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Abstract. In this chapter, we survey some recent results on the particle

system approximations to stochastic filtering problems in continuous time.

First, a weighted particle system representation of the optimal filter is given
and a numerical scheme based on this representation is proposed. Its conver-

gence to the optimal filter, together with the rate of convergence is proved.

Secondly, to reduce the estimate error due to the exponential growth of the
variance for individual weights, a branching weighted particle system is de-

fined and an approximate filter based on this particle system is proposed.
Its approximate optimality is proved and the rate of convergence is charac-

terized by a central limit type theorem. Thirdly, as an alternative approach

in reducing the estimate error, an interacting particle system (with neither
branching nor weights) to direct the particles toward more likely regions is

proposed. A convergence result for this system is established. Finally, we use

weighted branching particle systems to approximate the optimal filter for the
model with point process observations.

1. Introduction

There are two related stochastic processes in each filtering problem: The signal
process which we want to estimate and the observation process which provides the
information we can use. In this chapter, we assume that the signal process is a
d-dimensional diffusion governed by the following stochastic differential equation
(SDE):

dXt = b(Xt)dt+ c(Xt)dWt + σ(Xt)dBt, (1.1)

where B and W are independent Brownian motions of dimensions d and m, re-
spectively, and b : Rd → Rd, c : Rd → Rd×m and σ : Rd → Rd×d are continuous
mappings. To ensure the existence and uniqueness for the solution to (1.1) and for
the convenience of the estimates, the following condition (BC1) will be assumed
throughout this chapter.
Condition (BC1): The mappings b, c, σ are bounded and Lipschitz continuous.

For the observation process, we consider two models: The classical one and the
one with point processes as its observations. In the classical model, the observation
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process is an m-dimensional stochastic process given by

Yt =
∫ t

0

h(Xs)ds+Wt, (1.2)

where h : Rd → Rm is a continuous mapping. For the point process model, the
observation process is an m-dimensional process given by

Y it = Ni

(∫ t

0

λi(Xs, s)ds
)
, i = 1, 2, · · · ,m, (1.3)

where N1, N2, · · · , Nm are independent unit Poisson processes which are inde-
pendent of X, and λi : Rd×R+ → R+, i = 1, 2, · · · ,m, are measurable mappings.

The optimal filter πt is a P(Rd)-valued process given by

〈πt, f〉 ≡ E
(
f(Xt)

∣∣∣Gt) , ∀f ∈ Cb(Rd),

where Gt = FYt is the σ-field generated by Ys, s ≤ t, 〈µ, f〉 stands for the integral of
f with respect to the measure µ, and P(Rd) is the collection of all Borel probability
measures on Rd. Stochastic differential equations on P(Rd), called the filtering
equations, satisfied by πt for these two models will be derived in Sections 2 and 5,
respectively.

Explicit solutions to the filtering equations are rarely available. Thus, to solve
the filtering problems, we have to resort to numerical schemes. Particle approxi-
mations is a class of the effective numerical schemes. The main idea is to represent
the solution to a stochastic partial differential equation (SPDE) through a system
of weighted particles whose locations and weights are governed by SDEs which
can be solved numerically. This numerical scheme based on the weighted particle
system, regarded as a direct Monte-Carlo method, will be introduced in Section 2.

As the error in the Monte-Carlo approximation increases exponentially fast
when the time parameter tends to infinity due to the exponential growth of the
variances of the weights of the particles in the system, we need to modify the
weight of each particle. However, the total mass has to be kept constant for the
approximate filter to take values in the space of probability measures. To this
end, the number of particles in the system will be changed from time to time. We
use a branching particle system to match the change of the number of particles in
the system. This numerical scheme based on branching weighted particle systems,
called the hybrid filter, will be studied in Section 3.

Another method in reducing the error is to use interacting particle systems,
namely, there is no branching in the system while the motions of the particles
are directed to the region where the optimal filter has a higher density. This
interacting particle system will be studied in Section 4.

Finally, we consider the filtering model with point processes as its observations.
This model arises from the study of ultra-high frequency date in mathematical
finance. A branching particle system will be utilized to approximate the optimal
filter in this setup. The difference between this filtering model and the classical
one will be presented in Section 5.
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2. Filtering using weighted particles

In this section, we establish a weighted particle system representation for the
optimal filter of the classical model. Based on this representation, a numerical
scheme will be proposed and its convergence to the optimal filter will be proved,
together with the rate of convergence derived. The material of this section is taken
from the papers of Kurtz and Xiong [26], [27], [28].

To derive the filtering equation for πt, it is convenient to apply Girsanov’s
formula to transform the probability measure to a new one such that Yt becomes
an m-dimensional Brownian motion, independent of the process Bt, under the new
probability measure. To this end and for the convenience of the estimates later,
we assume the following condition (BC2) on h.
Condition (BC2): The mapping h is bounded and Lipschitz continuous.

Let P̂ ∼ P be the probability measure given by

dP

dP̂

∣∣∣∣∣
Ft

= Mt ≡ exp
(∫ t

0

h(Xs)∗dYs −
1
2

∫ t

0

|h(Xs)|2ds
)
,

where v∗ stands for the transpose of a vector (or matrix) v. Then, under P̂ ,
(Bt, Yt) is a (d + m)-dimensional Brownian motion, and the signal process Xt is
governed by

dXt = (b− ch)(Xt)dt+ c(Xt)dYt + σ(Xt)dBt. (2.1)
The conditional expectation with respect to P , as appeared in the definition of

the optimal filter, can be represented according to the conditional expectation with
respect to P̂ by Bayes’ formula which is called the Kallianpur-Striebel formula (cf.
Kallianpur-Striebel [23], [24]) in the filtering setup. The advantage of using P̂ is
that the signal is a functional of B and Y , while B is independent of Gt and Y
is measurable with respect to Gt, and the conditional expectations in both cases
(individually) are easy to find.

