COORDINATES OF THE j-INVARIANT OF THE CANONICAL
LIFTING

LUIS R. A. FINOTTI

ABSTRACT. Let jo — (jo, J1(jo), J2(jo),...) be the map that takes the j-invariant of an
ordinary elliptic curve in characteristic p to the j-invariant of its canonical lifting over the
ring of Witt vectors. We have that J; € Fp(X), and in this paper we describe how to
derive these rational functions from the modular polynomial in an efficient way and give
more precise description of the numerators and denominators of the reduced forms of these

functions. In particular, upper bounds are given for the order of their poles.

Preliminary Version
Last revised: October 25, 2011.

1. INTRODUCTION

Let k be a perfect field of characteristic p > 0 and W(k) be the ring of Witt vectors
over k. Then, given an ordinary elliptic curve E/k, there is a unique elliptic curve (up to
isomorphism), say E/W(k), which reduces to E modulo p and for which we can lift the
Frobenius. FE is then called the canonical lifting of E. (See, for instance, [2] or [I2].) Hence,
given an ordinary j-invariant jo € k, the canonical lifting gives us a unique j € W(k).
Therefore, if k°"® denotes the set of ordinary values of j-invariants in k, then we have
functions J; : k% — k, for i = 1, 2,3, ..., such that the j-invariant of the canonical lifting
of an elliptic curve with j-invariant jo € k°™¢ is (jo, J1(jo), J2(jo), - - -)-

B. Mazur asked about the nature of these functions J;. Partial answers were given in [4],

[6], and [7]. Before we can quote the main results of these references, we need a little more

notation.
Let ()
def SS
X) = P
5p(X) X0(X —1728)¢’
where

s, [ (x-4)

J supersing.
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is the supersingular polynomial (as in, for instance, [3]),

5 def 0, ifp=1 (mod 6); and  def 0, ifp=1 (mod 4);

1, ifp=5 (mod 6); 1, ifp=3 (mod 4).

Hence, S,(X) € F,[X], and Sp,(0), Sp(1728) # 0. (See, for instance, [3].) Also, let
1, if p # 31;
92, if p=31.

=

In [4], [6], and [7], the following results were proven:

Theorem 1.1. We have J;(X) € F,(X). More precisely, if p > 5, J; = F;/G;, with
F;,G; € F,[X], (Fi, Gi) = 1, G; monic, and r; = (i—1)p"~L, then, fori € {1,2,3}, we have:
(1) deg F; —deg G; = p' — ¢;
(2) G; = Sp(X)P ' +E=0r L Hwhere Hy = 1, Hy = (X — 1728), and H3 =
X" (X — 1728)! for some t € {0,. .., ers}.

Also, in the above references, explicit and “simplified” (in a sense to be made precise
later) expressions for J; based on the modular polynomial ®,(X,Y), for i € {1,2,3} are
given. (In fact, the above theorem is derived from these expressions.) The main goals here
are to extend the theorem above for ¢ > 3 and give a general simplified expression for J,.
Although we need some more notation to give this expression, which is done in Section

we can state now the generalization of Theorem

Theorem 1.2. Let p > 5, J; = F;/G;, with F;,G; € F,[X], (F;,Gi) =1, and G; monic.
Also, let r; = (i — 1)p*~ L, s; = ((i — 3)p' +ip'~1)/3 and s, = max{0,s;}. Then, for all
1 € Z~o we have:

(1) deg F; — deg G; = p' — 1;

(2) Gy = Sp(X)# VP Ly where Hy | X0 - (X — 1728)€"i.

It should be observed that, unlike for ¢ = 1,2, we don’t have an exact formula for H;. In
fact, it is not hard to see that if § = 1 and ¢ > 3, then we actually have that the pole of
J; at X = 0 of order strictly less than s;. For poles at X = 1728, examples show that the
orders of poles seem also to be always strictly less than r; if ¢ > 2 and € = 1. So, there still
some room for improvements.

