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Abstract. Several a posteriori error estimators are introduced and analyzed for a discontin-
uous Galerkin formulation of a model second-order elliptic problem. In addition to residual-type
estimators, we introduce some estimators that are couched in the ideas and techniques of domain
decomposition. Results of numerical experiments are presented.
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1. Introduction. One of the important objectives of the numerical approxi-
mation of differential equations has been to obtain approximations whose error, as
measured in some norm, falls in a given range, preferably as narrow as possible. In
the finite element method, and specifically for elliptic boundary value problems, such
a goal became possible with the advent of a posteriori estimates pioneered by Babuska
and Rheinboldt [4, 5]. Acting on an approximation uj calculated on a given mesh,
such a posteriori estimates give lower and upper bounds on the error expressed in
terms of contributions from individual triangles and interfaces. This makes it possi-
ble to calculate a new mesh by means of refinement and coarsening. For a survey of
the vast amount of work spurred by the above two references, we refer the reader to
the book by Verfiirth [18]. More recently, attention has increasingly focused on the
important issue of convergence, whereby a given tolerance is achieved after a finite
number of refinement steps; cf., e.g., [10, 17, 15].

Our aim is to present a posteriori error estimates in the energy norm for a discon-
tinuous Galerkin formulation of a simple second-order elliptic problem. In contrast to
standard Galerkin methods, such work is still very rare. Indeed, we are aware only of
[8] as taking the a posteriori approach; also, only the estimator (3.1) is treated, and
with a different proof which relies on a Helmholtz-type decomposition of the gradient
of the error, thus following a technique first used in the context of a posteriori esti-
mates for nonconforming methods. See also [16] for a posteriori estimates in the L?
norm. Recall that in discontinuous Galerkin methods the trial and test spaces consist
of piecewise totally discontinuous polynomials. That is, no continuity constraints are
explicitly imposed on the trial and test functions across the element interfaces. As a
consequence, weak formulations must include jump terms across interfaces, and typi-
cally penalty terms are (artificially) added to control the jump terms. Several variants
of this approach exist; cf., e.g., [2, 9, 19]. For a nice survey of various discontinuous
Galerkin methods, see [3].
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Discontinuous Galerkin methods have several advantages over other types of finite
element methods. For example, the trial and test spaces are very easy to construct;
they can naturally handle inhomogeneous boundary conditions and curved bound-
aries; and they allow the use of highly nonuniform and unstructured meshes. In
addition, the fact that the mass matrices are block diagonal is an attractive feature
in the context of time-dependent problems, especially if explicit time discretizations
are used.

In this paper, we will concentrate on the construction and analysis of error esti-
mators, postponing to a subsequent work the study of other important issues such as
convergence of the adaptive scheme. In section 3 we present residual-type estimators
whose form and analysis follow traditional lines, with the exception of some technical
issues caused by the discontinuous nature of the finite element spaces.

In section 4 we present estimators requiring the solution of local problems. In a
departure from more traditional techniques, ours flow from the ideas and techniques
of domain decomposition, and specifically those expounded in [11]. In a nutshell, we
view the computed solution wuj corresponding to a mesh 7, as a “coarse-mesh” approx-
imation to a more accurate approximation u}, to w, with an eye towards using uj — uy,
to estimate u — uy. Obviously computing uj, would prove too costly; instead, a good
approximation thereof is obtained by adding to u;, the solutions of local problems, the
supports of these local contributions playing the role of the subdomains. Indeed, our
technique offers the tightest coupling yet known between a posteriori error estimation
and domain decomposition, to the extent that the matrices involved in the solution
of the local problems consist of the diagonal blocks of the global stiffness matrix that
correspond to the individual triangles. A somewhat similar idea is found in [20] in the
context of mortar finite elements. There are, however, substantial differences between
the two approaches.

In section 5, we present results of numerical experiments focusing on the behavior
of the effectivity indices as well as other characteristics of the various estimators.

2. Preliminaries. Let Q ¢ R?, d =1,2,3, be a bounded domain. We consider
the following model problem:

(2.1) —Au=f inQ,
u=0 on JN.

The treatment of second-order elliptic problems with more general coefficients and
boundary conditions will be contained in a parallel work [13].

Throughout this paper, the standard space, norm, and inner product notation
are adopted. Their definitions can be found in [1]. Also, ¢ is used to denote a generic
positive mesh-independent constant.

The discontinuous Galerkin method considered in this paper for discretizing prob-
lem (2.1)—(2.2) is the one proposed in [6] and [7, 12], where the biharmonic and Stokes
problems, respectively, were considered.

Let 7, = {K; : i =1,2,... ,m;} be a family of star-like partitions (triangula-
tions) of the domain Q parametrized by 0 < h < 1. We assume the following:

(i) The elements of 7}, satisfy the minimal angle condition. Specifically, there is

a constant 6y > 0 such that hx /px > 6y VK € T}, where hg and pg denote,
respectively, the diameters of the circumscribed and inscribed balls to K.

(ii) 7 is locally quasi-uniform; that is, if two elements K; and K, are adjacent

in the sense that pq—1(0K; N 0OKy) > 0, then diam(K;) ~ diam(Ky).
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Here pg—1 denotes the (d — 1)-dimensional Lebesgue measure. On 7, we define
the “energy space” Ej = Hger, H2(K) C L*(Q). For r > 2, we define the finite
element space V)| C Ey, by V) = Hge7, Pr—1(K), where P,_1(K) denotes the space
of polynomials of total degree r — 1.

Given the discontinuous nature of the piecewise polynomial functions, we define
ET and £P to be the set of all interior and boundary edges (faces in the case d = 3),
respectively:

:{ezaKjﬁaKZ, ﬂd_l(aKjﬂaKg) > 0},
EB={e=0KNdQ, 4 1(0KNIQ) > 0}.
We also set £ = ETUEB. We note that elements of £Z may be curved. Also, if e € &7,
then e = 9KT NAK~ for K+, K~ € 7,. We may designate as KT the triangle with
the higher of the two indices.

Note that elements of the energy space Ej are not functions in the proper sense,
and care must be applied in defining their values on £. This is done in the sense of
trace.

In order to construct a weak formulation for the problem (2.1)-(2.2), we introduce
the bilinear form a} : Ej x Ej — R

ap(uv) = Y (Vu, Vo) =) [<{3nU} J[D)e + {00} [ul), = vhe ([ul, [v]).

KeTy, ec&!

(2.3) - Z [ (Onu,v), + (Onv,u), — yh! (u,v)e},

ecEB

where h, = diam(e) and

(u,v)p :/ u-vdz,
D

(u,v)r = / uvds, edge/surface integrals, |v|p = (v,v>11~/2,
r
[v] |e = U+|e -0 e, vt = V|lg+, v =v|g-, ee€ 517
ovt ovt v~ !
{8n’l)}| _874'67 I:anv]‘ezanie_anie, 665,
vt
anv|e:8:;—+ , ecé&B.

