- , Bnx}

ty

N n
E|> ¢ (Ba(s) —Bk(s))ds]

k=270
:/(Rd)N Ve(d€1) - - ve(déw) /[WN]NEexp{z';g,-Bl(s,)}

n N
X]E< exp{ —i&'Bk(Sl)}>d81--'dSn
=1

k=2

n N
S/(Rd)N Ve(d&y) -+ ve(dén) /[OtN]N (ll_llkZQexp{zfl By, 5l)}>d51~-dsn
N tN n
=k ¢ (B(s) ds] ,
LZ2 [ )

where the inequality follows from the fact that

E(ﬁiexp{ —igl-Bk(sl)}) >0 and 0 < Eexp {ié&-Bl(sl)} <1

=1 k=2

Hence, by Taylor expansion

tn tN

Eexp{gkﬁé 0 46(31(5)—Bk(s))ds}gﬂzexp{ei ge(Bk(s))ds}

k=270

[\

N-1

_ (Eexp{g/OtN CE(B(S))ds}> ,

where the last step follows from the independence of the Brownian motions.

To prove (3.8), we need only to show that

1 6 [~
lim i — logE (B(s))ds b < 0. 3.9
Jim limsup — log exp{2/0 e (B(s)) 8} < (3.9)

To simplify our notation, we may assume ¢ goes to infinity along the integers. By Markov property,

Eexp{g/OtN (E(B(s))ds} < (xs;l@Eexp{Z/ol Ce(x+B(s))ds}>tN.

On the other hand, letting ¢ — 0T in (3.2),

E /01 Ce(a+ B(s))ds]

1 n
E / Ce (B(s))ds}
0
for every integer n > 1. Then, by Taylor expansion

Eexp{g/olCe(x—f-B(s))d}<E6Xp{ /Cs( (s))d }

19
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for every x € R%. Therefore,

Eexp{g/OtN CE(B(S))ds} < <Eexp{g/01C6(B(s))ds}>

Thus, (3.9) follows from the obvious fact that

i mew {§ [ cpo)is} =1

which is clearly a consequence of the assumption (1.13).

tn

We now prove the upper bound for (1.14). Let p,q > 1 are conjugate numbers. By Holder inequality

sew{r [~ Bits)as)

1<j<k<N
N 1/p
< (Eexp{]]\), > / Ye(Bj(s) — Bi(s))ds })
1<j<k<N
tn 1/q
X (Eexp{;‘\[] Z / (B Bi(s ))ds}) .
1<j<k<N

By (3.5) (with v¢(-) being replaced by pye(+)), (3.8) (with 8 = ¢) and the fact that

xTr — 2 €T 2 T — i&x 2 2

/Rded%( y)g~(x)g”(y)dzdy /Rd /Rd ¢2(z)d
2

< /Rd /Rd eié.xQQ(x)d:zj pu(d§) = /RdXRd v (@ —9)92($)g2(y)da;dy

for every g € F4, we conclude that

ey )

1 1 by
lim sup logIEexp{ Z / By(s))ds }
N—oo Nty N 1<j<k<N
1
< — sup {p/ vz — y)g*(x)g* (y)dady —/ |V9($)|2d90d3}-
P geFy R4 xR Rd

Letting p — 17 on the right hand side leads to the upper bound

logEeXp{;f > /tN — By(s))ds }< ésH. (3.10)

1<j<k<N

lim sup
Nooo Nin

Finally, Theorem 1.1 with its full generality follows from (3.7) and (3.10). O

4 Link to bosonic quantum system

After completion of this project, we became aware of the subject on bosonic quantum system or
more specifically, a very recent development [16] on Hartree’s theory.
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Limited to our setting and in our notation, Hartree’s theory supports the statements such that

. EN) 1
i vt (41)

where £ is given in (1.15) and is known as Hartree energy in the literature of quantum mechanics,
and (Z = (1, - ,2N))

1 . | N N
E(N) = sup {N g / Y(z; — xk)gZ(x)da; — 2/ ]Vg(a;)|2dx} (4.2)
9EFNJ 1<j<k<N RNd RNd

is called the ground state energy which appears as the principal eigenvalue of the N-body problem
([14]) with the Shrodinger Hamiltonian

N
1 1
Hy = §ZA]+N Z ’y(xj — Tp). (4.3)
j=1 1<j<k<N

Here Fyyq is given in (1.16) with d being replaced by Nd. In quantum mechanics, Hy formulates
N-body problem (see, e.g, [14]).

The statement (4.1) claims that the ground state of the non-linear Shrédinger operator (also called
Hartree operator)
H=A+(vxg%)g

is approximated by the ground states of linear Shrédinger operators given in (4.2). The reason
behind (4.1) is simple: Replacing Fx4 by the sub-class of the functions of the form

N
gl@r,-an) = [Jolx) g€ Fa (4.4)
j=1

we have

! s L ()P
SID N BRETCRE L Y LA

This leads to the lower bound for (4.1):
E(N)

lim inf
N—oo

1
> =€x. (4.5)
2
The above analysis shows that (4.1) rests on the fact that the maximizer for the variation in (4.2)
is approximated in a suitable sense by the functions in the form given in (4.4) as N — oo.

