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Abstract

It has often beenwondered what type of geometric data nite type invariants can detect. The
answer is not obvious, their de nition being combinatorial in spirit. In this paper we show that
theseinvariants can be interpreted asobstructions to a certain natural geometric question: doesthe
knot bound an embedded tower of surfacesinto the three sphere? This is a question which arises
naturally in the theory of hierarchies of 3-manifolds. The towers of surfaceswe consider are called
gropes, and can be thought of as a top ological manifestation of the lower certral series.

Gropes can also be thought of as represerting a particular type of clasper surgery in the sense
of Habiro. In the last section of the paper we derive some surprising results about claspers which
are hopefully of independert interest.

This paper is a revised version of a previously posted paper. The last section relating to claspers
is completely new.
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1 Intro duction

The precisestatemen of our result is as follows:

Theorem 1.1 If a knot boundsan emledded grope of classn in S3, then Vassilievin-
variants up to degree d3e taking valuesin any akelian group do not distinguish that knot
from the unknot.

together with the optimality result:

Theorem 1.2 For all n, there are knots boundingemiedded gropesof classn in S® which
are distinguishel from the unknot by a type de+ 1 invariant.

One might ask why d3e? As a grope of classn represets an n-commnutator, the
work of Ng and Stanford[N§ on n-trivialit y of group elemens would suggestthat nj 1
is the natural answer. The problem is that the natural movesthat implemert \letter
deletion" as consideredin that paper cannot be realizedindependerily. The factor of 2
that resultsis the samefactor of 2 encourtered by Goussare [GoZ], where he considers
non-independert moves. In fact his work directly implies that knots bounding enbedded
classn gropeshave trivial invariants up to degreeb3ci 1, by using, say movesof type
Il (seesection3.2) without the restriction on the vertices.

It is not hard to show that the Alexander polynomial of a knot bounding a grope
of class, 3 is trivial. Sincethe Alexander polynomial has assaiated to it nite type
invariants of arbitrarily largetype, a corverseto theorem1.1is not possible.In [CT] the
notion of grope colordism is introduced. The analogouscondition to bounding a grope
in this languageis that the knot coboundsan annulus-like grope with the unknot. The
unknot may link with the knot geometrically It turns out that the analog of theorem
1.1 holds with d3e replacedby b3c, and that a sort of corverseholds: that if two knots
sharetype n invariants, they cobound an embeddedgrope of classn + 1.

An interesting consequencef the main theoremis that a knot bounding a grope of
arbitrarily large classcannot be distinguishedfrom the unknot by nite type invariants.
It is a conjectureof Mike Freedmanthat this phenomenonis impossible. More precisely
he conjecturesthe related statemert that in any three manifold, you cannot have an
in nite embeddedgrope, every stageof which isincompressible.In the casethat the three
manifold is a knot complemem, theorem 1.1 thereforereducesFreedman’'sconjectureto
the famousopen question of whether nite type invariants detect knottedness.

The de nition of a nite typeinvariant is that a certain alternating sum over subsets
of crossingchangesvanishes.This de nition can be generalizedby replacingthe phrase
\crossing changes"by the word \homotopies." Seesection1.1 for a precisestatemert.

The way we prove theorem 1.1is to construct certain homotopies,or moves on the
embeddedgrope. Thesemovesrestrict to movesof the boundary and so can be plugged
into the nite type de nition. The resulting relations allow usto keepwriting the values



of the invariants in terms of their valueson simpler and simpler knots. The moveswe use
are relatively obvious exceptin the caseof the in-out trick. The in-out trick is a certain
pair of moves, and has someinteresting consequencefor the theory of claspers. (See
section7). The majority of the paper is dewted to setting up thesemovesand analyzing
their e®ect. In section 6, theorem 1.1 is proved in a couple of pagesusing the moves
and the resulting alternating sumrelations on the nite type invariants. In section7, we
prove theorem 1.2, using the moves, Habiro's clasper theory and the calculation of the
Jonesweight systemderived by Bar-Natan.

This line of researt was stimulated by corversationswith Mike Freedmanand Peter
Teichner, and also by the work of Lin and Kalfagianni [LK]. | alsowish to thank the
refereefor much helpful advice.

1.1 A slight reform ulation of the nite type axiom

For a cheerfulintroduction to the theory of nite typeinvariants seeBar-Natan's original
paper [B-N].!

We would like to make a slight reformulation of the de nition of a type n invariant
which will make our argumerts easierto state later. The new (but equivalert) de nition
is alsoaestheticallypleasingin that it makessensdor mapsof any topologicalspaceinto
any other.

Supposeh : ST£ 1 | S®is a homotopy of a knot to another (embedded) knot. Let
Supp(h) %2 S3, the supprt of h, be the imageof M £ | whereM % St is the closureof
all points which h doesnot x. Two homotopiesof the sameknot are said to be disjoint
if their supports are disjoint.

De nition 1.1 Let° be an alkelian group valued knot invariant. ° is said to be of type
n if for everyknot K ¥ S% and every collection of n + 1 disjoint homotopiesf h;g of K ,
we havethe following: X
(i 1)%°(Ky) = 0
Yaof 1 n+lg

Here j3} is the cardinality of ¥%and K, is the knot madi ed by the homotopiesf h;ji 2 ¥g.

We will call a setof disjoint homotopiesof a knot a scheme which abbreviatesGous-
saro/'s term \v ariation scheme."

If one xes a planar diagram of the knot, a crossingchangeis a particular type of
homotopy. Sud a homotopy pushesthe top arc at a crossingdown through the bottom
arc. Becauseof this, atype n invariant in the senseof de nition 1.1is atype n invariant
in the usual sense.

1Many of the conjectures contained in Bar-Natan's paper have now been resolved in the negative.




Conversely one obsenesthat an arbitrary homotopy of St in any 3-manifold which
beginsand endswith an enbedding is itself homotopic to a collection of disjoint nger
moves? (One just puts the homotopy in generalposition.) But any nger move is a
crossingchangein someplanar diagram of the knot. (Contract the arc which guides
the nger move until it is very short and vertical in the planar projection.) Hencein
de nition 1.1onecansubstitute the phrase\collections of crossingchanges'"for the word
\homotopy". That type n invariants vanish on the alternating sumsarising fromn + 1
collectionsof crossingchangesis well known. See[Go] lemma5.2 for a proof.

A pieceof terminology: A knot is said to be n-trivial if all type n invariants taking
valuesin any abelian group do not distinguish it from the unknot.

Convention: All our Vassilievinvariants will vanish on the unknot. This does not
a®ectour generality becausesvery type m invariant is a constart (type O invariant) plus
a type m invariant vanishingon the unknot.

1.2 Gropes

Gropesare certain 2-complexedormed by gluing punctured surfacestogether. (A punc-
tured surfaceis a surfacewith an open disk deleted.) They can be de ned recursiwely
using a quartity called depth There is an anomalouscasewhen the depth is 1: the
unique grope of depth 1 is a circle. A grope of depth 2 is a punctured surface. To form
a grope, G, of depth n, rst prescribe a sympletic basis f ®; ;g of a punctured surface,
F. That is, ® and ; areenmbeddedcurvesin F which represen a basisof H,(F;Z) suc
that the only intersectionsamongthe ® and ; occur when® and ; meetat a point.
(® and ; represem dual classes.)Glue gropesof depth < n to ead ® and ; with at
least one such addedgrope being of depth nj 1. (Note that we are allowing any added
grope to be of depth 1, in which casewe are not really adding a grope.)

De nition 1.2 The surface F % G is called the bottom stageof the grope.

De nition 1.3 The tips of the grope are those prescriled sympletic basis elementsof
the various punctured surfacesof the grope whichdo not havegropesof depth> 1 attachel
to them.

For instancein gure 1 there are 9 tips.

Depth is just a tool for de ning gropes. The class of the grope is more important
theoretically. It is de ned recursiwely asfollows.