Some further comments on the nature of the form a; are in order:

(a) The third and sixth terms have been added to symmetrize a;. Note that the
former is zero for smooth u, while the latter is a known quantity since | o0
is given. The a priori estimates remain valid if these terms are removed.

(b) v is a positive (penalty) parameter that must be chosen appropriately in order
for a] to be coercive.

Remark 2.1. There is an alternative formulation due to Arnold [2], which is

obtained by setting {J,v} | an+ + an+ +)le- The results presented in this paper
should be valid for Arnold’s formulatlon as well.

The form a (-, ) is consistent with the Laplacian in the sense that if u € H?*(Q),
then

(2.4) a)(u,v) = —(Au,v) Z (u, 0pv — yh,! >6 Yv € Ep,.

ecEB
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Thus, we define the discontinuous Galerkin approximation of u to be the element u;
in V;7 that satisfies

(2.5) aj(u),v) = F(v) = (f,v) YveV,.

The existence of a unique ] follows from Lemma 2.1.
We define the “energy” norm on Ej by

lellin = (Z Vol + 37 [he [Hwv} 2 + 2 10]12]

KeT, ec&!

1/2
+> [h |8nv|§+hel|v|§}> .

ecEB

Concerning the continuity and coercivity of the form a;, we have the following

result (cf. [7]).
LEMMA 2.1. (i)

(2.6) lap(u,v)] < (L )lulliplvlie Va0 € Ep.
(ii) There exist positive constants vyo and c, such that for v > o
(2.7) ay(v,v) = cqlvl3 Yo e V.

Here vy depends only on 7 and the (aspect) ratios hy /px of the elements. In
view of condition (i) on the mesh, 79 can grow only as a function of r. Numerical
experiments reveal that vy ~ 5 for r = 2 and vy =~ 15 for r = 3.

The proofs of the above rely on the following trace and inverse inequalities. Let
D be a regular and starlike domain, and let = diam (D). Then

(2.8) 0l5p < cer(nHlvlD + plVollh) Yo e HY(D).
Let | - |;,p denote the seminorm of H7(D). Then
(2.9) 0lj,p < Cinup’ I 0lip Vo E P, 0<i<j<2,

the constant ¢;,, in (2.9) depending only on 7.

We shall assume that the following approximation property holds: Let 0 < m < r.
Then there exists a constant ¢ > 0, independent of 7}, such that for any u € H™(Q)
and K € 7}, there exists x € P._1(K) satisfying

(2.10) u—xljx < chg ulmx, 0<j<m.

It can be shown that the following error estimates hold (cf. [7]).

THEOREM 2.1. Let u and u; be the solutions of (2.1)~(2.2) and (2.5), respectively,
and suppose that u € H"(Q)NH(Q) with r > 2. Then there exists a positive constant
¢, which is independent of h and u, such that

1/2
(2.11) lu—ulllin < e ( S 3,K> :
KeTy,

(2.12) lu—ujll < ch”lulg.
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2.1. An approximation result. For our first residual-type a posteriori esti-
mate we will need to see how well an element of V;| can be approximated by elements

of ‘}){ =V N H}(Q). The result, Theorem 2.2 below, can also be found in [14]. The
proof we give here is constructive and differs entirely from the one given in [14]. We
also consider separately in Theorem 2.3 the case when the mesh is nonconforming,
i.e., is characterized by the presence of hanging nodes.

LEMMA 2.2. Given N real numbers {1, ..., an} let = Z;\f:l a;. Then,
N N-1
(2.13) Z oy = B> < C Z lajpr — a5,
j=1 j=1

where C' depends only on N.
Proof. For any j, the Cauchy—Schwarz inequality gives

N
> (o — o)
=1

N

2
N-1
< D lag — ol
i=1

1
|ovj — 5|2 = Nz
Summing over j, we obtain Z;V=1 la; — B2 < w Disilay — a;|?. The required

result now follows, upon writing a; —a; = Z?@: (ag+1—ay) and using the arithmetic-
geometric mean inequality. a
THEOREM 2.2. Let 7;, be a conforming mesh consisting of triangles when d = 2,
0

and tetrahedra when d = 3. Then for any v, € V) there exists x € V) satisfying

e1y S V-l <C (z h e S h;wvh@)

KeT, ec&! ecEB

for some constant C independent of h and vy, but which may depend on the constant
0o in assumption (i) on the mesh.
Proof. The main argument is quite natural. Given vy, € V}', we construct a func-

0
tion x € V; as follows: At every node of the mesh 7}, corresponding to a Lagrangian-

type degree of freedom for 1}),: , the value of x is set to the average of the values of vy
at that node.
For each K € Ty, let N = {m%), j=1,...,m} be the Lagrange nodes (points)
of K and {¢%)7 j = 1,...,m} the corresponding (local) basis functions satisfying
(Iz)(xg?) = 6;j. Set N = Uger, Nig. We view N as the union of three disjoint
classes:

N; ={v € N : v is interior to some element},
Ny={veN:veceec&B},
Ny =N\ (N;UM,).

For each v € N, let w, = {K € 73| v € K} and denote its cardinality by |w,|. If
v € N, then |w,| = 1. On the other hand if v € N, UN,, then |w,| is bounded by a
constant depending only on the constant 6.
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0
Now let N be the collection of distinct Lagrange nodes v needed to construct a
0 0
function x € V}/. To each node v € N we associate the basis function ) given by

supp ¢\) = U K, W], = ] , m(fé) =v.
Kew,

0
We make it a point to include the boundary nodes N} in A even though this is not
0
necessary in view of the vanishing on 9 of the functions in V;. We then can state

0
the following characterization: N” C A and the mesh 7}, is conforming if and only if
0

N =N.
m (3 ()

Now, given vy, € V), written vy, = > o ZJ Lap ¢, we define the function

0 0
X € VI by (note that N' = N since the mesh is conforming)

0 if v e Ny,

2.15) x= B¢ where f) = . 0
( Z ‘le‘zmgé) Oz%), lfVGN\Nb.

0
veN

Now set ﬁ(j = ) whenever x%) =v.

A simple scaling argument shows that ||V¢ )H 2. < ch92. Hence

Yo IV =)l <em Y hG QZ!

