Homework #10

7.37.
f(z|0) = (20)_n1x(1>2—97x(n)§9‘
(X(l), X(n)) is sufficient.
As
fxi (@) =nf(2)F ()" =n(20)"(x +0)" ",

we have
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Thus
E@(Xu) + X(n)) =0,V0.
So (X(1), X(n)) is not complete. There is not a way to find the best unbiased estimator.
7.38. Note that
log f(z]0) = (60 — 1) log(xy - - - x,,) + log 6.
So
Oplog f(x|0) = log(xy - - x,) +
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does not depend on z. We take W (x) = +log(x; - - - x,) and g(f) = 5. Note that
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We have EW (X)) = ¢(0).
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logf\" ~
relo) = (3 0,
SO
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Take W (X) = X and g(0) = 0 (ﬁ — @). Note that
1
E(Xy) = log 0 O xdr = g(0).
0o -1
So, EW(X) = ¢g(0).
7.40. ,
Var(X) = o —p).
n
L(p) = —E,0; (Xilogp+ (1 - X1)log(1 - p))
X1 1-X; )
— E _
' <p2 (1-p)?
1 - 1
P (1-p? p-p)
Thus the CR lower bound is
1 p(1—p) v
= = Var(X).
nli(p) n (X)

7.41. a)

EY aX;=> ap=p
=1 i1

2



HEST a; =1
b)

Let

Then

Thus

Best estimate is X.

7.42. a)
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Best estimate is
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Var Z a;W; = Z a;0; = =3~
j=19;
7.44. As
1 1 9
Flalo) = Ty esp (g p)?)
1 n
— (\/ﬂ) exp ( 5 ;ﬁ) exp (—Zu ) exp (nuz),
X is complete and sufficient.
Note that

So, X2 — % is UMVUE for .
o2 1 2 1 ?
Var (X — ) = Var(X*)=Var (Z+u>
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Thus
LB = > 20"t 4 dn "2t

7.47. A; = mr?, r; € N(p,0?). If 02 is known, it is similar to problem 7.44. Suppose o is

unknown. Then (7, S?) is sufficient and complete for (i, 0?). As

2
=" + p? and ES? = o2,
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we have 1
E (f2 — 52) =
n

and hence, 7 (FQ - %82) is unbiased for A. It is UMVUE.

7.50. a)
E(aX + (1 —a)eS) =af + (1 —a)d = 0.

b)
Var (aX + (1 - a)cS) = 2VOLT(X) + (1 —a)*c*Var(9)
= g + (1= a)*c® (6> = (0/c)?)
= (f (1—a)?(c* — 1)) 62.
Let

It attains its minimum at

on(@-1)
S l+4n(2-1)
c) As
Ey(X — ¢S) = Vo,
and X — ¢S # 0, (X, S?) is not complete.
7.62. a)

R(0,6) = E(]aX+b—0])

= Ela(X —0)+b+ (a—1)0)?
= CLZ% + (b+ (a—1)0)>.
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b) Since the posterior is normal with mean
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and variance 252 . The Bayes estimate



Namely, a =1 —n and b = nu Thus

R(9,07) = (1=n)*Z + (= nf)?
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and
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Except for o near 0, 2 has a smaller Bayes risk. Namely, The more spread out the prior,
the smaller the Bayes risk.
7.65. b) The posterior expected loss is

E (e —¢(6(x) — 0) — 1|z) = f(5(x))

where

f(6) = e E(e=|x) — ¢ + cE(f|z) — 1.

Taking derivatives, we have
f'(8) = ce®E(e |x) — ¢

and
f"(0) = e®E(e~|x) > 0.



Thus 1
§™(x) = —=log E(e™|z).
c

. . . . _ . 2
c) Since the posterior is normal with mean z and variance Z-. We have

1 - 02C2
6" (z) = ——loge o
c
_ co?
= I——.
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d) Posterior expected loss is
s 2.2
eCe " I —ef + T — 1.