De nition 1.4 The classof a depthl gropeis 1 andthat of a depth2 gropeis 2. Supmse
a grope G is formed by attaching the gropes of lower depth f A;; Big to a sympletic

2A "nger move is a homotopy of the knot guided by a framed arc from the knot to itself: one pushesa little "nger of
the knot along one end of the arc until it crashesthrough the part of the knot at the other end of the arc.



Figure 1: A grope of class4 and depth 5.

basis f®; ;g of the bottom stage,suchthat @\; = ® ,@; = ;. Then clasgG) =
minf clas€A;) + clas¢B;)g.

For a classk grope G, the boundary @ represets an elemen of | “¥4(G), the kth
term of the lower certral seriesof the free group ¥4(G). For instance,in gure 1, @
is a commutator of the form [x; [y;[z;[t; ulll]l ¢[[a;b]; [c;d]], where ead letter represeis
atip. (It can,in fact, also be shavn that @5 doesnot represemn an elemen lying in
i “19,(G)[FT].) A fundamertal aspect of gropesis the following, which helps explain
their interest: If X is a topological space, %2 Y4(X) liesin j ¥4 (X) if and only if any
represemativ e of ¥%2extendsto a map of a grope of classk into X [FT]. Restricting to
embeddedgropestherefore givesa natural geometric strengthening of the conceptof a
k-comnutator., Embedded gropes have been especially useful in 4-manifold topology.
They appear throughout Freedmanand Quinn's book [FQ] and alsofeature prominertly
in recert work of Cochran, Orr and Teichner[COT] concerninga Itration of the knot
concordancegroup. They also appear in [FT], [KT], and [K]. One of the interesting
aspectsof the presen paperis that it establishesa connectionof the theory of embedded
gropesto 3 dimensionaltopology:.

Finally, we'd like to give a couple of examplesof embeddedgropes.

First, the kth iterated untwisted Whitehead double, Wh¥(K ), of any knot K bounds
an embeddedgrope of classk + 2. (As usual, the notation Wh¥(¢ is ambiguousasthere
are two possible untwisted Whitehead doubles of any knot. Howewer, the statemen
holds no matter what set of k choicesone makes.) Figure 2 attempts to illustrate this
for the casek = 1. Here S is a Seifert surfacefor the original knot K, and is gerus 1 in
the picture. The left-hand sideof gure 2 is the embeddedversionof the abstract model
on the right. The left-hand side of gure 2 depicts the action near the \clasp part" of
the Whitehead double.



Figure 3: An embeddedgrope comesfrom a particular type of clasper surgery.

The iterated Whitehead double is not particularly represemativ e of the generalcase
becausemost of the tips of sud a grope do not link geometrically aswould be the case
in general. (To anticipate what comeslater, the assaiated graph will have at most three
edgesdepending on the Seifert surfaceof the original knot K.) In fact, it is well-known
that the Whitehead double of an n-trivial knot is n + 1-trivial. It follows that Wh*(K)
is k + 1-trivial, about twice what our main theoremwould yield.

Secondly it is relatively easyto prove [CT] (also seesection7) that clasper surgeries
[H1,H2] of a very special form give rise to embeddedgropes of classk. Namely a tree
clasper surgery on the unknot, where the clasper has k + 1 leaves all of which avoid
the spanningdisk of the unknot exceptfor one leaf called the root leaf which forms a
meridian to the unknot. See gure 3. Indeedthe non-root leavescorresmnd to the tips
of the grope. This is in fact the most generalembeddedgrope where ead surfacestage
is of gerus one. For higher gerus, onewould add \b oxes" to the clasper. A generaltree
clasper surgery givesrise to a grope colordism, a conceptwhich is exploredin [CT].



1.3 The work of X.S. Lin and E. Kalfagianni

The main theorem of this paper is similar to and inspired by that of a preprint of X.S.

Lin and E. Kalfagianni[LK]. The main theoremof that paper is that knots which bound

certain immersedgropes of height n + 2 are |(n)-trivial, where Iilm [(n) = 1. More
n!

speci cally, they considerimmersedgropes suc that all self-intersectionsoccur away
from the bottom stage. There is also the restriction that the bottom stageis regular,
which among other things implies that the complemen of the Seifert surface has free
fundamenal group. (It shouldbe noted that the obvious generalizationof their and my
result, that all knots bounding immersedgropesare to somedegreetrivial, meetswith
the problem that all knots bound immersedgropes of arbitrary class, since the lower
certral seriesof a knot complemen stabilizes after the secondterm.) Their method of
proofisto nd crossingchangeswhich implemert the group-theoreticnj 1-trivialit y (as
de ned in [NS]) of an n-comnutator.

It turns out in their casethat onecannot fully realizethe degreeof trivialit y preser
in an n-comnutator, the problem being the sameas with the presen casein that one
must be ableto nd n geometricindependen moveswhich have the e®ectof deleting a
letter in the commnutator. Examplesdueto the author suggestthat at mosta logarithmic
function of n of the movescan be realized,and indeedthe function I(n) which they nd
is logarithmic.

2 Grop e foundations

Supposea tip of an enmbeddedgrope bounds an embeddeddisk into the grope comple-
mert. Then one can delete an annular neighborhood of the tip and glue in two parallel
copiesof the disk. This procedureis usually abbreviated by the term \surgery on the
disk." This has the e®ectof reducing the gerus of the surfacestageto which the tip
belongsby one. Henceif the stagewere already a punctured torus, it would becomea
disk under this operation. In this casewe can iterate the procedure,reducingthe gerus
of the next stagedown. If ead stageof an enbeddedgrope is of gerus one,and if a tip
bounds a disk into the embeddedgrope complemen, then this procedureconstructs a
spanningdisk for the boundary knot.

In the casewhen the stagesof a classn grope are possibly of higher gerus, it is
straightforward to shawv that there is newerthelessa partition of the tips into n sets
of tips, sudh that if one of these sets of tips bounds disks into the embedded grope
complemen, then iterated surgery on thesedisks provides a spanningdisk for the knot.

De nition 2.1 A setof tips of an abstiact grope, G, hasthe trivialization property if,
for each emeleddinge : G! S3, whee thesetips bound disksinto S3ne(G), the atove
iterated surgery construction produaes a spanning disk for e(@s). Equivalently, if one
deletesthe letters in ¥4(G) correspnding to thesetips from the word @5, then this word
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Figure 4: The 1-complexes¥, to ¥5

trivializes.

For instancein gure 1, we obsened that the boundary is the curve [x; [y; [z; [t; u]]]] ¢
[[a; b]; [c;d]] whereeadh letter represetts atip. In this caseff x; ag;fy; bg; fz;cg; ft; u;dgg
is a partition into four setsof tips with the trivialization property.

We now proceedto nd a nice handlebody surrounding the enbeddedgrope. It is
not hard to seethat a grope deformation retracts onto its 1-spine, so that a regular
neighborhood of an embeddedgrope in S is indeed a handlebody. However it will be
conveniernt to keepmore careful track of how the grope sits inside the handlebody. For
instance, theorem 2.1 will allow us to assumethat the slice of the grope that sits in a
cross-sectiorof a handle looks like one of the following family of 1-complexesf ¥;g.

De nition 2.2 ¥; is de ned recursively as follows. ¥, is a point. Supmsethat ¥; has
been de ned and has2' univalent vertices. Form ¥;,; from ¥; and 2' intervals by gluing
each univalent vertex of ¥; to the midpoint of an interval. See gure 4.

