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Abstract

It has often been wondered what type of geometric data ¯nite type invariants can detect. The
answer is not obvious, their de¯nition being combinatorial in spirit. In this paper we show that
these invariants can be interpreted as obstructions to a certain natural geometric question: doesthe
knot bound an embedded tower of surfaces into the three sphere? This is a question which arises
naturally in the theory of hierarchies of 3-manifolds. The towers of surfaceswe consider are called
gropes, and can be thought of as a topological manifestation of the lower central series.

Gropes can also be thought of as representing a particular type of clasper surgery in the sense
of Habiro. In the last section of the paper we derive some surprising results about claspers which
are hopefully of independent interest.

This paper is a revised version of a previously posted paper. The last section relating to claspers
is completely new.
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1 In tro duction

The precisestatement of our result is as follows:

Theorem 1.1 If a knot bounds an embedded grope of classn in S3, then Vassiliev in-
variants up to degree dn

2 e taking valuesin any abelian group do not distinguish that knot
from the unknot.

together with the optimalit y result:

Theorem 1.2 For all n, there are knotsboundingembedded gropesof classn in S3 which
are distinguished from the unknot by a type dn

2 e+ 1 invariant.

One might ask why dn
2 e? As a grope of classn represents an n-commutator, the

work of Ng and Stanford[NS] on n-trivialit y of group elements would suggestthat n ¡ 1
is the natural answer. The problem is that the natural moves that implement \letter
deletion" as consideredin that paper cannot be realizedindependently. The factor of 2
that results is the samefactor of 2 encountered by Goussarov [Go2], wherehe considers
non-independent moves. In fact his work directly implies that knots boundingembedded
classn gropeshave trivial invariants up to degreebn

2 c ¡ 1, by using, say movesof type
I I (seesection3.2) without the restriction on the vertices.

It is not hard to show that the Alexander polynomial of a knot bounding a grope
of class¸ 3 is trivial. Sincethe Alexander polynomial has associated to it ¯nite type
invariants of arbitrarily large type, a converseto theorem1.1 is not possible.In [CT] the
notion of grope cobordism is introduced. The analogouscondition to bounding a grope
in this languageis that the knot coboundsan annulus-like grope with the unknot. The
unknot may link with the knot geometrically. It turns out that the analog of theorem
1.1 holds with dn

2 e replacedby bn
2 c, and that a sort of converseholds: that if two knots

sharetype n invariants, they cobound an embeddedgrope of classn + 1.

An interesting consequenceof the main theorem is that a knot bounding a grope of
arbitrarily large classcannot be distinguishedfrom the unknot by ¯nite type invariants.
It is a conjectureof Mike Freedmanthat this phenomenonis impossible.More precisely
he conjecturesthe related statement that in any three manifold, you cannot have an
in¯nite embeddedgrope,every stageof which is incompressible.In the casethat the three
manifold is a knot complement, theorem1.1 thereforereducesFreedman'sconjectureto
the famousopen questionof whether ¯nite type invariants detect knottedness.

The de¯nition of a ¯nite type invariant is that a certain alternating sum over subsets
of crossingchangesvanishes.This de¯nition can be generalizedby replacing the phrase
\crossing changes"by the word \homotopies." Seesection1.1 for a precisestatement.

The way we prove theorem 1.1 is to construct certain homotopies,or moves, on the
embeddedgrope. Thesemovesrestrict to movesof the boundary and socan be plugged
into the ¯nite type de¯nition. The resulting relations allow us to keepwriting the values
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of the invariants in terms of their valueson simpler and simpler knots. The moveswe use
are relatively obvious except in the caseof the in-out trick. The in-out trick is a certain
pair of moves, and has someinteresting consequencesfor the theory of claspers. (See
section7). The majorit y of the paper is devoted to setting up thesemovesand analyzing
their e®ect. In section 6, theorem 1.1 is proved in a couple of pagesusing the moves
and the resulting alternating sum relations on the ¯nite type invariants. In section7, we
prove theorem 1.2, using the moves,Habiro's clasper theory and the calculation of the
Jonesweight systemderived by Bar-Natan.

This line of research wasstimulated by conversationswith Mike Freedmanand Peter
Teichner, and also by the work of Lin and Kalfagianni [LK ]. I also wish to thank the
refereefor much helpful advice.

1.1 A sligh t reform ulation of the ¯nite typ e axiom

For a cheerful introduction to the theory of ¯nite type invariants seeBar-Natan's original
paper [B-N].1

We would like to make a slight reformulation of the de¯nition of a type n invariant
which will make our arguments easierto state later. The new (but equivalent) de¯nition
is alsoaestheticallypleasingin that it makessensefor mapsof any topologicalspaceinto
any other.

Supposeh : S1 £ I ! S3 is a homotopy of a knot to another (embedded)knot. Let
Supp(h) ½ S3, the support of h, be the imageof M £ I whereM ½ S1 is the closureof
all points which h doesnot ¯x. Two homotopiesof the sameknot are said to be disjoint
if their supports are disjoint.

De¯nition 1.1 Let º be an abelian group valued knot invariant. º is said to be of type
n if for everyknot K ½ S3 and everycollection of n + 1 disjoint homotopiesf hi g of K ,
we havethe following: X

¾½f 1;::: ;n+1 g

(¡ 1)j¾jº (K ¾) = 0

Here j¾j is the cardinality of ¾and K ¾ is the knot modi¯ed by the homotopiesf hi ji 2 ¾g.

We will call a set of disjoint homotopiesof a knot a scheme, which abbreviatesGous-
sarov's term \v ariation scheme."

If one ¯xes a planar diagram of the knot, a crossingchange is a particular type of
homotopy. Such a homotopy pushesthe top arc at a crossingdown through the bottom
arc. Becauseof this, a type n invariant in the senseof de¯nition 1.1 is a type n invariant
in the usual sense.

1Many of the conjectures contained in Bar-Natan's paper have now been resolved in the negativ e.
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Conversely, one observes that an arbitrary homotopy of S1 in any 3-manifold which
beginsand endswith an embedding is itself homotopic to a collection of disjoint ¯nger
moves.2 (One just puts the homotopy in generalposition.) But any ¯nger move is a
crossingchange in someplanar diagram of the knot. (Contract the arc which guides
the ¯nger move until it is very short and vertical in the planar projection.) Hencein
de¯nition 1.1onecansubstitute the phrase\collections of crossingchanges"for the word
\homotopy". That type n invariants vanish on the alternating sumsarising from n + 1
collectionsof crossingchangesis well known. See[Go] lemma 5.2 for a proof.

A pieceof terminology: A knot is said to be n-trivial if all type n invariants taking
valuesin any abelian group do not distinguish it from the unknot.

Convention: All our Vassiliev invariants will vanish on the unknot. This does not
a®ectour generality becauseevery type m invariant is a constant (t ype 0 invariant) plus
a type m invariant vanishing on the unknot.

1.2 Grop es

Gropesare certain 2-complexesformed by gluing punctured surfacestogether. (A punc-
tured surfaceis a surfacewith an open disk deleted.) They can be de¯ned recursively
using a quantit y called depth. There is an anomalouscasewhen the depth is 1: the
unique grope of depth 1 is a circle. A grope of depth 2 is a punctured surface. To form
a grope, G, of depth n, ¯rst prescribe a symplectic basis f ®i ; ¯ i g of a punctured surface,
F . That is, ®i and ¯ i areembeddedcurvesin F which represent a basisof H1(F ; Z) such
that the only intersectionsamongthe ®i and ¯ i occur when ®i and ¯ i meet at a point.
(®i and ¯ i represent dual classes.)Glue gropesof depth < n to each ®i and ¯ i with at
least onesuch addedgrope being of depth n ¡ 1. (Note that we are allowing any added
grope to be of depth 1, in which casewe are not really adding a grope.)

De¯nition 1.2 The surface F ½ G is called the bottom stageof the grope.

De¯nition 1.3 The tips of the grope are thoseprescribed symplectic basis elementsof
the variouspunctured surfacesof the grope whichdo not havegropesof depth> 1 attached
to them.

For instancein ¯gure 1 there are 9 tips.

Depth is just a tool for de¯ning gropes. The class of the grope is more important
theoretically. It is de¯ned recursively as follows.

De¯nition 1.4 The classof a depth1 grope is 1 and that of a depth2 grope is 2. Suppose
a grope G is formed by attaching the gropes of lower depth f A i ; B i g to a symplectic

2A ¯nger move is a homotop y of the knot guided by a framed arc from the knot to itself: one pushes a little ¯nger of
the knot along one end of the arc until it crashes through the part of the knot at the other end of the arc.
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Figure 1: A grope of class4 and depth 5.

basis f ®i ; ¯ i g of the bottom stage, such that @A i = ®i ,@B i = ¯ i . Then class(G) =
min

i
f class(A i ) + class(B i )g.

