Chapter 1

A brief survey of superprocesses over a stochastic flow

Jie Xiong

Abstract In this chapter, we survey the recent progress in the study of superpro-
cesses over a stochastic flow. Firstly, the process is defined as the high-density limit
of a branching particle system in random environment. Then, the log-Laplace trans-
form is characterized by a nonlinear SPDE. Thirdly, this measure-valued process
has a density when d = 1 which is governed by an SPDE. Making use of Krylov’s
L, theory, the continuity of the density is then established. Fourthly, the longtime
behavior of the process is studied. It has persistency for higher spatial dimension
and local extinction for lower ones. Finally, the limit behavior of the occupation
measure is investigated. An ergodic property is proved for d > 3 and a fluctuation
result is derived when d = 2.

1.1 Introduction

We start this section with the introduction of the branching particle system model
studied first by Skoulakis and Adler [9]. Let K, be the number of particles at time 0,
spatially distributed in R? at points x|, X3, -+, xg . Define the deterministic initial
atomic measure as

Vp = — 25)“;'1'
nia

Let A > 0 be a constant. The lifespan of each particle in the system is ﬁ At its
death, each particle gives birth to a random number of particles. Let

I={a=(a,ou, ,ay), N>0, ; €N, 0<i<N}.
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We shall use o € I to denote a particle in this system.
Let N, be a Z,. = NU{0} valued random variable such that

IEINn:l—l—ﬁ7 0<7%—Yasn—oo
n

and
Var(N,) = 62 — 62 as n — oo,

We further assume that
ENP <M, VneN

for constants p >2 and M > 0. Let {N*" : o € I} be i.i.d. copies of N,,. N*" stands
for the number of offsprings of the particle & at its death. The notation ¢ ~, t means
that the particle @ = (0, a1, - - -, oy ) is alive at time 7, i.e.,

N

N+1
— <t <
An — An

and Ot S Noch+z,n’

where o — N +i= (0,01, --,0),i=0,1,--- N—1.

Letbh: R? R4, o) : RY — R4 and 0, : R? — R4*"™ be measurable functions.
Let W(¢) be an m-dimensional Brownian motion applied to the whole system and
{B«(t) : o € I'} be a family of independent d-dimensional Brownian motions. Dur-
ing its lifetime, the motion of the particle & is governed by the following stochastic
differential equation (SDE):

d8q(t) = b(Ea(t))dt + 01(Ga(1))dW (1) + 02(5u (1) )dBa(t)- (1.1

To obtain a unique strong solution to (1.1), we impose the following Lipschitz con-
dition on the coefficients. Namely, there exists a constant K such that

[b(x) =b()|+]|o1(x) =01 ()| +[lo2(x) — 20| < Klx =), Vx, yeR™
(1.2)
Finally, we define the empirical measure process of the system as

a1
X=X O

Or~opt

where 6, is the Dirac measure at x.

The rest of this chapter is organized as follows: In next section, we consider the
limit of the sequence {X" : n > 1} of measure-valued process and characterize it by
a (conditional) martingale problem. Then, in Section 1.3, we establish a stochastic
partial differential equation (SPDE) for the conditional log-Laplace transform of
the limit process X. In Section 1.4, for the case of d = 1, we derive an SPDE for
the density of X and study its continuity in the spatial variable. In Section 1.5, we
consider the persistency and local extinction property of the superprocess X. Finally,
in Section 1.6, we study the limiting behavior of the occupation time process of X.
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1.2 Limit of the branching particle system

In this section, we consider the limit of X”. To this end, we need to make the fol-
lowing

Assumption U: The mappings b, o1, 0> have bounded and continuous first and
second partial derivatives. Furthermore, the matrix a = 610} + 6205 is uniformly
elliptic, where G* stands for the transpose of the matrix ©.

