
Homework #5

5.30. As

X̄1 − X̄2 ≈ N

(
0,

2σ2

n

)
,

we have

.99 = P
(
|X̄1 − X̄2| <

σ

5

)
= P

(
|Z| < σ/5√

2σ/
√

n

)

= P

(
|Z| <

√
n

5
√

2

)
.

So √
n

5
√

2
= 2.326

and hence
n = 271.

5.32. a) Since

g(x) =
√

x and g′(x) =
a

x

are continuous on (0,∞), the the range of Xi is contained in (0,∞), and Xi converges in
probability, we see that

√
Xi and a

Xi
converges in probability.

b) Since S2
n → σ2 in probability, so

σ

Sn

→ 1

in probability.
5.33. Since limm→∞ FX(−m) = 0, for any ε > 0, there is m0 such that for any m ≥ m0,
FX(−m) < ε. We may choose −m ≤ −m0 being a continuity point of FX , since there are
only finite many points of discontinuity for FX . Then

lim
n→∞

FXn(−m) = FX(−m) < ε.

Since
P (Yn > c + m) → 0,
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we have
P (Yn ≤ c + m) → 0.

As
P (Xn + Yn ≤ c) ≤ P (Xn ≤ −m) + P (Yn ≤ c + m),

we see that
lim sup

n→∞
P (Xn + Yn ≤ c) ≤ ε.

Thus
P (Xn + Yn ≤ c) → 0

and hence
P (Xn + Yn > c) → 1.

5.35. a)
EXi = 1 and V ar(Xi) = 1.

So by CLT, we have
X̄n − 1

1/
√

n
−→ N(0, 1).

b) As MXi
(t) = (1− t)−1, we have

MX̄(t) =
(
1− t

n

)−n

and hence, X̄ ∼ gamma
(
n, 1

n

)
. Thus

Φ(x) ≈ P

(
X̄ ≤ 1 +

x√
n

)

=
∫ 1+ x√

n

0

nn

Γ(n)
tn−1e−ntdt.

Hence, the pdf

φ(x) ≈ nn

Γ(n)

(
1 +

x√
n

)n−1

e−n+
√

nx 1√
n

Take x = 0, we get
nn+ 1

2

n!
e−n ≈ 1√

2π
.
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Thus
n! ≈

√
2πnn+ 1

2 e−n.

5.36. a)
E(Y ) = E(E(Y |N)) = E(2N) = 2θ

and

V ar(Y ) = E((Y − 2θ)2) = E
(
E
(
(Y − 2N)2 + 4(N − θ)2 + 4(Y − 2N)(N − θ)

∣∣∣∣N))
= E

(
4N + 4(N − θ)2

)
= 4θ + 4θ = 8θ.

b)

MY−2θ√
8θ

(t) = MY

(
t√
8θ

)
e
− t√

2θ =
∞∑

n=1

θn

n!
e−θ

(
1− t√

2θ

)−n

e
− t√

2θ

= e−θ

exp

θ

(
1− t√

2θ

)−1
− 1

 e
− t√

2θ

→ e
t2

2 .

5.42. a) Note that

f(n)(u) = nβ(1− u)β−1
(
1− (1− u)β

)n−1
.

So

P (nv(1−X(n)) ≤ x) = P (X(n) ≥ 1− n−vx)

=
∫ 1

1−n−vx
nβ(1− u)β−1

(
1− (1− u)β

)n−1
du.

Let t = nv(1− u). Then

P (nv(1−X(n)) ≤ x) =
∫ x

0
nβtβ−1n−v(β−1)

(
1− n−vβtβ

)n−1
n−vdt.

Take v = 1/β. Then

P (nv(1−X(n)) ≤ x) =
∫ x

0
βtβ−1

(
1− n−1tβ

)n−1
dt→

∫ x

0
βtβ−1e−tβdt.

b) Note that
f(n)(u) = ne−u(1− e−u)n−1.
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So

P (X(n) − an ≤ x) =
∫ an+x

0
ne−u(1− e−u)n−1du

=
∫ 1−e−x−an

0
nvn−1dv v = 1− e−u

=
(
1− e−x−an

)n
.

Take an = log n. Then
P (X(n) − an ≤ x) → e−e−x

.

5.44. a)
EXi = p, V ar(Xi) = p(1− p).

Hence, by CLT, √
n(Yn − p) −→ N(0, p(1− p)).

b) Let g(p) = p(1− p). Then for p 6= 1
2
,

g′(p) = 1− 2p 6= 0.

Thus, by δ-method

√
n(Yn(1− Yn)− p(1− p)) −→ N(0, p(1− p)(1− 2p)2).

c) If p = 1
2
, then g′′(p) = −2 and hence, by second-order δ-method

n
(
Yn(1− Yn)− 1

4

)
−→ −1

4
χ2

1.
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