For a classk grope G, the boundary @G represents an element of ¡ k¼1(G), the kth
term of the lower central seriesof the free group ¼1(G). For instance, in ¯gure 1, @G
is a commutator of the form [x; [y; [z; [t; u]]]] ¢[[a;b]; [c;d]], where each letter represents
a tip. (It can, in fact, also be shown that @G does not represent an element lying in
¡ k+1 ¼1(G)[FT].) A fundamental aspect of gropes is the following, which helps explain
their interest: If X is a topological space,¾2 ¼1(X ) lies in ¡ k¼1(X ) if and only if any
representativ e of ¾ extends to a map of a grope of classk into X [FT]. Restricting to
embeddedgropes therefore givesa natural geometricstrengtheningof the conceptof a
k-commutator., Embedded gropes have been especially useful in 4-manifold topology.
They appear throughout Freedmanand Quinn's book [FQ] and alsofeatureprominently
in recent work of Cochran, Orr and Teichner[COT] concerninga ¯ltration of the knot
concordancegroup. They also appear in [FT], [KT], and [K]. One of the interesting
aspectsof the present paper is that it establishesa connectionof the theory of embedded
gropesto 3 dimensionaltopology.

Finally, we'd like to give a coupleof examplesof embeddedgropes.

First, the kth iterated untwisted Whitehead double,Whk(K ), of any knot K bounds
an embeddedgrope of classk + 2. (As usual, the notation Whk(¢) is ambiguousas there
are two possibleuntwisted Whitehead doubles of any knot. However, the statement
holds no matter what set of k choicesone makes.) Figure 2 attempts to illustrate this
for the casek = 1. Here S is a Seifert surfacefor the original knot K , and is genus 1 in
the picture. The left-hand sideof ¯gure 2 is the embeddedversionof the abstract model
on the right. The left-hand side of ¯gure 2 depicts the action near the \clasp part" of
the Whitehead double.
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Figure 2: The Whitehead double of a knot bounds a grope of class3.

Figure 3: An embeddedgrope comesfrom a particular type of clasper surgery.

The iterated Whitehead double is not particularly representativ e of the generalcase
becausemost of the tips of such a grope do not link geometrically, aswould be the case
in general. (To anticipate what comeslater, the associated graph will have at most three
edges,dependingon the Seifert surfaceof the original knot K .) In fact, it is well-known
that the Whitehead double of an n-trivial knot is n + 1-trivial. It follows that Whk(K )
is k + 1-trivial, about twice what our main theorem would yield.

Secondly, it is relatively easyto prove [CT] (also seesection7) that clasper surgeries
[H1,H2] of a very special form give rise to embeddedgropes of classk. Namely a tree
clasper surgery on the unknot, where the clasper has k + 1 leaves all of which avoid
the spanning disk of the unknot except for one leaf called the root leaf which forms a
meridian to the unknot. See¯gure 3. Indeed the non-root leavescorrespond to the tips
of the grope. This is in fact the most generalembeddedgrope whereeach surfacestage
is of genus one. For higher genus, onewould add \b oxes" to the clasper. A generaltree
clasper surgerygivesrise to a grope cobordism, a conceptwhich is exploredin [CT].
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1.3 The work of X.S. Lin and E. Kalfagianni

The main theorem of this paper is similar to and inspired by that of a preprint of X.S.
Lin and E. Kalfagianni[LK]. The main theoremof that paper is that knots which bound
certain immersedgropes of height n + 2 are l(n)-trivial, where lim

n!1
l (n) = 1 . More

speci¯cally, they consider immersedgropes such that all self-intersectionsoccur away
from the bottom stage. There is also the restriction that the bottom stage is regular,
which among other things implies that the complement of the Seifert surfacehas free
fundamental group. (It should be noted that the obvious generalizationof their and my
result, that all knots bounding immersedgropesare to somedegreetrivial, meetswith
the problem that all knots bound immersedgropes of arbitrary class,since the lower
central seriesof a knot complement stabilizesafter the secondterm.) Their method of
proof is to ¯nd crossingchangeswhich implement the group-theoreticn ¡ 1-trivialit y (as
de¯ned in [NS]) of an n-commutator.

It turns out in their casethat onecan not fully realizethe degreeof trivialit y present
in an n-commutator, the problem being the sameas with the present casein that one
must be able to ¯nd n geometricindependent moveswhich have the e®ectof deleting a
letter in the commutator. Examplesdueto the author suggestthat at most a logarithmic
function of n of the movescan be realized,and indeedthe function l(n) which they ¯nd
is logarithmic.

2 Grop e foundations

Supposea tip of an embeddedgrope bounds an embeddeddisk into the grope comple-
ment. Then onecan deletean annular neighborhood of the tip and glue in two parallel
copiesof the disk. This procedureis usually abbreviated by the term \surgery on the
disk." This has the e®ectof reducing the genus of the surfacestage to which the tip
belongsby one. Henceif the stagewere already a punctured torus, it would becomea
disk under this operation. In this casewe can iterate the procedure,reducing the genus
of the next stagedown. If each stageof an embeddedgrope is of genus one,and if a tip
bounds a disk into the embeddedgrope complement, then this procedureconstructs a
spanningdisk for the boundary knot.

In the casewhen the stagesof a class n grope are possibly of higher genus, it is
straightforward to show that there is neverthelessa partition of the tips into n sets
of tips, such that if one of these sets of tips bounds disks into the embedded grope
complement, then iterated surgeryon thesedisks providesa spanningdisk for the knot.

De¯nition 2.1 A set of tips of an abstract grope, G, has the trivialization property if,
for each emebedding e : G ! S3, where thesetips bound disks into S3ne(G), the above
iterated surgery construction produces a spanning disk for e(@G). Equivalently, if one
deletesthe letters in ¼1(G) corresponding to thesetips from the word @G, then this word
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Figure 4: The 1-complexes¥0 to ¥5

trivializes.

For instancein ¯gure 1, we observed that the boundary is the curve [x; [y; [z; [t; u]]]] ¢
[[a;b]; [c;d]] whereeach letter represents a tip. In this case,ff x; ag; f y; bg; f z; cg; f t; u; dgg
is a partition into four setsof tips with the trivialization property.

We now proceedto ¯nd a nice handlebody surrounding the embeddedgrope. It is
not hard to seethat a grope deformation retracts onto its 1-spine, so that a regular
neighborhood of an embeddedgrope in S3 is indeed a handlebody. However it will be
convenient to keepmore careful track of how the grope sits inside the handlebody. For
instance, theorem 2.1 will allow us to assumethat the slice of the grope that sits in a
cross-sectionof a handle looks like oneof the following family of 1-complexes,f ¥ i g.

De¯nition 2.2 ¥ i is de¯ned recursively as follows. ¥0 is a point. Supposethat ¥ i has
been de¯ned and has2i univalent vertices. Form ¥ i +1 from ¥ i and 2i intervals by gluing
each univalent vertex of ¥ i to the midpoint of an interval. See ¯gure 4.

Before stating the theorem, we'd like to explain less formally what's going on, by
consideringwhat happensfor a grope of class3 both of whosesurfacestagesare genus
one. Think of each of thesesurfacesas a disk with a pair of dual bands attached. To
form the grope one glues the core of one of the bands of one of the surfacesto the
boundary of the other surface. The result is pictured in ¯gure 5. One can think of the
right-hand sideof this picture asa standard unknotted embedding of the grope into S3.
The regular neighborhood of this embedding is a genus 3 handlebody. The cross-section
of one handle is just ¥1 and the cross-sectionof the other two handles is ¥2. In this
picture there are three obvious tips forming the coresof the three handles.Observe that
there are annuli which extend from these tips disjointly to the handlebody's exterior.
For instancein the left-most ¥2 handle,oneextendsthe annulus upward from the page,
whereasin the other ¥2 handle oneextendsthe annulus downward from the page.

In the generalcase,it is convenient to havesuch annuli, (which wecall pushingannuli ),
which disjointly extend from each tip to the surfaceof the handlebody and allow us to
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Figure 5: A grope of class3.

push out a tip to a curve on the surfaceof the handlebody. Drawing pictures like 5 will
convince the readerof the truth of the following theorem,although it is proved in detail
for the sake of completeness.

Theorem 2.1 Let G ½ S3 be an embedded grope. Then there is a handlebody which is
a ball § with handles f H i = D 2 £ I g with the following properties:

(i) § \ H i = D 2 £ @I

(ii) § [
S

i
H i is a regular neighborhood of G.

(iii) 8t 2 I the cross-section G \ (D 2 £ f tg) ½ H i is ¥ l for somel depending on i .

