A FINITENESS RESULT FOR COMMUTING SQUARES
WITH LARGE SECOND RELATIVE COMMUTANT

REMUS NICOARA
UNIVERSITY OF TENNESSEE, KNOXVILLE

ABSTRACT. We prove that there exist only finitely many commut-
ing squares of finite dimensional *-algebras of fixed dimension, sat-
isfying a "large second relative commutant” condition. We show
this by studying the local minimums of w — dim(A N wBw*),
where A, B are fixed sub-algebras of some *-algebra C' and w € C
is a unitary.

When applied to lattices arising from subfactors satisfying a cer-
tain extremality-like condition, our result yields Ocneanu’s finite-
ness theorem for the standard invariants of such finite depth sub-
factors.

1. INTRODUCTION

Commuting squares were introduced by S. Popa in [Pol] (see also
[Po2], [JS]). They arise naturally in subfactor theory, as invariants and
construction data for subfactors. A commuting square is a square of
inclusions of finite dimensional *-algebras:

P, C F
¢ = U u,r
Q-1 C Qo

with a faithful trace 7 on Fy, such that

P,1oQ1 1LQyoQ

i.e. the vector spaces P_; © (Q_; and Qg © Q_, are orthogonal with
respect to the inner product defined by 7 on F.

In this paper we consider commuting squares that satisfy a ”large
second relative commutant” (LRC) condition. These are commuting
squares with a A-Markov trace 7 such that, after doing Jones’ basic
construction ([Jon]):

P, ¢ P C P
g=\| U U U,

Q1 C Q C
1
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the relative commutant Ry = P’ ; N @) satisfies
EPO<R/1 N Pl) - P,l

where Ep, denotes the projection from the vector space P, onto Fj,
with respect to the inner product defined by 7. Since in general P_; =
Ep,(P_1) C Ep,(RyNP;), we can interpret the equality as a restriction
on R} and thus a largeness condition for R;.

We prove that there exist only finitely many such LRC commuting
squares with dim(FP) fixed (Theorem 2.4).

The proof is based on derivation techniques similar to those we in-
troduced in [Ni]. We also need some properties of the local minimums
of maps w — dim(A N wBw*), where A, B are fixed sub-algebras of
some x-algebra C. More precisely, we show that if dim(A N B) <
dim(A N w,Bw}) for some unitaries w, — I in C, then any direc-
tion of convergence of w, (in the sense of Definition 2.8) belongs to
A+ B+ (AN B)' NC (Proposition 3.3).

The finiteness result of this paper, as well as the LRC condition, are
motivated by the case of commuting squares arising in the standard
invariant of a subfactor.

Let us recall the definition of the standard invariant. Let N C M
be an inclusion of I1; factors of finite index with trace 7, and let N C

M M,y ¢ M, C ... be the tower of factors obtained by iterating
Jones’ basic construction (see [Jon|), where ey, es, ... denote the Jones
projections. The standard invariant Gy ar is then defined as the trace
preserving isomorphism class of the following sequence of commuting
squares of inclusions of finite dimensional *-algebras:

N'NM C N’ﬂMl C N/ﬂMz C N/ﬂMg C
U U U , T
M/ﬂMl C M/ﬂMQ C M/ﬂMg C

together with the Jones projections e; € N’ N M; and the trace 7.
If the subfactor is of finite depth n, by [Pol] the commuting square

N/ﬂMn_l C N/ﬂMn
¢, = U U ,T
MM, ¢ MnM,

uniquely determines the subfactor. In particular, the isomorphism class
of a depth 2 subfactor is uniquely determined by €;. Moreover, if
N C M is of depth n then N C M, has depth 2. This allows to work
only with depth 2 subfactors for the purpose of finiteness results.

By a seminal result of S. Popa ([Po3]), the standard invariant of a
subfactor can be thought of as an abstract group-like object, described
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by a set of axioms. One of these axioms is based on the following
equality:
(N'N M) 0 (M 0 M) = M{ N M;

Thus, for the commuting square € = €; of a depth 2 subfactor the
relative commutant P’ N Q) is large, of dimension equal to dim(P_;).
This is our inspiration for looking for some ”large relative commutant”
condition.

When applied to such commuting squares €, the LRC condition is
equivalent to the following extremality condition:

E(N’ﬂMl)’ﬂ(N’ﬂMg)(€2) eCI

Thus our theorem yields a finiteness result for the standard invariant
of such (depth 2) subfactors. This extremality condition is not auto-
matically true for any depth 2 subfactor, as we will show in the last
section. We show however that it is true if N'N M is a (type Ix) factor.
In particular it is true when N’ N M = C, i.e. for those subfactors
arising from Hopf algebras ([Szy]). It is also true for a larger class of
depth 2 subfactors, those admiting a *-closed orthonormal basis for
N'NM cC N' N M.