KeTy, KeT,
<c Z hfffz Z |a(]§) — ﬂ(’/)|2 (hV = II(nax hK)
veN 29—y Cuv
@19 e XY ol g e T S ol
vEN, =y veN, 2D =y

Note that there are no contributions from N;. We now temporarily focus on the case
d = 2. For v € N,,, we enumerate the elements of w, as {Ki,..., K|, |} so that any
consecutive pair K;, K;y1 in that list share an edge. Then from Lemma 2.2, with
some constant ¢ depending only on |w, | and thus on 6, we have

Jwy|—1
) 2 2
(2.17) E ’a%) O E %) oz%i)
G)_ i=1
fK =V

For d = 3, it may not be possible to enumerate w, in such a way. However, by allowing
some repetitions of its elements, we can write w, = {Ky,,..., Ky, } for some n(v),
so that in this case also K,, and Ky, , share a face or an edge. Having done so, by
applying Lemma 2.2 to the list obtained by removing all repetitions of elements of w,
and then using the arithmetic-geometric mean inequality, we obtain

()
(4) Je;) (Jtzl )|2
(2.18) > | -5 2 ‘am P

a;%):V
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Using (2.17) if d = 2, or (2.18) if d = 3, from (2.16) we have

(2.19) STVE -0k <e S S hE Q‘am —alir)

KeTy ecEl vee

+CZ Z h,‘f‘2‘aK 2,

veN, I%>:l/

2

with xgi) = x(lg”,) = v. Note that a%ir) — agi) is the jump in the values of v, at v

across e. Also, since the mesh 7}, is locally quasi-uniform, it follows that

(2.20) S k2 o) a2 | < =2l unl g
vee

< chgt|[va]l2,

where the constant ¢ depends on the number of nodes in e.
Similarly, it can be shown that for v € e € £,

(2.21) Z hd= 2‘ (J‘ < ch; Von?.
20—
o=

The required result now follows from (2.19)—(2.21). o

We now consider the case when the mesh is nonconforming. We make the following
observations, using the notation established in Theorem 2.2:

(i) The hanging nodes are precisely the members of N'\ N.

(ii) A hanging node cannot be a member of A, or N;.

(iii) For every hanging node v there is a nonempty proper subset @, of w, such

that if K € &,, then v is not a local node of K. For d = 2, |&,| = 1.

We shall also require that 75, be obtained from a conformlng mesh 7;° via a
finite number of refinement/coarsening steps. In particular, we assume that there is
a mapping Level : T, — N, the set of nonnegative integers, such that

(iv) Level(K)=0VK € T,? (T? C Tp,).

(v) If K € w, \ @, and K € &, are as in (iii) above, then Level(K) > Level(K).

An example of the mapping Level can be constructed for d = 2 as follows. Sup-
pose that we refine a given triangle (the father) by cutting it in the usual way (see, e.g.,
Figure 3.2) into four triangles of equal area (the sons). On the other hand, we coarsen
the mesh by merging four sons of the same father. Then we define Level(K), K € Ty,
by |K| = |K°|(3)Level®)  where K° is the triangle in 7,” that contains K and where
| - | denotes area.

We have the following result.

THEOREM 2.3. Let 7}, be a nonconforming mesh consisting of triangles when
d = 2 and tetrahedra when d = 3. We shall also assume that T;, can be described in
terms of the mapping Level as discussed above. Then (2.14) holds, but the constant C
may also depend on L,q, = max{Level(K),K € Tp}.

0

Proof. Noting that an element of V}/ is still defined by its values at the nodes in
0 0
N, we define the approximant y € V; of v, via (2.15). This uniquely determines the
0
values of x at the hanging nodes, so we let 8*) = x(v) for v € N\ NV. In a similar
)

8 0
fashion, we introduce the quantities &’ = (vn] ) (), K €@y, v e N\N.
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Proceeding as in (2.16), we obtain

Lmaz
Do IVe -0l <ed D hic QZI W -0l
KeT, =0 KeT!
(2.22) §c2h5—2 Z M@ _5<u>| Te Z hi—2 Z ,ag)_ﬁ(u) 2
1/6./{)/ 2)7” VEN\./\Uf r%):u

Kewy\oy

where 7, = {K € 7}, | Level(K) = ¢}. The first sum on the right-hand side of (2.22)

can be handled as in the conforming case using steps (2.17)—(2.21). As for the second
sum, for a given x%) =v, K €w, \ &, we choose K € &, such that K and K share

an edge or a face. A crucial observation is that Level(K) < Level(K). Then
j 12 N ()2 (v V)12
off - 9 <2lafy -+ 2fafy) - 90

Now |a%) - &g)| is the jump in the values of vj, at the node v which belongs to

the interface e between K and K, and thus hﬁ’ﬂa%) - dg)\z can be bounded by
ch;1|[vp]]? as was done in (2.20). On the other hand,

&(If(') — 8" = (Uh|f() (v) — — Z (I?) ¢(])

j=1

Thus,

6 =8 <3 o =821 Yol ) <30 ~ 52T
j=1 j=1 j=1

for some constant ¢ independent of h. Gathering these results, we have

Lmax

Z hﬁ*Q Z |a%)7ﬂ(u)|2: Z thZ Z Z (y‘)fﬁ(u)’2

VENN SR VENN =0 Kez K;:)U;;U
<ol ey Sl
ec&l =0 KeT}
(2.23) <th 1[vn) |2+thd 2 Z ‘a(]) ﬁ(”
ec&! (7)
VEN

L
DN DD DD DI iy
ven\i TORET P

for some L that satisfies 0 < L < L,q:- Repeating this argument a finite number of
times, the last sum in (2.23) (over the hanging nodes) will be eventually replaced by

¢ eeer M [vn] 24 ¢ ej\’;hg_QZz?:u | — B®)|2. As we mentioned earlier, the

latter term can be bounded by ¢ (3, cer b2 [vn][2 + X cer he Honl?) just as in the
conforming case. This concludes the proof. ]
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3. A posteriori estimates. This section is devoted to residual-type a poster-
iori estimates. The estimators as well as the exposition follow the lines found in
Verfiirth [18], with the exception of the technical details stemming from the discon-
tinuous nature of V;7. We also note that our estimators (3.11) and (3.12) are entirely
local.

Again for the sake of simplifying the exposition, and in this section only, we shall
assume that f is a piecewise polynomial function on the mesh 7. Given that we have
decided not to worry about quadrature errors, this is not an unreasonable assumption,
since any given quadrature rule used to evaluate (f|x,v) cannot distinguish between
flx and the Lagrange interpolant of f at the quadrature points in K.

THEOREM 3.1. Let e = u —u;. Then

1) Y Vel <c{ SRS+ A+ S b 0]

KeTy, KeTy, ee&l

N N SRS h;1|u2|z}.

eeg! ecEB

Proof. From (2.4) and (2.5) there follows the orthogonality relation a (e, vy) =
0 Vv, € V). Now for v € B}, and vy, € V), let n = v — vi. We have

ap(e,v) = aj(e,n) = (f,n) —aj(u;,m)

::(fvn)'_ { j{: (‘7u2"7n)K

KeTy

= 30 [0} B, + ({Ban} [, — v (17, ),

ec&l

(32) - Z [ a uha <3n77auz>e - ’yhgl <u’}:an>e:| } .

ecEB

Now, integrating by parts, we see that

Z (vu27vn)K = Z (—AUZ,»U)K + Z <anu’}1an>aK

KeTy, KeTy, KeT,
(3.3) = > (A + Y [{Ow} I, + (0aui) ), |
KeT, eeg!
+ Z (Onuyl,m Ve
ec&EB

where n* = n~ for Baker’s method and n* = %(77+ + 7~ ) for Arnold’s method. Now,
using (3.3) in (3.2), we obtain

(34)  al(e,v)= > (f+Aul, )k

KeTy,

+ 3 [{oun} ), = ([0aui] ™), = b (), o, |

ec&!