We now give a brief description of the following sections. In Section [2] we review the
Greenberg transform and give a formula for it, as derived in [5]. (Quite a bit of notation is
introduced in this section.) In Section 3| we apply the formula for the Greenberg transform

to obtain the desired formula for J,. In Section [4] we introduce some lemmas that will
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help with the proof of Theorem [I.2] while in Sections [5] and [6] we prove items [I] and

respectively, from the theorem.

2. THE GREENBERG TRANSFORM

The Greenberg transform is crucial to the proof of the main results. In this section we
briefly review it. (See also [10] and [8].) We will assume throughout that k is a perfect field

of characteristic p.

Definition 2.1. Let f(z,y) € W(k)[z,y]. If we replace * and y by (zo,1,...) and
(Y0, y1,--.), seen as Witt vectors of unknowns, and expand the resulting expression us-
ing sums and products of Witt vectors, we obtain a Witt vector (fo, f1,...), with f; €
k[xo, ..., i, Yo,---,yi]- This resulting vector is called the Greenberg transform of f and
will be denoted by ¥4(f).
Moreover, if
C/W(k) : f(z,y)=0,

we define the Greenberg transform ¢4 (C') of C to be the (infinite dimensional) variety over
k defined by the zeros of the coordinates of 4(f).

It is clear from the definition that there is a bijection between C'(W(k)) and ¢(C) (k).
In [5] a formula for the Greenberg transform is given. Although rather involved, it will
be our main tool. Before we can give this formula, quite a bit of notation is necessary.

We start with some notation regarding Witt vectors.

Definition 2.2. (1) We denote by 7 the reduction modulo p map, i.e., 7((ag,a1,...)) =

ap.

(2) Let a € k. Then, the Teichmiiller lift of a is the Witt vector 7(a) of (a,0,0,...).
(Hence, 7 is a section of 7 and when restricted to k* yields a group homomorphism.)

(3) Define 7(k) & {(a0,0,0,...) € W(k) : ap € k}. (This is a multiplicative set. E.g.,
if k = Iy, than 7(k) is made of all (¢ — 1)-th roots of unity and zero.)

(4) Let a € W(k). Define {;(a), for k € Z>, as the unique element of 7(k) such that
a=>7,&(a)p”. (This is well defined since W(k) is a strict p-ring and 7(k) is a
complete set of representatives of k = W(k)/(p) in W(k).)

With the notation above, we have

a =Y &la)p' = (r(&(a), (& (), m(E(a)?,. ) (2.1)
k=0
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and

o0
ao,al,... ZT ak 1/p k (2.2)
k=0

(Remember we are assuming that k is perfect.)

We shall also need some auxiliary recursively defined functions.

Definition 2.3. Let p be a prime. Define no(X1,...,X;) = def

and recursively for k > 1

Xi1+-+ X, €Q[Xy,...,X,],

nk(Xla e ,XT) =

—1

k k — —i
aef X7 -+ XP _kzlm(Xl,...,Xr)p’“
ok 2 ok :
Also, define 7 (X;) =0 for k£ > 1.
By Corollary 5.7 from [5], we have that n;(X1,...,X,) € Z[X1,...,z,] for all i.

Definition 2.4. If g € W(k)[x, y] is given by g = Z” a; jx'y’, then we write
9)= ka(ai,j)iBlij
i’j
with & as in Definition (Hence, g = Y5 _ &k (g)p® (mod p"*1).) Furthermore, define

i def 1 8Z+] def i
" z']'aaﬂay]g and - g; 5. = &r(g ).

Definition 2.5. We define D/i’];1 to be the coefficient of t* in
n—1 n—2 . n—1 n—2 .
(tzf  + 8@, "+ trw) (b + Y+ 0y,

(B.g., if n > 2, then Dy = 2}y yy +ab y" ) Furthermore, we shall denote

def

Dyl = &(Dy,).

Note that if k& < 7 (and r > 4), then D}"" = 0 and if k # 0, then D} = 0.