We mention that this finiteness theorem for standard invariants of
finite depth subfactors is well known to specialists, as a theorem of A.
Ocneanu, even without the extra assumption E(N/li)/m(N/mM2)<€2) €
CI. See also [EtNiOs]. The proof we obtain here, as a consequence
of our main theorem, is elementary in nature and does not use the
languages of paragroups or tensor categories.

Aknowledgments. The author would like to thank Dietmar Bisch
and Sorin Popa for many useful conversations in the past regarding the
topic of this paper.
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2. PRELIMINARIES

In this section we recall the definition of a commuting square and
we introduce several notations and normalizations. All the algebras
considered will be matrix algebras, i.e. *-closed unital subalgebras of
M, (C) for some n > 1. Such an algebra is always of the form @&;M,,, (C),
with n; positive integers.

For a unitary inclusion of matrix algebras B C A we will use the
notations:

B'N A ={all b € B such that ba = ab for all a € A}

N4(B) = {u € A unitary such that uBu* C B}

If 7 is a fixed trace on A, we denote by Ep = Ej the 7-invariant
conditional expectation of A onto B.

If By, By are subspaces of A, we denote by Ep, (Bs) the projection of
B;y onto By, with respect to the trace 7. While this may be considered
an abuse of notation, it is consistent with the conditional expectation
notation.

If VW are vector subspaces of the matrix algebra A we denote:

V4+W={v+w:veV,weW}
VW =span{fvw : v € V,w € W}
[V, W] = span{vw — wv : v € V;w € W}
We recall the definition of a commuting square (see [Pol],[Po2]):

Definition 2.1. A commuting square of matrix algebras is a square of
unital inclusions:

P, C F
¢ = U u, 7
Q1 C Qo

where Py, P_1,Qo,Q_1 are matrix algebras and 7 is a trace on Py,
7(1) = 1, satisfying the condition:

EP—1EQ0 = EQOEP—l = EQ—1

We say that the commuting square € is non-degenerate if Py =
P 1Qy. We will assume all our commuting squares to be non-
degenerate.

We now introduce the large second relative commutant (LRC) con-
dition that we will consider.
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Definition 2.2. Let € be a commuting square with a A\ - Markov trace
7. With the previous notations, let £ denote the lattice obtained by
doing Jones’ basic construction (see [JS]) from €:

P, C Pgépl
£ = U U U, 7

Q1 C Q C @

where the extension of the trace T to Py is still denoted by 7 and e is the
Jones projection of the basic construction. Let Ry = P’ ;N @y denote
the second relative commutant associated to the commuting square €.
We say that € satisfies the LRC condition if the following two dual
equalities hold:

(1) Eq,(PLinP) =R
(2) Ep(RiNP) =P,

Remark 2.3. For any € we have: Ry = Eg,(P'y, N Q1) C Eg, (P41 N
Py). Thus condition (1) can be interpreted as a largeness condition on
Ry, hence the name LRC (large relative commutant).

Similarly, P_y = Ep,(P-1) C Ep(Ry N Py), as [P_1, R1] = 0. Thus,
condition (2) also requires that Ry be large, since it is a restriction on
the size of its commutant.

Asking for a "largeness” condition on the relative commutant is in-
spired by the case of the standard invariant of a subfactor, as it will be
discussed in Section 5. We will see that in this context (1) and (2) are
equivalent and dual to each other.

Our main result, proved in Section 4, states:

Theorem 2.4. There exist only finitely many isomorphism classes of
commuting squares €, with dim(Py) fized, satisfying the LRC condi-
tion.

We will prove the theorem by contradiction: assuming that there
exist infinitely many such commuting squares we find a convergent
subsequence, to which we apply derivation techniques similar to those
that we introduced in [Ni].

To make the notion of convergence of commuting squares precise, let
us first recall the following definition and result from [Chr]:

Definition 2.5. Let A be a matriz algebra with normalized trace 7.
Denote S(A) = the set of all *-subalgebras of A containing the identity.
For By, By € S(A) and 6 > 0 we say that By is d-contained in By if
for every element x € By of ||x|| = 1 there exists y € By such that
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|t —ylla < 8. Here || - ||2 denotes the norm given by the trace T on A,
i.e. ||xl|y = T(x*x)/2.