Let Cb(Rd) be the collection of all bounded continuous real-valued functions.

Theorem 2.1 (Kallianpur-Striebel formula). The optimal filter πt can be repre-
sented as

〈πt, f〉 =
〈Vt, f〉
〈Vt, 1〉

, ∀ f ∈ Cb(Rd), (2.2)

where
〈Vt, f〉 = Ê(Mtf(Xt)|Gt) (2.3)

and Ê refers to the expectation with respect to the measure P̂ .

On the probability space (Ω,F , P̂ ), let Bi, i = 1, 2, · · · , be independent copies
of B, and let them be independent of Y . Now we consider an interacting particle
system: For i = 1, 2, · · · ,

dXi
t = (b− ch)(Xi

t)dt+ c(Xi
t)dYt + σ(Xi

t)dB
i
t (2.4)

and
dM i

t = M i
th
∗(Xi

t)dYt, M i
0 = 1 (2.5)

By (2.3) and the conditional (given Gt) law of large numbers, we get
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Theorem 2.2. Suppose that {Xi
0, i = 1, 2, · · · } are i.i.d. random vectors with

common distribution π0 on Rd. Then

〈Vt, f〉 = lim
k→∞

1
k

k∑
i=1

M i
tf(Xi

t), (2.6)

where {(M i, Xi) : i = 1, 2, · · · } is the unique strong solution to the particle system
(2.4)-(2.5).

Applying Itô’s formula to (2.4)-(2.6), we get the Zakai equation for the unnor-
malized filter Vt.

Theorem 2.3 (Zakai’s equation). The unnormalized filter Vt satisfies the follow-
ing stochastic differential equation:

〈Vt, f〉 = 〈V0, f〉+
∫ t

0

〈Vs, Lf〉 ds+
∫ t

0

〈Vs,∇∗fc+ fh∗〉 dYs, (2.7)

where

Lf =
1
2

d∑
i,j=1

aij∂
2
ijf +

d∑
i=1

bi∂if

is the generator of the signal process, and the d × d matrix a = (aij) is given by
a = cc∗ + σσ∗.

Then, applying Itô’s formula to (2.2) and (2.7), we get the following filtering
equation.

Theorem 2.4 (Kushner-FKK equation). The optimal filter πt satisfies the fol-
lowing stochastic differential equation: For all f ∈ C2

b (Rd),

〈πt, f〉 = 〈π0, f〉+
∫ t

0

〈πs, Lf〉 ds (2.8)

+
∫ t

0

(〈πs,∇∗fc+ fh∗〉 − 〈πs, f〉 〈πs, h∗〉) dνs,

where the innovation process νt, given by

dνt = dYt − 〈πt, h〉 dt, (2.9)

is an m-dimensional Gt-Brownian motion under the original probability measure.

To propose a numerical approximation to the unnormalized filter, we apply
Euler scheme to approximate the solution of a finite system of n particles. For
δ > 0, let

ηδ(t) = jδ for jδ ≤ t < (j + 1)δ.

Note that M i
t is positive. To keep this positivity property in the approxima-

tion, we consider the Euler scheme of the process Zit ≡ logM i
t which satisfies the

following equation

dZit = h(Xi
t)
∗dYt −

1
2
|h(Xi

t)|2dt.
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Now we define the finite system {(Xδ,i, Zδ,i, V n,δ) : i = 1, 2, · · · , n} as follows:
dXδ,i

t = (b− ch)(Xδ,i
ηδ(t))dt+ c(Xδ,i

ηδ(t))dYt + σ(Xδ,i
ηδ(t))dB

i
t

dZδ,it = h
(
Xδ,i
ηδ(t)

)∗
dYt − 1

2

∣∣∣h(
Xδ,i
ηδ(t)

)∣∣∣2 dt
V n,δt = 1

n

∑n
i=1 exp

(
Zδ,it

)
δXδ,i

t
.

(2.10)

To prove the convergence of V n,δt to Vt, we need a metric on the space MF (Rd)
of finite Borel measures on Rd. We shall use Wasserstein’s metric.

For ν1, ν2 ∈MF (Rd), the Wasserstein metric is given by

ρ(ν1, ν2) = sup {| 〈ν1, φ〉 − 〈ν2, φ〉 | : φ ∈ B1} ,
where

B1 =
{
φ : Rd → R; |φ(x)− φ(y)| ≤ |x− y|, |φ(x)| ≤ 1,∀x, y ∈ Rd

}
.

Under this metric, MF (Rd) becomes a Polish space.
We need the following

Condition (I): The initial positions {xni : i = 1, 2, · · · , n} of the particles are i.i.d.
random vectors in Rd with the common distribution π0 ∈ P(Rd) which satisfies∫

Rd |x|2π0(dx) <∞.

Theorem 2.5. Let V̄ nt = V
n,1/n
t . Assume Conditions (I), (BC1) and (BC2) hold.

Then there exists a constant K1(t) such that

Êρ(V̄ nt , Vt) ≤
K1(t)√

n
.