(iv) vi \ (D 2 £ f tg) ½ H i is the midpoint of ¥1 ½ ¥ l .

(v) There exist embedded pushingannuli Pi inside the handlebody where @Pi = vi q vi

for somecurve vi on the surface of the handlebody. The pushingannuli Pi also satisfy:

(a) Pi \ G = vi

(b) int (Pi ) \ int (Pj ) = ; for i 6= j .

[Proof]

We construct the handlebody for an unknotted model of G, which we alsocall G, in
S3. Sinceit will be a regular neighborhood, the handlebody with all its decorationswill
alsobe present for any embedding of G in S3. We proceedby induction.

In the caseG is of depth 1, let the model of G be an unknot. § is a small ball around
a point of G, and the single handle is a regular neighborhood of the portion of the arc
of G that lies outside §. The pushing annulus P1 is just the intersection of a spanning
disk for G with the handlebody.

For the inductive step, supposeG is a grope formed by gluing gropesf A i ; B i g
g
i =1 to a

symplecticbasisf ®i ; ¯ i g
g
i =1 of the bottom stageF . Each A i and B i is of lower depth than

G, so that by induction, for somemodels of A i ; B i embeddeddisjointly in S3, there are
balls f § A i ; § B i g

g
i =1 together with handles f H A

ij gm(i )
j =1 attached to each § A i and handles
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f H B
ij gn(i )

j =1 attached to each § B i , which satisfy the conclusionsof the theorem. Denote
the pushing annuli PA

ij and PB
ij associated to the handlesH A

ij and H B
ij respectively. Let

@PA
ij = vA

ij q vA
ij and similarly for PB

ij . (Our convention is that the curve with a bar is
the pushed-outversionof the unbarred curve.)

By modifying thesewe will construct a model of G in S3 with an appropriate han-
dlebody. First, modify the balls f § A i ; § B i g so that a pieceof the bottom stageof A i

or B i \stic ks out" into S3 in the following way. Choosea subarc±A i of @A i inside § A i .
(Recall @A i = A i if depth(A i ) = 1.) If depth(A i ) > 1, let ²A i be an arc which is a parallel
push-o®rel. endpoints of ±A i into the bottom stageof A i . If depth(A i ) = 1, let ²A i be a
parallel push-o®rel. endpoints into the pushing annulus PA

i 1 . In either case,let Si be a
sphereinside § A i which intersectsA i [

S

j
Pij exactly as the arc ²A i . Delete the inside of

Si from § A i and alsodeletean open neighborhood of an arc which connectsSi , inside of
§ A i , with the surfaceof the handlebody § A i [

S

j
H A

ij away from A i [
S

j
PA

ij . See¯gure 6.

We can alsodo this procedurefor B i .

Via this procedure,we obtain newhandlebodieswhich surround the embeddedgropes
f A i ; B i g except for small subdisks of the bottom stagewhich jut out. (In the depth 1
caseit is a subdisk of the pushing annulus which sticks out.)

The ¯rst step in creating the bottom stageof G is to glue annuli along their cores
to each @A i and @B i , perpendicularly to the bottom stages,or to the pushing annuli in
the depth 1 case. Theseannuli can be arrangedto only jut out of each § A i 0

and § B i 0

along the arc ±A i 0
or ±B i 0

, and can be arrangedto be disjoint, away from the attaching
curves,from f A i ; B i ; PA

ij ; PB
ij g. If a handle H A

i 0 j 0
or H B

i 0 j 0
had a cross-sectionof ¥N then

after attaching a perpendicular annulus, the new cross-sectionis ¥N +1 .

The next step is to plumb each A i annulus together with the B i annulus outside of
§ A

i and § B
i to form a punctured torus Fi for each i = 1: : : g. The coreof the A i annulus

will be ®i and that of the B i annulus will be ¯ i . As pictured in ¯gure 7 this may be done
so that the piecesof surfaceswhich jut out (whether they be bottom stagesor pushing
annuli) remain with disjoint interiors.

Finally we form the bottom stage F by connecting the punctured tori f Fi g with
bands disjoint from everything except at their ends: run a band from F1 to F2, from
F2 to F3 : : : , from Fg¡ 1 to Fg. The result is the embedded grope G, someof which
lies in somehandlebodies. To complete the induction we will take thesehandlebodies
and form a new one completely surrounding G. The ball § is taken to be the union of
the § A i ; § B i together with a regular neighborhood of the things that stick out of the
balls: the plumbed sectionsof annuli, the bands, and the jutting-out bottom stagesor
pushingannuli of f A i ; B i g. This addedneighborhood may be assumeddisjoint from the
pushed-out tips f vA

ij ; vB
ij g. The handlesare the collection of all the handlesf H A

ij ; H B
ij g.

Again see¯gure 7. 2
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Figure 6: Pushing a pieceof the grope or pushing annulus out of the ball.

2.1 The graph ¡( G)

Our task now is to construct a graph associated to an embeddedgrope which keepstrack
of the interactions betweentips, or, more precisely, the handlesof which they form the
core.

First o®,given an embeddedgrope, G, of classn, ¯x a partition of the set of tips into
sets with the trivialization property (de¯nition 2.1) denoted V1 : : : Vn . As a matter of
notation we de¯ne Vi to be the collection of pushed-outtips of Vi .

In the casewhen the embeddedgrope has bottom stageof genus 1, we observe the
following convention. Notice that there are two \halv es" of the grope: the embedded
subgropesattached to the bottom stage. Each collection of tips Vi can be chosento lie
on one half of the embeddedgrope or the other. Choosethe ordering so that every Vi

on onehalf and every Vj on the other half satisfy i < j .

A collection Vi is said to be framed unlinked if each v 2 V i bounds a disk whose
interior intersects the grope only at handlesnot associated to a tip in Vi . This set of
disks is called a cap. (When a disk does intersect a handle, by generalposition we can
assumeit doessoin a singlelevel D 2£ f tg for each connectedcomponent of intersection.)
If Vi is not framed unlinked, we say it is framed linked. The reasonfor this terminology
is that even if a collection of handlesf H i g looks like an unlink, somepushing annulus
may have nontrivial framing and so a pushed-outtip v may link with v and hencewill
not be able to bound a disk into the grope complement.

Secondly, ¯x a genericprojection (a homeomorphismS3nf1g »= R2 £ R) so that the
1-manifoldswith boundary, V i \ §, together with the attaching regionsfor the handles,
are standardly arranged in decreasingorder as the height function associated to the
projection increasesas in ¯gure 8. This is a side view of the ball, whereasusually in
projections the view is from above. It is reasonablyclear that by sliding around the
handlesover the ball we can put the embeddedgrope with its handlebody in the given
position with respect to the height function.

With theseadditional data ¯xed we can now de¯ne our graph.
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Figure 7: Forming the handlebody surrounding the grope.

13



            

V1

V2

Vn

attaching regions

for handles

_

_

_

Figure 8: Standardly arranged attaching regions.

De¯nition 2.3 Let ¡( G) be the graph which hasverticesV1; : : : Vn , and whoseedgesare
given as follows:

If Vi is framed linked, put an edgefrom Vi to itself.

If a pushed-out tip vi 2 V i crossesover a pushed-out tip vj 2 V j with i > j , put an
edgebetween Vi and Vj . Here \cr ossesover" refers to the ¯xed projection.

An exampleis shown in ¯gure 9. In the picture, we are looking down on the handlebody
with respect to the height function. v3 crossesover v1 so there is an edge.v1 is knotted,
so there is a loop. v3 is unknotted but hasa nontrivial framing, hencethere is a loop at
this vertex also.

Back in the generalsetting, asan exercisenote that if V1 is an isolatedvertex, then the
knot @G is trivial. In this case,possiblyafter an isotopy, there is a level plane R2 £ f t0g
which separatesthe handlesassociated to the tips in V1 from all the other handles. By
hypothesisthe pushed-outtips in V 1 bound disks which only hit the handlesbelow the
level plane. But thesediskscanbesurgeredto lie abovethe planeusingan innermostdisk
argument. Beware that in generalan isolatedvertex doesnot imply trivialit y becauseit
doesnot imply that the handlesassociated to that vertex can be squeezedbetweenlevel
planesaway from the other handles. This is the case,for instance, in ¯gure 9. v2 does
not bound a disk into the handlebody complement.

One ¯nal de¯nition beforeclosingthe section.

De¯nition 2.4 A collection of verticesVi 1 ; : : : ; Vi k is said to be freeif for all 1 · s; t · k
there is no edgein the graphconnecting Vi s with Vi t . (In particular, framed linked vertices
are excluded.)

An exampleis shown in ¯gure 10.

