
Chapter 1
A brief survey of superprocesses over a stochastic flow

Jie Xiong

Abstract In this chapter, we survey the recent progress in the study of superpro-
cesses over a stochastic flow. Firstly, the process is defined as the high-density limit
of a branching particle system in random environment. Then, the log-Laplace trans-
form is characterized by a nonlinear SPDE. Thirdly, this measure-valued process
has a density when d = 1 which is governed by an SPDE. Making use of Krylov’s
Lp theory, the continuity of the density is then established. Fourthly, the longtime
behavior of the process is studied. It has persistency for higher spatial dimension
and local extinction for lower ones. Finally, the limit behavior of the occupation
measure is investigated. An ergodic property is proved for d ≥ 3 and a fluctuation
result is derived when d = 2.

1.1 Introduction

We start this section with the introduction of the branching particle system model
studied first by Skoulakis and Adler [9]. Let Kn be the number of particles at time 0,
spatially distributed in Rd at points xn

1, xn
2, · · · , xn

Kn
. Define the deterministic initial

atomic measure as

νn =
1
n

Kn

∑
i=1

δxn
i
.

Let λ > 0 be a constant. The lifespan of each particle in the system is 1
λn . At its

death, each particle gives birth to a random number of particles. Let

I = {α = (α0,α1, · · · ,αN), N ≥ 0, αi ∈ N, 0≤ i≤ N} .
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We shall use α ∈ I to denote a particle in this system.
Let Nn be a Z+ ≡ N∪{0} valued random variable such that

ENn = 1+
γn

n
, 0≤ γn→ γ0 as n→ ∞

and
Var(Nn) = σ

2
n → σ

2 as n→ ∞.

We further assume that
EN p

n ≤M, ∀ n ∈ N

for constants p > 2 and M > 0. Let {Nα,n : α ∈ I} be i.i.d. copies of Nn. Nα,n stands
for the number of offsprings of the particle α at its death. The notation α ∼n t means
that the particle α = (α0,α1, · · · ,αN) is alive at time t, i.e.,

N
λn
≤ t <

N +1
λn

and αi+1 ≤ Nα−N+i,n,

where α−N + i = (α0,α1, · · · ,αi), i = 0,1, · · · ,N−1.
Let b : Rd→Rd , σ1 : Rd→Rd×d and σ2 : Rd→Rd×m be measurable functions.

Let W (t) be an m-dimensional Brownian motion applied to the whole system and
{Bα(t) : α ∈ I} be a family of independent d-dimensional Brownian motions. Dur-
ing its lifetime, the motion of the particle α is governed by the following stochastic
differential equation (SDE):

dξα(t) = b(ξα(t))dt +σ1(ξα(t))dW (t)+σ2(ξα(t))dBα(t). (1.1)

To obtain a unique strong solution to (1.1), we impose the following Lipschitz con-
dition on the coefficients. Namely, there exists a constant K such that

|b(x)−b(y)|+‖σ1(x)−σ1(y)‖+‖σ2(x)−σ2(y)‖ ≤ K|x− y|, ∀ x, y ∈ Rd .
(1.2)

Finally, we define the empirical measure process of the system as

Xn
t =

1
n ∑

α∼nt
δξα (t),

where δx is the Dirac measure at x.
The rest of this chapter is organized as follows: In next section, we consider the

limit of the sequence {Xn : n≥ 1} of measure-valued process and characterize it by
a (conditional) martingale problem. Then, in Section 1.3, we establish a stochastic
partial differential equation (SPDE) for the conditional log-Laplace transform of
the limit process X . In Section 1.4, for the case of d = 1, we derive an SPDE for
the density of X and study its continuity in the spatial variable. In Section 1.5, we
consider the persistency and local extinction property of the superprocess X . Finally,
in Section 1.6, we study the limiting behavior of the occupation time process of X .
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1.2 Limit of the branching particle system

In this section, we consider the limit of Xn. To this end, we need to make the fol-
lowing

Assumption U: The mappings b, σ1, σ2 have bounded and continuous first and
second partial derivatives. Furthermore, the matrix a = σ1σ∗1 + σ2σ∗2 is uniformly
elliptic, where σ∗ stands for the transpose of the matrix σ .