To show that 1√
n

is indeed the order for the rate of convergence, we define

Snt =
√
n

(
V̄ nt − Vt

)
,

and prove the tightness for {Sn} in an appropriate space. For simplicity of nota-
tion, we restrict our calculations to space dimensions d = m = 1 in the rest of this
section.

As in Hitsuda and Mitoma [22], we use a modified Schwartz space Φ. Let
ρ(x) = C exp

(
−1/(1− |x|2)

)
1|x|<1, where C is a constant such that

∫
ρ(x)dx = 1.

Let
ψ(x) =

∫
e−|y|ρ(x− y)dy.

Let
Φ = {φ : φψ ∈ S} ,

where S is the Schwartz space. For κ = 0, 1, 2, . . ., define

‖φ‖2κ =
∑

0≤k≤κ

∫
R
(1 + |x|2)2κ

∣∣∣∣ dkdxk (φ(x)ψ(x))
∣∣∣∣2 dx.

Let Φκ be the completion of Φ with respect to ‖ · ‖κ. Then Φκ is a Hilbert space
with inner product

〈φ1, φ2〉κ =
∑

0≤k≤κ

∫
R
(1 + |x|2)2κ

(
dk

dxk
(φ1(x)ψ(x))

) (
dk

dxk
(φ2(x)ψ(x))

)
dx.
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Note that Φκ ⊃ Φκ+1 and that Φ0 is L2(µψ), where µψ(dx) = ψ2(x)dx. For
φ̂ ∈ Φ0 and φ ∈ Φκ,

〈φ̂, φ〉 ≡ 〈φ̂, φ〉0 =
∫

R
φ̂(x)φ(x)ψ2(x)dx

defines a continuous linear functional on Φκ with norm

‖φ̂‖−κ = sup
φ∈Φκ

|〈φ̂, φ〉|
‖φ‖κ

,

and we let Φ−κ denote the completion of Φ0 with respect to this norm. Then Φ−κ
is a representation of the dual of Φκ. If {φκj } is a complete, orthonormal system
for Φκ, then the inner product for Φ−κ can be written as

〈φ̂1, φ̂2〉−κ =
∞∑
j=1

〈φ̂1, φ
κ
j 〉〈φ̂2, φ

κ
j 〉. (2.11)

By a slight modification of Theorem 7, page 82, of Gel’fand and Vilenkin [19],
these norms determine a nuclear space, so in particular, for each κ there exists a
κ′ > κ such that the embedding Tκ

′

κ : Φκ′ → Φκ is a Hilbert-Schmidt operator.
The adjoint Tκ

′∗
κ : Φ−κ → Φ−κ′ is also Hilbert-Schmidt. Φ′ = ∪∞k=0Φ−k gives a

representation of the dual of Φ. (See [19], page 59.) We prove the tightness for
{Sn} in CΦ−κ [0,∞) for an appropriate κ, where CΦ−κ [0,∞) denotes the collection
of all continuous mappings from [0,∞) to Φ−κ.

Theorem 2.6. Suppose that Conditions (I), (BC1) and (BC2) hold. Then there
exists κ such that {Sn} is tight in CΦ−κ

[0,∞).

Finally, we characterize the limit. Let M be a Φ−κ-valued local martingale with〈
Mφ, Y

〉
t
= 0 for every φ ∈ Φ, and

〈
Mφ

〉
t
=

∫ t

0

〈
V 2
s , |σφ′|2

〉
ds,

where Mφ
t = 〈Mt, φ〉,V 2

t is a Φ′-valued process given by

V 2
t = lim

n→∞

1
n

n∑
i=1

(M i
t )

2δXi
t
.

The following condition is needed in the proof of the uniqueness part of the
next theorem.
Condition (E): There exists a constant δ > 0 such that σ2 − δc2 ≥ 0.

Theorem 2.7. In addition to the conditions of Theorem 2.6, we assume that
Condition (E) holds. Then {Sn} converges weakly in CΦ−κ [0,∞) to a process S
which is the unique solution of the following stochastic evolution equation: ∀φ ∈ Φ,

〈St, φ〉 = 〈S0, φ〉+ 〈Mt, φ〉+
∫ t

0

〈Su, Lφ〉 dy +
∫ t

0

〈Su, hφ+ cφ′〉 dYu. (2.12)
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3. Filtering using branching particle systems

In this section, we introduce the branching particle system approximation of
the optimal filter. The main purpose is to reduce the variances of the weights
of the particles in the system. The idea is to divide the time interval into small
subintervals and the weight for each particle at any partition time is modified as
an exponential martingale which depends on the signal and the noise in the small
interval prior to that time instead of on the whole interval starting from 0. This
section is based on a joint paper with Crisan [12].

Now we proceed to giving the definition of the branching particle system. Ini-
tially, there are n particles of weight 1 each at locations xni , i = 1, 2, · · · , n,
satisfying the initial condition (I).

Let δ = δn = n−2α, 0 < α < 1. For j = 0, 1, 2, · · · , there are mn
j number of

particles alive at time t = jδ. Note that mn
0 = n.