Definition 2.6. If v, and vo are finite vectors, we denote by v; ® vs the concatenation of

these vectors, i.e.,

(al,...,am)Q(bl,...,bn):(al,...,am,bl,...,bn).

Moreover, if f is a polynomial (possibly in many variables), we write vec (f) for the vector
that contains the terms of f (after some choice of order for the monomials). It is important
to observe that we are assuming that the terms are reduced, i.e., if f =1+ X + 2X, then
vec (f) = (1,3X), not (1, X, 2X).
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Definition 2.7. Let f € W(k)|[xo,yo]. Then, for a given n > 0, let

(Gn1s -+ GnN, def@@@C)VeC( )ir—i;n— ](wg ?yOn)DZ’;_,jifk>‘

r=0 i=0 j=r k=r

(The ordering of the concatenations is not important.) Also, recursively, if n > 1, define

def
Gn Notitl = Mn—i(Giy- -5 Gi,Ni+i)s

for i € {0,...,(n — 1)}. Then, define,

Np+n

def Z
n = 977,,2 I
=1

and S < (S1s- s Gy an)-

Then, with the notation above, Theorem 6.4 from [5] gives the desire formula for the

Greenberg transform:

Theorem 2.8. With the notation above, we have that 4(f) = (fo, f1,...), where f, is the
reduction modulo p of

Np+n

n r n J
— Z 9n,i = Z Z Z Z(fa")i,rfi,nfj (mgnayo zkz]z k + Z Tn— z z (2'4)
i=1

r=0 =0 j=r k=r

3. A SIMPLIFIED FORMULA FOR J,

By Theorem 3 of [12], we have that if (jo, J1, Jo,...) is the j-invariant of the canonical

lifting of the curve with j-invariant jg, then

D, ((jo, J1,J2,---), (35, JT, JE,...)) =0, (3.1)

where ®,(X,Y) is the (classical) modular polynomial. Together with the formula for the
Greenberg transform (Theorem above), one can immediately deduce a formula for J,
(in terms of the modular polynomial). On the other hand, we need some improvements in
this first immediate formula.

So, from now on we will let f = ®,. We will use the notation G, ; and §,, associated

with this particular choice of f.

Definition 3.1. For a given n > 0, let H,, = (Hp1,...,HynN,) = & (Sn1,---,GnnN,) and

P —Z%m S 953 D) RIS BERNE L

r=0 i=0 j=r k=r

Also, let h,, be the reduction modulo p of h,, and we shall use the over bar to denote further

reductions modulo p, e.g., 3, denotes the reduction modulo p of H,,.
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The following theorem gives the desired simplification.

Theorem 3.2. Let

38 < i(50)
552 def ni(m—1(S1),...,m1(Si-1))
IO (e (Gr) + -+ m(Gimy)).

Fori>1, let forje{1,...,(i—1)},
() def (I (1
31(,5)5—&-]’ = nj(gz('—)j,lﬂ e 731(‘—)j,i—j+2)'
Then, n:(G;) = ZZ’A” jf’]) (mod azg — o). In particular, 7;(S1) = n;(H1) (mod :L‘g —yo) for

7j=1
alli>1.

Note that the congruences above will actually yield equalities when we replace x; = J;
and y; = J?, as necessary when using Eq. (3.1)).

This theorem is a consequence of the Proposition 5.4 from [5], which we state below:

Proposition 3.3. Let v = (a1,...,an) and w = (by,...,by). For anyi > 1, let
Mi1 = ni(v), Mi 2 = ni(w),
Mis=mni(ar+-+am, b1 +---+by),
and, recursively for ¢ > 1, define
Migtj =n;(Mi—j1,-- s Miji—jt2)

forje{l,...,i—1}. Then,

We can now prove the Theorem:

Proof of Theorem [3.2. Firstly, by Lemma 5.1 from [7], we have that 7;(Go) =0 (mod z} —
yo) for all ¢ > 1.

