DEGREES OF THE ELLIPTIC TEICHM ULLER LIFT

LUIS R. A. FINOTTI

Abstra ct. The purposeof this paperisto nd upper bounds for the degrees,or equivalently, for
the order of the polesat O, of the coordinate functions of the elliptic Teichmeiller lift of an ordinary
elliptic curve over a perfect eld of characteristic p. We prove the following bounds:

1

ordo(xn) (n+ 2)p" + np" *;  ordo(yn) (n+ 3)p" + np”

Also, we prove that the bound for x, is not the exact order if, and only if, p divides (n + 1), and
the bound for y, is not the exact order if, and only if, p divides (n + 1)(n + 2)=2. Finally, we give
an algorithm to compute the reduction modulo p® of the canonical lift for p6& 2;3.

1. Intr oduction

Voloch and Walker in [5] applied the theory of canonical lifts of elliptic curvesto construct
error-correcting codes. In that paper, the degreesof somepolynomials, that we shall make precise
later, have someimportancein estimating exponertial sums. We heretry to analyzethose degrees,
giving upper bounds and nding when the degreesare strictly lessthan those bounds. Also, we
describe an algorithm to compute the reduction modulo p? of canonicallifts explicitly for p 6 2; 3.

We will consider an ordinary elliptic curve over a perfect eld k of characteristic p > 0. The
curve can be given by a Weierstrassequation:

E=k: y§+ aoXoyo+ boyo = X3+ Gox§ + doXo + e:
Sudh an elliptic curve hasa canonicallifting to an elliptic curve over the ring of Witt vectorsW (k),
E=W(k): y?+axy +by=x3+cx2+ dx + e;

with a = (ap;az;:::);b = (bo;by;:::);::e = (eg;er;ii:) 2 W(k), for which we can lift the pth
power Frobenius map. (See[2].)

We have an injectiv e group homomorphism (given by a sectionof the reduction map) : E(k)!
E (W (k)), called the elliptic Teichmuller lift of E:

(X0;¥0) 7' (X;y) = ((Xo; X1;X25::2)5 (Yor Y1, Y25 :22)):

1991 Mathematics Subject Classi c ation. Primary 11G20; Secondary 11T71.
Key words and phrases. elliptic curves, canonical liftings, elliptic Teichmuller lift.

This work was funded by CAPES (an agency of the Brazilian government).
1



2 LUIS R. A. FINOTTI

We notice that we canidentify E =W (k) with its Greenterg transform G(E )=k, for which becomes
simply

By theorem 4.1 of [5], with G = O (the origin of E), the functions x, and y, are regular except
at O (the origin of E), soare of the form R(Xg) + YoS(xo) for somepolynomials R; S 2 K[xg]. For
P6 2, (Yo;vi;:::)=1( Yo; VYi;:::),andusing ( P)= (P), one can deducethat x, 2 k[Xq]
andyn = Yo Fn(Xo), with Fn 2 K[Xg]. For p= 2, a similar argumert also givesus that x, 2 K[Xg],
but y, doesnot have to be of the form yg F,.

Our rst goalis to get good boundsfor the degreesof thesepolynomials, or equivalently, for the
order of polesof x,, and y, at O. We prove
Theorem 1.1. Let v %' ordp, i.e., v is the valuation on the function eld K of E given by
the order of vanishing of functions at O. Then, v(x,) (n+ 2)p" np" 1) and v(yn)

((n+ 3)p" np" 1), foraln O

The casen = 1 wasproved by Voloch and Walker in [5]. We will getthe theorem 1.1 asa special
caseof the theorem 3.1 below.

2. Witt Vectors and Valua tions

Let p be a prime, and for any non-negative integer n consider

def

Wh(Xo;:::5Xn) = Xgn + pr" l+ +p" 1er]J 1t p"Xn;

satisfying:

Wh(So;:::;Sn) = Wn(Xo; i Xn) + Wn(Yo;:::5Yn) (2.1)
and

Wi (Po;:::5Pn) = Wn(Xo; i, Xn) Wn(Yos:i:; Yn): (2.2)
(See[4].)