During the time interval (jδ, (j + 1)δ), the particles move according to the fol-
lowing diffusions: For i = 1, 2, · · · ,mn

j ,

Xi
t = Xi

jδ +
∫ t

jδ

σ(Xi
s)dB

i
s +

∫ t

jδ

(b− ch)(Xi
s)ds+

∫ t

jδ

c(Xi
s)dYs. (3.1)

At the end of the interval, the ith particle (i = 1, 2, · · · ,mn
j ) branches (inde-

pendent of others) into a random number ξij+1 of offsprings which is chosen such

that the conditional variance V arP̂
(
ξij+1|F(j+1)δ−

)
is minimized subject to the

constraint
Ê

(
ξij+1|F(j+1)δ−

)
= M̃n

j (Xi, (j + 1)δ), (3.2)

where

Mn
j (Xi, t) = exp

(∫ t

jδ

h∗(Xi
s)dYs −

1
2

∫ t

jδ

|h(Xi
s)|2ds

)
(3.3)

and

M̃n
j (Xi, t) =

Mn
j (Xi, t)

1
mn

j

∑mn
j

`=1M
n
j (X`, t)

.

It is clear that

ξij+1 =

{
[M̃n

j (Xi, (j + 1)δ)] with probability 1− {M̃n
j (Xi, (j + 1)δ)},

[M̃n
j (Xi, (j + 1)δ)] + 1 with probability {M̃n

j (Xi, (j + 1)δ)},

where {x} = x− [x] is the fraction of x, and [x] is the largest integer which is not
greater than x.

Denote the conditional variance of ξij+1 by γnj+1(X
i). Then

γnj+1(X
i) = {M̃n

j (Xi, (j + 1)δ)}
(
1− {M̃n

j (Xi, (j + 1)δ)}
)
.

Now we define the approximate filter as follows:

πnt =
1
mn
j

mn
j∑

i=1

M̃n
j (Xi, t)δXi

t
, jδ ≤ t < (j + 1)δ.
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Namely, the ith particle has a time-dependent weight M̃n
j (Xi, t). At the end of

the interval, i.e., t = (j+1)δ, this particle dies and gives birth to a random number
of offspring, whose conditional expectation is equal to the pre-death weight of the
particle. The new particles start from their mother’s position with weight 1 each.

The process πnt is called the hybrid filter since it involves a branching particle
system and the empirical measure of these weighted particles. In the earlier stage
of the study of particle approximation of the optimal filter, the particle approxi-
mation is defined as πnt without the weight, i.e., the particle filter is

π̃nt =
1
mn
j

mn
j∑

i=1

δXi
t
, jδ ≤ t < (j + 1)δ (3.4)

Thus, the current approximate filter πnt is a combination of the weighted filter
introduced in Section 2 and the particle filter (3.4). That is the reason we call it
the hybrid filter.

Since Zakai’s equation for the unnormalized filter Vt is much simpler than the
Kushner-FKK equation for the optimal filter πt, to study the convergence of πnt
to πt, it is more convenient to consider an auxiliary process first. Let

ηnk = Πk−1
j=0

1
mn
j

mn
j∑

`=1

Mn
j (X`, (j + 1)δ).

For kδ ≤ t < (k + 1)δ, we define

V nt =
1
n
ηnkπ

n
t

mn
k∑

i=1

Mn
k (Xi, t) =

1
n
ηnk

mn
k∑

i=1

Mn
k (Xi, t)δXi

t
.

We will prove that V nt converges to the unnormalized filter Vt. To this end, we
need the following lemmas.

Lemma 3.1. For each 1 ≤ j ≤ [T/δ], we have

Ê
(
mn
j (η

n
j )2

)
≤ neK

2T .

Lemma 3.2. There exists a constant K1 such that for any j ≥ 0 and i = 1, 2, · · · ,
mn
j , we have

Ê
(
γnj+1(X

i)
(
ηnj+1/η

n
j

)2 |Fjδ
)
≤ K1

√
δ.

A key ingredient in the proof of the convergence of V n to V is the following
dual of the Zakai equation:{

dψs = −Lψsds− (∇∗ψsc+ h∗ψs) d̂Ys, 0 ≤ s ≤ t,
ψt = φ,

(3.5)

where d̂ denotes the backward Itô’s integral. Namely, we take the right endpoints
in the approximating Riemann sum in defining the stochastic integral.

Hereafter we will denote by Ckb
(
Rd,X

)
the set of all bounded continuous map-

pings from Rd to X with bounded partial derivatives up to order k, where X is a
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Hilbert space. We endow Ckb
(
Rd,X

)
with the following norm

||ϕ||k,∞ =
∑
|α|≤k

sup
x∈Rd

‖Dαϕ (x)‖X , ϕ ∈ C
k
b

(
Rd,X

)
,

where α =
(
α1, · · · , αd

)
is a multi-index, |α| = α1 + · · · + αd and Dαϕ =

∂α
1

1 · · · ∂αd

d ϕ. Also let W k
p

(
Rd,X

)
be the set of all functions with generalized par-

tial derivatives up to order k with both the function and all its partial derivatives
being p-integrable. We endow W k

p

(
Rd,X

)
with the following Sobolev norm

||ϕ||k,p =

 ∑
|α|≤k

∫
Rd

‖Dαϕ (x)‖pX dx

 1
p

.

The following Condition (BD) is needed in establishing a representation of ψs
which plays a key role in the proof of the convergence of V n.
Condition (BD): The mappings a, b, c, h, φ are in Ckb (Rd,X ) with k =[
d
2

]
+ 2 and X being Rd×d, Rd, Rd×m, Rm and R respectively. Also, we assume

φ ∈W k
2 (Rd).

Under this condition, we can get an estimate for the supremum norm of ψs.

Lemma 3.3. Suppose that Assumption (BD) holds. Then ψs ∈ C2
b

(
Rd

)
a.s. and

there exists a constant K1 independent of φ and s ∈ [0, t] such that

E[‖ψs‖22,∞] ≤ K1‖φ‖2k,2. (3.6)

Now, we give the representation of ψs.