14



  

�

v1

_
v2

_

v3

_ v1

v2

v3

Figure 9: The regular neighborhood of the grope and its associated graph.

Figure 10: The circled vertices are a free collection of 4 vertices.
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3 The easy moves

Recall that the term \move" is synonomouswith \homotopy." The moves in this sec-
tion will take an embeddedgrope to another embeddedgrope. When restricted to the
boundary they give a homotopy of a knot to another knot.

3.1 Mo ve typ e I, Killing an edge

Given an edgein the graph ¡, we de¯ne a move which has the e®ectof deleting the
edge. Supposethe edgeis between Vi and Vj where i < j . That meansthat someof
the handles in Vj crossover someof the handles in Vi . Then the move is de¯ned to
be the homotopy which switches these handle crossings,supported in balls which are
regular neighborhoods of the guiding arc of the crossingchange. Next we describe how
to remove an edgefrom Vi to itself. To unknot a handle in Vi , ¯rst do handle crossings
of the handle with itself so that the handle bounds a disk which intersectsonly other
handles. However we must alsomake sure the handle is untwisted, which is to say that
the pushed-outtip of the handle boundsa disk which intersectsonly other handles. So
Dehn twist to remove the appropriate number of multiples of the meridian of the handle.
This twist is a homotopy supported in somesmall sectionof the handle D 2 £ [a;b]. Do
this for every handle in Vi to remove the edge.

Notice that any number of type I movesmay be performedsimultaneously, sincethe
supports are by construction disjoint, with the e®ectthat the corresponding edgesare
deletedin ¡.

3.2 Mo ve typ e I I, Mo ves on free sets of vertices

Given a free set of k vertices,F , we de¯ne k movesas follows. Sincethe set of vertices
is free, there are level planes which separatethe collections of handles associated to
the tips in F , and which intersect the ball § in circles which lie standardly as level
circles betweenthe attaching regionsof the collectionsof handles. We can now choose
homotopiessupported betweenthe appropriate planeswhich contract the setsof handles
toward the ball to little handles whosepushed-out tips bound embedded disks. See
11. These moves obviously have disjoint support by construction, and further doing
any collection of them has the e®ectof trivializing at least one set of handleswith the
trivialization property. This hasthe e®ectof unknotting the boundary of the embedded
grope.
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Figure 11: A type I I move trivializing a handle.

4 Reducing to bottom stage of genus 1

One of the key moveswe needwe haven't even de¯ned yet, the so-called\In-Out trick."
This is becauseit only works for gropesthat have bottom stageof genus 1. It therefore
makessenseto ¯rst reducethe problem to that case.

4.1 The graph ~¡ .

Givenan embeddedgrope G, we de¯ne a slightly di®erent versionof the graph de¯ned in
section2.1. Fix a projection of the handlebody whereall the vi \ B occur in increasing
order as height decreases.For the graph, ~¡ ,we let there be vertices vi for every tip of
the grope, as opposedto one for each of the n collectionsof tips with the trivialization
property. We put an edge from a vertex to itself if that tip is framed linked in the
previously de¯ned sense(since it is just one tip you might say framed knotted instead),
and we draw an edgebetween two vertices if the corresponding handles cross in the
wrong order in the projection, as before.

In terms of the graph ~¡ we can still do type ~I and type ~I I moves, de¯ned in the
obvious analogousway. However, as analyzedat the beginning of section 2, the result
of doing a type ~I I move is no longer neccessarilyto trivialize the knot but instead to
reducethe total genus of the grope, wheretotal genus is de¯ned asthe sumof the genera
of all the stagesof the grope.

Lemma 4.1 Let G be an embedded grope. If the graph ~¡ (G) hasa free set of k vertices
then for any type k ¡ 1 invariant º k¡ 1, we havethat º k¡ 1(@G) =

P

i
§ º k¡ 1(@Gi ), where

Gi is an embedded grope of lower total genusthan G, but of the sameclass.

[Proof]

Let S be the schemeof type ~I I movesde¯ned above. Then
P

¾½S(¡ 1)j¾jº k¡ 1(@G¾) =
0. If ¾6= ; , then G modi¯ed by ¾is of lower total genus as we just observed. 2 .
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4.2 Genus 1 is su±cien t

Lemma 4.2 If theorem 1.1 holdsfor embedded gropeswith bottom stageof genus1, then
it holds in general.

[Proof]

Let E(~¡ ) be the number of edges.Consider,toward a contradiction, a counterexample
which has minimal (total genus, E(~¡ )), ordered lexicographically. This example has
bottom stagegenus > 1, by assumption. Notice that ~¡ hasat least 2n vertices,sincefor
each pair of dual symplecticbasiselements in the bottom stagewe get at leastn vertices.
I claim that E(~¡ ) · dn

2 e. Otherwise,considera scheme,S, consistingof dn
2 e+ 1 type ~I

moves.

If º is a type dn
2 e invariant, we have,

º (K ) = ¡
X

;6= ¾½S

(¡ 1)j¾jº (K ¾) (1)

whereeach of the K ¾ on the right-hand sidehasfewer edgesbut equaltotal genus. Hence
each of theseknots has reducedcomplexity, so that, by minimalit y each is dn

2 e-trivial.
That, of courseimplies that º (K ¾) = 0 for each ¾6= ; , and yields the equationº (K ) = 0,
for every º of type dn

2 e, contradicting that K is a counterexample.

SoE = E(~¡ ) · dn
2 e. Recall that we arguedthat the number of verticesV exceedsor

equals2n.

Let b0; b1 be the ¯rst two Betti numbersof the graph ~¡ . Then b0 ¡ b1 = Â = V ¡ E ¸
2n ¡ dn

2 e ¸ dn
2 e+ 1.

This shows there are at least dn
2 e + 1 contractible components of ¡. In particular

thesecomponents have no loopsbeginningand endingat the samevertex. Hencewe can
choosea freesetof dn

2 e+ 1 verticesby selectingonevertex from each of thesecomponents.
So by lemma 4.1, for every type dn

2 e invariant º , º (@G) =
P

§ º (@Gi ) = 0 sinceeach
Gi is of lower total genus. But this is a contradiction, sinceK was supposedto be a
counterexample. 2

5 The In-Out tric k (The hard move)

Let G be an embedded grope whosebottom stage is of genus one. Then G divides
naturally into two halves: the two embeddedsubgropes attached to the bottom stage.
A vertex of the associated graph is a set of tips which lies on exactly one of thesetwo
halves. Given a vertex, X , let GX denote the half of G on which lie the tips in X .
SupposeX is framed unlinked. The aim of this section is to construct a pair of moves,
f inX ; outX g which have the following e®ect,at least whennot donein conjunction with
other moves.
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in

out

�

Figure 12: The \in" and \out" arcs.

1) inX takes@G to @GX .

2) outX takes@G to ½(@GX ).3

3) f inX ; outX g takes@G to the unknot.

The two movesof the in-out trick are each divided into four phases.The expression
inX or outX will refer to just doing phasesI and I I . PhasesI I I and I V are isotopies
which may or may not be possibleif one is doing other moves in conjunction with the
in-out pair. This will be analyzedon a case-by-casebasisas the needarises.

We proceedto describe the moves. SupposeX = f x1; : : : ; xmg. Recall that each x i

is a tip in X . Let ¢ x1 ; : : : ; ¢ xm be a cap. That is, f ¢ x i g are disks such that [ ¢ x i is
embedded,@([ ¢ x i ) = x1 [ ¢¢¢[ xm , and such that the disks' interiors may only intersect
the handlebody at handlesnot associated to the the tips in X . De¯ne two subarcsof
@G called \in" and \out" as in ¯gure 12, where® = @GX .

If a handle H intersectsint¢ x i 0
, choosean arc inside ¢ x i 0

from H \ int¢ x i 0
to x i 0 ,

terminating on the handleassociated to x i 0 . Do this for all such intersectionsof a handle
with the interior of the cap of X , choosingthe arcs to all be disjoint.

We now describe a homotopy of G which doesnot preserve embeddednessbut which
restricts to an isotopy of @G. The arcswe selectedend on handlesassociated to X . The
cross-sectionof G inside the handle looks like some¥ i at that point along the handle.
Push each handle, H , hitting the interior of the cap down the arc we choseuntil its
intersectionwith the cap hasbeentraded for two intersectionswith the top stageof G.
See¯gure 13.

Continue pushing each handle down through the successive stagesof G in a small
3½ is the map which reverses a knot's orientation. It is unknown whether ¯nite type invariants can detect a knot's

orientation.
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Figure 13: The ¯rst step of the in-out tric k.

neighborhood of the cross-sectionuntil all the intersectionsof each handle are with the
bottom stageof G. See¯gure 14.