If By is d-contained in By and By is d-contained in By we write
||Bl — BQ||27A < 4.

Theorem 2.6. With the previous notations, there exists a continous
increasing function f : [0,00) — [0,00), f(0) = 0, such that if § is
small and ||By — Ba|laa < 6, then By = Ad(U)(By) for some unitary
element U € A, ||U — 1|3 < f(0) .

If Theorem 2.4 is false then there exist infinitely many non-
isomorphic LRC commuting squares

¢, = U u,r
QY C @

By using Theorem 2.6 together with the compactness of the unit ball
of P, it follows that the inclusions ", C P", C F, are unitarily
conjugate for infinitely many n. Thus, after conjugating each €, by a
unitary and eventually passing to a subsequence, we may assume that:

P, Cc F
¢, = U u,r
Q-1 C Qg

By a similar compactness argument, after passing to a subsequence
we may assume that Qf = w,Q u),, with v, — I unitaries in F,. We
have u}Q_ju, C )1 and Lemma 3.2 shows that u, = ¢,,q,, for n large,
with ¢, — I unitaries in @)y and ¢/, — [ unitaries in Q' ; N Fy. Since
u, Qv = ¢,6.1¢:(q,)" = q,Q1(q,)*, by substituting w, — ¢, we
may assume that u, € Q" ; N Fo.

In the following proposition we show that the notion of LRC com-
muting square behaves well to limits. This is somewhat surprising,
since it is not true in general that P, N Q7 = R} (n > 1) implies
P, N Q1 = Ry. However, P, N Q; = Ry will follow from conditions
(1), (2), which have nice continuity properties.

Proposition 2.7. With the previous notations, if €, are LRC com-
muting squares for allm > 1 then so is €.

Proof. If B C A are matrix algebras and u,, — I are unitaries in A then
the conditional expectation satisfies the following continuity property:

lim E,, pu:(a) = Ep(a), foralla € A

L . _ « .
This is easy to see since E, gy () = un Ep(u)au, )us.
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We may assume the Jones projection e to be the same for all the com-
muting squares &,, i.e. the projection e € B(L*(Py, 7)) implementing
the conditional expectation Eﬁfl. By the continuity of the conditional
expectation, taking the limit of the relations EpflEQg = EQngfl =
Eq_, implies that € is a commuting square.

Let P, =< Fy,e >, (1 =< Qo,e >= span@peQ)y and Q7 =<
Q4. e >= spanQieQ) C Pi. Let zq,...,zy be a basis of ()yp. Then
uprruteu,zut (1 < kI < N) span QF, zgex; (1 < k,l < N) span ¢4
and ||u,xpuleu,xiul, — xpex;||a — 0 as n — oo. The finiteness of the
spanning set implies that ||Q} — Q1]]2,p, — 0, so there exist unitaries
wy, — I in P; such that Q} = w,Q 1w} .

Let R} = P',NQY}. By eventually passing to a subsequence, we may
assume that all R are unitary conjugate inside P;. By the compactness
of the unit ball of P, after passing again to a subsequence we may
assume that these unitaries converge. It follows that R} = v,Rv}
with v, — [ unitaries in P;, where R; is some subalgebra of P;. Since
R} C QF we have Ry C ;. However, it is not obvious that P’ ;NQ; =
Ry and in fact this will only follow because of the LRC conditions.

We know that Egn(P’; N P) = R for all n > 1. Thus
U By, guu: ()0, € Ry for all x € P, N P, From the continuity of the
conditional expectation we obtain Eg, (P, N P;) C Ry. On the other
hand, R} = P',NQ} C P' NP, implies [Ry, P_1] =0so Ry C P',NP;.
Using this and the previous inclusion it follows Eq, (P, N P) = R;.

Notice that R1 C Pil N Ql = EQl (Pil N Ql) - EQl (Pil N Pl) = Rl
also shows that Ry = P, N Q1.

Since EPO((R?)/ N Pl) = P_1 and (R?)/ N P1 = (Uanv:;)/ N P1 =
(v R1vl) N (v, Prvt) = v (R N Pk, by taking the limit we obtain
Ep,(R\NP;) C P_y. On the other hand, [Ry, P_1] = 0so P_; C R\NPy,
which together with the previous inclusion yields Ep, (R} N Py) = P_;.
This also implies that P_; = R} N P,.