Lemma 3.4. Suppose that Condition (BD) holds. Then, for every t ≥ 0, we have

ψt(Xt)Mt − ψ0(X0) =
∫ t

0

Ms∇∗ψsσ(Xs)dBs, a.s.. (3.7)

As a consequence, if φ ∈ Cb(Rd) and π0 ∈ L2(Rd), then 〈Vt, φ〉 = 〈π0, ψ0〉.

Note that
〈V nt , φ〉 − 〈V n0 , ψ0〉 = In1 + In2 + In3 ,

where

In1 = ηnk
1
n

mn
k∑

i=1

(
Mn
k (Xi, t)ψt(Xi

t)− ψkδ(Xi
kδ)

)
,

In2 =
k∑
j=1

ηnj
1
n

mn
j−1∑
i=1

ψjδ(Xi
jδ)(ξ

i
j − M̃n

j (Xi))

and

In3 =
k∑
j=1

ηnj−1

1
n

mn
j−1∑
i=1

(
ψjδ(Xi

jδ)M
n
j (Xi)− ψ(j−1)δ(Xi

(j−1)δ)
)
.

Applying Lemma 3.4, we get

In3 =
k−1∑
j=0

ηnj
1
n

mn
j∑

i=1

∫ (j+1)δ

jδ

Mn
j (Xi, s)∇∗ψsσ(Xi

s)dB
i
s
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and hence, Ê
(
(In3 )2

)
≤ Kn−1. The term In1 can be estimated similarly.

Using the conditional independency for the terms in In2 , we get

Ê
(
(In2 )2

)
= Ê

k∑
j=1

1
n2

mn
j−1∑
i=1

ψjδ(Xi
jδ)

2γnj (Xi)(ηnj )2. (3.8)

By Lemmas 3.2 and 3.3, we get that

Ê
(
(In2 )2

)
≤ Ê

k∑
j=1

1
n2

mn
j−1∑
i=1

Ê
(
‖ψjδ‖2∞

)
Ê

(
γnj (Xi)

(
(ηnj )2/ηnj−1

)2
∣∣∣F(j−1)δ

)
(ηnj−1)

2

≤ K1

√
δ

1
n2

k∑
j=1

Ê
(
mn
j−1(η

n
j−1)

2
)

≤ K2

√
δ

1
n2

T

δ
n ≤ K3n

−(1−α). (3.9)

Thus, we have

Theorem 3.5. Suppose that the conditions (BD) and (I) hold. Then there exists
a constant K1 such that

Ê| 〈V nt , φ〉 − 〈Vt, φ〉 |2 ≤ K1n
−(1−α)‖φ‖2k,2

where k =
[
d
2

]
+ 2 is given in Condition (BD).

To get an uniform estimate, we need the following equation satisfied by V nt :

〈V nt , f〉 = 〈V n0 , f〉+
∫ t

0

〈V ns , Lf〉 ds+
∫ t

0

〈V ns ,∇∗fc+ h∗f〉 dYs

+Nn,f
t + N̂n,f

t , (3.10)

where

Nn,f
t =

[t/δ]∑
j=0

1
n

mn
j∑

i=1

∫ ((j+1)δ)∧t

jδ

∇∗fσ(Xi
s)dB

i
sη
n
j

and

N̂n,f
t =

[t/δ]∑
j=1

ηnj
1
n

mn
j−1∑
i=1

(ξij − M̃n
j (Xi))f(Xi

jδ)

are two uncorrelated martingales.
Define the usual distance on MF (Rd) by

d(ν1, ν2) =
∞∑
i=0

2−i (| 〈ν1 − ν2, fi〉 | ∧ 1) , ∀ ν1, ν2 ∈MF (Rd), (3.11)

where f0 = 1 and for i ≥ 1, fi ∈ Ck+2
b (Rd) ∩W k+2

2 (Rd) with ||fi||k+2,∞ ≤ 1 and
also ||fi||k+2,2 ≤ 1, where k =

[
d
2

]
+ 2 is given in Condition (BD).
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Theorem 3.6. Suppose that the conditions (BD) and (I) hold and, additionally,
that h ∈ Ckb (Rd) ∩W k

2 (Rd). Then, there exists a constant K1 such that

Ê sup
t≤T

d(V nt , Vt)
2 ≤ K1n

−(1−α). (3.12)

By Kallianpur-Striebel formula, we then get

Theorem 3.7. Suppose that the conditions in Theorem 3.6 are satisfied. Then,
there exists a constant K1 such that

E sup
0≤t≤T

d(πnt , πt) ≤ K1n
− 1−α

2 . (3.13)

For the particle filter, we have the following estimate.

Remark 3.8. For the particle filter π̃nt , we have

E sup
0≤t≤T

d(π̃nt , πt) ≤ K1

(
n−(1−α)/2 ∨ n−α

)
.

Note that the optimal rate in this case is 1
3 achieved at α = 1

3 .

Finally, we characterize the convergence rate of πn to π by studying the con-
vergence of the sequence ζnt = n

1−α
2 (πnt − πt).

Theorem 3.9. ζn converges weakly to a process ζ which is the unique solution to
the following evolution equation:

dζt = 〈ζt, Lf − (πt(∇∗fc+ hf)− πtfπth)h〉 dt
+ 〈ζt,∇∗fc+ hf − fπth− hπtf〉 dνt

− 4
√

2π−1

∫
Rd

f − πtf

Vt1

√
|h(x)− πth|V (t, x)B(dtdx)

where B is a space-time white noise which is independent of Y and ν is the inno-
vation process defined by (2.9).

