
Homework #10

7.37.
f(x|θ) = (2θ)−n1x(1)≥−θ,x(n)≤θ.

(X(1), X(n)) is sufficient.
As

fX(n)
(x) = nf(x)F (x)n−1 = n(2θ)−n(x + θ)n−1,

we have

EX(n) =
∫ θ

−θ
xn(2θ)−n(x + θ)n−1dx

= n(2θ)−n
∫ 2θ

0
(y − θ)yn−1dy

= n(2θ)−n

(
(2θ)n+1

n + 1
− θ

(2θ)n

n

)

=
n− 1

n + 1
θ.

By symmetry, we have

EX(1) = −n− 1

n + 1
θ.

Thus
Eθ(X(1) + X(n)) = 0,∀θ.

So (X(1), X(n)) is not complete. There is not a way to find the best unbiased estimator.
7.38. Note that

log f(x|θ) = (θ − 1) log(x1 · · ·xn) + log θ.

So
∂θ log f(x|θ) = log(x1 · · ·xn) +

n

θ
.

We need
W (x)− g(θ)

log(x1 · · ·xn) + n
θ

does not depend on x. We take W (x) = 1
n

log(x1 · · ·xn) and g(θ) = 1
θ
. Note that

E log X1 =
∫ 1

0
θxθ−1 log xdx = −1

θ
.
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We have EW (X) = g(θ).
b)

f(x|θ) =

(
log θ

θ − 1

)n

θnx̄,

so
L(θ|x) = n log log θ − n log(θ − 1) + nx̄ log θ.

Then

∂θL(θ|x) =
n

θ log θ
− n

θ − 1
+

nx̄

θ
.

So

W (x)− g(θ) = a(θ)

(
n

θ log θ
− n

θ − 1
+

nx̄

θ

)

=
na(θ)

θ

(
x̄− θ

(
1

θ − 1
− 1

θ log θ

))
.

Take W (X) = X̄ and g(θ) = θ
(

1
θ−1

− 1
θ log θ

)
. Note that

E(X1) =
∫ 1

0

log θ

θ − 1
θxxdx = g(θ).

So, EW (X) = g(θ).
7.40.

V ar(X̄) =
p(1− p)

n
.

I1(p) = −Ep∂
2
p (X1 log p + (1−X1) log(1− p))

= Ep

(
X1

p2
+

1−X1

(1− p)2

)

=
p

p2
+

1− p

(1− p)2
=

1

p(1− p)
.

Thus the CR lower bound is

1

nI1(p)
=

p(1− p)

n
= V ar(X̄).

7.41. a)

E
n∑

i=1

aiXi =
n∑

i=1

aiµ = µ
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iff
∑n

i=1 ai = 1.
b)

V ar
n∑

i=1

aiXi =
n∑

i=1

a2
i σ

2.

Let

f(a1, · · · , an, λ) =
n∑

i=1

a2
i − 2λ

(
n∑

i=1

ai − 1

)
Then

∂if = 2ai − 2λ = 0, ai = λ.

∂λf =
n∑

i=1

ai − 1 = 0, nλ = 1.

Thus

ai =
1

n
.

Best estimate is X̄.
7.42. a)

E
n∑

i=1

aiWi =
n∑

i=1

aiθ = θ

iff
∑n

i=1 ai = 1.

V ar
n∑

i=1

aiWi =
n∑

i=1

a2
i σ

2
i .

Let

f(a1, · · · , an, λ) =
n∑

i=1

a2
i σ

2
i − 2λ

(
n∑

i=1

ai − 1

)
Then

∂if = 2aiσ
2
i − 2λ = 0, ai = λ/σ2

i .

∂λf =
n∑

i=1

ai − 1 = 0, λ
n∑

j=1

σ−2
j = 1.

Thus

ai =
σ−2

i∑n
j=1 σ−2

j

.

Best estimate is

W ∗ =

∑n
i=1 Wiσ

−2
i∑n

j=1 σ−2
j

.
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b)

V ar
n∑

i=1

aiWi =
n∑

i=1

a2
i σ

2
i =

1∑n
j=1 σ−2

j

.

7.44. As

f(x|θ) = Πn
i=1

1√
2π

exp
(
−1

2
(xi − µ)2

)

=

(
1√
2π

)n

exp

(
−1

2

n∑
i=1

x2
i

)
exp

(
−n

2
µ2
)

exp (nµx̄) ,

X̄ is complete and sufficient.
Note that

E
(
X̄2 − 1

n

)
= V arX̄ +

(
EX̄

)2
− 1

n

=
1

n
+ µ2 − 1

n
= µ2.