+Z[ A, g}, —vhet (g m), }

ecEB
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From the definition of a] (e,v) and using (3.4), we get

> (Ve Vo) +v Y bt (el o) +7 D he aj (e, v)

KeTy, ecél ecEB
+ > [{oneh I <{anv},[e]>e}
ec&!
+ Z [ (One,v), + (Onv,€e), }
ecEB
(3.5) = Y A+ Y [<{ann} 1wl = ([0w]] ),
KeTy ec&l

+ ({One} [o]), + ({Bnv} lel), — A ([, 1), |
+ 37 [Oun ), + (Buev), + (Ouvse), — b (), |

ce€B
First note that
{0} [w3]), + ({0nv} [e), = = ({Opon}, [W]]), . e€ &l
and
(Onn,up), + (Onv,€), = = (Opvn,uy),, €€ EB.

We will choose v, to be piecewise constant on 7,. Thus these four terms are zero.
Hence (3.5) reduces to

Y (Ve Vol +y ) b el )+ Y e = D (f A n)x

KeTy, ec&l ecEB KeT,
(3.6) + 0 [~ ([0wd] 0, + e} o), = vhc (7], ),
ec&l

+Z{8ev —vh, <uh7n)}.

ecEB

At this point, we set v = e and observe that

S {Ouch e+ Y Onesed, = = 3 Uoueh [l — D (Buc,ud),

ec&! ec&B ec&! ecEB
(37) - — Z <{6n6} ) [UZ - X]>e - Z <8ne’u7l - X>e
ec&! ecEB

0
for any x € V). Since a} (e, u;, — x) = 0, we replace the terms > .1 ({One},[e]), +
Y ccen (One,e), on the right-hand side of (3.6) with

= 3 (Ve V(] = 0)k = Y [ {onlud =)} [, — v ] 2]

KeT, ec&!

= 3 [0t} = 0., = b 2]

ecEB
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to obtain

S IVl = 0 (f+ Aami = 3 [ ([Baui]on®), + ke ([l I,

KeT, KeT, eeg!

v Y h ), = Y (Ve V(ug = X))k
ecEB KeTy,
(3.8) = > {on(u) =) [, — D (Onlu] —X),u]), -
ec&l ecEB

Here we have used the facts that n = e — vy, [€]|le = —[un]|c Ve € &F, and e|. =
—uh|e Ve € EB.

We now obtain bounds for the terms on the right-hand side of (3.8). Those that
contain 1 are bounded by 3 L times

1
(3.9) th |f + Au ||%(+gZhe|[8nuh + ’yZh1|uh|2

KETh ec&! ec&!
*”y D (T S vl 7] =S S e U
ecEB KeT, ec&l
ey Y h M+ ey Y byt
ec&l ecEB
for any ¢; > 0, ¢ = 1,...,4. To estimate the “n” terms in (3.9) we choose as vy, the

best piecewise constant approximation of e. From (2.10) this gives
hillnlli = hille — vnll% < ¢l Vell%-.

Also, using the trace inequality (2.8) and (2.10), we obtain

SRR <e > h MMl + Pkl VallE)
K=K+ K-

< 3 Vel

K=K+ K-

The local quasiuniformity of the mesh implies that h. &~ hg+ &~ hy—. Thus h;thx <
c. A similar bound holding for Y .¢5 b ||, we can now hide the “n” terms in the
left-hand side of (3.8) by taking the €’s suﬁi(nently small. In partlcular, we must take
es~1/vyand eg ~ 1/7.

To obtain (3.1), we need to estimate the terms containing u] — x. Indeed these
are bounded by

(310) € 3 Vel S0 IV@E - 0l + D hel {0a07 — 0}

KeTy, KeTy ec&!

N SO | 74 [ R O T P G | S N ol V{3

ec&! ecEB ecEB

Using the estimates (2.8) and (2.9), we see that the two terms in (3.10) that contain
O (u), — x) are bounded by 3~ o |V (u), — x)||%. In view of Theorem 2.2, the latter

is bounded by >, cor hot |[u]]]2 + Y cen hot|uj|2. Using this fact completes the
proof. ]
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THEOREM 3.2. Suppose that f is a piecewise polynomial on Ty,. Then
(i) for each K € Ty,

(3.11) Wil f + Al < c|[ Vel
(ii) fore= Kt NK~ € &,
(3.12) he|[Bnd] |7 < e(|Vellfer + 11 Vell-).

Proof. To estimate || f +Au} ||k, we set v, = 0 and U{K (f+Au)) bk, where bg
is the “bubble” function 27A; A2 \3 expressed in terms of the barycentric coordinates
of K; we extend v to the outside of K by zero. Using this v in (3.6), we obtain

/K(f + Au)) by dx = (Ve, V((f + Aa)) bic)) i

Now since bx > 0 on int(K), ([ (-) )2 bg dx)'/? defines a norm on L?(K), equivalent
to the L? norm on P,,(K ) for any fixed m. Thus, there exists a constant ¢ > 0 such
that

(3.13) [ G+ 8 b = el + A

Since [|bx || (k) = 1, a scaling argument can be used to show that, while the constant
¢ may depend on r and the degree of f, it is independent of hx. On the other hand,
using the inverse inequality (2.9), we have

(Ve, V((f + Aup) bi )k < [IVell xIV((f + Auy) br) | x
1
< cellf + Auli + —hi | Vel

This gives (i). We next estimate h.|[0,u]]|?. Let e = OKT N OK~ and suppose that
e is a full edge of both K+ and K~. (See Remark 3.1 below.) Extend [0,u}] to a
function ¢ defined over K = K+ U K~ by extending by constants along lines normal
to e; see Figure 3.1. Also, let b denote the bubble function on K given by

b ey = 4AIAS, B =4A0 ).

Let v = ¢b and set v, = 0. Using this v in (3.6), we get

he [ [owa]*bds =he 3" [(£+ Mg 0b) — (V. V(0b)x

K=K+ K-

K-

<he >[I +8ullilgblx + Vel x V(6 0)llx]

K=K+ K-
1
(3.14) <o 2 {mkiF A + Vel |
K=K+ ,K—-
€
5 > {loblk +rkIV6bI -

K=K+ K-

Using arguments similar to those leading to (3.13), we obtain

(3.15) / [B1a])*bds > | [Buu]]|

(&
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= (s

- - K
K* K T

Fia. 3.1. Fia. 3.2.

for some positive constant ¢ depending only on r. Moreover,

(3.16) lpbl% < [Igl% = / (00117 1(s)ds < he|[0,u]] 7,

e

where [(s) is as in Figure 3.1. Using the inverse inequality (2.9), we see that

(3.17) S WKV < cllobl < che|[02u7] 2.

K=K+,K-

The required estimate now follows from (3.14)—(3.17). 0
Remark 3.1. If e is not a full edge of one of the triangles, say K, then we can
work with K~ instead; see Figure 3.2.