Before stating the theorem, we'd like to explain lessformally what's going on, by
consideringwhat happensfor a grope of class3 both of whosesurfacestagesare gerus
one. Think of ead of thesesurfacesas a disk with a pair of dual bands attached. To
form the grope one gluesthe core of one of the bands of one of the surfacesto the
boundary of the other surface. The result is pictured in gure 5. One can think of the
right-hand side of this picture asa standard unknotted embedding of the grope into S3.
The regular neighborhood of this embeddingis a gerus 3 handlebody. The cross-section
of one handle is just ¥; and the cross-sectionof the other two handlesis ¥,. In this
picture there are three obvious tips forming the coresof the three handles. Obsene that
there are annuli which extend from thesetips disjointly to the handlebody's exterior.
For instancein the left-most ¥, handle, one extendsthe annulus upward from the page,
whereasin the other ¥, handle one extendsthe annulus downward from the page.

In the generalcase|t is corveniert to have sud annuli, (which we call pushingannuli),
which disjointly extend from ead tip to the surfaceof the handlebody and allow us to
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Figure 5: A grope of class3.

pushout atip to a curve on the surfaceof the handlebody. Drawing pictures like 5 will
corvince the readerof the truth of the following theorem, although it is provedin detail
for the sake of completeness.

Theorem 2.1 Let G % S3 be an emteddel grope. Then there is a handelody which is
a ball § with handesfH; = D? £ | g with the following properties:

(i) 8\ I-g =D?E£ @
(i) 8[ H; is aregular neightwrhood of G.
i

(iii) 8t 2| the cross-setion G\ (D?£ ftg) %2 H; is ¥, for somel degendingoni.
(iv) vi\ (D?£ ftg) %2 H; is the midpoint of ¥; % ¥.
(v) There exist emleddead pushingannuli P; inside the handelndy whee @; = v, q v
for somecurve v; on the surfacee of the handelody. The pushingannuli P; also satisfy:
(@ P\ G=vy
(b) int (P;)\ int(P;)=; foriéj.

[Proof]

We construct the handlebody for an unknotted model of G, which we alsocall G, in
S3. Sinceit will be a regular neighborhood, the handlebody with all its decorationswiill
alsobe presen for any embedding of G in S°. We proceedby induction.

In the caseG is of depth 1, let the model of G be an unknot. § is a small ball around
a point of G, and the single handle is a regular neighborhood of the portion of the arc
of G that lies outside 8. The pushing annulus P; is just the intersection of a spanning
disk for G with the handlebody.

For the inductive step, supposeG is a grope formed by gluing gropesfA;; B;g’; to a
symplecticbasisf ®; g, ofthe bottom stageF. Each A; and B; is of lower depth than
G, sothat by induction, for somemodels of A;; B; embeddeddisjointly in S3, there are
balls f§ 4 ;8s,0%, together with handlesfH{'g"}’ attached to ead §4, and handles
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injB gjnﬁ'l) attached to ead 8, which satisfy the conclusionsof the theorem. Denote
the pushingannuli P#* and P asseiated to the handlesH{* and H? respectively. Let

@ = viq @ and similarly for P?. (Our corvertion is that the curve with a bar is
the pushed-outversionof the unbarred curve.)

By modifying thesewe will construct a model of G in S® with an appropriate han-
dlebody. First, modify the balls f§ ;85,9 sothat a pieceof the bottom stageof A;
or B; \sticks out" into S3 in the following way. Choosea subarct,, of @\; inside § 4, .
(Recall @\ = A if depth(A;) = 1.) If depth(A;) > 1, let 25, be an arc which is a parallel
push-o®rel. endpoints of #4, into the bottom stageof A;. If depth(A;) = 1, let 25, bea
parallel push-o®rel. endpoints into the gushing annulus P/. In either case,let S; be a
sphereinside § o, which intersectsA; [ P; exactly asthe arc 2,,. Deletethe inside of

]
Si from §,, and alsodeletean open neigtborheod of an arc which cognectsS;, inside of
8§, with the surfaceof the handlebody 84, [ H{ away from A;[ ~ P{. See gure 6.
j j

We can alsodo this procedurefor B;.

Via this procedure,we obtain new handlebodieswhich surround the embeddedgropes
f Aj; Big exceptfor small subdisks of the bottom stagewhich jut out. (In the depth 1
caseit is a subdisk of the pushing annulus which sticks out.)

The rst stepin creating the bottom stage of G is to glue annuli along their cores
to eath @\; and @B;, perpendicularly to the bottom stages,or to the pushingannuli in
the depth 1 case. Theseannuli can be arrangedto only jut out of eath 8§, and 8g,
alongthe arc +,, or 15, , and can be arrangedto be disjoint, away from the attaching

curves,from f Aj; Bi; Pf; PP g. If ahandleH{; or HS, ~had a cross-sectiorof ¥y then

after attaching a perpendicular annulus, the new cross-sections ¥y 41 .

The next stepis to plumb eadh A; annulus together with the B; annulus outside of
8§/ and §B to form a punctured torus F; for each i = 1:::g. The coreof the A; annulus
will be ® and that of the B; annulus will be ;. As pictured in gure 7 this may be done
sothat the piecesof surfaceswhich jut out (whether they be bottom stagesor pushing
annuli) remain with disjoint interiors.

Finally we form the bottom stage F by connecting the punctured tori fF;g with
bands disjoint from ewverything exceptat their ends: run a band from F; to F,, from
F, to F3 :::, from Fg 1 to Fg. The result is the embedded grope G, some of which
lies in somehandlebodies. To complete the induction we will take these handlebodies
and form a new one completely surrounding G. The ball § is takento be the union of
the 8§ 4,; 85, together with a regular neighborhood of the things that stick out of the
balls: the plumbed sectionsof annuli, the bands, and the jutting-out bottom stagesor
pushingannuli of f A;; Big. This addedneighborhood may be assumeddisjoint from the

pushed-outtips fvi*;vPg. The handlesare the collection of all the handlesfH{#; HP g.

Again see gure 7. 2
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Figure 6: Pushing a piece of the grope or pushing annulus out of the ball.

2.1 The graph j( G)

Our task now is to construct a graph assaiated to an embeddedgrope which keepstrack
of the interactions betweentips, or, more precisely the handlesof which they form the
core.

First o®,given an embeddedgrope, G, of classn, x a partition of the setof tips into
setswith the trivialization property (de nition 2.1) denotedV;:::V,. As a matter of
notation we de ne V, to be the collection of pushed-outtips of V..

In the casewhen the enbeddedgrope has bottom stage of gerus 1, we obsene the
following corvertion. Notice that there are two \halv es" of the grope: the embedded
subgropesattached to the bottom stage. Each collection of tips V; can be chosento lie
on one half of the embeddedgrope or the other. Choosethe ordering so that ewery V,
on one half and every V; on the other half satisfyi < j.

A collection V; is said to be framed unlinked if each v 2 V,; bounds a disk whose
interior intersectsthe grope only at handlesnot asseiated to a tip in V;. This set of
disksis called a cap. (When a disk doesintersecta handle, by generalposition we can
assumdt doessoin asinglelevel D2£ f tg for each connectedcomponert of intersection.)
If Vi is not framed unlinked, we say it is framed linked. The reasonfor this terminology
is that ewven if a collection of handlesf H;g looks like an unlink, somepushing annulus
may have nortrivial framing and so a pushed-outtip v may link with v and hencewill
not be able to bound a disk into the grope complemei.

Secondly X a genericprojection (a homeomorphismS3nflg 2 R?£ R) sothat the
1-manifoldswith boundary, V;\ §, togetherwith the attaching regionsfor the handles,
are standardly arranged in decreasingorder as the height function assiated to the
projection increasesas in gure 8. This is a side view of the ball, whereasusually in
projections the view is from above. It is reasonablyclear that by sliding around the
handlesover the ball we can put the enmbeddedgrope with its handlebody in the given
position with respect to the height function.

With theseadditional data xed we cannow de ne our graph.

12
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Figure 7: Forming the handlebody surrounding the grope.
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attaching regions
for handles

Figure 8: Standardly arranged attaching regions.

De nition 2.3 Let j( G) be the graph which hasvertices V;;:::V,, and whoseedgesare
given as follows:

If V; is framed linked, put an edgefrom V; to itself.