Let v = 3 and w = (m(S0), . ..,m(Gi—1)). Then, we have that §; = v ® w.

By Proposition it suffices to prove that jﬁ = M, (mod zf, — yo) (with M;;, from
Proposition with our v and w above). We prove this by induction on 3.

Since m(So) = 0 (mod 28 — yo), we have M;; = jz(lj) for j € {1,2,3} for any 7. In

particular, the statement immediately follows for i = 1.
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Now, if 3 =M, (mod zf — yo) for j <4, then for j € {1,..., (i — 1)} we have
_ (1 l
Miges =0 (Mizjia, . Mizjijuz) = 00050, 8054 10) = 34, (mod zf — yo),
which finishes the proof. ]
We introduce some more notation.

Definition 3.4. We define:

(1) If g(xo, yo) € W(k)[xo, Y], then we denote by g; ;» the reduction modulo p of g, ;
(with the notation of Definition

(2) Given a polynomial f € k[zo,,...,Zn, Y0, -, Yn], we shall write f' for f(Jo, ..., Jn, Jb, ..., Jh

(E.g., Q;J is the value of 9m when x; is replaced by J; and y; is replaced by J? for
all ¢.)

(3) We denote by E,’c]nl the evaluation of the reduction modulo p of DLJM (as in Defi-
nition when z; is replaced by J;(X) and y; is replaced by J(X)P.

(4) Let J;; < 1,(3).

We can now give the formula for .J,,.

Theorem 3.5. Let f =&, and

def n n n—j+1
I fopn(x?", x7" +Zf01n IO P GV
J=1
n—1
n n+l n
Zfl,O,n*j(Xp ’Xp ZEknn k+
j=1
n—1 r n—=1 J ) ) )
S formin—g (X7 XPTTOESL L (3.2)
r=2 =0 j=r k=r
Then, we have
1 n—1 B
JP = X I, + Zjn] : (3.3)
i=0

(Note that this formula is simplified if one uses Theorem to the compute of Z?:_ol In—ii-)

Proof. By Eq. (3.1), we just need to apply Theoremto ®,((jo, J1s--.), (4, IV, ..).
First, observer that since f has integral coefficients, we have that f = f. Then,

evaluating f, (from Theorem at € = (X, 1(X),...) and y = (XP, J1(X)P,...) and

reducing modulo p, we obtain

n r mn J
SINSISTS frmim (X XPT B k+ZJn i = 0. (3.4)

r=0 i=0 j=r k=r
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When r = 0, the first sum of (3.4]) gives only the term fo ¢, (X?", Xpn+1), since Dg’g ik =
0if kK #0, orif Kk =0 and j # k. So, the part of Eq. (3.4) from » = 0 is only
foon(XP", X7,

o 071 _ pnfk: 170 N pnfk 071 _ pnfk

We now look at r = 1. We have that D,/ =y, and D’ =x, . So,D. ,=1vy.

1,0 n—k 0,1
DknO_mZ ’andenj k_Dkn

first (nested) sum of Eq. (3.4) are

k=0 if £ < j. So, the terms with r = 1 from the

n n
n n+1 n—j+1 n n+1 n—j
S o (XP XTI ST g (X X
j=1 j=1

(3.5)

For j = n we get the terms involving J,,. By Kronecker’s relation (i.e., f(X,Y) = (X? —
Y)(X — YP)), we get that fo10(X?", XP""") = (X" — X)P" and fi00(X?", XP""") = 0.
So, Eq. (3.5) is equal to

n—1 ]
(X7 = X" T2+ 3 formey (XP, X2 ”1+Zflon XX (3.6)
Jj=1 j=1

We now look at r = 2. First, observe that fo20 = f200 = 0, and f110 = —1. So, the
term with » = 2 in the first sum of Eq. (3.4) is:

n—1 J

2
SIS fomim (X X ER T - Z e (3.7)

=0 j=2 k=2
Finally, for » > 3, we have that f;,_;0 = 0 for all  and 7 in their given ranges. Thus,

the part with » > 3 of Eq. (3.4 is:

