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April 4, 2007

1. Let F be a field and

F [[x]]
def
=

{
∞∑

n=0

anx
n : an ∈ F

}
,

i.e., the ring of power series over F . This is indeed an integral domain, with the sum and
product defined as expected:[

∞∑
n=0

anx
n

]
+

[
∞∑

n=0

bnx
n

]
def
=

[
∞∑

n=0

(an + bn)xn

]

and [
∞∑

n=0

anx
n

]
·

[
∞∑

n=0

bnx
n

]
def
=

[
∞∑

n=0

(
n∑

k=0

akbn−k

)
xn

]
[You don’t have to prove any of the above!! ] Let σ : F [[x]] − {0} → {0, 1, 2, . . . } be defined
as: σ (

∑∞
n=0 anx

n) is the smallest n such that an 6= 0.

In this problem we will prove that F [[x]] is a Euclidean domain.

(a) Prove that F [[x]]× = {a ∈ F [[x]] : σ(a) = 0}.

(b) Prove that for all a ∈ F [[x]], we can write a = xσ(a)a′, where a′ ∈ F [[x]]×.

(c) Use the above to prove that a | b in F [[x]] iff σ(a) ≤ σ(b).

(d) Prove that F [[x]] is a Euclidean domain [with size function σ].
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