If a pushe-out tip v; 2 V; crossesover a pushe-out tip v; 2 V; with i > j, put an
edgebetween V; and V;. Here \cr ossesover” refersto the xed projection.

An exampleis shovn in “gure 9. In the picture, we are looking down on the handlebody
with respect to the height function. v; crossesover v; sothereis an edge.v; is knotted,
sothere is a loop. V3 is unknotted but hasa nontrivial framing, hencethere is a loop at
this vertex also.

Badk in the generalsetting, asan exercisenote that if V; is anisolatedvertex, then the
knot @5 is trivial. In this case,possibly after an isotopy, there is a level plane R? £ ft,g
which separatesthe handlesassaiated to the tips in V; from all the other handles. By
hypothesisthe pushed-outtips in V; bound disks which only hit the handlesbelow the
level plane. But thesediskscanbe surgeredto lie above the planeusinganinnermostdisk
argumen. Bewarethat in generalan isolated vertex doesnot imply trivialit y becauset
doesnot imply that the handlesassaiated to that vertex can be squeezedetweenlevel
planesaway from the other handles. This is the case,for instance,in gure 9. v, does
not bound a disk into the handlebody complemer.

One nal de nition beforeclosingthe section.
De nition 2.4 A collection of verticesV;,;::: ;V,, is saidto be freeif forall 1- s;t - k
there is no edgein the graph connecting V;, with V;,. (In particular, framed linked vertices
are excludel.)

An exampleis showvn in gure 10.
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Figure 9: The regular neighborhood of the grope and its assaiated graph.

Figure 10: The circled vertices are a free collection of 4 vertices.
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3 The easy moves

Recall that the term \move" is synonomouswith \homotopy.” The movesin this sec-
tion will take an embeddedgrope to another embeddedgrope. When restricted to the
boundary they give a homotopy of a knot to another knot.

3.1 Movetypel, Kiling an edge

Given an edgein the graph j, we de ne a move which has the e®ectof deleting the

edge. Supposethe edgeis betweenV; and V, wherei < j. That meansthat someof
the handlesin V, crossover someof the handlesin V;. Then the move is de ned to

be the homotopy which switches these handle crossings,supported in balls which are
regular neighborhoods of the guiding arc of the crossingchange. Next we describte how

to remove an edgefrom V; to itself. To unknot a handlein V;, rst do handle crossings
of the handle with itself sothat the handle bounds a disk which intersectsonly other

handles. However we must also make sure the handle is untwisted, which is to say that

the pushed-outtip of the handle boundsa disk which intersectsonly other handles. So
Dehntwist to remove the appropriate number of multiples of the meridian of the handle.
This twist is a homotopy supported in somesmall sectionof the handle D? £ [a;b]. Do

this for every handlein V; to remove the edge.

Notice that any number of type | movesmay be performed simultaneously sincethe
supports are by construction disjoint, with the e®ectthat the correspnding edgesare
deletedin j.

3.2 Movetypell, Moveson free sets of vertices

Given a free set of k vertices, F, we de ne k movesas follows. Sincethe set of vertices
is free, there are level planes which separatethe collections of handles assiated to
the tips in F, and which intersect the ball § in circles which lie standardly as level
circles betweenthe attaching regionsof the collectionsof handles. We can now choose
homotopiessupported betweenthe appropriate planeswhich contract the setsof handles
toward the ball to little handles whose pushed-outtips bound embedded disks. See
11. These moves obviously have disjoint support by construction, and further doing
any collection of them has the e®ectof trivializing at least one set of handleswith the
trivialization property. This hasthe e®ectof unknotting the boundary of the embedded

grope.
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Figure 11: A type Il move trivializing a handle.
4 Reducing to bottom stage of genus 1

One of the key moveswe needwe haven't even de ned yet, the so-called\In-Out trick."
This is becausdat only works for gropesthat have bottom stageof gerus 1. It therefore
makessenseto rst reducethe problemto that case.

4.1 The graph f.

Givenan embeddedgrope G, we de ne a slightly di®eren versionof the graph de ned in
section2.1. Fix a projection of the handlebody whereall the v;\ B occur in increasing
order as height decreasesFor the graph, | ,we let there be verticesv; for ewvery tip of
the grope, as opposedto one for ead of the n collectionsof tips with the trivialization

property. We put an edgefrom a vertex to itself if that tip is framed linked in the
previously de ned sense(sinceit is just onetip you might say framed knotted instead),
and we draw an edge between two vertices if the correspnding handles crossin the
wrong order in the projection, as before.

In terms of the graph i~ we can still do type I and type IT moves, de ned in the
obvious analogousway. Howewer, as analyzedat the beginning of section 2, the result
of doing a type IT move is no longer neccessarilyto trivialize the knot but instead to
reducethe total gerus of the grope, wheretotal gerusis de ned asthe sum of the genera
of all the stagesof the grope.

Lemma 4.1 Let G be an emiedded grope. If the graph i"(G) hasp free setof k vertices
then for any type k i 1 invariant °y; ;, we havethat °y, 1(@5) = ' § 9 1(@s), whee

|
G; is an emleddeal grope of lower total genusthan G, but of the sameclass.

[Proof]

_ P o
Let S be the schemeof type IT movesde ned above. Then  ,,,o(i 1Y%, 1(@Bs) =
0. If 346 ;, then G modi ed by %is of lower total gerus aswe just obsened. 2.
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4.2 Genus 1is suzcien t

Lemma 4.2 If theorem 1.1 holdsfor emtkedded gropeswith bottom stageof genusl, then
it holdsin geneal.

[Proof]

Let E(]") bethe number of edges.Consider,toward a cortradiction, a courterexample
which has minimal (total gerus, E(i")), ordered lexicographically This example has
bottom stagegerus > 1, by assumption. Notice that |~ hasat least2n vertices, sincefor
eadt pair of dual symplecticbasiselemets in the bottom stagewe get at leastn vertices.
| claim that E(]") - d3e. Otherwise, considera scheme,S, consistingof d3e+ 1 type "
moves.

If © is a type d3e invariant, we have,
X
°(K) =i (i )70 (Ks) 1)

165 Y425

whereead of the K 5, on the right-hand sidehasfewer edgesut equaltotal gerus. Hence
eath of theseknots has reducedcomplexity, sothat, by minimality ead is d3e-trivial.
That, of courseimpliesthat ° (Ks,) = Ofor ead 36 ;, andyieldsthe equation®(K) = 0,
for every © of type d3e, cortradicting that K is a courterexample.

SoE = E(J) - d3e. Recallthat we arguedthat the number of verticesV exceedsor
equals2n.

Let y; by bethe rst two Betti numbersof the graph ™. Thenkyj by = A=V E
2nj dje, die+ 1.

This shows there are at least d3e+ 1 cortractible componerts of j. In particular
thesecomponerts have no loopsbeginningand endingat the samevertex. Hencewe can
choosea freesetof d; e+ 1 verticesby selectingonevertex frorp ead of thesecomponerts.
So by lemma 4.1, for every type d3e invariant °, °(@5) = 8§°(@5;) = 0 sinceeadh
G; is of lower total gerus. But this is a cortradiction, since K was supposedto be a
courterexample. 2

5

5 The In-Out tric k (The hard move)

Let G be an enmbedded grope whose bottom stage is of gerus one. Then G divides
naturally into two halves: the two embedded subgropes attached to the bottom stage.
A vertex of the assaiated graph is a set of tips which lies on exactly one of thesetwo
halves. Given a vertex, X, let Gx denote the half of G on which lie the tips in X.
SupposeX is framed unlinked. The aim of this sectionis to construct a pair of moves,
finX; outX g which have the following e®ect,at leastwhennot donein conjunction with
other moves.

18



Figure 12: The \in" and \out" arcs.

1) inX takes@s to @y .
2) outX takes@5 to @5y ).3
3) finX; outX g takes @5 to the unknot.