Notice at this point that the knot @G never crosseditself, so that our procedurewas
just an isotopy of @G. This preliminary isotopy will be calledphaseI of the in-out trick.

PhaseI introducesmany intersectionswith the bottom stage,and theseare naturally
paired together. In ¯gure 15, a typical such pair of intersectionsof a handle H with the
bottom stageof G is pictured. Here K = @G. De¯ne the moves inX ; outX by doing
the illustrated move for every such pair of intersectionswith the bottom stage. inX and
outX are clearly disjoint homotopiesafter phaseI. Doing either inX or outX is called
phaseII .

Figure 14: Pushing H down so that all intersectionsare with the bottom stage.
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in X

out X

H

in K out K	

	

Figure 15: The \in" and \out" moves.

We now analyzewhat happenswhen we do inX , outX or both. Doing both is the
easiestcaseto tackle sinceit yields an embeddedgrope with the tips in X bounding the
embeddeddisks f ¢ x i g. Doing both inX and outX thereforeturns @G into an unknot.

Recall the curve ® = @GX of ¯gure 12. Let GX modi¯ed by phaseI be called G0
X .

G0
X is embeddedin the sensethat it does not intersect itself, but it may intersect the

bottom stageof G if a handle that we pusheddown comesfrom the GX half of G. We
can turn G0

X into a disk ¢ by the construction at the beginningof section2 in a regular
neighborhood of G0

X [
S

i ¢ x i . This disk may intersect the bottom stageof G if G0
X does.

Now considerwhat happenswhen we do inX . All intersectionsof handlesbetweenthe
\in" arc and ® = @¢ have beenremoved. Considerthe arc ¹ de¯ned in ¯gure 16. The
closedcurve gotten by joining the endpoints of \in" and ¹ in the obvious way cobounds
an annulus with ®. ® bounds the disk ¢ in the complement of this annulus and of the
knot. It follows that the \in" arc is isotopic to ¹ in the complement of the rest of the
knot. This isotopy to ¹ is called Phase III . The \out" arc was never made to cross
itself, soafter the \in" arc movesto ¹ , the \out" arc can be isotoped back to its original
position. But now the band dual to ® pulls away, and we are left with ® = @G0

X = @GX .
See¯gure 16. This ¯nal isotopy is phaseIV .

A similar analysisholds for doing outX , but onemust pay attention to orientations.
If ® is oriented the sameway as the \in" arc, then it will be oriented oppositely to the
\out" arc. Henceafter doing outX we get the knot ½(@G0

X ).

For a genus one surface, the \in" and \out" arcs are symmetric so the move outX
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in

Figure 16: The move inX givesthe knot ® bounding the grope GX .

givesthe same(unoriented) result asinX. However, for a higher genus surface,the \out"
move no longerworks, the problem occurring during phaseIV, which is why we needthe
bottom stageof G to be genus one.

We now give an example. Consider the knot bounding an embeddedgrope of class
3 pictured in the upper left-hand corner of ¯gure 17. We will describe the in and out
moves on v2. Notice that the \in" and \out" arcs have been indicated in the picture.
The bold box indicates the region in which we will be doing the homotopy. Indeed the
moveswill be described by substituting the pictures at the bottom of ¯gure 17 into the
box. There is an obvious cap for v2, which is pictured in the upper right-hand corner of
¯gure 17. Doing phaseI guidedby the pictured arc is shown in the middle of the picture.
Finally, inv2, outv2 and f inv2; outv2g are pictured at the bottom of the ¯gure.

In this casethe curve \ ®" is unknotted, so that doing any combination of the in and
out movesought to producethe unknot, which we invite the readerto verify.

5.1 A fun pro of that all knots are 1-trivial

We now usethe in-out trick to give a proof that every knot is 1-trivial. This alsofollows
from the main theorem and is well-known, but is good for illustrativ e purposes.

Supposea knot, K , bounds a Seifert surfacewith k pairs of dual bands f x i ; yi gk
i =1 .

Consider the scheme S = f s1; s2g where s1 is the move which unknots and untwists
the x1 band and also doescrossingchangeswith other bandsso that x1 always crosses
over them. s2 does a similar thing for y1. Doing either s1 or s2 reducesthe genus of
the Seifert surfaceand hencetype 1 invariants vanish inductively. Doing both gives a
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Figure 17: An exampleof \in" and \out" in action.
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in x

out x

Figure 18: The knots on the right are unknots.

connectedsumof a genus oneknot that hasunknotted bandswith a reducedgenus knot.
1 trivialit y is easily seento be preserved by connectedsum. Thus it su±ces to prove
that a genus oneknot with unknotted bands,x; y, is 1-trivial. But every subsetof moves
of the schemef inx; outxg now trivializes the knot. In this simple case,inx (respectively
outx) may be visualizedas the move making the \in" arc (respectively \out" arc) cross
over everything in the projection. See¯gure 18.

5.2 Doing two in-out tric ks

The following section is not neededto prove the main theorem, so the readermay skip
there immediately. It is neededfor the construction of the examplesof the last section,
however.

Onemight askwhat happenswhenonedoestwo of thesein-out tricks simultaneously.
That is oneconsidersthe schemef inx; outx; iny; outyg for two framed unlinked vertices
x and y. Under the hypothesesof lemma5.1, the answer is reasonablynice. If x and y lie
on the samehalf of the grope, the answer is not so nice. The problem being that mixed
terms like inx; outy con°ict with each other: after phaseI of each move, intersections
remain betweenthe arc we called ® and the \in" arc and between® and the \out" arc.

Lemma 5.1 Consideran embedded grope G with genusonebottom stagewhich is formed
by gluing the embedded gropesG0 and G00 to the bottom stage. They intersect in a point,
¤. See ¯gure 19. There are two waysto resolvethis intersection of @G0 and @G00 inside

24



            

G'
G''

*

Figure 19: The local picture at the bottom stageof G.
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Figure 20: The two resolutions.

the bottom stageas pictured in ¯gure 20. Thesegive rise to two knots which are denoted
¯ and ^̄, for somechoice of orientation. Let x be a framed unlinked vertex on the G0

half and y a framed unlinked vertex on the G00 half suchthat f x; yg is not an edgein ¡ .
Consider the schemeS = f inx; outx; iny; outyg. Then

X

¾½S

(¡ 1)j¾j@G¾ = @G + ¯ + ^̄ + ½(¯ ) + ½( ^̄)

¡ 2(@G0+ ½(@G0) + @G00+ ½(@G00)) + 3unknot 2 ZKnots:

[Proof]

Consider¯gure 19depicting a neighborhood of G0\ G00. Recall that in the in-out trick
an arc ¹ was de¯ned. We neededto de¯ne one such arc ¹ for both the \in" move and
the \out" move. Hencein this casethere are four ¹ arcs¹ 1; : : : ; ¹ 4, which we picture in

25



          

inx
outx iny outy

�

1

�

2

�

3

�

4

Figure 21: The \in", \out" and ¹ arcs.

¯gure 21. We have pictured the arcs slightly perturbed o® of the surfaceso that they
don't intersect. ¹ 1 and ¹ 2 have beenperturbed along G0 whereas¹ 3 and ¹ 4 have been
perturbed along G00. We have also labelled the arcs inx ; outx and iny; outy in the ¯gure.
The four \in" and \out" arcs each have a ¹ arc connecting the endpoints. The claim
is that to perform a combination of moves in our scheme S, one simply replacesthe
appropriate \in" and \out" arcs by the corresponding ¹ arcs. For instance, if one were
to do inx and outy onewould replacethe inx arc by ¹ 1 and the outy arc by ¹ 4.

Let G0
I (resp. G00

I ) be G0 (resp. G00) modi¯ed by stage I of the in-out trick on x
(resp. y). Both phaseII and I I I of the in and out move on x are supported in a regular
neighborhood of G0

I , whereasphasesI I and I I I of the in and out moveson y aresupported
in a regular neighborhood of G00

I . Thesetwo open sets intersect in a small ball around
¤. Sincewe perturbed the ¹ arcs out along G0

I and G00
I , away from ¤, one seesthat the

phaseII I isotopiesare disjoint. Hencethe in and out x moves up to phaseII I will be
disjoint from the in and out y movesup to phaseII I. The last thing to check is that two
moves on the samevertex are disjoint up to phaseII I. This is readily checked: if one
doessay in and out on x, ¯rst of all we already know the movesare disjoint up to phase
II. Then there is a disk ¢ which we de¯ned which provides an isotopy of the arc \in"
with ¹ 1 and an isotopy of the arc \out" with ¹ 2. Theseisotopiesare easilymadedisjoint
by using two parallel copiesof ¢.

Consider¯gure 22.