So, X̄2 − 1
n

is UMVUE for µ2.

V ar
(
X̄2 − 1

n

)
= V ar(X̄2) = V ar

((
1

n
Z + µ

)2
)

= E

((
1

n
Z + µ

)4
)
−
(
E

((
1

n
Z + µ

)2
))2

= 3n−4 + 6n−2µ2 + µ4 −
(
n−2 + µ2

)2

= 2n−4 + 4n−2µ2.

I1(µ) = −Eµ∂
2
µ

(
−(X1 − µ)2

2

)
= 1.

Thus

LB =
4µ2

n
> 2n−4 + 4n−2µ2.

7.47. Ai = πr2
i , ri ∈ N(µ, σ2). If σ2 is known, it is similar to problem 7.44. Suppose σ2 is

unknown. Then (r̄, S2) is sufficient and complete for (µ, σ2). As

Er̄2 =
σ2

n
+ µ2 and ES2 = σ2,
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we have

E
(
r̄2 − 1

n
S2
)

= µ2

and hence, π
(
r̄2 − 1

n
S2
)

is unbiased for A. It is UMVUE.

7.50. a)
E(aX̄ + (1− a)cS) = aθ + (1− a)θ = θ.

b)

V ar
(
aX̄ + (1− a)cS

)
= a2V ar(X̄) + (1− a)2c2V ar(S)

= a2 θ2

n
+ (1− a)2c2

(
θ2 − (θ/c)2

)
=

(
a2

n
+ (1− a)2(c2 − 1)

)
θ2.

Let

f(a) =
a2

n
+ (1− a)2(c2 − 1).

It attains its minimum at

a =
n(c2 − 1)

1 + n(c2 − 1)
.

c) As
Eθ(X̄ − cS) = 0, ∀θ,

and X̄ − cS 6= 0, (X̄, S2) is not complete.
7.62. a)

R(θ, δ) = E
(
|aX̄ + b− θ|2

)
= E|a(X̄ − θ) + b + (a− 1)θ|2

= a2σ2

n
+ (b + (a− 1)θ)2.

b) Since the posterior is normal with mean nτ2x̄+σ2µ
nτ2+σ2 and variance τ2+σ2

nτ2+σ2 . The Bayes estimate
is

δπ(x) =
nτ 2x̄ + σ2µ

nτ 2 + σ2
.
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Namely, a = 1− η and b = ηµ Thus

R(θ, δπ) = (1− η)2σ2

n
+ (ηµ− ηθ)2

= (1− η)2σ2

n
+ η2(µ− θ)2.

c)

B(π, δπ) = Eπ

(
(1− η)2σ2

n
+ η2(µ− θ)2

)

= (1− η)2σ2

n
+ η2τ 2

=

(
nτ 2

nτ 2 + σ2

)2
σ2

n
+ η2τ 2

= η
nτ 4

nτ 2 + σ2
+ η2τ 2 = ητ 2.

7.63.

R(µ, δ1) =
(
1− 1

n + 1

)2 1

n
+

1

(n + 1)2
µ2

and

R(µ, δ2) =
(
1− 1

10n + 1

)2 1

n
+

1

(10n + 1)2
µ2.

Except for µ near 0, δ2 has a smaller Bayes risk. Namely, The more spread out the prior,
the smaller the Bayes risk.
7.65. b) The posterior expected loss is

E
(
ec(δ(x)−θ) − c(δ(x)− θ)− 1|x

)
= f(δ(x))

where
f(δ) = ecδE(e−cθ|x)− cδ + cE(θ|x)− 1.

Taking derivatives, we have
f ′(δ) = cecδE(e−cθ|x)− c

and
f ′′(δ) = c2ecδE(e−cθ|x) > 0.
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Thus

δπ(x) = −1

c
log E(e−cθ|x).

c) Since the posterior is normal with mean x̄ and variance σ2

n
. We have

δπ(x) = −1

c
log e−cx̄+σ2c2

2n

= x̄− cσ2

2n
.

d) Posterior expected loss is

ecδe−cx̄+σ2c2

2n − cδ + cx̄− 1.

e)

Eπ(x̄− cσ2

2n
− θ) =

σ2

n
+

(
cσ2

2n

)2

.
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