
Homework #2

5.5.

P (X̄ ≤ x) = P

(
n∑

i=1

Xi ≤ nx

)

=
∫ nx

−∞
fX1+···+Xn(t)dt

=
∫ x

−∞
fX1+···+Xn(ns)nds.

Thus
fX̄(x) = nfX1+···+Xn(nx).

5.6. a) Let u = x− y, v = y. Then J = 1 and hence,

P (X − Y ≤ z) =
∫ ∫

1x−y≤zfX(x)fY (y)dxdy

=
∫ z

−∞

∫ ∞

−∞
fX(u + v)fY (v)dvdu.

Thus
fZ(z) =

∫ ∞

−∞
fX(x + v)fY (v)dv.

b) Let u = xy, v = y. Then J = v−1 and hence,

P (XY ≤ z) =
∫ ∫

1xy≤zfX(x)fY (y)dxdy

=
∫ z

−∞

∫ ∞

−∞
fX(u/v)fY (v)|v−1|dvdu.

Thus
fZ(z) =

∫ ∞

−∞
fX(z/v)fY (v)|v−1|dv.

c) Let u = x/y, v = y. Then J = v and hence,

P (X/Y ≤ z) =
∫ ∫

1x/y≤zfX(x)fY (y)dxdy

=
∫ z

−∞

∫ ∞

−∞
fX(uv)fY (v)|v|dvdu.

Thus
fZ(z) =

∫ ∞

−∞
fX(zv)fY (v)|v|dv.

1



5.8. a)
n∑

i=1

n∑
j=1

(Xi −Xj)
2 =

n∑
i=1

n∑
j=1

(X2
i − 2XiXj + X2

j )

= 2n
n∑

i=1

X2
i − 2n2X̄2

= 2n(n− 1)S2.

Thus

S2 =
1

2n(n− 1)

n∑
i=1

n∑
j=1

(Xi −Xj)
2.

b) Note that

S2 =
1

n(n− 1)

∑
1≤i<j≤n

(Yi − Yj)
2.

For i 6= j, we have
E(Yi − Yj)

2 = E(Y 2
i − 2YiYj + Y 2

j ) = 2θ2.

We write

S2 − θ2 =
1

n(n− 1)

∑
1≤i<j≤n

(
(Yi − Yj)

2 − 2θ2

)
.

For i < j, we have

E
(
(Yi − Yj)

2 − 2θ2

)2
= E

(
(Y 2

i − 2YiYj + Y 2
j )2 − 4θ2

2

)
= θ4 + 4θ2

2 + θ4 + 2θ2
2 − 4θ2

2 = 2(θ4 + θ2
2)

and for distinct i, j, k, we have

E
(
(Yi − Yj)

2 − 2θ2

) (
(Yi − Yk)

2 − 2θ2

)
= E

(
(Yi − Yj)

2(Yi − Yk)
2 − 4θ2

2

)
= θ4 − θ2

2.

Therefore

V ar(S2) =
1

n2(n− 1)2

∑
1≤i<j≤n

∑
1≤k<`≤n

E
((

(Yi − Yj)
2 − 2θ2

) (
(Yk − Y`)

2 − 2θ2

))

=
1

n2(n− 1)2

(
2(θ4 + θ2

2)
n(n− 1)

2
+ (θ4 − θ2

2)n(n− 1)(n− 2)

)

=
1

n

(
θ4 −

n− 3

n− 1
θ2
2

)
.
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c)

Cov(X̄, S2) = E(
(
(X̄ − θ1)S

2
)

=
1

2n2(n− 1)

n∑
i=1

n∑
j=1

n∑
k=1

E
(
(Xi −Xj)

2(Xk − θ1)
)

=
1

n2(n− 1)

n∑
i=1

n∑
j=1

E
(
(Yi − Yj)

2Yi

)

=
1

n2(n− 1)

n∑
i=1

n∑
j=1

E
(
Y 3

i − 2Y 2
i Yj + Y 2

j Yi

)
=

1

n2(n− 1)
θ3(n

2 − n) =
θ3

n
.

So Cov(X̄, S2) = 0 iff θ3 = 0.
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