The two movesof the in-out trick are ead divided into four phases.The expression
inX or outX will referto just doing phasesl and I1. Phasesl || and |V are isotopies
which may or may not be possibleif oneis doing other movesin conjunction with the
in-out pair. This will be analyzedon a case-ly-casebasisasthe needarises.

We proceedto descrilke the moves. SupposeX = fXx3;:::;Xn0. Recallthat eat x;
isatipin X. Let ¢, ;:::;¢,, beacap. That is, f¢, g are diskssud that [ ¢, is
embedded, @[ ¢ «,) = X[ ¢¢ X, and sud that the disks'interiors may only intersect
the handlebody at handlesnot assaiated to the the tips in X. De ne two subarcsof

@s called\in" and\out" asin gure 12, where®= @by .

If a handle H intersectsint¢ Xig choosean arc inside ¢ Xi from H\ int¢ xio 10 Xig,
terminating on the handle assaiated to x;,. Do this for all sud intersectionsof a handle
with the interior of the cap of X, choosingthe arcsto all be disjoint.

We now descrilke a homotopy of G which doesnot presene embeddednesdut which
restricts to an isotopy of @s. The arcswe selectedend on handlesasseiatedto X. The
cross-sectiorof G inside the handle looks like some¥; at that point alongthe handle.
Push ead handle, H, hitting the interior of the cap down the arc we choseuntil its
intersectionwith the cap hasbeentraded for two intersectionswith the top stageof G.
See gure 13.

Continue pushing ead handle down through the successig stagesof G in a small

314js the map which reversesa knot's orientation. It is unknown whether Tnite type invariants can detect a knot's
orientation.
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Figure 13: The rst step of the in-out trick.
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neighborhood of the cross-sectioruntil all the intersectionsof ead handle are with the
bottom stageof G. See gure 14.

Notice at this point that the knot @5 newer crosseditself, sothat our procedurewas
just an isotopy of @s. This preliminary isotopy will be calledphasel of the in-out trick.

Phasel introducesmany intersectionswith the bottom stage,and theseare naturally
paired together. In gure 15, a typical suc pair of intersectionsof a handleH with the
bottom stageof G is pictured. Here K = @5. De ne the movesinX;outX by doing
the illustrated move for every sud pair of intersectionswith the bottom stage.inX and
outX are clearly disjoint homotopiesafter phasel. Doing either inX or outX is called

Figure 14: Pushing H down sothat all intersectionsare with the bottom stage.
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Figure 15: The \in" and \out" moves.

We now analyzewhat happenswhen we do inX, outX or both. Doing both is the
easiestcaseto tackle sinceit yields an embeddedgrope with the tips in X bounding the
embeddeddisksf ¢ ,, g. Doing both inX and outX thereforeturns @ into an unknot.

Recall the curve ® = @5y of gure 12. Let Gx modi ed by phasel be called G .
G}, is embeddedin the sensethat it doesnot intersectitself, but it may intersect the
bottom stageof G if a handle that we pusheddown comesfrom the Gy half of G. We
canturn G§ into a disk ¢ by the construction at the beginning of section2 in a regular
neighborhood of G [ . ¢ «,. This disk may intersectthe bottom stageof G if G} does.
Now considerwhat happenswhenwe do inX. All intersectionsof handlesbetweenthe
\in" arcand ® = @ have beenremoved. Considerthe arc! de ned in gure 16. The
closedcurve gotten by joining the endpoints of \in" and? in the obvious way cobounds
an annulus with ®. ® boundsthe disk ¢ in the complemen of this annulus and of the
knot. It follows that the \in" arc is isotopicto * in the complemen of the rest of the
knot. This isotopy to * is called Phaselll . The \out" arc was newer made to cross
itself, soafter the \in" arc movesto *, the \out" arc canbe isotoped bad to its original
position. But now the band dual to ® pulls away, and we are left with ® = @5% = @by .
See gure 16. This nal isotopy is phaselV.

A similar analysisholds for doing outX , but one must pay attention to orientations.
If ® is oriented the sameway asthe \in" arc, then it will be oriented oppositely to the
\out" arc. Henceafter doing outX we get the knot 4@5% ).

For a gerus one surface,the \in" and \out" arcs are symmetric so the move outX
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Figure 16: The move inX givesthe knot ® bounding the grope Gy .

givesthe same(unoriented) result asinX. Howewer, for a higher gerus surface,the \out"
move no longerworks, the problem occurring during phaselV, which is why we needthe
bottom stageof G to be gerus one.

We now give an example. Considerthe knot bounding an embeddedgrope of class
3 pictured in the upper left-hand corner of gure 17. We will describe the in and out
moveson V,. Notice that the \in" and \out" arcs have beenindicated in the picture.
The bold box indicates the regionin which we will be doing the homotopy. Indeedthe
moveswill be described by substituting the pictures at the bottom of gure 17 into the
box. There is an obvious cap for v,, which is pictured in the upper right-hand corner of
“gure 17. Doing phasel guidedby the pictured arc is showvn in the middle of the picture.
Finally, inv,, outv, and finv,; outv,g are pictured at the bottom of the gure.

In this casethe curve \®" is unknotted, sothat doing any conbination of the in and
out movesought to producethe unknot, which we invite the readerto verify.

5.1 A fun proof that all knots are 1-trivial

We now usethe in-out trick to give a proof that every knot is 1-trivial. This alsofollows
from the main theoremand is well-known, but is good for illustrativ e purposes.

Supposea knot, K, bounds a Seifert surfacewith k pairs of dual bandsfx;;yigk, .
Considerthe stheme S = fs;;s,g where s; is the move which unknots and untwists
the x; band and also does crossingchangeswith other bandssothat x; always crosses
over them. s, doesa similar thing for y;. Doing either s; or s, reducesthe gerus of
the Seifert surfaceand hencetype 1 invariants vanish inductively. Doing both givesa
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Figure 18: The knots on the right are unknots.

connectedsum of a gerus oneknot that hasunknotted bandswith a reducedgerus knot.
1 trivialit y is easily seento be presened by connectedsum. Thus it sutcesto prove
that a gerusoneknot with unknotted bands,X; y, is 1-trivial. But every subsetof moves
of the schemef inx; outxg now trivializes the knot. In this simple case,inx (respectively
outx) may be visualizedasthe move making the \in" arc (respectively \out" arc) cross
over everything in the projection. See gure 18.

5.2 Doing two in-out tric ks

The following sectionis not neededto prove the main theorem, sothe readermay skip
there immediately. It is neededfor the construction of the examplesof the last section,
howe\er.

One might askwhat happenswhenonedoestwo of thesein-out tricks simultaneously
That is one considersthe sthemef inx; outx; iny; outyg for two framed unlinked vertices
x andy. Underthe hypothesesof lemmab.1,the answer is reasonablynice. If x andy lie
on the samehalf of the grope, the answer is not sonice. The problem being that mixed
terms like inx; outy con’ict with ead other: after phasel of eadhy move, intersections
remain betweenthe arc we called ® and the \in" arc and between® and the \out" arc.

Lemma 5.1 Consideran emieddel grope G with genusone bottom stagewhichis formed

by gluing the emieddel gropes G° and G® to the bottom stage. They intersect in a point,
o, See gure 19. There are two waysto resolvethis intersection of @s° and @ inside
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Figure 19: The local picture at the bottom stage of G.
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Figure 20: The two resolutions.

the bottom stageas pictured in gure 20. Thesegiverise to two knots which are denoted
~ and ™, for somechoice of orientation. Let x be a framed unlinked vertex on the G°
half and y a framed unlinked vertex on the G® half suchthat f x; yg is not an edgein j .
Considerthe schemeS = finx; outx; iny; outyg. Then

X o
(i D"@y= @+ +

Y44S

i 2(@°+ @Y + @®+ @) + 3unknot 2 ZKnots:

T )+ %)
[Proof]

Consider gure 19 depicting a neighborhood of GA G® Recallthat in the in-out trick
an arc! wasde ned. We neededto de ne onesud arc? for both the \in" move and
the \out" move. Hencein this casethere arefour * arcs? q;::: ;1 4, which we picture in
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Figure 21: The \in", \out" and! arcs.