4. Estimates based on the solution of local problems. In this section, we
shall introduce and analyze a posteriori estimates that are based on domain decom-
position techniques proposed in [11]. The approach consists of viewing the computed
solution u; as the coarse-mesh approximation to some function which is arguably a
more accurate approximation to u. Before suggesting some choices for this quan-
tity, let us say that there will be no attempt to compute it directly, but rather to
approximate it by adding to u; a function obtained through the solution of “local”
problems. For simplicity, we restrict the exposition to d = 2 and assume that 7}, is
a conforming mesh of triangles. Also, we should note that the results of [11] concern
Baker’s formulation only; however, we believe that similar results can be obtained for
Arnold’s formulation.

4.1. A nonoverlapping approach. To begin, let 7}/, be the mesh obtained
by cutting every K € 7}, into four equal triangles. In a similar way, we may define
Ty := Tp 20, W' := h/2P by repeating this process p times. On the latter, we define
a finite element space V' := V,f,/ of discontinuous piecewise polynomial functions of
degree less than or equal to 7' — 1, where ' > r. This way, V" is a subspace of V. On

V' x V' we define the bilinear form a’ := aZ: just as in the definition of @} in (2.3).
It is crucial for the analysis that a] be the restriction of a’ to V} in the sense that

(4.1) aj(v,w) = d'(v,w) Yo,we V).

Remark 4.1. By comparing the penalty terms in a] and o/, we see that (4.1)
requires the condition 7/(h')~! = yh~!, which, in view of the fact that h’ = h/2P,
is equivalent to 7/ = 727?. Now since the coercivity of the forms a’ and a] can be
guaranteed only if 7' > 4{(r") and v > ~vo(r), respectively (see Lemma 2.1(i)), we see
that « must be chosen sufficiently large in order to have 277 > ~{. This does not
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present any theoretical difficulties, since v can take on arbitrarily large values without
having any result discussed in this work break down. On the other hand, the quality
of the a priori and a posteriori estimates may suffer, as is the case with (3.1). (In this
respect, see the discussion at the beginning of section 5 and Figures 5.5 and 5.6.) In
practice, however, we anticipate that ' = r 4+ 1 and/or ' = h/2 should be sufficient.
This was indeed the case in all our numerical experiments.

For each K € Tj,, we consider the “local” space V'(K) obtained by restricting V’
to K. By extending the elements of V'(K) by zero to the rest of Q, V'(K) becomes
a subspace of V. Indeed, the latter is the direct sum of these local subspaces. On
V/'(K) x V'(K) we introduce the bilinear form a’(-,-) as the restriction of a/(-,-) to
V'(K) x V/(K) (see (4.4) in [11]). As such, a; inherits the symmetry and coercivity
of o’ on V'(K). In particular, for any v > ~{ there holds

(4.2) af(v,0) = cllvllf Vv € V'(K),

where || - ||1,x denotes the restriction of the || - ||1,»» norm to V/(K). Adopting the
terminology of [11], we consider 7, as the coarse mesh of 7;,. Also, each K € T}, is
considered as a subdomain in 7. In other words, 7} is both the coarse mesh and the
subdomain partition of 7j.

Now let v/ := uZ: € V' be the discontinuous Galerkin approximation of u in the
space V'; i.e.,

(4.3) a(u',v) = (f,v) YveV'.

At this point, we observe that, by virtue of (4.1), (2.5) and (4.3) imply the following
orthogonality relation:

(4.4) (W —ul,v)=0 YveV].

Next, let the functions {nx € V'(K)|K € T,} be given as the solutions of the local
problems

(4.5) ax (i, v) = (f,v) —d'(u],v) YveV(K).

The functions {nx} can be computed independently of each other and in parallel.
Moreover, the function n := > KeT, Kk approximates ¢ := u' — u) in the following
sense.

THEOREM 4.1. There exist positive constants Cy; and Cy such that

h
(4.6) Clnlliw < Kl < Coplinllvm.

Proof. Since (f,v) =d/(v/,v), v € V', from (4.5) we have

(4.7) aj (nx,v) = a'((v) Yo e V'(K).

Thus,

(4.8) Z (s nic) = a'(C,m) < ellClvn Il
KeT,

From (4.2) it follows that Y. cr @b (i, ) > ¢Xger, INklli - On the other
hand, it is easy to see that Y. cr [Inxlli x > [llF - Thus, the first half of (4.6)
follows.
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To prove the second inequality, let ¢ = > 7 Cx,(x € V'(K). Let (o be the
piecewise constant function on 75 defined by

1
= = — dx.
Co’K (K0 K] /KCK x
Now since (p € V), it follows from (4.7) and (4.4) that

aIK(’r}K7<K - <K,O) = a/(<,<K - CK,O) = a/(<7§K)'

Summing over K € 7, we obtain

(4.9) Z a (K, Cx — Cr0) = a'(¢,€) > ellC|[F -

KeTy,

Now, it follows from the Cauchy—Schwarz inequality that

1/2
Z e (N, S — Cr0) < ( Z a}((ﬁKﬂ?K))

KeT, KeT,
1/2
(4.10) x ( > (G — Cko0s S — CK,O)) .
KeTy,
Also from (4.8) it follows that
1/2
1/2 1/2
(4.11) (Z a'KmK,nK)) < cll<Ii imlly 7
KEIZ—}L

On the other hand, with the interface bilinear form I'(-,-) defined in (4.5) of [11],

I'(u,v) = Z { ({Onu},v™),, + ({Onv},u™),,

e'c&l
=y (W) [T, (o), ] ) Ve eV
we have
> alk(Cx = Cr0y S — Cre0) = @/ (C = G0, ¢ = o) = I'(C = G0, ¢ = Co)
KeTy,
(4.12) < 2a/(¢,€) +2d'(Co, Go) + | T'(¢ = Co. ¢ — Go)|-

In [11] it is proved that a’((p, o) and |I'(¢ — o, ¢ — ¢p)| are bounded by cﬁa’((,().
Thus from (4.9)—(4.12) it follows that

2 h\'? 3/2 1 11/2
ISHzn = e 57 Iy pr llmlly s

from which the second inequality of (4.6) follows. o

We shall use the equivalence just proved to obtain estimates for e = u — u].
Letting ¢/ = u — v/, we have e = ¢ + (. We now argue as follows: It is reasonable
to expect that €’ is much smaller than e, say in the energy norm; therefore e and ¢
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are nearly equal. Since ( is not computed, we shall approximate it, and hence e, by
71, where the latter is obtained by solving local problems. To quantify matters, since
a'(e/,v) =0Vv € V' and ¢ € V’, we obtain

(4.13) d(e,e) = a(€ ) + (¢, ).

It follows from this and (2.7) that a’(e’,¢’) = ed/(e, ) for some 0 < € < 1. Based on

! —1
a priori estimates, it is reasonable to expect that e = O( (hhz,l ) <« 1. Thus,

1

(G0

a'(e,e) =

In view of the equivalence between 1 and ¢ provided by Theorem 4.1, we can use
a’(n,n) to obtain lower and upper bounds for a’(e, €).