To bring this section to an end, we briefly mention, to the best of our knowledge,
some of the related papers available in the literature.

Remark 3.10. Particle system approximation of optimal filter was studied in heuris-
tic schemes in the beginning of the 1990s by Gordon, Salmon and Ewing [21],
Gordon, Salmon and Smith [20], Kitagawa [25], Carvalho, Del Moral, Monin and
Salut [1], Del Moral, Noyer and Salut [18]. The rigorous proof of the convergence
results for the particle filter were published by Del Moral [15] in 1996, and inde-
pendently, by Crisan and Lyons [10] in 1997. After that, many improvements have
been made by various authors. Here we would like to mention only a few: Crisan
and Lyons [11], Crisan [6], [4], [3], [5], Crisan, Del Moral and Lyons [7], [9], Crisan
and Doucet [8], Crisan, Gaines and Lyons [9], Del Moral and Guionnet [16], Del
Moral and Miclo [17].
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4. Filtering using interacting particle systems

In this section, we give an interacting particle system representation of the
optimal filter based on the papers of Crisan and Xiong [13], [14]. The main mo-
tivation is to seek a numerical scheme to approximate the optimal filter using
neither branching nor weight. The idea is to direct the particles to move toward
more likely regions, and hence, the coefficients should depend on the whole system
configuration. For simplicity of notations, we take c = 0 in the signal equation
(1.1).

Note that the innovation process νt can be approximated by a smooth process
ν̃t. By a robust representation of the optimal filter due to Clark and Crisan [2],
the optimal filter πt can be approximated by the solution to the following PDE:

d

dt
〈It, f〉 = 〈It, Lf〉+

〈
It, αIt

t f
〉

(4.1)

where αt = h d
dt ν̃t is a bounded smooth function and

αI = α− 〈I, α〉 .

For mathematical convenience, we assume that the signal is a reflecting diffusion
in a bounded domain D = {x ∈ Rd : |x| ≤ R} of Rd, namely,

L = b∗∇+
1
2

d∑
j,k=1

ajk∂2
jk, D(L) = {f : x∗∇f |∂D = 0}

where a = σ∗σ. In fact, the diffusion on Rd can be approximated by such reflecting
diffusions. Thus, the optimal filter with bounded signal can be regarded as an
approximation of the original optimal filter.

By Conditions (BC1), (BC2) and (E), we see that the following conditions,
which are needed in the study of the numerical approximation to (4.1), are satisfied:

(B) There exists a constant K such that for any t ∈ [0, T ] and x ∈ D, we have

|b(x)|+ |σ(x)|+ |αt(x)| ≤ K.

(Lip) For any t ∈ [0, T ] and x, y ∈ D, we have

|b(x)− b(y)|+ |σ(x)− σ(y)|+ |αt(x)− αt(y)| ≤ K|x− y|.

(UE) There exists a constant K0 > 0 such that for any x ∈ D, the matrix
a(x)−K0I is non-negative definite.

The following identity is the key for the interacting particle system representa-
tion of the optimal filter.

Lemma 4.1.∫
D

∇∗f(x)(y − x)
‖y − x‖d

dx =
{
−

∫
∂D

f(x)dS + ωdf(y) if y 6= 0
ωdf(0) if y = 0 and f ∈ D(L),

where ωd is the surface area of the d-dimensional unit sphere Sd−1.

Based on this identity, we can show that It has the following representation by
an interacting infinite particle system.



PARTICLE APPROXIMATIONS 13

Proposition 4.2.

It = lim
n→∞

1
n

n∑
i=1

δXi
t

(4.2)

where

dXi
t = b̃t(It, Xi

t)dt+ σ(Xi
t)dB

i
t +N (Xi

t)dK
i
t , i = 1, 2, · · · , (4.3)

Ki
t is the local time of Xi

t at the boundary of D, N (x) is the unit normal vector
of ∂D at x ∈ ∂D,

b̃t(It, x) = b(x) +
ΛIt

αt(x)
It(x)

and

ΛIα(x) =
1
ωd

∫
Rd

(y − x)αI(y)
‖y − x‖d

I(dy).

Note that Xi
t given by (4.3) is a diffusion on D with reflecting boundary.

Remark 4.3. From the definition of b̃ we see that the particles move fast in un-
likely region (with It(x) small) and slow in more likely region (with It(x) large).
Therefore, the particles spend more time in more likely region.

Based on the representation above, we now propose an approximation to {It} by
finite interacting particle systems. For each finite system, the empirical measure
has no density, so we smooth it out by the operator Tε given below. For the
convenience of the estimates, we introduce an extra parameter δ > 0 to make
the coefficient b̃ bounded. Namely, we fix n ∈ N and ε, δ > 0 and consider the
following finite system: For i = 1, 2, · · ·n,

dXn,ε,δ,i
t = b̃ε,δt (In,ε,δt , Xn,ε,δ,i

t )dt+ σ(Xn,ε,δ,i
t )dBit +N (Xn,ε,δ,i

t )dKn,ε,δ,i
t (4.4)

and

In,ε,δt =
1
n

n∑
i=1

δXn,ε,δ,i
t

, b̃ε,δt (µ, x) = b(x) +
Λµαt(x)
Tεµ(x) + δ

(4.5)

where

Tεµ(x) = (2πε)−
d
2

∫
exp

(
−|x− y|2

2ε

)
µ(dy).