Thus,if s = (sg;s1;:::) andt = (tg;ty;:::) are Witt vectors, we have by de nition
def
s+t F (So(So; to); Si(So; S1ito;ta);i::)

and
def
s t = (Po(so;to); P1(S0; S1;to;ta);:::):
We may write, to simplify the notation,
def
Sn(s;t) = Sn(So;::iiSnito;:i;tn)

and

def
Pn(s;t) € Pn(So;ii:;Snito:i;tn):
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Now, let K be a eld of characteristic p > 0, and let us considerW (K ). (Note that although
soon we will considerK as the function eld of E, asin the theorem 1.1, for now K is any eld
of characteristic p.) Sincethe entries of our Witt vectors are in characteristic p, we can use the

give us the sum and product of Witt vectors.
We now introduce three useful technical lemmas..

Lemma 2.1. The monomials Q X & Q qu (disregarding the coe cient) occurring in P, satisfy
X . X _ X - X .
ap= bp=p" and iap+ jhp nph

Moreover,

)@ n i i

Pn = Xip ani"'Qn;

i=0 b

where Qn 2 Fp[Xo;:::; Xn 1; Y015 Yn 1] and hasits monomials (as alove) satisfying i & p +
jgp <np"

Proof. We prove it by induction. The casen = 0 is trivial, since Pp = XoYp. Now assumethe
lemmatrue forallt n 1. We have:

Po= — (XF+ +p"Xo)(YY +  +p"Yy)
i
PE"+ +p" PP,

= X Yo+ XD YR 4 1 XY
1 . ;
+ F—)(Xé’ Yoo+ +Xp Y5 (2.3)
1 p"\/p" 1 p" 1 p
+ p_n(xo Yo ) p_npo BPn 1

+p XPYn X BT YP L+ pYn) +

n

First we obsenethat the above polynomial hasits coe cien ts in Z. Also, the part that is a multiple
of p doesn't cortribute to P,, and sowe can disregard that last line of the equation above.

Fort=0;:::;n 1, write P = P; + pR;, where we collected all the monomials of P; that have
coe cien ts divisible by p in pR¢. By the induction hypothesis, P; also satisfy the lemma. So, now
we look at the cortribution of pn—llPtpn " to Pn: that is given by the monomials of F’tpn ', which
have the form
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Q .ai' Q

wherethe = X;

2 t 3 t " # t
X R R X o R t
4 a,0p = ap = p=p
i r=1 r=1 i r=1
(and the analogousfor the by, also holds) and
2 3 2
X X X R .
i 4 ai,5p'+ j4 qupl
i r=1 j r=1
t2 3
R X X .
= 4 dayp'+ b, p5> tp"<np
r=1 i j

Observingthat the last line of the equation (2.3) won't contribute to P,, all the remaining terms
are of the form X" "Y,”"

that i + j < n, and the lemma follows.

. Excluding the onesof the form X P 'v?

o i» the remaining are suc

Now, letv:K ! RJ flg beavaluation of eld K. (In the applications below, we will choose
K to be the function eld of E=k and v to be the order of vanishing at a point P 2 E(k).) For
e 0,dene:

def

Ue) = s=(so;S1;:::)2W(K) jv(sn) p"(v(sp) ne);8n>0 :

(Note that W(K) = fs= (sp;s1;:::) 2 W(K) j sp6 0g.)
Lemma 2.2. The setU(e) is a sulgroup of W(K) .

Proof. Let s;t 2 U(e). The (n + 1)-th coordinate of st is given by P,(s;t). By lemma 2.1, for

ead monomial of P, (s;t) we have:
Y Y

ai b X
% s t? = av(s) + bv(tj)
. X .

ap'(v(so) ie)+  hp(v(to) je (2.4)

p"(v(so) + V(tg) ne):
Therefore, v(Pn(s;t))  p"(v(sotg) ne) for all n, i.e., st 2 U(e). (Note that sinceall elemerts of
FIO are roots of unity, v is zeroon all its elemers, and we don't have to worry about the coe cien ts

of the monomialsin Py.)