Theorem 1 (Skoulakis-Adler). Assume that v** — v in #r(R?). Then, under the
assumption U, the sequence {X"} converges weakly to X, where X € C(R ., #r(R?))
is the unique solution of the following martingale problem (MP): For all f €
G (R?),

t !
Z(N =X () =)~ [ X(LNds=& [ X()ds
is a continuous square integrable { FX }-martingale such that Zy(f) = 0 and
1 2 5
@), = [ (0P +K(ei V) ds,
where E = Ay and Y = .62 and
d |
Lf=Y Vaf+5 Y aloif.
i=1 i,j=1

0; means the partial derivative with respect to the ith component of x € R%, 9, =
00j, V.= (01,---,04)* is the gradient operator and |(f) represents the integral of
the function f with respect to the measure L.

We shall also use (i, f) to denote the integral of the function f with respect to
the measure U, especially when the expression for f is very long.

For simplicity of notations, we shall consider the case of Y = 0 in the rest of this
chapter.

To extend the results to the case of (t being o-finite, we use the following lemma
about conditional martingale problem (CMP), which is proved in [13].

Lemma 1. (i) If X; is the solution to MP, then there exists a Brownian motion W
such that X; is the solution to CMP with this W. That is, for any ¢ € Cg (R),

N9 = 00) — (1.0) — [ KoLohds— [ (X T gor)awe  13)

is a continuous (P, %,)-martingale with quadratic variation process

(N(9)), =V/Ot (X, 0*)ds (1.4)

where 4, = F,N FY.
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(ii) If X; is a solution to CMP with a Brownian motion W, then it is a solution to
MP.

If p is o-finite, we can take g =Y > | u” with u" finite. Given initial values X =
", it is not hard to show that the solutions X;" to CMP and the corresponding noises
W" take values in a Polish space. Furthermore the W" are equal in distribution.

To get the solution with a common W, we need the following lemma proved in

[S].

Lemma 2. Let W be a random variable, and let (X;,W;) : i =1,2,... be a sequence
of random vectors with components X;,W; taking values in Polish spaces X , W
respectively. Suppose that for each i, W; and W are equal in law. Then we can realize
W and the vectors (X;,W;) on a common probability space such that the following
holds. For all i, W; = W. Furthermore, given W the random variables {X;} are
conditionally independent.

By the lemma above, we may consider the X" as driven by a single noise W, and
we may assume that the X" are conditionally independent given W. We can also
check that

Xt = i th
n=1

is the solution to CMP with initial u.

1.3 Stochastic log-Laplace equation

When o7 =0, X; is the well-known super-diffusion process which has been studied
by many authors. Here we mention the works of Dawson [1], Watanabe [11], Dynkin
[2], Perkins [8], and Le Gall [6]. The branching property of the superprocess plays
a central role in these studies. More specifically, for any test function f € Cj,(R?),
the Laplace transform has the form

E“e—<Xt S — e <I~L-,y_0,t>

where {j;,: 0 <s <t} is the unique solution to the following PDE

Vsr(X) = f(x) + [t (I:yr,t (X) = Yy (x)z) dr

and L is defined as L with o; = 0.
Writing the CMP formally, we see that, given W, X; is the solution to the follow-
ing MP: V f € C3(RY),

N = () = ) — [ KLp)ds— [ (.9 fon) Wds
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is a continuous square-integrable P" -martingale with quadratic variation process

_ [ 2
N = [ (s ds
where PV (-) = P(-|.Z¥). Thus,
E“i/e_<xt’f> = €_<“7J’01t>

where

[ .
1) = 1@+ [ (a0 =130 02) dr+ [ V) (0
s

In this section, we shall make the above procedure rigorous. To this end, we need
the following
Boundedness condition (BC): f >0, b, 01, 0, are bounded functions with bounded
first and second derivatives. Denote a bound by K. Further, o, is bounded away from
0, o7 has third continuous and bounded derivative, and f is of compact support.

To make precise, we replace W,dr by backward Itd integral. Namely, we consider
the following backward stochastic log-Laplace equation (LLE):

At R
e +/ Lyea (x) — Yyea ()2 dr + / Vo (@dW,,  (L5)

where the stochastic integral is the backward It6’s integral, namely, for any partition
s=l < <. <t,=t,

./Y.tV*er(x)Gl( )dW = lim ZV Vit ()01 () (Wy, = W,,_,).

n~>oo
For t fixed, we define
Wv =W —W,_sand y; = y; ;-
Then, y; satisfies the following forward version of the LLE:
+/ xyr a(x)a,g)’r(x) dr+/ x)’r
(1 0)
For simplicity of notation, we replace W on the right hand side of (1.6) by W. This

will not affect the results we shall present below because W and W have the same
law.

