
Homework #3

5.10. a) θ1 = µ, θ2 = σ2, θ3 = 0 and

θ4 =
∫ ∞

−∞

1√
2πσ

e−
(x−µ)2

2σ2 (x− µ)4dx

= σ4
∫ ∞

−∞

1√
2π

e−
z2

2 z4dz define z = x−µ
σ

= σ4
∫ ∞

−∞

1√
2π

z3d
(
−e−

z2

2

)
= σ4

∫ ∞

−∞

1√
2π

3z2e−
z2

2 dz

= 3σ4.

b)

V ar(S2) =
1

n

(
3σ4 − n− 3

n− 1
σ4
)

=
2σ4

n− 1
.

c) As

ξ ≡ (n− 1)S2

σ2
∼ χ2

n−1,

we have

Mξ(t) = (1− 2t)−(n−1)/2 and V ar(ξ) =
(n− 1)2

σ4
V ar(S2).

As
M ′(t) = (n− 1)(1− 2t)−(n+1)/2 and M ′′(t) = (n2 − 1)(1− 2t)−(n+3)/2,

we see that
E(ξ) = n− 1 and E(ξ2) = n2 − 1.

Thus

V ar(S2) =
σ4

(n− 1)2
V ar(ξ) =

2σ4

n− 1
.

11. Proof: For any t, we have

0 ≤ E(S + t)2 = ES2 + 2ESt + t2.
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Thus
(2ES)2 − 4E(S2) ≤ 0.

Thus
ES ≤ σ.

In case of E(S) = σ, we then have

ES2 + 2ESt + t2 = 0 when t = −σ.

Therefore
E((S − σ)2) = 0.

Thus S = σ a.s. and S2 = σ2 a.s.
As

(n− 1)S2 =
(
1− n−1

)
X2

n − 2n−1
n−1∑

Xi−1Xn + n−1

(
n−1∑
i=1

Xi

)2

and Xn is independent of (X1, · · · , Xn−1), Xn can take only two possible values x±. Then

2n−1
n−1∑

Xi−1 = x+ + x− a.s.

As X1 is independent of other r.v., we then get X1 can take only one possible value. Thus,
σ = 0.
5.12. As X̄ ∼ N(0, n−1), we have

EY1 =
∫ ∞

−∞
|x| 1√

2π/n
e−

(x−µ)2

2/n dx

=
1√
n

∫ ∞

−∞
|z| 1√

2π
e−

z2

2 dz

=
2√
n

∫ ∞

0

1√
2π

d
(
−e−

z2

2

)
=

√
2/(nπ).

Take n = 1 above, we have E(|X1|) =
√

2/π. Thus

EY2 =
√

2/π > EY1.
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5.13.

E
√

S =
σ√

n− 1
E
√

χ2
n−1

=
σ√

n− 1

∫ ∞

0

√
x

1

Γ((n− 1)/2)2(n−1)/2
x

n−1
2
−1e−x/2dx

=
σ√

n− 1

1

Γ((n− 1)/2)2(n−1)/2

∫ ∞

0
x

n
2
−1e−x/2dx

=
σ√

n− 1

Γ(n/2)2n/2

Γ((n− 1)/2)2(n−1)/2
=

2√
n− 1

Γ(n/2)

Γ((n− 1)/2)
σ.

Thus

c =

√
n− 1

2

Γ((n− 1)/2)

Γ(n/2)
.

5.16. Let

Zi =
Xi − i

i
, i = 1, 2, 3.

a)
Z2

1 + Z2
2 + Z2

3 ∼ χ2
3.

b)
Z1√

(Z2
1 + Z2

2)/2
∼ t2.

c)
2Z2

1

Z2
1 + Z2

2

∼ F1,2.

5.19. a)

P (χ2
p > a)− P (χ2

q > a)

= P (Z2
1 + · · ·+ Z2

p > a)− P (Z2
1 + · · ·+ Z2

q > a)

= P (Z2
1 + · · ·+ Z2

p > a, Z2
1 + · · ·+ Z2

q ≤ a) > 0.

b) Let k > j and ξ1, ξ2, ξ3 be indep. r.v. such that kξ1 ∼ χ2
k, jξ2 ∼ χ2

j and νξ3 ∼ χ2
ν . Then

P (kFk,ν > a) = P (kξ1 > aξ3)

=
∫

R
P (kξ1 > au)dFξ3(u)

>
∫

R
P (jξ2 > au)dFξ3(u)

= P (jFj,ν > a).
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c) As

P ((k − 1)Fk−1,ν > (k − 1)Fα,k−1,ν) = α

= P (kFk,v > kFα,k,ν)

> P ((k − 1)Fk−1,ν > kFα,k,ν),

we have
(k − 1)Fα,k−1,ν < kFα,k,ν .
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