Theorem 1 (Skoulakis-Adler). Assume that νn → ν in MF(Rd). Then, under the
assumption U, the sequence {Xn} converges weakly to X, where X ∈C(R+,MF(Rd))
is the unique solution of the following martingale problem (MP): For all f ∈
C2

b(Rd),

Zt( f )≡ Xt( f )−ν( f )−
∫ t

0
Xs(L f )ds−ξ

∫ t

0
Xs( f )ds

is a continuous square integrable {F X
t }-martingale such that Z0( f ) = 0 and

〈Z( f )〉t =
∫ t

0

(
γXs( f 2)+ |Xs(σ∗1 ∇ f )|2

)
ds,

where ξ = λγ0 and γ = λσ2 and

L f =
d

∑
i=1

bi
∂i f +

1
2

d

∑
i, j=1

ai j
∂

2
i j f ,

∂i means the partial derivative with respect to the ith component of x ∈ Rd , ∂i j =
∂i∂ j, ∇ = (∂1, · · · ,∂d)∗ is the gradient operator and µ( f ) represents the integral of
the function f with respect to the measure µ .

We shall also use 〈µ, f 〉 to denote the integral of the function f with respect to
the measure µ , especially when the expression for f is very long.

For simplicity of notations, we shall consider the case of γ0 = 0 in the rest of this
chapter.

To extend the results to the case of µ being σ -finite, we use the following lemma
about conditional martingale problem (CMP), which is proved in [13].

Lemma 1. (i) If Xt is the solution to MP, then there exists a Brownian motion W
such that Xt is the solution to CMP with this W. That is, for any φ ∈C2

0(R),

Nt(φ)≡ 〈Xt ,φ〉−〈µ,φ〉−
∫ t

0
〈Xs,Lφ〉ds−

∫ t

0
〈Xs,∇

∗
φσ1〉dWs (1.3)

is a continuous (P,Gt)-martingale with quadratic variation process

〈N(φ)〉t = γ

∫ t

0

〈
Xs,φ

2〉ds (1.4)

where Gt = Ft ∨FW
∞ .
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(ii) If Xt is a solution to CMP with a Brownian motion W, then it is a solution to
MP.

If µ is σ -finite, we can take µ = ∑
∞
n=1 µn with µn finite. Given initial values Xn

0 =
µn, it is not hard to show that the solutions Xn

t to CMP and the corresponding noises
W n take values in a Polish space. Furthermore the W n are equal in distribution.

To get the solution with a common W , we need the following lemma proved in
[5].

Lemma 2. Let W be a random variable, and let (Xi,Wi) : i = 1,2, . . . be a sequence
of random vectors with components Xi,Wi taking values in Polish spaces X ,W
respectively. Suppose that for each i, Wi and W are equal in law. Then we can realize
W and the vectors (Xi,Wi) on a common probability space such that the following
holds. For all i, Wi = W. Furthermore, given W the random variables {Xi} are
conditionally independent.

By the lemma above, we may consider the Xn as driven by a single noise W , and
we may assume that the Xn are conditionally independent given W . We can also
check that

Xt =
∞

∑
n=1

Xn
t

is the solution to CMP with initial µ .

1.3 Stochastic log-Laplace equation

When σ1 = 0, Xt is the well-known super-diffusion process which has been studied
by many authors. Here we mention the works of Dawson [1], Watanabe [11], Dynkin
[2], Perkins [8], and Le Gall [6]. The branching property of the superprocess plays
a central role in these studies. More specifically, for any test function f ∈Cb(Rd),
the Laplace transform has the form