4.2. An overlapping approach. Let Q2 = U.c¢€2e be an overlapping decom-
position of 2, where each €. is the following union of the triangles in 7: If e € &7,
then e = OKT NOK~ and Q, = KT UK ; else if e € £F, then e = K N 0N and
Q. =K.

On 75, we define a finite element space V' := V[ " of discontinuous piecewise
polynomial functions of degree less than or equal to ' — 1, where ' > r + 1; let us
recall that r > 2 is fixed. We construct a subspace decomposition of this latter finite
element space by defining the subspaces {V!}.ce associated with the subdomains

{Qe}eES by
V! ={v, € V' ,up =0in Q\ Q.}.

Thus the following decomposition, which is not direct, holds:

(4.14) Vi=Vi+ > VL
ecf
On V' x V', we define the bilinear form a’ := a;:I as in the definition of a} in

(2.3), and again it is crucial for the analysis that a; be the restriction of ¢’ to V;" in
the sense that

(4.15) a)(v,w) =d (v,w) Yo,weVy.

For each edge e € £, we consider on V! x V! the symmetric and coercive bilinear form
a’,(-,-) as the restriction of a/(-,-) to V! x V! (see (4.4) in [11]),

(4.16) a,(v,w) =d'(v,w) Yv,we V..

Following [11], we are able to define the additive operator T' = Ty +
where Tj is a projection operator from V' to V; defined by

ecé Te’

(4.17) a) (Tou,v) = a'(Tou,v) = d'(u,v) Yo €V}
and T, is a projection operator from V' to V! defined by
(4.18) a,(Teu,v) = d' (Teu,v) = d’'(u,v) Yv e V..

Lemmas 5.1-5.5 in [11] can easily be adapted to the present case with H = h, and
6 ~ h, and Theorem 5.7 in [11] then reads as follows.
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THEOREM 4.2. There exist positive constants cy,ca, which are independent of h
and of the number of edges, such that there holds the estimate

(4.19) c1d' (v,v) < ' (Tv, Tv) < coa’ (v,v) Vv e V.

Now let v/ := uzl € V' be the discontinuous Galerkin approximation of u in the
space V'; i.e.,

(4.20) a(u,v)=(f,v) YveV'.
Next, let the functions 7. € V. be given as the solutions of the local problems
(4.21) a,(ne,v) = (f,v) —d'(ujl,v) YveV,.

The functions {7 }ecs can be computed independently of each other and in parallel,
and the function 7 := ) . 7. approximates ¢ := v’ — u] in the following sense.
THEOREM 4.3. There exist positive constants C; and Cy such that

(4.22) Culiclien < lnllen < CallCllan-
Proof. Let us prove that n = T¢. Indeed, from (4.20) and (4.21) we get
(4.23) a,(Ne,v) =d' (v —uj,v) YveV,,

which means from the definition (4.18) of T, that 7. = T.( Ve € £.
Now, by virtue of (4.15), (2.5) and (4.20) imply the orthogonality relation

(4.24) dw —ul,v)=0 YveVy,

which means from the definition of Tj that To¢ = 0.

Thus (4.22) follows from Theorem 4.2. |

We conclude, in a similar way as in section 4.1, that we can use a’(n,7) to obtain
lower and upper bounds for a’(e, €).

Remark 4.2. As for the nonoverlapping approach, we could define the finite
element space V' := Vhr,l with h' = h/2P, where the mesh is obtained in dimension 2
by cutting p times every triangle into four equal triangles.

5. Numerical results in one dimension. In this section, we present numerical
results obtained from the one-dimensional (1-d) model problem

du

(5.1) -2

= f, 0<z<1, u(0)=u(l)=0,
with the exact solution u(z) = e_a(”“'_%)z7 o = 100.

For the sake of brevity, we shall consider in these numerical experiments only
the weak formulation (2.3) due to Baker; for some comparisons with the Arnold
formulation, we refer to the technical report [13].

5.1. Convergence with respect to v and h. For a number of years we have
been interested in the behavior of the discontinuous Galerkin approximations as a
function of the penalty parameter v, and indeed we had a proof (unpublished) that

(5.2) WILH;O u) = uf,
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Fic. 5.2. ||u] — u§ || versus ~.

. . . . 10 . . . .
14
=2

107+
10"
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| - =3

=4 10°
— 15

107N - r=6 _
10
|l — W — 1

10° 10 10° 10° 10" 10° 10° 10 10° 10° 10° 10°

Fic. 5.3. J(u}) versus ~. Fia. 5.4. J'(u}) versus 7.

where uf is the standard Galerkin approximation of u defined by

0
(5.3) (Vul,Vx) = (f,x) Vx€Vy.

A more recent proof can be found in [14]. Besides its intrinsic value, this result can be
used to show that the discontinuous Galerkin method can yield more accurate results
than the standard Galerkin version for a range of values of v, as shown later in Figure
5.5.

In the first experiments, the domain [0, 1] is divided into a uniform mesh of 20
subintervals. The approximations u;, solution of (2.5), and u$, solution of (5.3), are
computed using piecewise polynomials of degree up to 5. Figures 5.1 and 5.2 show the
difference between u; and u¢ in the energy norm ||-|1 5 and the L? norm, respectively,
as a function of . These plots highlight the convergence (5.2) according to the rate
ol %) Similarly, Figure 5.3 shows the behavior of the jump in u}

h?
(5.4) J(up) =Y hMwg)2+ Y bt a2,

ec&l ecEB

as a function of . Note that J(u)) = J(u] —u§). We see that J(u]) behaves as
- when ~ tends to infinity. In the same way, one can observe in Figure 5.4 that the
jump of the derivative

(5.5) T)) =3 he |{0u(u] — I+ 3 he|On(uy —uf)|

e e
ec&! ecEB
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behaves also as 7—12

We now study the difference between the discontinuous Galerkin and exact so-
lutions of the problem. For h = g5 and r = 2, [ju) — ul| and |u) — ul1, =
(Cker IV (u) —w)|[3)/? are plotted in Figures 5.5 and 5.6, respectively. We see
that these converge to values (represented by the dashed lines) which, in view of (5.2),
must be |[u§ —ul| and ||V (u$ —u)]|, respectively. We also observe that there exists an
optimal value 7,y of the penalty parameter v, for which ||u; —wu|| is minimized. From
these and other numerical experiments not reported here (see the report [13] for other
values of r), we claim that, in the case of the Baker formulation, this optimal value
does not depend either on the mesh size or on u (or, from an equivalent point of view,
on the function f), but depends on the degree of the polynomial approximations: It
follows approximately the rule

(56) Yopt = (T - 1)(T + 3)a

as can be seen in Figure 5.7, where the circles represent the numerical value of v, for
different values of r — 1 and the continuous line represents the (r — 1)(r + 3) function.

Fic. 5.5. |Ju) — u|| versus . FIG. 5.6. |u] — ul1 p versus .

o Baker
— (-)(+3)

50

40

yopt
@
8

20

10

F1G6. 5.7. vopt versus r — 1.