It depicts doing all subsetsof the scheme S. When one passesthrough a domain
wall marked by a homotopy, one does the homotopy. Hence, for instance the right
hand part of the diagram is the the left-hand part, with the move iny also done. One
can chooseorientations for @G0; @G00; ¯ ; ^̄ arbitrarily , although to be consistent with our
earlier convention inx shouldgive @G0 and iny shouldgive @G00. The lemmanow follows
by taking the signedsum of all terms in ¯gure 22. 2

26



   

y

2

outx
  inx iny out

�

1

�

�

3

�

4

in x

out x

in y

out y

in x

in xin x

out x

out x out x

G'6

G'6

G''6

G''6

unknot

�

G''6

�^
unknot

�

G''6

G'6

G'6

unknot

� ���

� ���

� ���

� ���

� � �

�^� � �

Figure 22: The schemeS.

27



             

6 Pro of of theorem 1.1

Call an embeddedgrope of class2m + 1, which has bottom stageof genus 1 and whose
associated graph hasat most m + 1 edges,m-atomic.

Lemma 6.1 If theorem1.1 holdsfor m-atomic embedded gropes, then it holdsin general.

[Proof]

The fact that we needonly considerembeddedgropeswhosebottom stageis genus 1
is lemma 4.1. We may assumen = 2m + 1 sincethe even casefollows by thinking of a
class2m grope asa class2m ¡ 1 grope by forgetting a stageand d2m¡ 1

2 e = d2m
2 ge. Also,

we may assumeE(¡) · m + 1, using an argument like the proof of lemma 4.1, sincewe
have m + 2 movesin hand to reducethe number of edges.2

Note that the associated graph to any m-atomic embeddedgrope hasa free set of m
verticesby a simpleEuler characteristic argument like the onegiven to prove lemma4.1.

Lemma 6.2 Suppose theorem 1.1 holds for every m-atomic embedded grope for which
the associated graph has the property that the complementof any free set of m vertices
is free. Then theorem 1.1 holdsfor all m-atomic embedded gropes.

[Proof]

Suppose not. Let G be a counterexample with minimal E(¡ nstarF ), where F =
f v1; : : : ; vmg is a free set of m vertices. Being a counterexample,it is not m + 1-trivial.
Let S = f s1; : : : ; sm+2 g be the schemein which s1; : : : ; sm¡ 1 are type I I movestrivializ-
ing the V1; : : : ; Vm¡ 1 handlessupported betweenseparatingplanes. sm ; sm+1 are the in
and out move respectively on the Vm handles.Thesetwo movesaresupported in a neigh-
borhood of the Vm handleswith caps,which is separatedfrom the V1; : : : ; Vm¡ 1 handles
by hyperplanes,and so is disjointly supported from the type I I moves. Finally, sm+2 is
a type I move which reducesE(¡ nstarF ). It is possiblethat a regular neighborhood of
the support of sm+2 , N (supp(sm+2 )) »= q D 3 is not disjoint from the type I I moves: a
type I I move might pull the handlesit is contracting through one of theseballs. Since
sm+2 is deleting an edgeaway from V1; : : : ; Vm¡ 1, at least the handles that are being
contracted by the type I I moves don't start out hitting the balls. One then chooses
the separatingplanesfor the type I I movesso they don't hit the balls and choosesthe
movesthemselvesto avoid the balls. Finally, sm+2 is clearly disjoint from the in and out
movesusing that sm+2 is deleting an edgethat doesn't hit the vertex Vm .

So for any type m + 1 invariant º m+1 ,
P

¾½S(¡ 1)j¾jº m+1 (@G) = 0, and let us see
what this says. To prepare,let us supposethat G is formed by attaching the embedded
gropesH 0 and H 00 to the dual bands of the bottom stage, thereby partitioning the set
of verticesof ¡( G), V into two nonempty setsVH 0 and VH 00. Supposewithout lossthat
Vm 2 VH 0. Let SH 0 and SH 00 partition f s1; : : : ; sm¡ 1g into two sets in the obvious way.
Let SI = f sm ; sm+1 g and SC = f sm+2 g.
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Note that we can assumesm+2 reducesE(¡ nVH 0) since if this were zero, then VH 00

would have no edgeshitting it. By the assumption that the height function separates
the two halvesof the embeddedgrope H 0 and H 00 (seesection2.1), the handleson the
H 00 half all bound disks, implying of coursethat the grope is trivial, contradicting the
premisethat G is a counterexample. Thuswecanassumesomecomplexity not contained
wholly within the H 0 half, and without losssm+2 reducesthis.

We are now in a position to describe what happensunder the various combinations
of movesfrom SH 0; SH 00; SI and SC , with the initial assumptionthat neither SH 0 nor SH 00

is empty. For easyreference,here is a table describingthe four subsetsof S:

SH 0 : type I I moveson H 0 handles
SH 00 : type I I moveson H 00 handles

SI : in and out move on a handle in H 0

SC : type I move reducingc(¡ nVH 0)

In the following list of cases,casei refersto a set of moves,¾, which hits i of the above
4 sets.

Case0

This is the empty move yielding @G.

Case1

By our previous analysis of the handle-trivializing moves, if ¾ ½ SH 0 or ¾ ½ SH 00,
@G¾ is the unknot . @Gsm +2 has fewer of the appropriate edgesso by minimalit y
º m+1 (@Gsm +2 ) = 0. The leftover terms are the onesgotten from the in-out trick: doing
both of sm ; sm+1 is the unknot , while @Gsm ; @Gsm +1 are @H 0 and ½(@H 0) .

Case2

¾hits SH 0; SH 00 : unknot .

¾hits SH 0; SI : SH 0 trivializes somehandles,and then sm or sm+1 giveH 0with trivialized
handles,an unknot . Doing both the in and out move alsoyields an unknot .

¾hits SH 0; SC : SH 0 trivializes handlesof the embeddedgrope Gsm +2 yielding an un-
knot .

¾hits SH 00; SI : SH 00 givessomeembeddedgrope with the H 0 half unaltered. Doing one
move from SI then givesthe H 0 half. Recordingall of these,we get

X

; 6= ¿½SH 00

( ¡ 1) j¿j+1 f º m +1 (@H 0) + º m +1 (½(@H 0)) g:

Again if we do both sm and sm+1 the result is obviously an unknot.

¾hits SH 00; SC : unknot .

¾ hits SI ; SC : SC gives someembeddedgrope with the H 0 half una®ected. So as in
case1 we get @H 0 and ½(@H 0) .
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Case3

¾hits SH 00; SI ; SC : SH 00; SC give an embeddedgrope with H 0 half intact, and so as in
case2(SH 00; SI ) we get, adjusting the sign to include the sm+2 move,

X

; 6= ¿½SH 00

( ¡ 1) j¿j f º m +1 (@H 0) + º m +1 (½(@H 0)) g:

¾hits SH 0; SI ; SC : unknot . This is case2(SH 0; SI ) applied to Gsm +2 .

¾hits SH 0; SH 00; SC : unknot . This is case2(SH 0; SH 00) applied to Gsm +2 .

¾hits SH 0; SH 00; SI : unknot . This is case2(SH 0; SI ) applied to G¾ for ¾½ SH 00.

Case4

This involvesdoing at least onemove from each collection and is an unknot . This is
case3(SH 0; SH 00; SI ) applied to Gsm +2 .

We conclude
X

¾½S

(¡ 1)j¾jº m+1 (@G¾) = º m+1 (@G) ¡ º m+1 (@H 0) ¡ º m+1 (½(@H 0)) +

X

;6= ¿½SH 00

(¡ 1)j¿j+1 f º m+1 (@H 0) + º m+1 (½(@H 0))g

+ º m+1 (@H 0) + º m+1 (½(@H 0)) +
X

;6= ¿½SH 00

(¡ 1)j¿j f º m+1 (@H 0) + º m+1 (½(@H 0))g = º m+1 (@G) = 0

This contradicts that º m+1 (@G) 6= 0 for sometype m + 1 invariant.

If SH 0 = ; , then only casesleading to an m + 1-trivial knot are eliminated so the
calculation still goesthrough.

If SH 00 = ; , then two nontrivial casesare eliminated: the SH 00; SI subcaseof case2
and the SH 00; SI ; SC subcaseof case3. The calculation is now

P
¾½S(¡ 1)j¾jº m+1 (@G¾) =

º m+1 (@G)¡ º m+1 (@H 0) ¡ º m+1 (½(@H 0)) + º m+1 (@H 0)+ º m+1 (½(@H 0)) = 0 which still yields
the contradiction º m+1 (@G) = 0. 2

Lemma 6.3 Supposea graph with 2m + 1 verticeshasthe property that the complement
of everyfree set of m verticesis free, and furthermore that a free set of m verticesexists.
Then the graph hasno edges.