Eµ e−〈Xt , f 〉 = e−〈µ,ȳ0,t〉

where {ȳs,t : 0≤ s≤ t} is the unique solution to the following PDE

ys,t(x) = f (x)+
∫ t

s

(
L̄yr,t(x)− γyr,t(x)2)dr

and L̄ is defined as L with σ1 = 0.
Writing the CMP formally, we see that, given W , Xt is the solution to the follow-

ing MP: ∀ f ∈C2
b(Rd),

Nt( f )≡ 〈Xt , f 〉−〈µ, f 〉−
∫ t

0
〈Xs, L̄ f 〉ds−

∫ t

0
〈Xs,∇

∗ f σ1〉Ẇsds
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is a continuous square-integrable PW -martingale with quadratic variation process

〈N( f )〉t =
∫ t

0

〈
Xs, f 2〉ds,

where PW (·)≡ P(·|FW
∞ ). Thus,

EW
µ e−〈Xt , f 〉 = e−〈µ,y0,t〉

where

ys,t(x) = f (x)+
∫ t

s

(
Lyr,t(x)− γyr,t(x)2)dr +

∫ t

s
∇
∗yr,t(x)σ1(x)Ẇrdr.

In this section, we shall make the above procedure rigorous. To this end, we need
the following
Boundedness condition (BC): f ≥ 0, b, σ1, σ2 are bounded functions with bounded
first and second derivatives. Denote a bound by K. Further, σ2 is bounded away from
0, σ1 has third continuous and bounded derivative, and f is of compact support.

To make precise, we replace Ẇrdr by backward Itô integral. Namely, we consider
the following backward stochastic log-Laplace equation (LLE):

ys,t(x) = f (x)+
∫ t

s

(
Lyr,t(x)− γyr,t(x)2)dr +

∫ t

s
∇
∗yr,t(x)σ1(x)d̂Wr, (1.5)

where the stochastic integral is the backward Itô’s integral, namely, for any partition
s = t0 < t1 < · · ·< tn = t,∫ t

s
∇
∗yr,t(x)σ1(x)d̂Wr = lim

n→∞

n

∑
i=1

∇
∗yti,t(x)σ1(x)(Wti −Wti−1).

For t fixed, we define

W̃s = Wt −Wt−s and ys = yt−s,t .

Then, ys satisfies the following forward version of the LLE:

ys(x) = f (x)+
∫ s

0

(
b(x)∂xyr(x)+a(x)∂ 2

x yr(x)− yr(x)2)dr +
∫ s

0
c(x)∂xyr(x)dW̃r.

(1.6)
For simplicity of notation, we replace W̃ on the right hand side of (1.6) by W . This
will not affect the results we shall present below because W and W̃ have the same
law.

Theorem 2. Suppose that the condition (BC) holds. Then, the LLE (1.6) has a
unique solution yt(x).

Next, we consider the Wong-Zakai type approximation to LLE (1.6). For sim-
plicity of notations, we take d = m = 1.
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yε
t (x) = f (x)+

∫ t

0

(
b̄(x)∂xyε

r (x)+ ā(x)∂ 2
x yε

r (x)− γyε
r (x)

2)dr

+
∫ t

0
σ1(x)∂xyε

r (x)Ẇ
ε
r dr (1.7)

where b̄(x) = b(x)− 1
2 σ2(x)σ ′2(x), ā(x) = 1

2 σ1(x)2 and for kε ≤ r < (k+1)ε , Ẇ ε
r =

ε−1(W(k+1)ε −Wkε).

Theorem 3. Suppose that the condition (BC) holds. Then for any t ≥ 0,

E
∫
|yε

t (x)− yt(x)|2dx→ 0

as ε → 0.

Now, we consider the Wong-Zakai approximation to the measure-valued process
X . Let Xε be the solution to the following conditional martingale problem (CMP):
Xε is a continuous MF(R)-valued process such that for any f ∈C2

b(R),

Mε
t ( f )≡ 〈Xε

t , f 〉−〈Xε
0 , f 〉−

∫ t

0

〈
Xε

s ,(b̄+ cẆ ε
s ) f ′+ ā f ′′

〉
ds

is a continuous PW -martingale with quadratic variation process

〈Mε( f )〉t =
∫ t

0

〈
Xε

s , f 2〉ds.