For the parameter -y chosen approximately equal to y,p:, Wwe now investigate the
convergence of u; to u on a sequence of uniformly refined meshes. The differences
lu) —ul| and ||u} —ul1,, are plotted in Figures 5.8 and 5.9, respectively, for piecewise
polynomials of degree r — 1 = 1,2,3,4. The observed rates of convergence of O(h")
and O(h"~1), respectively, conform to the a priori estimates expressed in (2.12) and
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“ullyy,
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FiG. 5.8. ||u) — u|| versus 1/h. Fic. 5.9. |lu) —ull1,5 versus 1/h.
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Fi1G. 5.10. n1 versus 1/h. F1a. 5.11. n2 versus 1/h.

in (2.11): The distorted line for » = 5 is due to the limitations of computations in
double precision.

5.2. Effectivity indices. In order to judge the quality of the various error es-
timators presented above, we compute for each an effectivity index, defined as the
ratio of the estimator to the exact error. First, we study three estimators featured in
Theorems 3.1 and 3.2. Specifically, in Figure 5.10, the effectivity index n; of the first
estimator corresponding to Theorem 3.1 and formula (3.1) is plotted as a function of
1/h and for values of r — 1 between 1 and 4:

(5.7)
STORENS + A+ he| [0nad] |2 22> h ) + 42 A )
772 _ KeT, ec&l ec&l ecEB
2 =
> Vel
KeT,

In Figure 5.11, we plot the effectivity index 72 of the second estimator, which corre-
sponds to Theorem 3.2(i) and to (3.11):

> nkf 4 Au)llk
KeTy,

> IIvelk

KeTy,

(5.8) =
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F1G. 5.12. n3 versus 1/h for even r — 1. Fi1G. 5.13. n3 versus 1/h for odd r — 1.
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F1c. 5.14. Effectivity indices versus r — 1.

Finally, Figures 5.12 and 5.13 represent for odd and even degrees of polynomials,
respectively, the effectivity index 73 of the estimator associated with Theorem 3.2(ii)
and (3.12):

> ke [0007]|

ec&!

ST Vel

KeTy,

(5.9) n =

It is seen that, as h decreases, these indices converge to values larger than 1. We also
observe that 7, and 72 attain their respective asymptotic values rather quickly. On
the other hand, while 13 is somewhat slower in that respect, it is still nearly constant
over a wide range of values of h.

Additionally, the asymptotic values depend strongly on r. Since it is desirable
to have effectivity indices close to 1, we tried to find simple laws describing this
dependence. As evidenced by Figure 5.14, the following functions seem to “fit” the
asymptotic values reasonably well:

(5.10) N ~ng ~ 2.1(r — 1)\/r,
(5.11) ng~r—2 if r—1iseven,
(5.12) ng~r+2 ifr—1isodd.

Indeed, dividing the above estimators by the corresponding asymptotic values should
result in effectivity indices that are very close to 1.



A POSTERIORI ERROR ESTIMATES FOR A DG METHOD 2395

15 T 1

o =2
——r=3 0.9|
—— =4
=5 038 E —
1;§ - 0.7]
0.6
= = 0.5
0.4]
0.5
0.3]
02 =2
—— =3
0.1 —— =4
—&— =5
1 2 3 0 1 2 3
10 10 10 10 10° 10
1/h 1/h
Fic. 5.15. Effectivity index of the Fic. 5.16. Effectivity index of the
nonoverlapping approach—based estimator nonoverlapping approach—based estimator
with k' = h and r' =r + 1 versus h. with h' = h/2 and ' = r + 1 versus h.

The previous experiments are repeated with the two error estimators based on the
nonoverlapping and overlapping domain decomposition approaches. More precisely,
we define 74 by

720l
(513) Ny = ’ y
llefly.n

where 1 = > ;. 1 and 7y is the solution of the local problem (4.5). Among the

various values of parameters that are possible, we chose the two combinations A’ = h,

r=r+1and b = h/2, ' = r + 1, the results being reported in Figures 5.15 and

5.16, respectively. In the former case, we observe that the index is exactly equal to

1 even for relatively large values of h and does not depend on r or on 7’ > r. In the

latter case, the index is slightly less than 1 and depends on r and not on 7’ > r + 1.
In the same way,

_ il
lelln

(5.14) 15

where 1) =7 nx and Nk is the solution of the local problem (4.21). The results
for the case ' = h and ' = r + 1 are reported in Figure 5.17. We observe that the
effectivity index in this case is equal to 2, which is also the number of triangles in a
subdomain Q.. In the case of b’ = h/2 and ' = r 4+ 1, this index is slightly higher
than 1, as can be seen in Figure 5.18.

If any conclusions can be drawn after such a limited number of experiments,
they would be that, while the estimators 1y and 75 based on the ideas of domain
decomposition seem to be very robust, the estimators 72 and 73 are, in contrast, less
expensive to implement, and offer the added advantage of being entirely local.

5.3. Adaptive mesh strategy. In order to gauge the efficiency of the a poster-
iori error estimates that we have derived, we present here two h-adaptive methods for
approximating the solution of problem (5.1). We based our numerical experiments on
the second estimate, which corresponds to Theorem 3.2(i) and to the effectivity index
12 plotted in Figure 5.11.

Both strategies modify the mesh by refinement of some marked elements while
keeping the degree of the polynomials constant. The goal is to generate a mesh in a
finite number of steps such that a given tolerance is met by the approximate solution
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Fic. 5.17. Effectivity index of Fic. 5.18. Effectivity index of
the overlapping approach—based estimator the overlapping approach—based estimator
with k' = h and r' = r + 1 versus h. with h' = h/2 and " =r + 1 versus h.

on this mesh. To do this, some optimality criteria have to be imposed. The first
technique is based on the convergent adaptive algorithm proposed in [10] for solving
Poisson’s equation and used, for instance, in [17]. In order to minimize the total
number of degrees of freedom, this strategy equidistributes the given tolerance (tol) on

each element. Consequently, the local error of the optimal mesh 7}, satisfies nK(uZ)2 ~

%, where my, is the number of elements and ;) the discontinuous Galerkin solution
on 7. Since the number of iterations required to get this optimal mesh is quite
large, we derived a second strategy, which turned out to require less cpu-time. We
shall next describe these two strategies and apply them to problem (5.1), with the

following exact solution:

u(z) = (1 - z) (tan—l (a (:c - ;)) + tan ™! (g)) . o= 100.

Given an error tolerance tol and a coarse mesh 7y, let u] denote the discontinuous
Galerkin solution on 7j. In this study, for simplicity reasons, we are not considering
the effect of data oscillations as in [15]. Let k = 0. The first strategy involves the
following steps:

(i) compute the local indicator n¥-(u]) such that

2
o T+ Al
k r(r—1)2 ’

(5.15) i

(ii) compute the total error estimate
o\ /2
(5,10 ) = (X dad)’) s
KeTy,

(iii) select a set 7 of “marked” elements to be refined such that, for a given
parameter 6 (fixed in our experiments to 0.5),

o\ 12
(5.17) Znéz(uz)) > ()

Kefk
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(iv) obtain a refined mesh 7, by dividing each element K € 7; (in two parts

for a 1-d problem);

(v) compute the discontinuous Galerkin solution on T 1;

(vi) k < k+1 and go to step (i).