O

For a sequence u,, — I, u, # I of unitaries in the matrix algebra
Py, we define a notion of direction of convergence as follows. Write
u, = exp(ihy,),n > 1, with h, € Py hermitian non-zero elements con-
verging to 0. Because of the compactness of the unit ball in the finite
dimensional algebra Fy, by eventually passing to a subsequence we may

assume that ”Z—”” — h € Py, ||h|| = 1. Since h = lim,,_, ;L””T_ﬁ, it follows
llun—1]| — . __ 1 _up—1
T I|h|| =1 so0: h = lzm”—’ooi\\un—lll
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Definition 2.8. We say that the sequence of unitaries u, — I, u, # I,
has direction of convergence h if

Uy — 1

h=lim, oo
iffun = 1|

We end this section by recalling a result from [Ni], which gives nor-
malizations on the direction of convergence of a sequence of commuting
squares. These will be essential for the proof of Theorem 2.4.

Proposition 2.9. Let Py be a matrix algebra with trace 7 and let

P, C By
¢, = U U , T
Q—l C unQﬂu:z

be a sequence of non-isomorphic commuting squares, where u, — I
are unitaries in Q' N Py. After eventually replacing u, by one of its
subsequences, we have:

There exist unitaries ¢, € Q' N Qo, ¢, € Qy N P_1,pp € Q" N
P_y,pl, € P', N Py such that:

Uy, = PoPnUnGy@n — 1
i, —1 -
— h E Ql_l ﬂ PO

Epr qp,(h) = Eqyap,(h) = Eg np_,(h) = Eq nq,(h) =0

Remark 2.10. Note that the change u, — U, = pppn'unq,q, preserves
the 1somorphism class of the commuting square &,.

3. LOCAL MINIMUMS OF MATRIX ALGEBRAS INTERSECTIONS

In this section we deal with the main technical ingredient of the
paper. Let C' be a matrix algebra and A, B two *-closed subalgebras
of C. Consider the algebras A N w,Bw}, where w, are unitaries in
C approaching the identity. We find restrictions on the directions of
convergence of w, such that A N B can be unitarily embedded in AN
wy,Bw? for all n large. In other words, we study when A N B is what
one might call a local minimum along the curve ANwBw*, with w — I
unitaries in the direction h.

In the next results we will often use the following relation that holds
true for every a, b, ¢ in a matrix algebra (C, 7):

(3) 7([a, ble) = (ab, ]) = 7([¢, a]b)
as it can easily be checked: 7([a, blc) = T(abc—bac) = T(abc)—7(bac) =
7(abc) — 7(ach) = 7(alb, c]) = 7(cab) — T(ach)
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Since a lot of the derivatives of the relations we will consider are
commutator relations, the following lemma will be very useful.

Lemma 3.1. Let (C,7) be a matriz algebra with a trace T. Let A C B
be x-closed sub-algebras of C'. For c € C' we have:

[c, Al C B if and only if ce B+ A'NC

Proof. The right to left implication is clearly true, as
B+ A'NC,AlC[B,A+[ANC,Al=[B,A]C [B,B]CB

Assume that ¢ is such that [¢, A] C B. Let ¢ = Eg(c) € B. Since
[co, A] C [B,B] C B, we have [¢ — ¢g, A] C B. On the other hand,
[c — ¢o, A] is perpendicular to B. Indeed, for a € A and b € B equation
(3) implies:

7([c — ¢, alb”) = 7((c — cp)[a,b*]) = 0
as [a,b*] € B and ¢ — ¢ is orthogonal to B.

It follows that [c—cg, Al =0soc—co € ANC. Thusc e B+ A'NC,

which ends the proof.
O

A consequence of Lemma 3.1 is the following:

Lemma 3.2. Let (C,7) be a matriz algebra with a trace 7. Let A C B
be x-closed sub-algebras of C'. Let ¢,, — I be unitaries in C' such that
cnAcy C B for all n. Then there exist unitaries b, — I in B and
al, — I in A’NC such that ¢, = bya, for all n large.

Proof. Let X =U(B) xU(A'NC). Since X is compact in || |2, for every
n there exist elements b, € B, a), € A'N C that realize the minimum:

1brcnary = Ill2 = (bﬁz{l)fexllb*cna'* — 1|2

Let u, = blcy(a),)*. Clearly u,, — I, since for b = a’ = I we have:
llun =12 < ||cn—1]|2. If u,, = I for all n large we are done. Assume, by
eventually passing to a subsequence, that u,, # I for all n. By passing
again to a subsequence, we may assume that A = lim,, i||117;_—11\\ exists.
Clearly ||h]| = 1.