“gure 21. We have pictured the arcs slightly perturbed o® of the surfaceso that they
don't intersect. 1, and ! , have beenperturbed along G° whereas! ; and * 4, have been
perturbed along G® We have also labelled the arcsiny; out, and iny;out, in the “gure.
The four \in" and \out" arcsead have a! arc connectingthe endpoints. The claim
is that to perform a combination of movesin our sheme S, one simply replacesthe
appropriate \in" and \out" arcsby the correspnding! arcs. For instance,if one were
to do inx and outy onewould replacethe in, arc by *; and the out, arc by * 4.

Let G? (resp. GP be G° (resp. G® modied by stagel of the in-out trick on x
(resp. y). Both phasell and Ill of the in and out move on x are supported in a regular
neighborhood of G°, whereasphased | and |11 of the in and out movesony are supported
in a regular neighborhood of G® Thesetwo open setsintersectin a small ball around
a. Sincewe perturbed the 1 arcsout along G and G®, away from gz, one seesthat the
phaselll isotopiesare disjoint. Hencethe in and out x movesup to phaselll will be
disjoint from the in and out y movesup to phaselll. The last thing to ched is that two
moves on the samevertex are disjoint up to phaselll. This is readily chedked: if one
doessay in and out on x, rst of all we already know the movesare disjoint up to phase
Il. Then there is a disk ¢ which we de ned which provides an isotopy of the arc \in"
with 1 ; and anisotopy of the arc\out” with 1,. Theseisotopiesare easilymadedisjoint
by using two parallel copiesof ¢.

Consider gure 22.

It depicts doing all subsetsof the sheme S. When one passesthrough a domain
wall marked by a homotopy, one does the homotopy. Hence, for instance the right
hand part of the diagram is the the left-hand part, with the move iny also done. One
can chooseorientations for @® @® ~;™ arbitrarily , although to be consistert with our
earlier corvertion inx should give @s°and iny should give @®. The lemmanow follows
by taking the signedsum of all terms in gure 22. 2
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6 Pro of of theorem 1.1

Call an embeddedgrope of class2m + 1, which hasbottom stageof gerus 1 and whose
asseiated graph hasat most m + 1 edges,m-atomic.

Lemma 6.1 If theorem 1.1 holdsfor m-atomic emhkedded gropes, thenit holdsin geneal.

[Proof]

The fact that we needonly considerembeddedgropeswhosebottom stageis gerus 1
is lemma4.1. We may assumen = 2m + 1 sincethe even casefollows by thinking of a
class2m grope asa class2m 1 grope by forgetting a stageand d%e = d%mge Also,
we may assumeE (j) - m+ 1, using an argumert like the proof of lemma4.1, sincewe
have m + 2 movesin hand to reducethe number of edges.2

Note that the assaiated graph to any m-atomic enmbeddedgrope hasa free setof m
verticesby a simple Euler characteristicargumern like the onegivento provelemma4.1.

Lemma 6.2 Supmsetheorem 1.1 holds for every m-atomic emledded grope for which
the asseiated graph has the property that the complementof any free set of m vertices
is free. Then theorem 1.1 holdsfor all m-atomic emhedded gropes.

[Proof]

Supposenot. Let G be a courterexample with minimal E(j nstarF), where F =
fvi;:::;vngis afreesetof m vertices. Being a courterexample,it is not m + 1-trivial.
Let S = fs;;:::;Sm+20 bethe shemein which s;;::: ;sy, 1 aretypell movestrivializ-
ing the Vy;:::; Vi, 1 handlessupported betweenseparatingplanes. sy; Sm+1 arethe in
and out move respectively on the V,, handles. Thesetwo movesare supported in a neigh-
borhood of the V,, handleswith caps,which is separatedfrom the Vi;::: ;Vy, 1 handles
by hyperplanes,and sois disjointly supported from the type Il moves. Finally, sy, is
a type | move which reducesE (j nstarF). It is possiblethat a regular neighborhood of
the support of Sy+2, N (Supp(sm+2)) 2 qD?3 is not disjoint from the type I | moves: a
type I I move might pull the handlesit is cortracting through one of theseballs. Since
Sm+2 IS deleting an edgeaway from Vi;:::;Vn,; 1, at least the handlesthat are being
corntracted by the type Il movesdon't start out hitting the balls. One then chooses
the separatingplanesfor the type | | movessothey don't hit the balls and choosesthe
movesthemsehesto avoid the balls. Finally, s+, is clearly disjoint from the in and out
movesusingthat sy, is deleting an edgethat doesn't hit the vertex V,,.

Sofor any type m + 1 invariant °m.1,  54,5(i 1)*°m.a(@5) = 0, and let us see
what this says. To prepare,let us supposethat G is formed by attaching the embedded
gropesH?%and H® to the dual bands of the bottom stage, thereby partitioning the set
of verticesof j( G), V into two nonempty setsVyo and Vyo. Supposewithout lossthat
Vi 2 Vyo. Let Syo and Syo partition fsg;:::;sy; 19 into two setsin the obvious way.
Let S, = fsy;Sm+1gand Sc = fsp+20.
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Note that we can assumes, ., reducesk(j nVyo) sinceif this were zero, then Vjo
would have no edgeshitting it. By the assumptionthat the height function separates
the two halves of the embeddedgrope H® and H® (seesection2.1), the handleson the
H® half all bound disks, implying of coursethat the grope is trivial, cortradicting the
premisethat G is a courterexample. Thuswe canassumesomecomplexity not cortained
wholly within the H?half, and without losssn., reducesthis.

We are now in a position to descrite what happensunder the various combinations
of movesfrom Sy o; Sho; S and Sc, with the initial assumptionthat neither S0 nor Sy
is empty. For easyreference hereis a table describingthe four subsetsof S:

Sho: typell moveson H?handles
Shyo: typell moveson H®handles
S, : in and out move on a handlein H°
Sc . typel move reducing c(j NVyo)
In the following list of casescasei refersto a set of moves,%; which hits i of the above
4 sets.
CaseO
This is the empty move yielding @G .
Casel

By our previous analysis of the handle-trivializing moves, if %% Syo or %% Syo,
@5y, is the unknot . @5s,., has fewer of the appropriate edgesso by minimality
%+ (@3s,,.,) = 0. The leftover terms are the onesgotten from the in-out trick: doing
both of Sy;Sm+1 is the unknot , while @s,, ; @s,,., are @ ®and 4@ 9.

Case?
¥4hits Syo; Syo : unknot .

¥ahits Syo; S : Syo trivializes somehandles,and then s, or sy+1 give H ®with trivialized
handles,an unknot . Doing both the in and out move alsoyields an unknot .

Yahits Syo; Sc: Syo trivializes handlesof the embeddedgrope Gs,,,, Yyielding an un-
knot .

¥hits Sy, S;: Syo givessomeembeddedgrope with the H© half unaltered. Doing one
move from S, then givesthe H?half. Recordingall of these,we get

X
(i Doy (@9 + Oma (H@H Y g
6 (¥2SH o
Again if we do both s;,, and sn,+; the result is obviously an unknot.
¥hits Syo; Sc: unknot .