Let R̄≡ R∪{∂} be the one-point compactification of R. Denote by MF(R̄) the
space of all finite measures on R̄ with the weak convergence topology. Note that
MF(R) can be regarded as a subset of MF(R̄) by extending the measure at ∂ as 0.

Theorem 4. As ε → 0, if Xε
0 → µ in MF(R), then Xε → X in C([0,∞),MF(R̄)) in

conditional law PW for almost all W. As a consequence, we have

EW exp(−〈Xt , f 〉) = exp(−〈µ,y0,t〉) a.s. (1.8)

Idea of the proof: By the classical superprocess theory, for fn ∈C2
0(Rd), we have

EW exp(−〈Xε
t , fn〉) = exp

(
−
〈
µ,yε

0,t
〉)

.

Taking ε → 0, then taking fn→ f , we see that (1.8) holds. ut

1.4 SPDE and Continuity

Let p0(t,x,y) and q0(t,(x1,x2),(y1,y2)) be the transition density functions of the
Markov processes ξ1(t) and (ξ1(t),ξ2(t)) respectively. The following identities
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about the first and second moments, essentially due to [9], are proved by Theorem
1.5 of [12]:

E
[
〈Xt , f 〉

]
=
∫

R2
f (y)p0(t,x,y)dyµ(dx) (1.9)

and

E
[
〈Xt , f 〉〈Xt ,g〉

]
(1.10)

=
∫

R4
f (y1)g(y2)q0(t,(x1,x2),(y1,y2))dy1dy2µ(dx1)µ(dx2)

+2
∫ t

0
ds
∫

R4
p0(t− s,z,y) f (z1)g(z2)q0(s,(y,y),(z1,z2))dz1dz2dyµ(dz).

Based on the identities above, we can prove that

Theorem 5. If µ(R) < ∞, then Xt has a density X(t, ·) ∈ H0
2 = L2(R) for almost

every t a.s.

Idea of the proof: Applying (1.10) to f = p0(ε,x, ·) and g = p0(ε ′,x, ·), it follows
from direct calculation that

E
〈
Xt , p0(ε,x, ·)− p0(ε ′,x, ·)

〉2→ 0, as ε, ε
′→ 0.

Thus, 〈Xt , p0(ε,x, ·)〉 converges. This implies the existence of the density. ut
Applying the same arguments as those at the end of Section 1.2, we can extend

the last theorem to the case of µ ∈ Mtem(Rd), i.e.,
∫

Rd e−λ |x|µ(dx) < ∞ for some
λ > 0.

Theorem 6. If µ ∈Mtem(R), then Xt has a density X(t,x).

Using the CMP and the martingale representation theorem, we can prove that

Theorem 7. Xt is the unique (in law) solution to the SPDE

∂tX = L∗X−∂x(σ1X)Ẇt +
√

XḂtx (1.11)

in the sense that, for any f satisfying conditions in (BC) and t > 0,

〈X(t, ·), f 〉 = 〈µ, f 〉+
∫ t

0
〈X(s, ·),L f 〉ds+

∫ t

0

〈
X(s, ·),σ1 f ′

〉
dWs

+
∫ t

0

∫
R

√
X(s,x) f (x)B(dsdx) (1.12)

holds a.s., where B is a Brownian sheet and L∗ is the adjoint operator of L.

Finally, we consider the continuity of the random field.

Remark 1. Suppose that we apply the usual integral equation as in [10], Chapter 3,
for (1.11) in order to prove the Hölder continuity. Then formally we have
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X(t,x) =
∫

p0(t,x,y)X(0,y)dy+
∫ t

0

∫
σ1(y)X(s,y)∂y p0(t− s,x,y)dydWs

+
∫ t

0

∫ √
X(s,y)p0(t− s,x,y)B(dsdy).

However, the second term on the right hand side of the above equation is about∫ t

0
(t− s)−1/2dWs

which is not convergent. Therefore, the convolution argument used by Konno and
Shiga [3] does not apply to our model. This also shows that (1.12) does not have a
mild solution.