Here is the main convergence theorem in this section.

Theorem 4.4. For any t > 0 fixed, we have

lim
δ→0

lim
ε→0

lim
n→∞

In,ε,δt = It.

Finally, we use Euler’s scheme to solve the SDE system (4.4). The main dif-
ference from the Euler scheme in Section 2 is the involvement of the local time
process Kn,ε,δ,i

t in each equation. We use a penalization method (cf. Pettersson
[29] and Slominski [30]) to deal with this problem. For simplicity of notation, we
drop the superscripts n, ε, δ in this part. The system (4.4) becomes{

dXi
t = b̃t(It, Xi

t)dt+ σ(Xi
t)dB

i
t +N (Xi

t)dK
i
t

It = 1
n

∑n
i=1 δXi

t
, b̃t(µ, x) = b(x) + Λµαt(x)

Tεµ(x)+δ .
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Let 0 = t0 < t1 < · · · < tcγ = T be a partition of [0, T ] with mesh size γ =
max1≤k≤cγ

∆tk where ∆tk = tk − tk−1. Let ΠD be the projection to D (i.e. ΠDx

is the point in D which is the closest to x). For 0 ≤ t < t1, define Xγ,i
t = xi0; and

for tk ≤ t < tk+1, k ≥ 1,{
Xγ,i
t = ΠD{Xγ,i

tk−1
+ b̃tk−1(I

γ
tk−1

, Xγ,i
tk−1

)∆tk + σ(Xγ,i
tk−1

)∆Bitk}
Iγt = 1

n

∑n
i=1 δXγ,i

t

(4.6)

where ∆Bitk = Bitk −Bitk−1
.

Let In,ε,δ,γt be the process Iγt given by (4.6). Then

Theorem 4.5. There exists a constant Cε,δ such that

sup
0≤t≤T

Eρ(In,ε,δ,γt , In,ε,δt )2 ≤ Cε,δ

(
γ log

1
γ

)1/2

.

Remark 4.6. In Section 2, we saw that the time-varying weights of the particles
cause the approximate error to increase exponentially fast in time. To overcome
this drawback, branching particle systems were introduced in Section 3 so that the
individual weight of any particle depends on its path in small time intervals only. In
the present section, we have provided an alternative with constant weights hoping
to reduce the approximate error, or equivalently, to increase the convergence rate.
It remains a challenging open problem to derive an estimate of the convergence
rate and to compare it with that of the hybrid filter of Section 3.

Remark 4.7. As we have seen from this section, the numerical scheme based on
interacting particle system with neither branching nor weight involves quite many
approximating procedures (ν̃ → ν, D ↑ Rd, ε, δ → 0, n → ∞). How do propose
more efficient approximation (i.e., with less approximating procedures) remains a
challenging open problem.

5. A filtering model with point process observations

The filtering model [(1.1), (1.3)] with point processes observations, called the
Filtering Micromovement (FM) model, is proposed by Zeng [32]. The signal
process Xt represents the intrinsic value process of d assets, which corresponds
to the macro-movement in the empirical econometric literature or the continuous-
time price process in the option pricing literature. Prices are observed only at
random trading times which are modelled by a conditional Poisson process. More-
over, prices are distorted observations of the intrinsic value process at the trading
times. The observed prices take values in the discrete set of m levels. Thus, an
alternative description for the observation process is Y it which counts the number
of times that level i price are observed before time t. Then, Y it , i = 1, 2, · · · , m,
are Poisson point processes whose intensities depend on the intrinsic value process.

The Zakai equation and the filtering equation are derived in [32]. The particle
approximation for the optimal filter is studied by Xiong and Zeng [31] on which
this section is based.
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For simplicity of notations, we assume c = 0 in the signal equation (1.1). In
addition to the Conditions (I) and (BC1), we assume the following Condition (P)
on the intensities of the point processes introduced by (1.3).
Condition (P): i) The total intensity a(x, t) ≡

∑m
k=1 λk(x, t) is bounded.

ii) Let a′(x, t) ≡ ∂
∂xa(x, t) and p′k(x, t) ≡ ∂

∂xpk(x, t), where

pk(x, t) = a(x, t)−1λk(x, t).

Then a′(x, t) and p′k(x, t) are bounded and continuous in x.
Let Mt be the solution to the following SDE:

dMt =
m∑
k=1

(λk(Xs, s−)− 1)Mt−d
(
Y kt − t

)
, M0 = 1. (5.1)

Let P̂ be the probability measure given by dP
dP̂

∣∣∣
Ft

= Mt. By Girsanov’s theorem,

we know that, under P̂ , Y kt , k = 1, · · · ,m are independent standard Poisson point
processes, and they are independent of the Brownian motion B. The Kallianpur-
Striebel formula in the current setup gives

〈πt, f〉 =
〈Vt, f〉
〈Vt, 1〉

,

where
〈Vt, f〉 = Ê

(
f(Xt)Mt

∣∣∣Gt) .
Note that Vt has the following weighted particle system representation:

Vt = lim
n→∞

1
n

n∑
i=1

M i
t δXi

t

where
dXi

t = b(Xi
t)dt+ σ(Xi

t)dB
i
t

and

dM i
t =

m∑
k=1

(
λk(Xi

s, s−)− 1
)
M i
t−d

(
Y kt − t

)
, M0 = 1.

