Homework #3

5.10. EL) 01 = W, 02 = 0'27 93 =0 and

0y = / - (z — p)tdx
27m

= 0 / e~ 7 24z define z = %

o0 z2
= 04/ 3d (—e2>
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b)
1
Var(S?) = (304 _n 304>
n n—
B 20*
 on—1
c) As
_ (n—1)8?
(= ——— ~Xa-v
we have
~(n-1)/2 (n—1) )
M{(t) = (1 — 2t> and VCLT(S) = g VCLT’(S )
As
M'(t)=(n—1)(1—-2t)" (n+1)/2 and M"(t) = (n2 —1)(1 - Qt)*(n+3)/2,
we see that
E() =n—1and BE(&) =n*—1.
Thus ’ -
2 o o
Var(S%) = =172 ;Var(§) = T

11. Proof: For any t, we have

0< E(S+1t)>=FES*+2ESt +t*



Thus
(2ES)? —4E(S?) < 0.

Thus
ES <o.

In case of E(S) = o, we then have
ES? +2ESt +t* = 0 when t = —0.

Therefore
E((S — 0)2) = 0.

Thus S = o a.s. and S? = o2 a.s.
As

n—1 n—1 2
(n—1)S8% = (1 - n_l) X2=27' Y X X, 0t (Z Xi>
i=1

and X, is independent of (Xi, -+, X,,_1), X,, can take only two possible values x1. Then

n—1
2n ! Z Xig=oy+a_ a.s.
As X, is independent of other r.v., we then get X; can take only one possible value. Thus,

o=0.
5.12. As X ~ N(0,n71), we have

o _(a—p)?

EY; = / || e 2 dx

—oo 27 /n

1 foo 1 22

\/ﬁ/oo|z|\/ﬂe_2dz
2 [~ 1 22

- b )

= /2/(nm).

Take n = 1 above, we have F(|X;|) = /2/m. Thus

EY, = /2/7 > EY;.




5.13.
g
EVS = ———=F\/x?
VS = BV

n—1

2z e 2y

o o0 1
v%?TA %%ﬂn—nﬁﬂmﬂw
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vn—1T((n—1)/2)20=1/2 Jg
o ['(n/2)2"/? 2 ['(n/2)

Vin—10((n—1)/2)20-02 ~ u—1((n—1)/2)"

_ V- 1D((n-1)/2)
2 T(n/2)

Thus

C

5.16. Let .
Z; = . i=1,23

Z7 + Z3 + 73 ~ X3

Zy
(2% + Z3)/2

~ tg.

27}
7+ Z3

~ F1.
5.19. a)
P(Xf7 > a) — P(Xg > a)
= P(Z{+--+Z.>a)—P(Z; +- -+ Z] > a)
= P(Z{+ -+ Z>a, Zi+--+ Z; <a)> 0.
b) Let k > j and &, &, & be indep. r.v. such that k&, ~ x3, j& ~ X? and v€3 ~ x2. Then
P(kFy, >a) = P(k& > a&s)
- /R P(ké, > au)dFe, (u)
> /R P(jés > au)dFy, (u)
= P(jF;, > a).
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P((k — 1)Fk717y > (k - 1)Fa,k71,l/> = Q@
= P(kFy, > kFok,)
> P((k—1)Fy1, > kFoky),

we have
(k - 1)Fa,k—1,u < kFa,kz,V-