We shall use Krylov’s Lp theory for SPDE to derive the continuity. To this end,
we need to introduce some notations. For any real number n and p ∈ [2,∞), we let
Hn

p denote the space of Bessel potentials defined on R with norm

‖u‖n,p = ‖(I−∆)n/2u‖p.

(see, for instance, p.186 - p.187 in [4] for an explanation of this space.)
The following estimate plays an important role in the prove of continuity using

Krylov’s Lp theory for SPDE.

Lemma 3. If µ is finite and satisfies

sup
t,x
〈µ,ϕt(x−·)〉< ∞, (1.13)

then

E
[∫ T

0

∫
R

X(t,x)ndxdt
]

< ∞ (1.14)

for all n ∈ N.

Let us explain our idea on Hölder Continuity of X . By freezing the nonlinear
term of SPDE (1.11), we consider the following auxiliary linear SPDE :{

∂tY = L∗Y +
√

XḂtx
Y0 = µ

(1.15)

with µ ∈ H
1
2−ε− 2

p
p . Then Z := X−Y satisfies another linear SPDE :{

∂tZ = L∗Z− (∂x(σ1Z)+∂x(σ1Y ))Ẇt
Z0 = 0.

(1.16)

Hence, we can estimate X via Y and Z by using linear SPDE theory if the coefficients
of (1.15) and (1.16) are good for doing so. It turns out that (BC) serves this purpose
very well.
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Theorem 8. We take a finite time T and let ϕt(x) be the normal density with mean
0 and variance t. If, in addition to the conditions of Theorem 7, µ is finite satisfying

(1.13) and µ is in H
1
2−ε− 2

p
p for some ε ∈ (0, 1

2 ) and p satisfying 1
2 −ε− 1

p > 0, then
the density X(t,x) is Hölder continuous in x with index 1

2−ε− 1
p for (a.e.) t ∈ [0,T ]

(a.s.).

Idea of the proof: We use the notations of Krylov [4]. Applying Theorem 8.5 of [4]

to (1.15), we have a unique solution Y in H
1
2−ε

p (T ) with estimate

‖Y‖
H

1
2−ε

p (T )
≤ N(‖

√
X‖Lp(T ) +‖µ‖ 1

2−ε−2/p,p) (1.17)

where N depends only on ε, p,δ ,K,T .
Next, we apply Theorem 5.1 of [4] to (1.16) to get a unique solution Z in

H
1
2−ε

p (T ) with

‖Z‖
H

1
2−ε

p (T )
≤ N ‖∂x(σ1Y )‖

H
− 1

2−ε

p (T )
≤ N‖

√
X‖Lp(T ) +N‖µ‖ 1

2−ε−2/p,p (1.18)

where N = N(ε, p,δ ,K,T ).

Thus, combining (1.17) and (1.18), we have X = Y + Z ∈H
1
2−ε

p (T ) with esti-
mate

‖X‖
H

1
2−ε

p (T )
≤ N‖

√
X‖Lp(T ) +N‖µ‖ 1

2−ε−2/p,p. (1.19)

By the embedding Theorem 7.1 in [4], this implies(
E
∫ T

0
‖Xt‖p

C
1
2−ε− 1

p
dt
)1/p

≤ N‖X‖
H

1
2−ε

p (T )
≤ N‖

√
X‖Lp(T ) +N‖µ‖ 1

2−ε−2/p,p.

So, for large p > 1
ε

, we have
‖Xt‖

C
1
2−2ε

< ∞

for (a.e.) t ∈ [0,T ] a.s.. since 2ε takes any value in (0, 1
2 ), we are done with the proof.

ut

1.5 Longtime limit

In this section, we consider the limit of the process Xt when t→∞. We will start the
process from a measure µ which is invariant in a sense we shall define below. First,
µ will not be a finite measure. Otherwise, the total mass Xt(1) is Feller’s diffusion
which will converge to 0 as t → ∞. Second, this measure need to be invariant with
respect to the particle’s motion with the environment W given.