Theorem 2. Suppose that the condition (BC) holds. Then, the LLE (1.6) has a
unique solution y,(x).

Next, we consider the Wong-Zakai type approximation to LLE (1.6). For sim-
plicity of notations, we take d =m = 1.
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) = £+ [ (B33 0+ A9 ()~ E(02) dr
+ /Ot o1(x) s (x)WEdr (1.7)

where b(x) = b(x) — $62(x)05 (x), a(x) = 101 (x)? and for ke < r < (k+1)e, We =

e”! (W(kJrl)e — Wee).

Theorem 3. Suppose that the condition (BC) holds. Then for any t > 0,
E [ 1yf(0) —(x)dx =0

as € — 0.

Now, we consider the Wong-Zakai approximation to the measure-valued process
X. Let X be the solution to the following conditional martingale problem (CMP):
X¢ is a continuous .# (R)-valued process such that for any f € C2(R),

ME() = O, ) — (5. 1) = [ (XL (b Wf +ar") ds
is a continuous P" -martingale with quadratic variation process
), = [ (e
Let R=RU{d} be the one-point compactification of R. Denote by ./ (R) the

space of all finite measures on R with the weak convergence topology. Note that
AF(R) can be regarded as a subset of .#r(R) by extending the measure at d as 0.

Theorem 4. As € — 0, if X¢ — W in Mp(R), then X¢ — X in C([0,0),.#F(R)) in
conditional law PV for almost all W. As a consequence, we have

Ewexp(—<Xt,f>) =exp (— (U, Yo0,)) a.s. (1.8)

Idea of the proof: By the classical superprocess theory, for f, € C5(R?), we have

EY exp (— (XF, f,)) = exp (* <I~laJ’(8),r>) .

Taking € — 0, then taking f, — f, we see that (1.8) holds. O

1.4 SPDE and Continuity

Let po(¢,x,y) and qo(z,(x1,x2),(y1,y2)) be the transition density functions of the
Markov processes &;(¢) and (& (), (¢)) respectively. The following identities
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about the first and second moments, essentially due to [9], are proved by Theorem
1.5 of [12]:

E[(%.0)] = [, 10)pole.xy)dypa(dx) (19)

and
E[<Xz,f> <Xt,g>} (1.10)

= [ FO0gba( (1.52), (1.32) v dyap(d ()
+2 /0 ds /R ot =5,2,3)f(21)8(22)q0(s, (v,3), (z1,22))dz1dzadypa (dz).-

Based on the identities above, we can prove that

Theorem 5. If (1(R) < oo, then X, has a density X(t,-) € HY = L*(R) for almost
every t a.s.

Idea of the proof: Applying (1.10) to f = po(€,x,-) and g = po(€’,x,-), it follows
from direct calculation that

E(X;,po(€,x,-) —po(€/,x,))> =0,  ase, & —0.

Thus, (X;, po(€,x,-)) converges. This implies the existence of the density. O

Applying the same arguments as those at the end of Section 1.2, we can extend
the last theorem to the case of U € M;n(RY), ice., [pa e *Mu(dx) < oo for some
A >0.

Theorem 6. If it € Mion(R), then X; has a density X (t,x).
Using the CMP and the martingale representation theorem, we can prove that
Theorem 7. X; is the unique (in law) solution to the SPDE
X =L*X — 0(1 X)W, +VXBy, (1.11)

in the sense that, for any f satisfying conditions in (BC) and t > 0,

X)) = )+ [ K Lpds+ [ (XG0 aw
+//mf B(dsdx) (1.12)

holds a.s., where B is a Brownian sheet and L* is the adjoint operator of L.
Finally, we consider the continuity of the random field.