Let 7 denote the real part of the trace 7. For every u unitary we
have: ||u —I||2 =2 — 2R7(u). Tt follows:

R7(un) > R7(b¥cra”™), for all (b,a') € X

Let A be a real number, let by € B be a hermitian element, and let
b = (exp(i\by)bs)*, @’ = a!,. The previous inequality implies:

RT(un) > R7(exp(irby)u,) = R7((exp(irby) — [)uy,) <0
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After dividing by A > 0 and taking limit as A approaches 0, we
obtain R7(ibou,) < 0. Similarly, after dividing by A < 0 we have
R (ibouy,) > 0. It follows:

R (ibou,) =0

Since for hermitians by we have R7(iby) = 0, we can rewrite the
previous equality as: R7(iby(u, —I)) = 0 and after dividing by ||u, —I||
and taking the limit we obtain 7 (boh) = 0. Since 7(bgh) = 7(hby) =
7((boh)*), it follows that 7(boh) is a real number and thus 7(byh) = 0.
Consequently:

Eg(h) =0
Similar arguments show that E4nc(h) = 0. Also, note that u, Au’ C B
for all n > 1.

For every a € A we have: (u, — Iau’ + a(u, —I) = upau), —a € B
for all n > 1. After dividing by i||u, — I]| and taking the limit, we
obtain:

[h,a] € B for alla € A

and Lemma 3.1 implies
he B+ (ANnC)

Since the vector space B + (A’ N C) can be written as the sum of two
orthogonal subspaces (B& (A'NB)) & (A'NC) and h is orthogonal on
both these subspaces, we obtain h = 0 which is a contradiction. Thus,
u, = I for all n large, or equivalently ¢, = b,a,.

O

We now present the main result of this section, dealing with local
minimums of intersections of algebras.

Proposition 3.3. Let (C,7) be a matriz algebra with a trace 7. Let
A, B be x-closed sub-algebras of C'. Let w,, — I be a sequence of uni-
taries in C' such that w, # I and h = lim,,_,, % exists. Assume
that AN B unitarily embeds into A N w,Bw}, for alln > 1. Then

he A+ B+(AnB)NnC
Proof. Let v, — I be unitaries in C' such that:
v (AN B)v: C ANw,Bw},

for all n > 1.After eventually passing to a subsequence we may assume
that v, — v € C. By taking the limit it follows that v(ANB)v* C ANB
and because both sides have the same dimension we must have equality.
Then v, = v,v* — I and 9,,(AN B)?) = v, (AN B)v: C AN w,Bw;.
This shows that we can assume, by substituting v,, — v, that v, — I.
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Assume that infinitely many of v, are different from 7. By even-
tually passing to a subsequence, we may assume that the limit: A =
lim,, oo z|\vf—_—11|| exists. Notice that by modifying v, — v,s,s, with
unitaries s, € ANB,s, € (ANB)NC, s,,s, — I, we do not change
the algebra v, (AN B)v;. Thus, an argument similar to Proposition 2.9
shows that we may assume h orthogonal to A N B and (AnB)NC.

For n > 1 let r, = sup(||lw, — I||, ||vn — I]|). Clearly r, # 0. By
eventually passing to a subsequence, we may assume that the following

limits exist:

wy, — 1 N |
,h, = lim
n—oo T, n—oo  Ir,

Notice that from the definition of r, it follows that at least one of h,,, h,

must be non-zero.

Tn i||wn—I|| iTn

scalar ¢ (which may be 0). In particular h, is hermitian. A similar
argument shows that h, = dh for some d > 0, thus A, is hermitian and
orthogonal to AN B, (AN B)'NC.

Let s € AN B. We have: (v, — I)sv + s(v, — I)* = v,s0) — s € A.
Consequently:

, we have h,, = ch for some positive

Ty iy
After taking the limit of this relation as n — oo and using h, = h} we
obtain:

[hy,s] € Aforallse ANB

and Lemma 3.1 implies

(4) h, e A+ (ANB)NC
For s € AN B we also have: v,sv} € w,Bw}. Equivalently:
(5) wyvps(wiv,)* € B for alln > 1
Observe that
w:‘ﬂ;;n— 1 _ _(w,;T: ])*Un n vnm; I b