To be more specific, we consider the motion of a typical point in the system
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dξt = b(ξt)dt +σ1(ξt)dW (t)+σ2(ξt)dB(t). (1.20)

The next lemma establish the Markovian property of ξt .

Lemma 4. ξt is a conditional Markov process in the sense that for any t > s and
f ∈Cb(Rd),

EW ( f (ξt)|F ξ

t ) = EW ( f (ξt)|ξs).

Denote the conditional transition probability of ξ by

pW (s,x; t, ·) = PW (ξt ∈ ·|ξs = x).

Definition 1. µ is an invariant measure of ξt for given environment W if∫
pW (s,x; t, ·)µ(dx) = µ, a.s. (1.21)

Next, we seek sufficient conditions for (1.21) to be satisfied. To this end, we write
(1.20) in Stratonovich form:

dξt =
(
b̄(ξt)dt +σ2(ξt)dB(t)

)
+σ1(ξt)◦dW (t)

where

b̄i = bi− 1
2

d

∑
j,k=1

∂kσ
i j
1 σ

k j
1 .

Then, µ is invariant for each W if and only if µ is invariant for ηt and ζt given by:

dηt = b̄(ηt)dt +σ2(ηt)dB(t)

and
ζ̇t = σ1(ζt)Ẇt .

So
L̄∗µ = 0 and ∇(σ∗1 µ) = 0

where

L̄ f =
d

∑
i=1

b̄i
∂i f +

1
2

d

∑
i, j=1

āi j
∂

2
i j f ,

and

āi j =
d

∑
k=1

σ
ik
2 σ

k j
2 .

The following theorem is proved in [13].

Theorem 9. Suppose µ ∈C2(Rd)+ and

|∇ log µ(x)| ≤ K(1+ |x|).

If
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L̄∗µ = 0 and ∇(σ∗1 µ) = 0, (1.22)

then (1.21) holds.

Idea of the proof: Let ξ ε(t) be the Wong-Zakai approximation for the process ξ (t):

dξ
ε(t) =

(
b̄(ξ ε(t))+σ1(ξ ε(t))Ẇ ε

t
)

dt +σ2(ξ ε(t))dB1(t)

where Ẇ ε
t = ε−1(W(k+1)ε −Wkε) if kε ≤ t ≤ (k +1)ε , k = 0,1, · · ·. Then, given W ε ,

ξ ε is a Markov process with generator

Lε
t φ = L̄φ +(Ẇ ε

t )T
σ1∇φ .

It follows from the same arguments as in [14] that µ is invariant for ξ ε , namely∫
Rd

EW
x f (ξ ε(t))µ(x)dx =

∫
Rd

f (x)µ(x)dx.

Let F(W ) be a bounded continuous function of W . Then∫
Rd

Ex( f (ξ ε(t))F(W ))µ(x)dx =
∫

Rd
f (x)µ(x)dxE(F(W )). (1.23)

Taking ε → 0, we get∫
Rd

Ex( f (ξ (t))F(W ))µ(x)dx =
∫

Rd
f (x)µ(x)dxE(F(W )).

This implies the conclusion of the proposition. ut
Remark 2. If b, σ1, σ2 const., then µ(x) = 1 is a solution. If σ2 = I, then ∃σ1 s.t.
µ(x) = e2b∗x and µ(x) = 1 are solutions. Thus, σ -finite invariant measure is not
unique.

Before we state the main limit results in this and the next section, we would like
to mention a couple of open problems. First, we think that (1.22) is also necessary for
(1.21). This conjecture remains to be settled. Second, it is clear that (1.22) implies
L∗µ = 0. The question is whether the results we shall present in the remaining of
this chapter are still true when µ satisfies L∗µ = 0? Namely, µ will only be assumed
to be invariant for the annealed motion.