T

n n—1 J ' .
SIS i (XX B (3.8)

r=3 1=0 j=r k=r

The result now easily follows. O

It should be noted that, with the observation about the simplification in the statement,
Theorem is the generalization of the formulas for J; for ¢ = 1,2,3, given in [4], by
Theorem 9.1 from [6], and by Theorem 5.5 from [7] respectively. As observed in this last
reference, great gains are indeed obtained in computations when using the simplifications of
Theorem (On the other hand, note also that, with Theorem one can also compute

the J,,’s using interpolation.)

4. SOME LEMMAS

In this section we will introduce some lemmas necessary for the proof of Theorem
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The proof of is done by looking at order of zeros and poles of J,,. Hence, we need to look
at valuations of the terms that appear in Eq. (3.3]). Clearly the most troublesome part is

Z?:_ol jn,iﬂ-. The next two lemmas help us deal with those.

Lemma 4.1. Let v be a valuation on Fy(X) such that v(a) = 0 for all a € F);. Then, if
vo < 0 andv (aty...,an) € Fp(X)™ withv(a;) > vo for alli, we have thatv(nj(v)) > plvg
forj > 1.

Proof. From definition of 7n;, a simple induction gives that, for j > 1, the polynomial
n;j(X1,...,X,) has degree on each variable X; strictly less than p’. The lemma then easily
follows. O

Lemma 4.2. Let v be a valuation on Fy(X) such that v(a) = 0 for all a € F;. Then,
if V(J-Cl > plog, with vg < 0, for all j, then v(J;;) > p'*ivg for i > 1. (Remember,

)
zl—nz(g))

Proof. By Theorem we have that J;; = 7;(5)) = Z;ﬁ(jglg)’ , it suffices to show that
v(@))) > ¥,
We first prove that if V((B( )) ) > pttug for all t < i (and hence v(J;;) > p'ttug), we also
have, V((HZ(])) ) > plt
Indeed, by Lemma we have that for j € {1,...,(: — 1)} that

V(@) = v (@0, @0 > P

Moreover, we have v((jﬁ)’) = v(n;(H))) > p'*ivg (by hypothesis),

v((@D)) = vni(m—1 (8D, - m (G ))) = VO (Gio11s -, Trper)) > P

and since h; = Zj J:Cl,h we have
V(@) = vOm(h Toag + -+ T1)) > P

Thus, by induction, it suffices to prove that V((H(l)) ) > ptlyg, ie., the case i = 1. We
prove this by induction on [.

For [ = 1, we have v((gﬁ)’) = v(m (H})) > p*vg by hypothesis and Lemma Also,
(551%)’ = (5&{2))’ = 0. Therefore, the statement is true for I = 1.

So, suppose now that v((ggk]))’) > pFtlyg for all k < 1. Then, v((jgl)l)’) = v(m(H))) >
ptlug again by hypothesis and Lemma Now, since h; = Zj H;; and 7;(G)) =
ZHQ (H(k )/, we also have v((ggl)])’) > ptlyg for j = 2,3, finishing the proof. O

Since we also need to look at degrees of the f;;.’s (in Eq. (3.2)), we shall need the

following lemma.
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Lemma 4.3. Let f = ®,. Then

p—1
flxz,y) = Pt 4 yP T — aPyP 4 ng(a:)yk, where degg; < p, (4.1)
k=0

and

n

deg .fi,j(wp ,iEpn+1) <p'tE - (j— 1)17)7””rl —ip™.

Proof. The first part is well known. For instance, one can use Theorem 5.3 of [I1] together
with Kronecker’s congruence relation.