Applying Itô’s formula to the above system, we get the Zakai equation in this
model

〈Vt, f〉 = 〈V0, f〉+
∫ t

0

〈Vs, Lf〉ds+
m∑
k=1

∫ t

0

〈Vs−, (apk − 1)f〉d(Y ks − s). (5.2)

Making use of the Kallianpur-Striebel and Itô formulas, we have the filtering equa-
tion:

〈πt, f〉 =〈π0, f〉+
∫ t

0

[
〈πs, Lf〉 − 〈πs, fa〉+ 〈πs, f〉〈πs, a〉

]
ds

+
m∑
k=1

∫ t

0

[ 〈πs−, fλk〉
〈πs−, λk〉

− 〈πs−, f〉
]
dY ks .

(5.3)
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When a(X(t), t) = a(t), the above equation is simplified as:

〈πt, f〉 =〈π0, f〉+
∫ t

0

〈πs, Lf〉ds+
m∑
k=1

∫ t

0

[ 〈πs−, fλk〉
〈πs−, λk〉

− 〈πs−, f〉
]
dY ks . (5.4)

Note that a branching weighted particle system can be defined similar to that
in Section 3. We will not repeat its definition here. Instead, we shall only study
its properties. To this end, we use the same notations as in Section 3. The main
difference is the following lemma which is the counterpart of Lemma 3.2 in the
present setup.

Lemma 5.1. Let F (x) = {x}(1 − {x}). Then, for bounded f(x) with bounded
Lf2, as δ → 0, we have∣∣∣E(

γnj+1(X
i)f2(Xi

(j+1)δ)(η
n
j+1/η

n
j )2|Fjδ

)
− (f2Hn

jδ)(X
i
jδ)δ

∣∣∣ = o(δ),

where Hn
s is a nonnegative function given by

Hn
s (x) =

m∑
k=1

F

(
λk(x, s)
h̄nk (s) + 1

)
(h̄nk (s) + 1)2 (5.5)

and
h̄nk (s) = 〈πns , λk − 1〉 . (5.6)

As a consequence of the lemma, we have that

E
(
γnj+1(X

i)(ηnj+1/η
n
j )2|Fjδ

)
≤ K1δ,

which is different from Lemma 3.2.
Based on this estimate, it follows from the same argument as in (3.9) that

Ê
(
(In2 )2

)
≤ K1δ

1
n2

T

δ
n ≤ K2n

−1,

which is in contrast with the bound K3n
−(1−α) for the classical case.

As we did in Section 3, we consider the dual of the Zakai equation which is the
following backward SPDE:{

dψs = −Lψsds−
∑w
k=1(apk − 1)ψs+d̂(Y ks − s), 0 ≤ s ≤ t

ψt = φ
(5.7)

where d̂ denotes the backward Itô’s integral and φ is a bounded function. Actually,
the current setup makes this equation easier to handle because it can be studied
as a piecewise PDE. Thus, we get the following lemma easily.

Lemma 5.2. Suppose that Conditions (I), (BC1) and (P) hold for the FM model.
Let ψ′u(x) = d

dxψu(x). Then, there exists a constant K such that

Ê[ sup
0≤s≤t

‖ψs‖∞ + sup
0≤s≤t

‖ψ′s‖∞] ≤ K.

Based on this lemma, we can get the following key identity.
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Lemma 5.3. Suppose that Conditions (I), (BC1) and (P) hold. Then, for every
t ≥ 0, we have

ψt(Xt)Mt − ψ0(X0) =
∫ t

0

Ms∇∗ψsσ(Xs)dBs, a.s.. (5.8)

Note that Lemma 5.3 is in the same form as Lemma 3.4. However, the restrictive
Condition (BD) is not required here.

By the same arguments as those leading to Theorem 3.5, we get

Theorem 5.4. Suppose that Conditions (I), (BC1) and (P) hold. Then there
exists a constant K1 such that

Ê| 〈V nt , φ〉 − 〈Vt, φ〉 |2 ≤ K1n
−1.

Next, by an equation similar to (3.10), we can prove that

Theorem 5.5. Under the assumptions of Theorem 5.4, there exists a constant K
such that

E sup
0≤t≤T

d(πnt , πt) ≤ Kn−
1
2 . (5.9)

Finally, we characterize the rate of convergence by studying ζnt = n
1
2 (πnt − πt).

Let Φ be the nuclear space defined in Section 2.

Theorem 5.6. Under the assumptions of Theorem 5.4, ζn converges weakly in
DΦ−κ

[0,∞) to a process ζ which is the unique solution to the following evolution
equation: ∀ f ∈ Φ,

d 〈ζt, f〉 = 〈ζt, Lf − (a− w)f − f 〈πt, a− w〉+ (a− w) 〈πt, f〉〉 dt

+
w∑
k=1

[ 〈ζt−, fapk〉
〈πt−, apk〉

− 〈ζt−, apk〉 〈πt−, fapk〉
〈πt−, apk〉2

− 〈ζt−, f〉
]
dY kt

+
∫

R

f(x)− 〈πt, f〉
〈Vt, 1〉

√
Ht(x)Vt(x) 〈Vt, 1〉W (dxdt),

(5.10)

where W is a space-time white noise independent of Y , Hn
s (x) is a nonnegative

function given by

Hs(x) =
m∑
k=1

F

(
λk(x, s)
h̄k(s) + 1

)
(h̄k(s) + 1)2 (5.11)

and
h̄k(s) = 〈πs, λk − 1〉 . (5.12)
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