[Proof]

Easy. 2
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A BA B

=

Figure 23: Habiro's move 9.

The proof of theorem 1.1 is now complete: the previous three lemmasimply that we
needonly check it for embeddedgropeswhoseassociated graph hasno edges.Sincethe
boundary of such an embeddedgrope is the unknot, theorem1.1 is obvious in this case.

7 Showing the result is sharp

It is the purposeof this section to prove theorem 1.2. That is, to construct embedded
gropesof classn which are not dn

2 e + 1 trivial. In fact we construct embeddedgropes
of class2m which are not m + 1 trivial. Thesealsoserve asoptimalit y examplesfor the
odd case,as a knot bounding an embeddedclass2m grope will bound a class2m ¡ 1
embedded grope by deleting a top stage. The deleted gropes still serve as examples
becaused2m¡ 2

2 e+ 1 = m + 1.

The examplesareconstructedusinggraphclasper calculus[H2]. As neededingredients
we obtain someformulas (equations(2),(3) and lemma7.2) and a result on link trivialit y
(lemma 7.1) we hope are of independent interest. The invariants we useto detect non-
trivialit y of our examplesare Jonespolynomial coe±cients, whoseweight system was
essentially derived by Bar-Natan [B-N].

To begin, we brie°y explain why certain claspers yield gropes. This is explained in
more detail in [CT]. Consider ¯gure 23. Here A and B are both tree claspers with no
boxeswith n and m respectively non-root leaves. The shown equality is move 9 of [H2].
Inductively, A ties a grope of classn into a band of the depicted surface,and B ties a
grope of classm into the dual band. The result is a grope of classn + m.

Our examplesare depictedin ¯gure 24. The two versionsare equalby move 2 of [H2].
Surgery on the given clasper yields an embeddedgrope of class2m, which can be seen
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m-2{ m-2{
=

Figure 24: The examples.

by counting the tips (non-root leaves). Denote this embeddedgrope by G2m .

Supposethe coe±cients of the t = ex Taylor expansionof the Jonespolynomial are
denotedby f j kg. We will show that j m+1 (@G2m ) = 2m+3 ¡ 2m+1 6= 0, demonstrating the
optimalit y of theorem 1.1. We will establishthe following formula on graph claspers.

j m+1

Ã
m

!

= 2j m

Ã !

; (2)

where the claspers are of degreem. Notice that the right hand side of this formula
involvesa type m invariant evaluating on a degreem graph clasper. By section 8.2 of
[H2], this is the sameas evaluating the type m invariant on the corresponding chinese
character diagram.4 Our result will follow from

j m

Ã !

= 2m+2 ¡ 2m (3)

which will follow from Bar-Natan's derivation of the HOMFLY polynomial weight
systems.

7.1 Link trivialit y

In this section we analyzea phenomenonnoticed by Habiro([H2], prop. 7.4), which is
that certain clasper surgeriespreserve ¯nite type invariants of a much larger degreethan
expected. We will only usea special caseof lemma 7.1, namely for a graph clasper of

4Actually , Habiro only announces this result without proof. The author has veri¯ed the claim.
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univalent
component

dual
components

Figure 25: Univalent and dual components.

the sameform as L in ¯gure 30. The generalresult is su±ciently interesting to merit
inclusion. The phenomenonwe are studying is already present in the caseof a graph
clasper representing a grope: it preserves invariants of the clasper's degree,which is
one higher than expected. This caseis, of course,easysincethe corresponding chinese
character diagram is trivial modulo STU. The essential feature of this exampleis that
the clasper hasonly one leaf which hits the knot.

De¯nition 7.1 a) Let C be a graph clasper on the unlink Uk . If a component of Uk only
hits one disk leaf of the clasper as in the left-hand side of ¯gure 25, then we call that
component univalent .

b) Two univalent componentsare said to be dual if the disk leavesthat hit them have
emanatingedgeswhich meet at a vertex. See ¯gure 25.

Lemma 7.1 Suppose Cd is a graph clasper of degree d on Uk , for which there are u
univalent components, no two of which are dual. Then surgery on Cd preservestype
d + u ¡ 1 link invariants.

Note: This lemma is optimal in the sensethat there are graph clasperssatisfying the
hypotheseswhich don't preserve type d + u invariants. Intriguingly, the claspersHabiro
considersin prop 7.4 preserve one further degreethan what lemma 7.1 claims.

[Proof]

First, cut apart Cd using move 2 of [H2] into a link of tree claspers Ci such that:

(i) Each Ci hasa designatedroot, which is a disk leaf hitting a component of Uk .

(ii) Every univalent component of Uk hits a root.

(iii) Each clasper is at least of degree2.

An example is pictured in ¯gure 26. For now, ignore the stars and the \in,out"
markings.

Modify Uk via successive applicationsof the proceduredepictedin ¯gure 23beginning
at the root of each tree. We will de¯ne a schemeof cardinality d+ u on this new link, L,
which is the link obtainedby surgeryon Cd. There is an obviousschemeof d moves: each
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in,out

*

in,out

Root

Root

Root

*

*

*

Figure 26: An exampleof lemma 7.1 Here d = 6, k = 4 and b = 2. Hencethe pictured link is 7-trivial.

move either unlinks a hopf-linked pair of leaves,or pushesthe link out of a non-root disk
leaf. Call thesetypesof movesobviousmoves. (Thesemovesareperformedon L but can
be viewed as being performed on the claspers.) We turn this schemeinto a schemeof
d+ u movesasfollows. For each of the u clasperswhoseroot hits a univalent component,
choosea non-root leaf. Do this in such a way that no two such leavesare a hopf-linked
pair. Each of theseu claspers ties a grope into its univalent component, hencewe can
do an in-out pair of moveson each of theseselectedleaves. The new schemeis gotten
by converting the u obvious moves associated to the u selectedleaves to in-out pairs.
In ¯gure 26, we have marked obvious moveswith an asterisk,and have alsomarked the
in-out moves. The arrrows indicate which grope (clasper) we are doing the in-out pair
on.

Now we have a schemewith the appropriate number of moves. The claim is that the
usual alternating sum over the schemeis L ¡ Uk 2 ZK nots. We prove this for a couple
of illustrativ e examplesincluding the one we needand leave the details of the general
argument to the reader.

The in and out movesare depictedon the clasper level in ¯gure 27.

The ¯rst exampleis given in ¯gure 28. We have pictured the schemewe constructed
at the beginning of this proof. In this caseevery nonempty subsetof the schemejust
givesthe unlink U2. This is becauseall moveswill trivialize a leaf of at least oneof the
two claspers: hencethat clasper just givesan isotopy and may be deleted. But oncethat
clasper is deleted the other one will have a trivial leaf, and so may be deleted as well.
Doing a typical subsetof the schemeis shown in the right hand side of ¯gure 28: the
top in move and an obvious move have beendone.

The secondexample is given at the top of ¯gure 29. In this casethe claim is that
doing any nonempty subsetof the in and out moveshas the samee®ectwhether or not
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Root

in,out

in out

both

Figure 27: The in and out moveson the clasper level.

in,out

in,out

*

*

*
*

Figure 28: The ¯rst exampleof lemma 7.1.

Root Root Root Root

*

in,out in,out in,out

Figure 29: The secondexampleof 7.1.
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C C L
1 2

Figure 30: Three claspers corresponding to the Kaufmann bracket skein relation.

the one obvious move is done. This is illustrated for at the bottom of ¯gure 29: an
in and an out move are pictured, and one can seethat unlinking the link component
from the left-hand clasper makesno di®erencesincethe clasper can be deletedanyway.
Thereforeall terms involving the in and out movescancelin pairs, and the alternating
sum is evidently as stated. 2

7.2 Clasp ers and the Jones polynomial

Consider the three claspers of degreem pictured in ¯gure 30. Here C1; C2 and L refer
to the link gotten by surgery along the pictured clasper. The skein relation for the
Kaufmann bracket yields the equation

A ¡ 1 < C1 > + A < C2 > = < L > :

Let w denote the writhe. Assumeit is zero away from the box enclosingthe skein
relation. Then w(C1) = 1, w(C2) = ¡ 1 and w(L) = 0. Recalling that the Jones
polynomial J is given by JK = (¡ A)¡ 3w < K > , and making the standard substitution
A ¡ 2 = e

x
2 , we achieve the following relation:

¡ e¡ x
2 JC1 (x) ¡ e

x
2 JC2 (x) = JL (x) (4)

Notice that C1 and C2 are degreem clasper surgerieson the unknot, hencethey are
m ¡ 1-trivial. On the other hand, by lemma 7.1, L is actually m + 1 trivial. Let U2

denotean unlink of two components. Thus

JC1 (x) = 1 + j m (C1)xm + j m+1 (C1)xm+1 + o(xm+2 )

JC2 (x) = 1 + j m (C2)xm + j m+1 (C2)xm+1 + o(xm+2 )

JL (x) = j 0(U2) + o(xm+2 )

Recall that the Jonespolynomial of an unlink of two components is ¡ e¡ x
2 ¡ e

x
2 , and

hencethat j 0 = ¡ 2. Now, plugging theseinto equation 4 and comparingthe coe±cients
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G

Figure 31: G is the unknot surgeredalong the pictured clasper.

of xm+1 , we get the following equation:

1
2

j m (C1) ¡
1
2

j m (C2) ¡ j m+1 (C0) ¡ j m+1 (C1) = 0 (5)

Notice that C2 can be thought of asC1 with an extra half-twist on oneits edges.On
the level of chinesecharacter diagramsthis corresponds to a switch in sign. Therefore
j m (C2) = ¡ j m (C1), and equation 5 becomes

j m+1 (C1) + j m+1 (C2) = j m (C1) (6)

7.3 An STU-lik e relation

In ¯gure 31, a degreem clasper is de¯ned, where the shadedregion is the sameas in
C0; C1 and L.