Thus, after dividing by ir,, and taking the limit, equation (5) yields
[hy — hy,s] € Bforallse AN B
and after applying again Lemma 3.1 we obtain:
(6) hy —hy € B+ (ANB)NC
Combining (4) and (6) yields:
hy,€ A+ B+ (ANB)'NC
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Since h,, = ch, we only need to argue that ¢ # 0 to finish the proof.
If ¢ =0 then h, = 0 and equation (6) becomes

h,€e B+(AnB)NnC
Thus h, =b+ s with b€ B and s’ € (AN B)'NC. We have:
0 = Euanpync(hy) = Eanpync(b) + 5

which implies 8" = —Eanpync(b) € (ANB) NBsoh,=b+s € B.
Similarly, equation (4) implies h, € A. Thus h, € AN B, which
implies h, = 0 since h, is orthogonal to AN B. We thus obtained that
both h,, h,, are 0, which is impossible.
We still have to deal with the case when infinitely many v,, are equal
to I. This yields:

ANB C Anw,Bw,

Thus for every s € AN B we have
(wp, — Isw) + s(w, — I)* =w;sw, —s € B

Dividing by i|jw, — I|| and taking the limit yields [h,s] € B for all
s € AN B. Thus in this case we easily obtain h € B4+ (ANB)'NC. O

Remark 3.4. Similar arguments as in Lemma 3.2 can be used to show
that w, = apSpby,, with a, € A, b, € B, s, € (AN B) NC. However,
to deduce the conclusion of the proposition one still needs a proof in the
same lines, to control the speed of convergence of a,, by, Sy,.

We end this section with a lemma that will be useful towards proving
the main result.

Lemma 3.5. Let (C,7) be a matriz algebra with a trace 7. Let A, B be
x-closed sub-algebras of C' and D = ANB. Assume that the commuting
square condition holds: EsEp = EgEs, = Ep. Then we have the
following equality of vector spaces:

D'Nn(A+B)=D'NnA+D'nB

Proof. We just have to show that ”C” holds. Let a € A,b € B be such
that a+b € D'NC. Since D C A C C, we have Eo(D'NC) = D'N A.
On the other hand F4(a +b) = a+ E4(b) = a+ Ep(b). It follows that
a+FEp(b) € D'NA. If we rewrite a+b = a;+by, with a; = a+FEp(b) € A
and by = b — Ep(b) € B, we have a; € D' N C which also implies
by € D' C. This ends the proof.

O
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4. THE MAIN RESULT

We are now ready to prove Theorem 2.4, stating that there exist
only finitely many isomorphism classes of commuting squares €, with
dim(Fp) fixed, satisfying the LRC' condition. Since we fix dim(F), it
is clear that we may in fact assume that both the algebra P, and the
A-Markov trace 7 are fixed, without changing the finiteness result.

We assume, by contradiction, that the theorem is false. The discus-
sion from Section 2 shows then that there exist non-isomorphic com-
muting squares

P, C B P, C F
¢, = U u ,7],8= U U,
Q-1 C u,Qouy, Q1 C Qo

all satisfying the LRC condition, where u,, — [ are unitaries in
Q1 NPy, u, # I. We may also assume, by eventually passing to
a subsequence, that the unitaries u, converge in direction hy, i.e.

h() = lim ;

Proposition 2.9 shows that we may take hg orthogonal to @', N
Qo, Q' NP_,P  NF,Q N Fo.

Moreover, we may assume that the lattices £,,, £ obtained by doing
the basic construction from €,,, € are of the form:

e

P, C B, C P
£, = U U U , T

Q—l C unQOU:L C anlw:

P,1 C P() é P1
£ = U U U, T

Q1 C Q C @
where e is the Jones projection of the basic construction P_y C Py C P,
u, — I are unitaries in P, and w, — [ are unitaries in P;. Also,
"= P, Nw,Qw} is unitarily conjugate to Ry = P_; N Q; for all n.
Since Py Nw, Q1w = u,Qou, it is clear that w,, # I for n large. By
eventually passing to a subsequence, we may assume the existence of
the limit

]’Ll = lim -

Notice that the algebra w, @ w] does not change if we modify w,
by multiplying it to the right with unitaries of @); or Q| N Fy. Thus,



14 REMUS NICOARA

similar arguments to Proposition 2.9 and Lemma 3.2 show that we may
assume hy orthogonal to Q1, Q] N P;.