The second part follows from the first. We have:

fig(@?, +1) = 9;,0 <p—; )wp — +di0 (p—; )‘m’ (-1t

(4)

p—1-j p"
(P P2 (j—1)prtl—ipn k+] gk+j(m ) kpntt
()6 ox ()

where 9; ; is the Kronecker delta function. The result then immediately follows. O

We also have the following trivial lemma that we need for looking at valuations of terms

i,r—i
mEkn] &

Lemma 4.4. We have

k

i,T—i _ pn71i1 pn72i2 i p7l71i1 pn72i2 i
Dy, = E E Ty Ty oy Y1 Y Yy
ki=r \ i1tiotFin=i Jitjet-tjn=r—i
114+2i04+nin=Kk1 J1t+2je++njn=k—k1
Moreover, if k < n ori,(r —i) # 0, then the terms in x,, and y,, can be omitted, i.e., we

must have i, = j, = 0.

After possible reindexing, notice we may write (with I,, as in Eq. (3.2))
Np,
=2
j=3

P"*? JP . We shall keep this notation from now on.

HI = —XP" IR, and 0, = X

We can now introduce the main lemma used in the proof of Theorem [I.2]

Lemma 4.5. Let v be a valuation on F,(X) such that v(a) = 0 for all a € F. Suppose
that for given ng, n > ng, and sequence of real numbers {v;}i>n, the following conditions
are satisfied:

(1) If k < ng we have that V(U:C;C’i) >0 for all i and v(H], i) =0 foralli>3.

(2) Vng+1 <0 and v; < pvi_y for any i > ng.
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(3) v(3,) 2w fort € {3,.... N1} if ng <1< n.
(4) v(J) > (v, — P v(XP* — X)) /p if no <1 < n.
(5) p"Tev(X) + p" oy — p"v(XP = X) > vy, fore=0,2 if ng <1 < n.
Then, we have that v(J,) > (v, — p" v(X?* — X)) /p.
Moreover, if further there exists a unique to € {3,..., Nn} such that v(H], ;) = vn, then
V() = (g = P V(X7 = X))/p.

Proof. By conditions [4 and [5] we have for ng <1 < n that
v(XPTP) > pHev(X) + o — P v(XY — X)) > p M,

for e = 0,2. Since v, < 0, condition [I] together with the previous argument gives us that

V(th’t) > pt~"w, for t = 1,2 for all | < n. Since by condition [2| we also have v; > p!~"v,,

by conditions |1| and |3| and using Lemma we have v(J,_;;) > v, fori € {0,...,n —1}.
Now, Eq. can be written as

Nnp, n—1
~(XP =X =D e Y T
t=3 =0

By the argument above and Condition (with [ = n), we have v(J,) > (v, — p" v(XP" —

X))/p-
The final observation on the statement also can easily be seen from the analysis above

with the due restrictions. OJ

5. PrROOF OF ITEM [I] OF THEOREM

We are now ready to prove item[IJof Theorem[1.2} To simplify the exposition we introduce

one extra simple lemma.
Lemma 5.1. Let 0 < i <r <n and assume that:
N+t gn—1=1 and N+t i1 =1r—1,

with i, 3¢ € Z>o. Then, for r > 2 we have that

n—1 .

it Jt 1

i
t t—1 n—1

—~p p p

Proof. We have:
n—1 i ] n—1 i ] n—1 i ] r 1
t t t t t t
-+ > + > + = >
t ptfl pnfl pnf2 pnfl pnfl pnfl pnfl
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Let v be the valuation on [F,,(X) given by the order of zero at infinity. Then, item [I| of
Theorem namely deg F,, —deg G,, = p" — ¢, is equivalent to voo(Jp) = —(p™ — ¢), which
is what we shall prove below.

Let v, & —(p"T24p" T —ip). We will use induction on n to show that v (J,) = —(p"—1)
and v(3, ) > vy, fort € {3,...,N,}. For n =1 the results hold, as observed in [I]. (Note
that 3} = G} = vec (fo,m(Xp,sz)).)

So, suppose that v(ﬂg’t) >y fort € {3,...,N;} and voo () = —(p! — 1) if 1 <1 < n.
With these assumptions and with v, as given, we are in the conditions of Lemma with
ng = 1.