We have the following lemma giving an STU-like relation at one degreehigher than
the claspers' degree.

Lemma 7.2 Let º m+1 be a type m+ 1 invariant. Then º m+1 (G) = º m+1 (C1)+ º m+1 (C2)+
º m+1 (½(C1)) + º m+1 (½(C2)) .5

[Proof]

The proof useslemma5.1. One considersG asa grope by breakingapart appropriate
edgesusing move 2 of [H2]. There are m movescorresponding to unlinking thesehopf-
linked pairs of tips/leaves. Pick a pair that has one tip x belonging to one half of the
grope, and another pair wherethere is a tip y belongingto the other half. We consider
the schemeof m+ 2 movesgotten by doing the m¡ 2 hopf-pair unlinking moves,and also
the in and out moveson both x and y. The claim is that if onedoesany of the hopf pair

5Recall ½is the map reversing the knot's orientation.
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unlinkings, even in conjunction with the in-out moves,the result is unknotted. One can
verify this by noting that doing a set of the in-out movesgivesoneof the \ ¯ " curvesor
onehalf of the grope. (In our setting, each half of the grope is unknotted in the absence
of the other.) Now if onedoessomeof the in-out moves,and further unlinks somehopf
pairs of tips, onegets the analogof the \ ¯ " curvesor grope halves,only with respect to
the grope with the unlinked tips. But all thesecurvesare the unknot. Hencethe only
nontrivial moves of the scheme correspond to subsetsof the in-out moves. These are
analyzedin lemma 5.1. It now simply remains to observe that in our case¯ = C1 and
^̄ = C2. 2

7.4 Bar-Natan's HOMFL Y weight system and the rest of the pro of

Lemma7.2 givesus the equation, remembering that the Jonespolynomial is knot orien-
tation independent,

j m+1 (G) = 2(j m+1 (C1) + j m+1 (C2))

which together with (6) implies that,

j m+1 (G) = 2j m (C1) (7)

At this point we've shown that if, for somechoiceof ¯lling in the shadedoval in C1,
j m (C1) 6= 0, then the embeddedgrope G of class2m is not m + 1-trivial as desired. As
we stated earlier, we will do this for the choicegiven in equation 3.

Bar-Natan[B-N] derivesa weight systemcorresponding to the Lie algebragl(N ) which
givesa multiple of the coe±cients of the HOMFLY polynomial. Specifying N = 2, one
getsa weight systemcorresponding to a multiple of the Jonescoe±cients. We reproduce
the formula (p. 463, formula (36)) of [B-N]:

T2(D) =
X

M

(¡ 1)sM 2b(¿D M ) (8)

Here D is a connectedChinesecharacter diagram.6 M is a marking of the internal
vertices of D by the digit 0 or 1. sM is the sum of the digits of M . b(¿DM ) is the
number of boundary components of the thickening ¿(DM ) of DM . The two ways of
thickening a vertex are depicted in ¯gure 32. Let T i

2 refer to the restriction of T2 to
diagramsof degreei . If one works out the details of section6.5 of [B-N], one discovers
that

j i =
1
2

T i
2 :

The reasonfor the factor of 1
2 is that T 0

2 applied to an unknot is 2, whereasj 0 is 1 on
an unknot.

6The formula as presented is actually for the framed Jones polynomial, and in this sensewill work for non-connected
diagrams. Deframing a weight system via exercise 3.22 of [B-N ] does not a®ect connected diagrams.
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0

1

Figure 32: Thickening a marked diagram.

Lemma 7.3 Supposem ¸ 2. T m
2

Ã !

= 2m+2 ¡ 2m , where the depicted diagram

hasm ¡ 2 vertical struts.

[Proof]

The statement is easily veri¯ed for the casem = 2. For m > 2, we considerthe eight
possiblemarkings of the left-hand triangle. See¯gure 33. Here T m

2 is represented as a
sum over the eight markings of the triangle, someof which have beenconsolidateddue
to symmetry. Also each yet-to-be-marked vertex hasboxessurrounding it. If the vertex
is marked with a 0, \=" signsaresubstituted for each surroundingbox, and if the vertex
is marked with a 1, the surrounding boxesare replacedby \X"s. We have pre-simpli¯ed
someof the diagrams using the identit y that 2 \X"s on the sameedgecancel. The
depicted equationsare to be interpreted on the level of T m

i . Thus in the ¯rst row of
¯gure 33 a factor of 2 pulls out due to the presenceof an additional component of the
thickening. The secondrow of terms is zero, becauseeach term gives the samepicture
whether or not the x vertex is a 0 or a 1. Since these two possibilities have opposite
sign, everything cancels.Finally the last row is zero,either by cancellingthe two given
terms or by noting that each is T m

2 applied to a diagram which is trivial modulo STU.
The total is given in ¯gure 34. If the diagram with m ¡ 2 struts is called Dm , then we
have shown that T m

2 (Dm ) = 2T m¡ 1
2 (Dm¡ 1). Hencewe are doneby induction. 2

The alert readerwill have noticed that we never constructedan examplefor the case
m = 1. That is, an embeddedgrope of class2 which is not 2-trivial. As all knots bound
Seifert surfaces,this is the statement that there exist knots which are not 2-trivial. I
believe that of the knots which have eight crossingsor fewer, that 820 is the only 2-trivial
knot.

39



  

0

0

0

===2
0

1

1

0 = = 0

0

0

1

=

x

= 0-2 -2 1

0

1

=

x

= 02 2

1

1

1

1

1= -2-

0

1

0

= = 0- -

Figure 33:

2
0

1 2- = 2

Figure 34:

40



       

References

[B-N] D. Bar-Natan, On the Vassilievknot invariants, Topology 34 no. 2 , 423-472

[COT] T. Cochran, K. Orr and P. Teichner, Knot concordance,Whitney Towers, and
L2-signaturespreprint 1999,math.GT/9908117

[CT] J. Conant and P. Teichner, Gropescobordism in 3 and 4 dimensions, in preparation

[FT] M. Freedman and P. Teichner, 4 Manifold Topology I I: Dwyer's Filtration and
atomic surgerykernels, Invent. Math., 122(1995) no. 3 531-557

[GaGoP] S. Garoufalidas, M. Goussarov and M. Polyak, Calculus of clovers and ¯nite
type invariants of 3-manifolds, preprint 2000,math.GT/0005192

[Go] M. Goussarov (Gusarov), On n-equivalenceof knots and invariants of ¯nite degree,
Topology of Manifolds and Varieties, Adv. Sov. Math., vo. 18, Amer. Math. Soc.,
1994,173-192

[Go2] M. Goussarov, Interdependent modi¯cations of links and invariants of ¯nite degree,
Topology 37 (1998) 595-602

[H1] K. Habiro, Claspers and the Vassilievskein modules, Preprint.

[H2] K. Habiro, Claspers and ¯nite type invariants of links, Geom.Top., vol 4 (2000),
1-83

[K] V. Krushkal, Exponential separation in 4-manifolds, preprint 2000,
math.GT/0008212

[KQ] V. Krushkal and F. Quinn, Subexponential groupsin 4-manifold topology, preprint
2000,math.GT/0001063

[LK] X.-S. Lin and E. Kalfagianni, Regular Seifert Surfacesand VassilievKnot Invari-
ants, preprint available on xxx.lanl.gov, math.GT/9804032

[Ng] K.Y. Ng, Groups of ribbon knots, Topology 37, 441-458.

[NS] K.Y. Ng, T. StanfordOn Gusarov's groupsof knots, Math. Proc. CambridgePhilos.
Soc., Vol 126, Issue1, 1999

41