Now we proceed to studying the limiting behavior of Xt . Note that

Eµ e−〈Xt , f 〉 = Ee−〈µ,y0,t〉

= Ee−〈µ,yt 〉

where

ys(x) = f (x)+
∫ s

0

(
Lyr(x)− yr(x)2)dr

+
∫ s

0
∇

T yr(x)σ1(x)dW (r)
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Write into the convolution form

yt(x) =
∫

pW (0,x; t,du) f (u)−
∫ t

0
dr
∫

pW (r,x; t,du)yr(u)2.

Taking integral with respect to the measure µ , we then get

〈µ,yt〉 = 〈µ, f 〉−
∫ t

0

〈
µ,y2

r
〉

dr

→ 〈µ, f 〉−
∫ t

0

〈
µ,y2

r
〉

dr.

As a consequence, Xt ⇒ X∞

Definition 2. The process Xt is persistent if E(X∞) = µ .

The following theorem, proved in [13], establishes the persistency when for high
spatial dimension.

Theorem 10. Suppose d ≥ 3, (1.21) holds and

µ(x)≤ c1ec2|x|.

Then Xt ⇒ X∞ as t→ ∞. Furthermore, the process Xt is persistent.

Idea of the proof: Note that, ∀ f ∈C2
b(Rd),

Eµ 〈Xt , f 〉 = E
(
EW

µ 〈Xt , f 〉
)

= E〈µ,y0,t〉

≤ E
∫

µ(dx)
∫

pW (0,x; t,du) f (u)

=
∫

µ(du) f (u) < ∞. (1.24)

By Fatou’s lemma, we have

E〈X∞, f 〉 ≤ liminf
t→∞

Eµ 〈Xt , f 〉 ≤ 〈µ, f 〉 ,

where the second inequality follows from (1.24).
On the other hand, by Jensen’s inequality

e−E〈X∞, f 〉 ≤ Ee−〈X∞, f 〉

= Eexp
(
−〈µ, f 〉+

∫
∞

0

〈
µ,y2

r
〉

dr
)

and hence

E〈X∞, f 〉 ≥ − logEexp
(
−〈µ, f 〉+

∫
∞

0

〈
µ,y2

r
〉

dr
)

.
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Replace f by ε f , we have

〈µ, f 〉 ≥ E〈X∞, f 〉

≥ −ε
−1 logEexp

(
−ε 〈µ, f 〉+

∫
∞

0

〈
µ,y2

r (ε f )
〉

dr
)

= 〈µ, f 〉− ε
−1 logEexp

(∫
∞

0

〈
µ,y2

r (ε f )
〉

dr
)

(1.25)

here yr(ε f ) is defined as in (1.6) with f replaced by ε f . A large deviation type
argument then implies that

ε
−1 logEexp

(∫
∞

0

〈
µ,y2

r (ε f )
〉

dr
)
→ 0 as ε → 0.

The persistency then follows from (1.25). ut
For low spatial dimension, the process behavior differently. The following theo-

rem, proved in [13], establishes its local extinction property.

Theorem 11. Suppose d ≤ 2 and (1.21) holds. Assume

µ << λ and 0 < c1 ≤
dµ

dλ
≤ c2 < ∞.

Then for any bounded set B,
lim
t→∞

Xt(B) = 0.

We conjecture that for d = 1, the finite time local extinction holds. Namely, for
each bounded set B, there exists a stopping time τB such that Xt(B) = 0 when t ≥ τB.
This conjecture remains to be proved.

1.6 Occupation time limit

In this section, we consider the limiting behavior of the occupation measure

Yt =
∫ t

0
Xsds.

This section is based on the paper of Li et al [7]. For simplicity of notation, it
assumes that b = 0.

As a tool for studying this problem, we need to establish the log-Laplace equation
for the occupation process. The following theorem is derived in [7].

Theorem 12.

EW
r,ν exp

(
−
∫ t

r
〈Xs, fs〉ds

)
= exp(−〈ν ,ur,t〉) ,
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where ur,t solves

ur,t(x) =
∫ t

r

(
Lus,t(x)−u2

s,t(x)+ fs(x)
)

ds

+
∫ t

r
∇
∗us,t(x)σ1(x)d̂Ws, 0≤ r ≤ t.