¥ hits S;;Sc: Sc gives someembedded grope with the HP half una®ected. So asin
casel weget @ Yand 4@ 9 .
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Case3

¥4hits Syo; S Sc: Sho; Sc give an embeddedgrope with H P half intact, and soasin
case2(Syo; S;) we get, adjusting the sign to include the s+ move,

X o
(i DO ma (@H Y+ O (HK@H 9) g

;6 ¢Y¥2SH

¥shits Syo; S ; Sc: unknot . This is case2(Syo; S) appliedto G, ., -

¥ahits Syo; Syo; Sc: unknot . This is case2(Syo; Syo) appliedto Gg, ,, -

Yahits Spo; Sho; S : unknot . This is case2(Syo; S)) appliedto G, for %% Sy w.
Case4

This involvesdoing at least one move from ead collection and is an unknot . This is
case3(Syo; Syo; Sy) appliedto G, ., -

We conclude
X o
(i 1)%°0:1(@B%) = °m+1(@B) i me1 (@1 i Omer (HB@H9) +
s X -
(i DI (@19 + O (U@ 9)g
HePRZSMN
« e (@19 + O (@) +
(i Y9100, (@Y + Omer (A@19)g = °met (@) = O
16 Y2SH o

This cortradicts that °.1 (@5) 6 0 for sometype m + 1 invariant.

If Syo = ;, then only casesleadingto an m + 1-trivial knot are eliminated so the
calculation still goesthrough.

If Syo = ;, then two nontrivial casesare eliminated: the §H o, S subcaseof case?
and the Syo; S ; Sc subcaseof case3. The calculationisnow ;o (i 1)%°n.1 (@Bs) =

Om+1 (@B)I Om+1 (@'IO)I Om+1 (Vé@'l %) + %4 (@'l()"‘ Om+1 (Vé@'| %) = 0 which still yields
the cortradiction °4+, (@) = 0. 2

Lemma 6.3 Supmsea graphwith 2m + 1 verticeshasthe property that the complement
of everyfree setof m verticesis free, and furthermore that a free setof m verticesexists.
Then the graph has no edges.

[Proof]
Easy 2
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Figure 23: Habiro's move 9.

The proof of theorem 1.1 is now complete: the previousthree lemmasimply that we
needonly ched it for embeddedgropeswhoseassaiated graph hasno edges.Sincethe
boundary of such an embeddedgrope is the unknot, theorem 1.1 is obvious in this case.

7 Showing the result is sharp

It is the purposeof this sectionto prove theorem1.2. That is, to construct embedded
gropes of classn which are not d3e+ 1 trivial. In fact we construct embeddedgropes
of class2m which are not m + 1 trivial. Thesealsosene asoptimality examplesfor the
odd case,as a knot bounding an embedded class2m grope will bound a class2mj 1
embedded grope by deleting a top stage. The deleted gropes still serne as examples
becaused®-2e+ 1= m+ 1.

The examplesare constructedusinggraph clasper calculus[H2]. As neededngredierts
we obtain someformulas (equations(2),(3) and lemma7.2) and aresult on link trivialit y
(lemma 7.1) we hope are of independert interest. The invariants we useto detect non-
trivialit y of our examplesare Jonespolynomial coetcients, whoseweight system was
essetially derived by Bar-Natan [B-N].

To begin, we brie°y explain why certain claspersyield gropes. This is explainedin
more detail in [CT]. Consider gure 23. Here A and B are both tree claspers with no
boxeswith n and m respectively non-root leaves. The shonvn equality is move 9 of [H2].
Inductively, A ties a grope of classn into a band of the depicted surface,and B ties a
grope of classm into the dual band. The result is a grope of classn + m.

Our examplesare depictedin gure 24. The two versionsare equalby move 2 of [H2].
Surgery on the given clasper yields an enbeddedgrope of class2m, which can be seen
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Figure 24: The examples.
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by courting the tips (non-root leaves). Denote this enmbeddedgrope by G2™.

Supposethe coezxcients of the t = € Taylor expansionof the Jonespolynomial are
denotedby fj,g. We will shaw that j ., (@%™) = 2"*3 ; 2m*1 § 0, demonstratingthe
optimality of theorem1.1. We will_establishthe following formula on graph claspers.

! A !

A
Jm#1 % = 2m £ ; (2)

where the claspers are of degreem. Notice that the right hand side of this formula
involvesa type m invariant evaluating on a degreem graph clasper. By section 8.2 of
[H2], this is the sameas evaluating the type m invariant on the correspnding chinese
character diagram* Our result will follow from

A |

jim @ = 2m*2; om (3)

which will follow from Bar-Natan's derivation of the HOMFLY polynomial weight
systems.

7.1 Link trivialit y

In this sectionwe analyzea phenomenonnoticed by Habiro([H2], prop. 7.4), which is
that certain clasper surgeriespresene nite type invariants of a much larger degreethan
expected. We will only usea special caseof lemma 7.1, namely for a graph clasper of

4Actually , Habiro only announces this result without proof. The author has veried the claim.
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Figure 25: Univalent and dual componerts.

the sameform asL in gure 30. The generalresult is sutciently interesting to merit
inclusion. The phenomenonwe are studying is already presen in the caseof a graph
clasper represeting a grope: it presenes invariants of the clasper's degree,which is
one higher than expected. This caseis, of course,easysincethe correspnding chinese
character diagram is trivial modulo STU. The essetial feature of this exampleis that
the clasper hasonly one leaf which hits the knot.

De nition 7.1 a) Let C be a graph clasper on the unlink Uy. If a component of Uy only
hits one disk leaf of the clasger as in the left-hand side of gure 25, then we call that
component univalert.

b) Two univalent componentsare said to be dual if the disk leavesthat hit them have
emanating edgeswhich meet at a vertex. See gure 25.

Lemma 7.1 Supmse CY is a graph clasger of degree d on Uy, for which there are u
univalent components, no two of which are dual. Then surgery on CY preservestype
d+ uj 1link invariants.

Note: This lemmais optimal in the sensethat there are graph claspers satisfying the
hypotheseswhich don't presene type d + u invariants. Intriguingly, the claspers Habiro
considersin prop 7.4 presene one further degreethan what lemma7.1 claims.

[Proof]

First, cut apart CY using move 2 of [H2] into a link of tree claspers C; sud that:
() Each C; hasa designatedroot, which is a disk leaf hitting a componert of Uy.
(i) Every univalert componert of U hits a root.

(i) Eadh clasper is at least of degree?2.

An exampleis pictured in gure 26. For now, ignore the stars and the \in,out"
markings.

Modify Uy via successig applications of the proceduredepictedin gure 23 beginning
at the root of eat tree. We will de ne a schemeof cardinality d+ u on this newlink, L,
which is the link obtained by surgeryon CY. There s an obvious schemeof d moves: eath
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Figure 26: An exampleof lemma 7.1 Hered = 6, k = 4 and b= 2. Hencethe pictured link is 7-trivial.

move either unlinks a hopf-linked pair of leaves,or pushesthe link out of a non-root disk
leaf. Call thesetypesof movesobviousmoves. (Thesemovesare performedon L but can
be viewed as being performed on the claspers.) We turn this schemeinto a scheme of
d+ u movesasfollows. For eat of the u clasperswhoseroot hits a univalert componert,
choosea non-root leaf. Do this in suc a way that no two sud leavesare a hopf-linked
pair. Eadh of theseu claspersties a grope into its univalert componert, hencewe can
do an in-out pair of moveson ead of theseselectedleaves. The new sthemeis gotten
by corverting the u obvious moves assaiated to the u selectedleavesto in-out pairs.
In gure 26, we have marked obvious moveswith an asterisk, and have also marked the
in-out moves. The arrrows indicate which grope (clasper) we are doing the in-out pair
on.

Now we have a schemewith the appropriate number of moves. The claim is that the
usual alternating sum over the schemeis L j Uy 2 ZK nots. We prove this for a couple
of illustrativ e examplesincluding the one we needand leave the details of the general
argumert to the reader.

The in and out movesare depicted on the clasper level in gure 27.

The rst exampleis givenin gure 28. We have pictured the schemewe constructed
at the beginning of this proof. In this caseevery nonempty subsetof the schemejust
givesthe unlink U,. This is becauseall moveswill trivialize a leaf of at least one of the
two claspers: hencethat clasper just givesan isotopy and may be deleted. But oncethat
clasper is deletedthe other one will have a trivial leaf, and so may be deleted as well.
Doing a typical subsetof the schemeis shown in the right hand side of gure 28: the
top in move and an obvious move have beendone.