Remark 1. Suppose that we apply the usual integral equation as in [10], Chapter 3,
for (1.11) in order to prove the Holder continuity. Then formally we have
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t "
X@ﬂ=/}Wwa&w®+é/m@ﬂ&@%mWﬂmwwﬂa

+ [ VG0l 5.5 0)B(dsd)

However, the second term on the right hand side of the above equation is about

t
/(r—srl/zdws
0

which is not convergent. Therefore, the convolution argument used by Konno and
Shiga [3] does not apply to our model. This also shows that (1.12) does not have a
mild solution.

We shall use Krylov’s L,, theory for SPDE to derive the continuity. To this end,
we need to introduce some notations. For any real number n and p € [2,c0), we let
H}, denote the space of Bessel potentials defined on R with norm

lallp = 112 = A)"u] .

(see, for instance, p.186 - p.187 in [4] for an explanation of this space.)
The following estimate plays an important role in the prove of continuity using
Krylov’s L, theory for SPDE.

Lemma 3. If U is finite and satisfies

?Mw@u—%<w, (1.13)

then

T
E UO /RX(t,x) dxdt} < oo (1.14)
foralln €N,

Let us explain our idea on Holder Continuity of X. By freezing the nonlinear
term of SPDE (1.11), we consider the following auxiliary linear SPDE :

0,Y =LY +vVXBix
1.15
{Y():N (1.15)

1 e 2
with u € H‘,,2 "7 Then Z:= X — Y satisfies another linear SPDE :

Zo—0. (1.16)

{ 0Z=LZ—(0:(01Z) + d:(01Y)) W,
Hence, we can estimate X viaY and Z by using linear SPDE theory if the coefficients
of (1.15) and (1.16) are good for doing so. It turns out that (BC) serves this purpose
very well.
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Theorem 8. We take a finite time T and let @;(x) be the normal density with mean

0 and variance t. If, in addition to the conditions of Theorem 7, |l is finite satisfying
1 g 2

(1.13) and W is in H, T Sor some € € (0, %) and p satisfying % —8—% > 0, then

the density X (t,x) is Holder continuous in x with index § — e — L for (a.e.) t €0, T]

p
(a.s.).

Idea of the proof: We use the notations of Krylov [4]. Applying Theorem 8.5 of [4]
1

to (1.15), we have a unique solution Y in .72’ “(T) with estimate

1Yl <NVl sl —espp ) (1.17)

1 —&
A2 (T)

where N depends only on €, p,0,K,T.
Next, we apply Theorem 5.1 of [4] to (1.16) to get a unique solution Z in
1

A2 (T) with

B (1.18)

||Z||%%fgm SNllax(GlY)lleé L—e=2/pp

p P

: <NIVX ) +Nully

where N = N(¢g,p,0,K,T).

1
Thus, combining (1.17) and (1.18), we have X =Y +Z € J¢* S(T) with esti-
mate

HXH%%,E(T) SNIVX L) + NI e —ayp - (1.19)

By the embedding Theorem 7.1 in [4], this implies

T 1/p
P
(& iz, o) NIy VIR + Nl ey,

P

So, for large p > é , we have
0y e < o

for (a.e.) t € [0,T] as.. since 2¢ takes any value in (0, 1), we are done with the proof.
O

1.5 Longtime limit

In this section, we consider the limit of the process X; when t — co. We will start the
process from a measure t which is invariant in a sense we shall define below. First,
u will not be a finite measure. Otherwise, the total mass X;(1) is Feller’s diffusion
which will converge to 0 as ¢t — oo. Second, this measure need to be invariant with
respect to the particle’s motion with the environment W given.

To be more specific, we consider the motion of a typical point in the system
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d& = b(&)dt + 01(&)dW (t) + 02(&)dB(1). (1.20)

The next lemma establish the Markovian property of &;.

Lemma 4. & is a conditional Markov process in the sense that for any t > s and
f€Cy(RY),

EY (£(&)|77) = E¥ (£(&)1%).
Denote the conditional transition probability of & by

pW(s»X;tv') = Pw(ét € |§S =x).