Idea of the proof: Let s2 ≥ s1 ≥ 0. For s1 ≤ r ≤ s2 let ψr,s2(x) be given by

ψr,s2(x) = f2(x)+
∫ s2

r
[Lψs,s2(x)−ψ

2
s,s2

(x)]ds+
∫ s2

r
σ
∗
1 (x)∇ψs,s2(x)d̂Ws.

For r ≤ s1 let φr,s1(x) be the solution to

φr,s1(x) = f1(x)+ψs1,s2(x)+
∫ s1

r
[Lφs,s1(x)−φ

2
s,s1

(x)]ds

+
∫ s1

r
σ
∗
1 (x)∇φr,s1(x)d̂Ws.

By Theorem 4 for r ≤ s1 ≤ s2 we have

EW
r,µ exp

{
−〈Xs1 , f1〉−〈Xs2 , f2〉

}
= EW

r,µ exp
{
−〈Xs1 , f1 +ψs1,s2〉

}
= exp{−〈µ,φr,s1〉}.

Now we define

u(r,x) =
{

ψr,s2(x), s1 ≤ r ≤ s2,
φr,s1(x), r < s1.

It is easy to see that

u(r,x) = f1(x)1{r<s1}+ f2(x)1{r<s2}+
∫ s2

r
[Lu(s,x)−u2(s,x)]ds

+
∫ s2

r
σ
∗
1 (x)∇u(s,x)d̂Ws.

By similar arguments as the above we get

EW
r,ν exp

{
−

n

∑
i=1

〈
Xsi ,

1
n

fsi

〉}
= exp{−〈ν ,un

t (r, ·)〉}, (1.26)

where si = it/n and un
t (·, ·) is the solution to

un
t (r,x) = f n

r (x)+
∫ t

r
[Lun

t (s,x)−un
t (s,x)

2]ds+
∫ t

r
σ
∗
1 (x)∇un

t (s,x)d̂Ws, (1.27)

where

f n
r (x) :=

1
n

n

∑
i=1

fsi(x)1{r<si}→
∫ t

r
fs(x)ds.
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We can prove that un
t → ut , and hence, the conclusion of the theorem follows by

taking n→ ∞ in (1.26) and (1.27). ut
Apply the previous theorem directly, we will get the following law of large num-

ber type theorem for high spatial dimension case. This result dues to Li et al [7].

Theorem 13. Suppose that d ≥ 3, µ is invariant in the sense of (1.21) and the Con-
dition (BC) hold. Then, as t→ ∞, we have

1
t

Yt → µ

in probability.

Finally, we consider the limit when the spatial dimension is d = 2. In this case,
a central limit type result is obtained in [7]. To this end, we need some additional
conditions (C):
•

lim
|x|→∞

µ(x) = µ(∞),

and ∃ c1,c2 > 0 so that c1 ≤ µ(x)≤ c2 for all x ∈ R2;
• There are matrices (σ̃ i j

1 ) and (σ̃ i j
2 ) so that

σ
i j
1 (x)→ σ̃

i j
1 , σ

i j
2 (x)→ σ̃

i j
2 , |x| → ∞, i, j = 1,2.

Let p̃W be conditional transition with σi replaced by σ̃i.

Theorem 14. Suppose that d = 2, µ is invariant in the sense of (1.21), and the
Conditions (BC) and (C) hold. If X0 = µ , then for any f ∈C∞

0 (R2)+, we have

1
t
〈Yt , f 〉 ⇒ ξ

where ξ is a random variable such that for θ > 0

E
[

exp{−θξ}
]
= Eexp

{
−θ 〈µ, f 〉+ µ(∞)

∫ 1

0

〈
λ ,v2(s, ·;θ)

〉
ds
}

,

and v(r,x;θ) is the unique positive solution to

v(r,x)+
∫ 1

r
ds
∫

R2
v2(s,y)p̃W (r,x,s,y)dy

= 〈λ ,θ f 〉
∫ 1

r
p̃W (r,x,s,0)ds

with 0≤ r ≤ 1 and x ∈ R2.
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