The secondexampleis given at the top of gure 29. In this casethe claim is that
doing any nonempty subsetof the in and out moveshasthe samee®ectwhether or not
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Figure 28: The 'rst exampleof lemma7.1.
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Figure 29: The secondexampleof 7.1.
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C, o L

Figure 30: Three claspers corresponding to the Kaufmann bracket skein relation.

the one obvious move is done. This is illustrated for at the bottom of gure 29: an
in and an out move are pictured, and one can seethat unlinking the link componert
from the left-hand clasper makesno di®erencesincethe clasper can be deleted anyway.
Thereforeall terms involving the in and out movescancelin pairs, and the alternating
sum s evidertly asstated. 2

7.2 Claspers and the Jones polynomial

Considerthe three claspers of degreem pictured in gure 30. Here C;; C, and L refer
to the link gotten by surgery along the pictured clasper. The skein relation for the
Kaufmann bracdket yields the equation

Ail<C;>+A<Cy>=<L>:

Let w denote the writhe. Assumeit is zero away from the box enclosingthe skein
relation. Then w(C;) = 1, w(C;) = j 1 and w(L) = 0. Recalling that the Jones
polynomial J is givenby Jx = (j A) 3 < K >, and making the standard substitution
Ai 2= ez, we achieve the following relation:

i @ 2Jc,(X)i e2dc,(X) = I (X) (4)

Notice that C, and C, are degreem clasper surgerieson the unknot, hencethey are
m j 1-trivial. On the other hand, by lemma 7.1, L is actually m + 1 trivial. Let U,
denotean unlink of two componerts. Thus
Jey(X) = 1+ jm(Co)X™ + jmaa (CL)X™™ + o(x™"2)
Je,(X) = 1+ jm(C)X™ + jmaa (C2)X™™ + o(x™"2)
JL(x) = jo(Uo) + o(x™"?)

Recall that the Jonespolynomial of an unlink of two componerts is j € 2z j ez, and
hencethat jo = | 2. Now, plugging theseinto equation4 and comparingthe coexcients
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Figure 31: G is the unknot surgeredalong the pictured clasper.

of x™*1  we get the following equation:
1 1 . .
EJ m(C1) i EJ m(C2) i Jm+1(Co)i Jjm+1(C1) =10 (5)

Notice that C, can be thought of asC; with an extra half-twist on oneits edges.On
the level of chinesecharacter diagramsthis correspndsto a switch in sign. Therefore
im(C2) =i jm(Cy1), and equation 5 becomes

j m+1 (Cl) + J m+1 (CZ) = J m(Cl) (6)

7.3 An STU-lik e relation

In "gure 31, a degreem clasper is de ned, where the shadedregion is the sameas in
Co; Cy and L.

We have the following lemma giving an STU-like relation at one degreehigher than
the claspers' degree.

Lemma 7.2 Let%,.; beatypem+ linvariant. Then©,:1(G) = %41 (C1)+%m+1 (Co)+
®m+1 (AC1)) + ®msa (AC2)).°

[Proof]

The proof useslemma5.1. One considersG asa grope by breaking apart appropriate
edgesusing move 2 of [H2]. There are m movescorrespnding to unlinking these hopf-
linked pairs of tips/leaves. Pick a pair that hasonetip x belongingto one half of the
grope, and another pair wherethere is a tip y belongingto the other half. We consider
the shemeof m+ 2 movesgotten by doingthe mj 2 hopf-pair unlinking moves,and also
the in and out moveson both x andy. The claim is that if onedoesany of the hopf pair

SRecall Yis the map reversing the knot's orientation.
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unlinkings, even in conjunction with the in-out moves,the result is unknotted. One can
verify this by noting that doing a set of the in-out movesgivesoneof the \ " curvesor
one half of the grope. (In our setting, ead half of the grope is unknotted in the absence
of the other.) Now if one doessomeof the in-out moves,and further unlinks somehopf
pairs of tips, onegetsthe analogof the \ " curvesor grope halves,only with respect to
the grope with the unlinked tips. But all thesecurvesare the unknot. Hencethe only
nontrivial moves of the sdheme correspnd to subsetsof the in-out moves. These are
gnalyzedin lemmabs.1. It now simply remainsto obsene that in our case = C; and
= Cz. 2

7.4 Bar-Natan's HOMFL Y weight system and the rest of the pro of

Lemma7.2 givesus the equation, remenbering that the Jonespolynomial is knot orien-
tation independen,

Jm+1(G) = 2(jm+1 (C) + [m+1(C2))
which together with (6) implies that,
j m+1 (G) = 2j m (Cl) (7)

At this point we've shown that if, for somechoiceof lling in the shadedoval in Cy,
Im(Cy1) 6 0, then the embeddedgrope G of class2m is not m + 1-trivial asdesired. As
we stated earlier, we will do this for the choicegivenin equation 3.

Bar-Natan[B-N] derivesa weight systemcorrespndingto the Lie algebragl(N) which
givesa multiple of the coexcients of the HOMFLY polynomial. SpecifyingN = 2, one
getsa weigh systemcorrespndingto a multiple of the Jonescoezcients. We reproduce
the formula (p. 463, formula (36)) of [B-N]:

X
To(D) = (j 1) 2%ePm) (8)
M

Here D is a connected Chinese character diagram® M is a marking of the internal
vertices of D by the digit 0 or 1. sy is the sum of the digits of M. b(¢Dy) is the
number of boundary componerts of the thickening ¢(Dy) of Dy . The two ways of
thickening a vertex are depicted in "gure 32. Let T, refer to the restriction of T, to
diagramsof degreei. If oneworks out the details of section6.5 of [B-N], one discovers

that L
ji = §T2'3

The reasonfor the factor of % is that T, applied to an unknot is 2, whereasj, is 1 on
an unknot.

6The formula as preserted is actually for the framed Jones polynomial, and in this sensewill work for non-connected
diagrams. Deframing a weight system via exercise 3.22 of [B-N] does not a®ect connected diagrams.
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Figure 32: Thickening a marked diagram.
A !
Lemma 7.3 Suppsem , 2. T," Q = 2M*2 ; 2™ whee the depictal diagram

hasm 2 vertical struts.

[Proof]

The statemert is easily veri ed for the casem = 2. For m > 2, we considerthe eight
possiblemarkings of the left-hand triangle. See gure 33. Here T," is represeted as a
sum over the eight markings of the triangle, someof which have beenconsolidateddue
to symmetry. Also eat yet-to-be-marked vertex hasboxessurroundingit. If the vertex
is markedwith a 0,\=" signsare substituted for eat surrounding box, and if the vertex
is marked with a 1, the surrounding boxesare replacedby \X"s. We have pre-simpli ed
some of the diagrams using the identity that 2 \X"s on the sameedgecancel. The
depicted equationsare to be interpreted on the level of T,™. Thus in the rst row of
“gure 33 a factor of 2 pulls out due to the presenceof an additional component of the
thickening. The secondrow of terms is zero, becauseead term givesthe samepicture
whether or not the x vertex is a 0 or a 1. Sincethesetwo possibilities have opposite
sign, everything cancels.Finally the last row is zero, either by cancellingthe two given
terms or by noting that ead is T," applied to a diagram which is trivial modulo STU.
The total is givenin gure 34. If the diagram with m j 2 struts is called D, then we
have shavn that T,"(D ) = 2T, (D, 1). Hencewe are done by induction. 2

The alert readerwill have noticed that we newver constructedan examplefor the case
m = 1. That is, an embeddedgrope of class2 which is not 2-trivial. As all knots bound
Seifert surfaces,this is the statemen that there exist knots which are not 2-trivial. |
beliewve that of the knots which have eight crossingsor fewer, that 8,9 is the only 2-trivial
knot.
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