
Homework #4

5.21.

P
(
X(2) >

1

2
(X1 + X2)

)
= P (X2 > X1) + P (X1 > X2)

= 1− P (X1 = X2) = 1.

For general n, we still have
P (X(n) > median) = 1.

In fact, for n odd,

P (X(n) > X((n+1)/2)) = 1− P (X(n) < X((n+1)/2)) = 1;

and for n even

P
(
X(n) >

1

2
(X(n/2) + X(n/2+1))

)
= 1− P (X(n) = X(n/2) = X(n/2+1)) = 1.

5.22. Let φ(x), Φ(x) be the pdf and cdf of the standard normal. Then

fZ(x) = 2φ(x)(1− Φ(x)).

So

P (Z2 ≤ z) =
∫

x2≤z
2φ(x)(1− Φ(x))dx

=
∫ √

z

−
√

z
2φ(x)(1− Φ(x))dx.

Then the pdf of Z2 is

fZ2(z) = 2φ(
√

z)(1− Φ(
√

z))
1

2
√

z
+ 2φ(−

√
z)(1− Φ(−

√
z))

1

2
√

z

=
φ(
√

z)√
z

(
2− Φ(

√
z)− Φ(−

√
z)

)
=

1√
2π

z−1/2e−z/2.

Hence, Z2 ∼ χ2
1.
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5.23. For 0 < z < 1, we have

P (Z ≤ z) = 1− P (Z > z)

= 1− P (U1 ≥ z, · · · , UX ≥ z)

= 1−
∞∑

n=1

c

n!
P (U1 > z)n

= 1− e1−z − 1

e− 1
.

5.24.

fX(1),X(n)
(u, v) =

n!

(n− 2)!

1

θ2
10<u<v<θ

(
v − u

θ

)n−2

=
n(n− 1)

θn
(v − u)n−210<u<v<θ.

Define
s = u/v, t = v.

Then
u = st and = t.

The Jacobian is J = t. Thus the joint density of X(1)/X(n) and X(n) is

f(s, t) =
n(n− 1)

θn
(t(1− s))n−2t10<s<1,0<t<θ

=
n

θn
tn−110<t<θ(n− 1)(1− s)n−210<s<1.

X(1)/X(n) and X(n) are independent.
5.27. a) For u ≤ v, we have

fX(i)|X(j)
(u|v) =

fX(i),X(j)
(u, v)

fX(j)
(v)

=

n!
(i−1)!(j−1−i)!(n−j)!

f(u)f(v)F (u)i−1(F (v)− F (u))j−i−1(1− F (v))n−j

n!
(j−1)!(n−j)!

f(v)F (v)j−1(1− F (v))n−j

=
(j − 1)!

(i− 1)!(j − i− 1)!
f(u)F (u)i−1(F (v)− F (u))j−i−1F (v)1−j.
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b) As

fR,V (r, v) = n(n− 1)rn−2, 0 < r < 1,
r

2
< v < 1− r

2

and
fR(r) = n(n− 1)rn−2(1− r),

for r
2

< v < 1− r
2
, we have

fV |R=r(v) =
n(n− 1)rn−2

n(n− 1)rn−2(1− r)
=

1

1− r
.
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