The algorithm is stopped when nk(uz) < tol in step (ii). In practice, for computing
marked elements in step (iii), we follow the procedure proposed in [10]. Let us remark
that, for changing to the other estimates, formula (5.15) just has to be adapted in
step (i).

For r = 2 and tol = 0.01, this strategy required 37 iterations to reach the optimal
mesh, which has 1411 elements and whose distribution of mesh size is plotted in
Figure 5.20. For » = 4 and tol = 1076, 50 iterations were necessary, the final mesh
has 471 elements, and the mesh size distribution is plotted in Figure 5.22. In both
cases, the error estimate is an accurate approximation of the exact error (in energy
norm), as can be seen in Figures 5.19 and 5.21.

Now let us observe that, to get >, [|[Vel|% < tol?, it is sufficient to distribute
(not to equidistribute) the errors as follows:

K
(5.18) |Vellx < K] tol .
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Therefore, we developed a strategy in which an element K, whose local error estimate
Nk is larger than +/|K|/|Q] tol, has to be refined as many times as necessary to reduce
the local error by the amount \/ﬁ tol/ \/@ Nk . Let us recall that from the a priori
estimation (2.11) the rate of convergence in the energy norm is O(h"~!). Thereafter,
the number of times the element has to be divided can be estimated to be

i)

1 =
(5.19) nbr Tog 271

In one dimension, this is equivalent to determining into how many segments, nbs, the
element K has to be divided:

|Q|77K>Til
5.20 bs = (MK T
(5.20) " <\/|K|tol

The second strategy consists in the following steps:

(i) compute the local indicator 7 (u]) given by (5.15),

(ii) compute the total error estimate n*(u}) according to (5.16),
(iii) compute for each element the nearest power of 2 of nbs defined in (5.20),
(iv)

iv) obtain a refined mesh 7511 by dividing each element by this power of 2 for a
1-d problem,
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(v) compute the discontinuous Galerkin solution on 7y 1,
(vi) k — k+1 and go to step (i).
The algorithm is stopped when 7*(u)) < tol in step (ii).

For » = 2 and tol = 0.01, in only 5 steps this strategy reaches the mesh such
that n* < tol. The cpu-time is then significantly reduced. However, this time the
number of elements is not optimal anymore and is equal to 2316 elements. For r = 4
and tol = 1079, we get the given tolerance in 4 iterations, and the final mesh has 573
elements. The distribution of mesh size plotted in Figures 5.24 and 5.26 is almost
the same as in the first strategy, and, except for the first iteration, the a posteriori
estimate gives a good approximation of the exact error, as shown in Figures 5.23
and 5.25.

REFERENCES

[1] R. A. Apawms, Sobolev Spaces, Academic Press, New York, 1975.

[2] D. N. ARNOLD, An interior penalty finite element method with discontinuous elements, STAM
J. Numer. Anal., 19 (1982), pp. 742-760.

[3] D. ArNoLD, F. BrREzzl, B. COCKBURN, AND D. MARINI, Discontinuous Galerkin methods for
elliptic problems, in Proceedings of the International Symposium on the Discontinuous
Galerkin Method, B. Cockburn, G. E. Karniadakis, C.-W. Shu, eds., Springer Lecture
Notes in Comput. Sci. Engrg. 11, Springer-Verlag, Berlin, 2000, pp. 89-101.

[4] 1. BABUSKA AND W. C. RHEINBOLDT, Error estimates for adaptive finite element computations,
SIAM J. Numer. Anal., 15 (1978), pp. 736-754.

[5] 1. BABUSKA AND W. C. RHEINBOLDT, A posteriori error estimates for the finite element method,
Internat. J. Numer. Methods Engrg., 12 (1978), pp. 1597-1615.

[6] G. BAKER, Finite element methods for elliptic equations using nonconforming elements, Math.
Comp., 31 (1977), pp. 45-59.

[7] G. A. BAKER, W. N. JUREIDINI, AND O. A. KARAKASHIAN, Piecewise solenoidal vector fields
and the Stokes problem, SIAM J. Numer. Anal., 27 (1990), pp. 1466-1485.

[8] R. BECKER, P. HANSBO, AND M. LARSON, Energy morm a posteriori error estimation for
discontinuous Galerkin methods, Comput. Methods Appl. Mech. Engrg., to appear.

[9] J. DoucLas, JR., AND T. DUPONT, Interior Penalty Procedures for Elliptic and Parabolic
Galerkin Methods, Lecture Notes in Phys. 58, Springer, Berlin, 1976.

[10] W. DORFLER, A convergent adaptive algorithm for Poisson’s equation, SIAM J. Numer. Anal.,
33 (1996), pp. 1106-1124.

[11] X. FENG AND O. A. KARAKASHIAN, Two-level additive Schwarz methods for a discontinu-
ous Galerkin approximation of second order elliptic problems, STAM J. Numer. Anal., 39
(2001), pp. 1343-1365.

[12] O. A. KARAKASHIAN AND W. N. JUREIDINI, A nonconforming finite element method for the
stationary Navier—Stokes equations, SIAM J. Numer. Anal., 35 (1998), pp. 93-120.

[13] O. KARAKASHIAN AND F. PascAL, A Priori and A Posteriori Estimates for Discontinuous
Galerkin Method, Technical report, in preparation.

[14] M. LARSON AND A. NIKLASSON, Conservation Properties for the Continuous and Discontinuous
Galerkin Methods, Chalmers Finite Element Center Preprint 2000-08.

[15] P. MoRIN, R. H. NOCHETTO, AND K. G. SIEBERT, Data oscillation and convergence of adaptive
FEM, SIAM J. Numer. Anal., 38 (2000) pp. 466-488.

[16] B. RIVIERE AND M. WHEELER, A posteriori error estimates and mesh adaptation strategy for
discontinuous Galerkin methods applied to diffusion problems, Comput. Math. Appl., to
appear.

[17] A. ScuMIDT AND K. G. SIEBERT, A posteriori estimators for the h-p version of the finite
element method in 1D, Appl. Numer. Math., 35 (2000), pp. 43-66.

[18] R. VERFURTH, A Review of A Posteriori Error Estimation and Adaptive Mesh Refinement
Techniques, Wiley-Teubner, New York, 1995.

[19] M. F. WHEELER, An elliptic collocation-finite element method with interior penalties, STAM J.
Numer. Anal., 15 (1978), pp. 152-161.

[20] B.I. WOHLMUTH, Hierarchical a posteriori error estimators for mortar finite element methods
with Lagrange multipliers, STAM J. Numer. Anal., 36 (1999), pp. 1636—-1658.