Thus, by the lemma, we only need to verify the special case of condition ie., Voo (ﬂ_{;m) >
—(p" 2 4+ ptt —up) for t € {3,..., N, }, and equality occurs for exactly one t.

By Lemmas and ﬂ and using the notation of the former), we have that if r > 2,

Z?" ’L

then the valuation veo of a non-zero summand of E’ =, for k < n, or for 4, (r—i)#0,is

—Zup (p" =) + 5" (0" = 1)

n—1 -
. . t
=—p" [Zzt +pji | + " 27
t=1 =
n—1 i .
= —(r— i =i |3
p
t=1
> —(r —i)p™ ™t —ip" 4 .

In particular, if J:C;L?t comes from E;}L i (and hence r = 2,7 = (r — i) = 1), we have

that
VOO(J:C;Lt) > —p"th —p" + ip.

Also, by Lemma we have, the valuation of non-zero term of fw_iyn_j(Xpn,Xan)
is greater than or equal to —(p"*2 — (r —i — 1)p"*! — ip™). Hence, a term ﬂt%t from
fir—im—j (XP", XP"“)E;CL; > With 7 > 2 and k < n (as appears in Eq. (3.2)), is also such
that

Voo (H, ) = —p™ T = p™ + up.
Finally, we also have:
o Voo (F, ) > —p™*2, if H,, comes from foon(X?", XP"") (by B
co\lnt) = it 0,0,n (by q )
o Voo (Hp ) = —(p" P2 4 p" T — p ) > —(p 2 4 pn T — p?), if f]-f;m comes from
(form—g (X7, X7 )P with j < n;
o Voo (Hp ) = —(p"T2 4 p Tt —p i) > —(pt2 4 pt —up), if K, comes from

From—s (X7, X7 " with j < n.
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Note that the last equality can only occur if j = (n — 1). The corresponding term comes
from f101(X?", X?"")JP . But, by Eq. (@), we have that deg fio1(X?", X?"") =
p" T2 4 ptl —p7 and hence Voo(ff{;m) = —(p"*2 +p"*t! — 1p) for exactly one term (coming
from f10.1(XP", Xp"H)Jf), which finishes the proof.

6. PROOF OF ITEM 2l OF THEOREM

We will now prove the item [2| of Theorem First observe that GG,, cannot have a zero
in any ordinary value, as J, must be regular at that value. In particular, the cases when ¢
or € is zero follows immediately. Thus, from this point on, we will only consider the cases
when § and € are equal to one.

So, let vo, vi7ag, w be the orders of zero at 0, 1728, and a root of S,(X) respectively.
Then, to prove item [2] of Theorem we need to prove the following:

o vo(Jn) > p" 2(n(—p* — p)/3 +p?) (when 6§ = 1);
e viras(Jp) > p""2(—pn + p) (when € = 1);
o w(Jy) =p" (n(—p—1) +1);

To deal with these three cases at once, we let v denote a valuation on F,(X) such that
v(a) = 0 for all @ € F)y, v(X) >0, v(XP* — X) =1, and v(J;) > pF2(ak + B) for some
a < 0 and 8 > 0 independent of k.

We will again rely on Lemma with v, def p"~Y(an+ B) +p" in this case. Since a < 0,
the condition |2| from the lemma is satisfied, with ng = 3 if v = v, ng = 2 if v = vy79g, and
with ng =1if v=w.

With the above choice of ng, Theorem shows that condition |1} is satisfied.

Condition [5| is equivalent to pv(X) — a > p, and therefore is satisfied for the three
valuations above.

So, let v be one of the valuations above. We then shall prove by induction on n that
v(Jy) > p"2(an + B), with equality in the case of v = w, and that for n > ng we have
V(3 ;) > v for t € {3,..., Ny}, with equality for exactly one ¢ in the case v = w.