Applying Proposition 3.3 for A= P, NP, B=0Q,, Ry =ANB
yields:

hy e P NP +Q +R NP

For n > 1 let r, = sup(||w, — I||,||un, — I||). Clearly r, # 0. By
eventually passing to a subsequence, we may assume that the following
limits exist:
wn_[,hu: lim Un — 1

n—oo  iry, n—oo Ty,

Notice that from the definition of r, it follows that at least one of h,,, h,
must be non-zero. Also, arguments similar to those from Proposition
3.3 show that h, = chg, h,, = dh; for some positive (but possibly equal
to zero!) scalars ¢,d. It follows that h,, h, also satisfy:

(7) he € Q1 NF
(8) hw € PLLONP+Q1+RINP
(9) huJ—Ql—lmQOJQl—lﬂP—hpl_lumQ{)ﬂPO
(10) hw—LQhQ,lﬂPl
We have :
* n_I
(11) lim ot =8
n—oo AT,

Since u,Qoul C w,Q w}, it follows that (wiu,)Qo(wiu,)* C @y for
all n. Thus

(wpun = I)go(wyua)™ + qo(wyun — )" € Qy for all go € Qo
After dividing by ir,, using (11) and taking the limit we obtain:
[hu - hun QO] S Ql for all qo € QO
Using Lemma 3.1 yields:
(12) hu_hw€Q1+Q6mP1
Thus, we may write h,, = h,,+h, where h is a hermitian in Q1 +Q{NP;.
After projecting on Py and using the LRC condition Ep, (R} N P;) =
P_4, equation (8) yields:
Ep,(hy) € PPy NPy + Qo+ Py
On the other hand, Ep,(hy) = hy + Ep,(h) and Ep (k) € Ep,(Q1) +
Ep,(QyN P) C Qo+ QN Fy, which implies:

hy € PLyNPy+ Qo+ Py +QyNF
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We also know that h, € Q" ; N F,. Using the previous relation and
Lemma 3.5 for A = Qy, B=P_1, D = ()_;, we obtain:

hy € PLLNP+QNQu+Q NP +Q;N F
This together with equation (9) implies h, = 0. Thus
hy =heQi+QyNPA
We can write:

hy €Q1+QyNPL=0Q10(QyNQ1)®QyN P

and the two vector spaces are orthogonal: Q; & (Q[NQ1) L QN Pi.
On the other hand, we know that h,, L ¢);. We obtain

13 hy € QyN Py
0

We now use the existence of the Jones projection e € w,Q w;. Since
(wy, — D*ew, + e(w, — I) = wiew, — e € @ for all n, after dividing
by ir, and taking the limit as n — oo we obtain:

[h’U)) 6] € Ql

However, Eg, ([hw, €] = [Eg, (hw), €] = 0, which shows that [h,,e] =
0. Thus h,, € ¢’ N P,. Together with equation (13) this yields:

hy € QuNe NP =< Qg e> NP =0Q,NPHA

which together with (10) implies h,, = 0.
We thus obtained that both h,, h, are 0, which is a contradiction.

5. EXAMPLES

In this section we discuss the motivating examples for imposing a
largeness condition on the relative commutant R;: the so called stan-
dard commuting squares, arising as complete invariants of finite depth
subfactors. We thus show how Theorem 2.4 yields finiteness results for
the standard invariants of such subfactors.

Let N C M be an inclusion of II; factors of finite index with trace

T,andlet N C M 6C1 M, 6C2 M, C ... be the tower of factors obtained by
iterating Jones’ basic construction (see [Jon]), where ey, es, ... denote
the Jones projections. The standard invariant Gy is then defined
as the trace preserving isomorphism class of the following sequence of
commuting squares of inclusions of finite dimensional x-algebras:

NNnNM c NnM, ¢ NnNnM, ¢ NNM; C
U U U T
MnOM c MnM, ¢ MNM; C

together with the Jones projections e; € N’ N M; and the trace 7.
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By a seminal result of S. Popa ([Po3], the standard invariant of a
subfactor can be thought of as an abstract group-like object, described
by a set of axioms. One of these axioms, which can be restated as:

(N'O M) N (M N Ms) = M; N M,

is the inspiration for our LRC condition.

Note that if N C M is a subfactor of finite depth n > 2, then
N C M,, C My, is a basic construction, hence N C M,, is a subfactor
of depth 2. Thus, to investigate finiteness results for the standard
invariants of depth n subfactors it is sufficient to consider the case
n=2.

Let N C M be a subfactor of depth 2, i.e. NNNM C N'NM; C
NN M, is a basic construction. By a result of [Pol], the commuting
square

N'NM, C NNM,
C= U u 7
MM, C MnM,
uniquely determines the isomorphism class of N C M. € is called
a standard commuting square. If we let Py = N' N My, P_; = N'N
Ml,Qg = M’mMQ,Q_]_ = M/ﬂMl we have P} =< P0,€3 >= N/ﬂMg
and Ql =< Qo,eg >=M'nN Ms.