Definition 1. y is an invariant measure of & for given environment W if

/pW(s,x;t,')[J(dx) = U, a.s. (L.21)

Next, we seek sufficient conditions for (1.21) to be satisfied. To this end, we write
(1.20) in Stratonovich form:

d& = (b(&)dt +0(&)dB(1)) + 01 (&) 0 dW (1)
where

b’ff Z 8k61 Gl .
]kl

Then, u is invariant for each W if and only if g is invariant for 1, and §; given by:

dn; = b(n,)dt + o2(n,)dB(t)

and .
Ct = O] (C[)VVI
So
L*u=0and V(oju) =
where y
Lf = Z f+= Z aloyf,
i=1 i,j=1
and

1] _ Z o.zk k].

The following theorem is proved in [13].

Theorem 9. Suppose u € C2(R?)* and
[Viegu(x)| < K(1+|x]).

If



1 A brief survey of superprocesses over a stochastic flow 11

L*u=0and V(oju) =0, (1.22)
then (1.21) holds.
Idea of the proof: Let £€(r) be the Wong-Zakai approximation for the process & (¢):

d&¥(t) = (b(E¥ (1)) + 01 (E° (1)) W) dt + 02(EF(¢))dB: (1)

where W = ¢! (Wikr1)e — Wee) if ke <t < (k+1)e,k=0,1,---. Then, given W¥,
&€ is a Markov process with generator

Lio=Lo+ (W) o1Vo.
It follows from the same arguments as in [14] that  is invariant for £€, namely
EVFEOR@dx= [ Fopdx
R R
Let F(W) be a bounded continuous function of W. Then
[ EEOFW)utde= [ fORWEFW).  (1.23)
Taking € — 0, we get
[ EEEFW)r@dx= [ F@u0dEFW)).
This implies the conclusion of the proposition. O

Remark 2. If b, 01, 0, const., then p(x) =1 is a solution. If 6, = I, then 3o s.t.
p(x) = €®* and p(x) = 1 are solutions. Thus, o-finite invariant measure is not
unique.

Before we state the main limit results in this and the next section, we would like
to mention a couple of open problems. First, we think that (1.22) is also necessary for
(1.21). This conjecture remains to be settled. Second, it is clear that (1.22) implies
L*u = 0. The question is whether the results we shall present in the remaining of
this chapter are still true when u satisfies L* i = 0? Namely, ¢ will only be assumed
to be invariant for the annealed motion.

Now we proceed to studying the limiting behavior of X;. Note that

]E’ue—<xnf> — Re~ <ﬂ»y0,t>
— e~ (W)

where
5e(0) = 0+ [ (L) =3, (02 dr

+ /0 YTy, (x)01 (x)dW ()
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Werite into the convolution form

ye(x) = /pW(O,x;t,du)f(u) —/Otdr/pw(r,x;t,du)yr(u)z.

Taking integral with respect to the measure u, we then get

<:u7yt> = <:u7f>7/0t <[J,y3>dr
— ) [ (R

As a consequence, X; = Xeo
Definition 2. The process X; is persistent if E(X..) = 1.

The following theorem, proved in [13], establishes the persistency when for high
spatial dimension.

Theorem 10. Suppose d > 3, (1.21) holds and
w(x) < cre2h,
Then X; = Xo ast — oo. Furthermore, the process X; is persistent.

Idea of the proof: Note that, V f € Clz7 (R9),

Ey (X, f) = E(BY (X, [))
= E<“7y0,1>

<E [u(d) [ p¥(0.x0,du)f ()
_ / w(du) (i) < oo. (1.24)
By Fatou’s lemma, we have
E (X, f) < liminfEy (X,, /) < (1. f),

where the second inequality follows from (1.24).
On the other hand, by Jensen’s inequality

e EXerf) < Fe=Xerf)
= Eexp (— (u, ) —i—/o <u,y3>dr)

and hence

E (X, f) > —logEexp < (. f) +/Om<u,y3>dr> -
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Replace f by €f, we have
(. f) = E(Xeo, f)
> —e 'logEexp (—8 (u, f) +/0°° <.u7)’%(€f)>dr>

(u.f) — & 'ogEexp ( /0 ) <u,y3(ef>>dr) (1.25)

here y,(ef) is defined as in (1.6) with f replaced by €f. A large deviation type
argument then implies that

e 'logEexp (/ <u,yf(8f)>dr) —0 ase—0.
0

The persistency then follows from (1.25). O
For low spatial dimension, the process behavior differently. The following theo-
rem, proved in [13], establishes its local extinction property.