If n < ng and v = vi798 or v = w, then the result holds by Theorem If n < ng and
v = vg, then the result holds for n = 1 by Theorem 1.2 from [6] (which just restates results
from [9]), for n = 2 by Theorem 6.2 from [7], and for n = 3 by Theorem [1.1

So, let n > ng and suppose that for all € {1,...,(n—1)} we have v(.J;) > —p'~2(al+f),
with equality if v = w, and if ng < I < n we have V(J:CLt) >y for t € {3,...,N;}. Thus,
condition [3] for [ < n and condition [4] of Lemma are satisfied. Therefore, we only need

to verify the case | = n of condition |3, with special care when v = w.
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By Lemma (and using its notation), we have that the valuation v of a non-zero

summand of Ek n] s With either k <nor i, (r —i) #0, is

n—1
P Z(Oftit + Bit) + platje + Bit)
t=1
= p" " %[(aky + Bi) + pla(k — k1) + B(r —9))]
= " 2[apk + Bpr — (p — 1)ak1 — (p — 1))
Hence, if T is a term from Eli’;;.i_k, then since ky € {i,...,k} and a < 0, we have

v(T) > p"2lapk + Bpr — (p — 1) (o + B)il.
Since i € {0,...,r}, we have

p"Hak + prl, if a+ 3 <0;

v(T) .
p"2lapk + (B8 — (p— Da)r], if a+p>0.

If k€ {r,...,n— 1}, then since o < 0 we have

p"a(n —1) + Br], if a+ 5 <0;
PP Plap(n —1) + (B — (p—Da)r], ifa+p8>0.

Finally, if » € {2,...,n — 1}, then, since « < 0 and > 0, we have

v(T) >

p"a(n —1) + 28], fa+p<0;
p"Ha(n — 1)+ ] +p" ?[2(a+ B) — p(2a + B)], if a4 >0.

Therefore, since v(X) > 0, for any 3_{% coming from either

n—-1 r n—=1 J

SN frin (X X B

r=2 =0 j=r k=r

n—1
or y .~ 2Eknn & we have

"a(n —1) + 28] if o+ 4 < 0;

V(g:f;z,t) > )
P Ha(n = 1) + 1+ p"2[2(a + B) — p(2a + B)], if a+ 5> 0.

Moreover, a similar analysis gives that terms coming from ETlLiLO have valuation greater

than or equal to p"~!a(n — 1) + B] + p"2[a + B].
Also, clearly }_C;m’s coming from foo.,(X?", XP

it comes from f071,n_j(Xpn,Xan)anin, for j € {1,...,(n — 1)}, then it has valua-

tion greater than or equal to p" [aj + 8] > p" (n — 1)a + B]. And if it comes from

n+1) have nonnegative valuations. If
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fLo,n_j(Xpn,Xan)J;’nij, again for j € {1,...,(n—1)}, then it has valuation greater than
or equal to p"~2[aj + B8] > p"?[(n — 1)a + A].

We now need to deal with the particular valuations.
Case 1: Let v = vq, i.e.,, ng = 3, « = —(p? + p)/3 and B = p?. Then, the analysis above
gives for p > 7

v(30,) = p"Ha(n — 1) + B+ p"*[2(a+ B) = p(2a + B)]] = vn
for t > 3. For p =5, we have

V(IC,4) 2 0" Ha(n = 1) + 6] = v,

for t > 3.

Case 2: Let v =vi7og, i.e., ng =2, a = —p and B = p. Then, the analysis above gives
v(30,) 2 p" Han = 1) + B+ p" *la + 8] = v

for t > 3.

Case 3: Let v=w, ie.,nyg=1, a=—(p+1) and 8 = 1. Then, the analysis above gives
V(36,0 2 p" Haln = 1) + 8]+ p" [+ B] = v

for t > 3. Note that in this case, there is only one term of valuation exactly equal to vy,

,1

pn—l p2 1
namely, the term J;  J,_; from E_’ ,

and by the induction hypothesis (with equality in
the valuation of J; in this case) gives that this term has valuation exactly equal to vy,.

The three cases above finish the proof.
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