We have: Pil N Ql = (N/ N Ml), N (N, N Mg) = M{ N Mg. The
last equality is easy to check, since (N’ N M) N (N' N Ms) C e, N
(M/ N Mg) =< M, el >’ NMs = M; N Ms and clearly M{ N M; C
(N'N M) N (NN Ms). Thus:

RlzPilﬂleM{ﬂMg

which is anti-isomorphic (and therefore isomorphic) to N’ N M;. This
justifies asking for a largeness condition on R;.
We now investigate when does € satisfy the LRC' condition.

Proposition 5.1. Let € be the standard commuting square associated
to the depth 2 subfactor N C M. Then € is a LRC commuting square
if and only if

(14) E(N’li)’m(N/mMg)(ez) e CI

Proof. Because of the duality in the lattice of relative commutants of a
subfactor, conditions (1) and (2) from the definition of LRC' commuting
squares are equivalent for €. Indeed, if J is the conjugation map on
L*(My,7) and we embed N, M, My, My, M3 in B(L*(My,7), we have:
JP_1J=R1, JPJ = @, JP,J = P;. This shows that

Ep,(Ry N Py) = Py if and only if Eg,(P., N Fy) = R,
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Is is thus sufficient to work with Eg, (P, N Fy) = R;. Equivalently,
this can be written

(15) Ql@RlJ_Pilﬂpl

Assume (15) holds. Let A™' = [M : NJ. Since e; € Q; and Eg, (e3) =
A-I, we have eo—AI € Q16 R, and thus we must have e;—AI L P NP;.
Equivalently: Epr np (e2) = M. Since e; € Py, we have:

Epr npy(€2) = Ep qp (e2) = A € CI

which shows that the left to right implication holds true.

We now prove that Ep: ~p,(e2) = Al implies (15). Let x € P’ ;N P.
It is sufficient to show that y = x — Fg,(z) € P’ ;N P, is orthogonal to
Q1. Since ()1 =< Ry, ey >, it is enough to show that y is orthogonal
on elements of the form reyr’, with r, 7" € R;. We have 7(yresr’) =
7(r'yres). Since r'yr € P’y N Py and Ep qp (e2) = Epr qpy(e2) = A,
we obtain:

T(yresr’) = 7(r'yres) = A (r'yr) = Ar(yrr’) =0

as y is orthogonal to R;. This ends the proof.
O

By combining the previous result with Theorem 2.4, we obtain the
following finiteness result for the standard invariants of finite depth
subfactors. We mention that this result is well known to special-
ists as a theorem of A. Ocneanu, even without the extra assumption

Evionmynvinie)(ez2) € CIL

Corollary 5.2. There exist only finitely many isomorphism classes of
standard commuting squares €, of fixred dimension dim Py, arising from
depth 2 subfactors N C M with Enionynvinms)(e2) € CI.

Remark 5.3. In a depth 2 subfactor, the following is a basic construc-

tion: NNNM Cc NNNM, C NNM,. Forany A C B C C a basic
construction of finite dimensional x-algebras, we can state the previous
condition: Epnc(e) € CI. This does NOT always hold true. For in-
stance, it fails for A = My & M; with k #1 and B = M,, n = k +[.
We will see however that it holds true if A C B has a x-closed ONB,
and in particular if A= N"N M is a factor.

Proposition 5.4. With the previous notations, if N' N M C N' N M,
has a *-closed orthonormal basis then € is LRC.

Proof. Let {a;}1<i<, be such an orthonormal basis. Then a; satisfy
ST azesal = ajesa; =1, a;al = A1 Fora’ € (N'NM;)'N(N'NM>)
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we have:
7(esa’) = A7 (ead’ Zaiaf) = )\T((Z areqa;)a’) = Ar(a)

This shows that E(n/nar,yn(nvnag)(e2) € AI, which ends the proof.
]

Corollary 5.5. If N C M is a depth 2 subfactor with N'N M a factor
(of type 1,,), then the associated depth 2 commuting square is LRC.

Proof. B = N’ N M; must be a tensor product B = A® S, where A
is the factor N’ N M and S is some x-subalgebra of B. Any *-closed
ONB of S is a *-closed ONB of A C B. O

In particular, the LRC condition holds if the first relative commu-
tant is trivial, ie. N’ N M = CI. By a result of [Szy|, such com-
muting squares correspond precisely to the finite dimensional Hopf C*-
algebras. We thus obtain a new proof of the following theorem of D.
Stefan:

Corollary 5.6. For every N > 1 there exist only finitely many N -
dimensional Hopf x-algebras.
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