Theorem 11. Suppose d < 2 and (1.21) holds. Assume

d
u<<land0<01§£§q<w.

Then for any bounded set B,
lim X, (B) = 0.

f—o0

We conjecture that for d = 1, the finite time local extinction holds. Namely, for
each bounded set B, there exists a stopping time 7 such that X, (B) = 0 when ¢ > 5.
This conjecture remains to be proved.

1.6 Occupation time limit

In this section, we consider the limiting behavior of the occupation measure

t
Y, = / X,ds.
0

This section is based on the paper of Li et al [7]. For simplicity of notation, it
assumes that b = 0.

As atool for studying this problem, we need to establish the log-Laplace equation
for the occupation process. The following theorem is derived in [7].

Theorem 12.

lhenp (— [ (X1 ds ) =exp(= (v,

r
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where u,; solves

U, (x) = /rt (Luw (x)— ui, (x) —|—fx(x)) ds

t
+/ Vi, ()01 (1)dWy, 0<r<t.
Idea of the proof: Let s, > 51 > 0. For 51 < r < s, let y,;,(x) be given by

Va9 = o)+ [ 1Ly 0) W2, (st [ 07 () Vs ()W

For r < 51 let ¢, (x) be the solution to

01y () = i)+ Wiy a0+ [ L0, () — 03, (0)lds
+ [ 6t (Vo (W

By Theorem 4 for r < s; < 5o we have

E;V“CXP{ - <XY1 7f1> - <XV27f2> } = ]EZVNCXP{ - <XS| afl + WS1,52> }
= exp{— (1, Prs,) }-

Now we define ®
_ ll/r,sz X 7S] SrSSZa
u(i’,x) - {(PV.S] (x)7 F<s.

It is easy to see that
52
u(13) = i) pa) + 200 ey + [ [Lals,) = (5, 0)ds
+ / * 67 (x)Vu(s, x)dW,.

By similar arguments as the above we get

Ef,vvexp{ - Z <X3i’ ’llfsz> } = exp{— (v,u:’(r,-))}, (1.26)

i=1

where s; = it /n and u}'(-, ) is the solution to
t t .
uy (r,x) :fr”(x)—i—/ [Lu;’(s,x)—uf(s,x)Q]ds—i—/ o (X)Vuj (s,x)dW,  (1.27)

where

1y t
716 = 3 LA Wy = [ (s
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We can prove that u} — u;, and hence, the conclusion of the theorem follows by
taking n — o0 in (1.26) and (1.27). O

Apply the previous theorem directly, we will get the following law of large num-
ber type theorem for high spatial dimension case. This result dues to Li et al [7].

Theorem 13. Suppose that d > 3, U is invariant in the sense of (1.21) and the Con-
dition (BC) hold. Then, as t — oo, we have

! Y
-Y —
g u

in probability.

Finally, we consider the limit when the spatial dimension is d = 2. In this case,
a central limit type result is obtained in [7]. To this end, we need some additional
conditions (C):
°

x| e

and J¢y,c2 > 0sothat¢; < u()g)_ < ¢; for all x € R2;
e There are matrices (G;’) and (65’) so that

o/ (x) =6/, o)(x) =6, e ij=12.
Let 5" be conditional transition with o; replaced by &;.

Theorem 14. Suppose that d = 2, W is invariant in the sense of (1.21), and the
Conditions (BC) and (C) hold. If Xo = U, then for any f € C6°(R2)+, we have

1
t

Y, f) =&
where & is a random variable such that for 6 > 0
1
lexp(-08)] =Bexp{ -0 1) +a(e) [ (107(5.:0))as}.
and v(r,x; 0) is the unique positive solution to
1
o)+ [ds [ snp” sy
r R
1
— (1.67) [ " (rx.5,0)ds
r

with0 <r <1 and x € R~
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