Most of the earlier results (to which we refer the references cited in [16]) were for the ground state
energy

- 1
EV(N)= inf { / xi — 1) g2 () dE 4.6
(N) o nggk:gv RMW( j— k)9 (T) (4.6)
N 1
+Z V(xj)gQ(gz)d;H/ ng(;z«)de@}
j:l ]RNd 2 RNd
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with the conclusion that

where

£ = inf {/Rdeﬂ(x —)g”(x)g” (y)dady + 2/

9EFNJ Rd

V(2)g*(x)dx + /]Rd ]Vg(:n)|2dx}.

In the case when v(-) = 0, it is easy to see that the functions given in (4.4) maximize the variation
gg(N ), which partially explains why we have (4.7). On the other hand, (4.7) does not give a clear
picture on the role played by the function 7(-) in this “factorization” dynamics. One might take
V = 0 for observing the behavior of 4(-). In the case when lim ~(x) =0, EN% =0and E9(N) =0

|z|—o00
for all N > 1, which is not necessarily the consequence of factorization, as one can make E°(N) = 0
by choosing “flat” functions g().

Therefore, it makes sense even only for the sake of understanding how the pair interaction function
~(-) response to factorization, to switch the sign of v(-) in the variation £2(V) so that it becomes
the problem given in (4.2) where the two terms in the variation compete against each other and
Hartree’s theory takes the form given in (4.1). On the other hand, note that, as remarked by Lewin,
Nam and Rougerie in [16, p. 579], “The validity of Hartree’s theory in this simple case ! is already
a nontrivial problem and does not seem to have been proven before". It appears that the paper [16]
is the first work where Hartree’s theory mathematically includes the form given (4.1).

As an application of Theorem 1.1, we provide a probabilistic treatment to Hartree’s theory.
Theorem 4.1 Under the same condition as Theorem 1.1, (4.1) holds.

It should be pointed out that results obtained by Lewin, Nam and Rougerie [16] takes a form more
general than (4.1). As for the assumptions, both the condition (1.13) and the condition posted in
[16] are sufficient but “nearly necessary” for

sup {H/Rd v(z)g?(z)dx — ;/]Rd ]Vg(x)]de} <o 6>0

9€Fa

which ensures the finiteness of £(N). Our goal here is not to establish the most general form of
Hartree’s theory but to show a probabilistic relevance to Hartree’s theory.

Proof of Theorem 4.1: In view of (4.5), all we need is to establish the upper bound

) E(N) 1
limsup ——= < =&y. 4.8
N—>oop N —2 " ( )

The idea is Feynman-Kac formula. To this end we work on the (Nd)-dimensional Brownian motion

B(s) = (Bl(s), . ,BN(S)) s> 0.

refer to the case of finite spectrum measure p(d€)
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We introduce the notation ¥ = (z1,--- ,on) for z1,--- ;2N € R?. We use “E;” for the expectation
associated with the Brownian motion B(s) with B(0) = z. For fixed N, the transform

exp{]lv 3 / k(s))ds}g(é(t))

1<j<k<N

T,g(%) = Ez i ¢ RV

defines a semi-group of continuous linear operators on EQ(RN d) in the sense that Ty = T3 o Ts.
Further, the semi-group {7;;t > 0} takes the Schrodinger operator Hy (given in (4.3)) as its
infinitesimal generator and is formally written as T} = "N, Here we mention the fact that Hy is
initially a symmetric linear operator and can be extended into a self-adjoined operator by Friedrichs’s
extension.

Let € > 0 be fixed and notice the fact that £(N) = sup (g, Hyg). For any N > 1, one can find
9€Fq
gN € Fng such that gy is locally supported, and (gn, Hygn) > E(IN) — Ne. Let Ry > 0 be the

radius of the (Nd)-dimensional ball which supports gy and let txy — 0o (N — oo) with sufficient
increasing rate so that

lim
N

1
i 108 (lavIEoxar?) o (49)
oo Nty

where wpg is the volume of the (Nd)-dimensional unit ball.

By the moment comparison similar to (2.7), one can show that for any & € RV¢

Ejexp{]if > /tN — By(s ))d}

1<j<k<N

<Eep{1 3 /tN Bu(s))ds |

1<j<k<N

Consequently,

EeXp{ 1 1<j§k:<N/tN By(s))ds } (4.10)
> |B(0,RN)\—1/ > /tN Bk(s))ds}

E; exp {
B(0,Rn) 1<j<k<N

> |lgnl|22B(0, Ry)|" /R ox (@)

x E; exp{1 > /tN (S))dS}gN(BtN)

1<j<k<N

dz

= llgn I (deR% ) (9n, Tingn).-
By the spectral representation

(gn, TingN) —/ exp{tnAtigy (dA)
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where the measure p,, (d\) satisfies gy (R) = |lgn]|3 = 1. In other words, pg, is a probability
measure on R. By Jensen’s inequality

[e.e]

(95 Trygw) = exp {tN /- AugN<dA>} = exp {tn{on, Hygw) b > exp {tn(E(N) - Ne)}.

Combining this with (4.9) and (4.10),

N:;N log E exp {]1[ Z /0 ) v(Bj(s) — Bk(s))ds} > lim sup ggif\[) -

1<j<k<N N—roo

lim sup
N—oo

In view of Theorem 1.1, letting € — 0T on the right hand side leads to (4.8). O
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