We prove that t Ts1o U(e) by induction on the coordinate: assumethat for all i < n we
have v(t;) p'(v(ty) ie). We obsene that:

Pn(s;t) = t, sg” + =0
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where no omitted term involvest,. So, v(t, sg”) is equal to the valuation of the omitted terms.
But for those, we can use(2.4), and so

V(tash)  p"(v(so) + V(to) ne);

and this givesusv(t,) p"(v(tg) ne).

Lemma 2.3. If v(sg) = 1andv(s,) 1foralln,thens2 U({(p 1)=p.

Proof. Just note that v(sp) 1 p"[1 n(p D=pl=np" 1 (n 1)p".

3. Upper Bounds

Now let K denote the function eld of E=k and K be the function eld of E over the eld
of fractions k of W (k). An elemen g 2 K can be written as a quotient g,=g,, where g,;9, 2
W (k)[x;y]. Let R be ring of functions g = g;=g, 2 K (as above), such that g, 6 0 (mod p).
(Then R is the valuation ring of K with respect to the valuation assaiated to p). We can identify
R with a subring of W(K) (via ). We canthen write foreveryg2 R, g = (go;01;:::) 2 W(K),
and if g is regular at (P), for P 2 E(k), then g; is regular at P for everyi 0Oand g( (P)) =
(Q(P); qa(P);::1).

De ne, for P 2 E(k),

def .
UP)Z g2R jord py(g) = orde(go) ;

and

Uo(P) % tg2 U(P) | ordp(go) = Og:

Obsene that clearly U (P) is a subgroupof R and U ¢(P) is a subgroup of U (P).
Theorem 3.1. Letg = (Qo;01;:::) 2 U(P). Then

ordp(gy) p"(ordp(g) n)+np" % foraln O

Proof. Let 2 U(P) besud that ord py( ) = 1. (Note we canchoose aseither (x x( (P))),
y or x=y.) By lemma23, 2 U({(p 1)=p, now with v et ordp. In the sameway, 1 V(%)g 2
U((p 1)=p. SinceU((p 1)=p)isagroup,g2 U((p 1)=p.

Theorem 1.1 then follows, applying the previous theoremwith P = O and g = x;y.

We obsene that if ord (p)(g) < 0, then theorem 3.1 gives us upper bounds for the order of the
polesof the gy's, for all n 0. If ord (py(g) > O, the theorem still gives us someinformation: it
giveslower bounds for the order of the zerosfor n < p(ordp (go))=(p 1).
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4. Leading Coefficients

Our main goal in this sectionis to verify when we don't have the equality in the upper bounds
of theorem 1.1. But sincethe sametechniques give stronger results, we will obtain these results
rst, and then get our main goal as a corollary.

As obsened in the proof of the theorem 3.1, we can always take a uniformizer ¢ at P that is a
reduction of a uniformizer at (P). Let ¢ besud a uniformizer at P andlet g 2 U (P). Also,
let the expansionof g, in terms of ¢ be

" (ord n 1
Gh = bn(g) § O TP (4.1)

where the omitted terms have higher powers of o (by theorem 3.1). We call b,(g) 2 k the n-th
leading coecien t ofg at P, relativeto .
Finally, de ne

n

def

*
(9) = b (9)P

n=0
Theorem 4.1. The function :U(P)! (K[[T]]) is a group homomorphism.

T™:

Proof. Let g;h 2 U(P). We must provethat ( gh) = ( g)( h), i.e,,

n i

)@ i
bh(gh) = B(g)” by i(h)P:

i=0
This is another application of lemma 2.1: taking valuations v def ordp on the terms of P,(g;h)
(the (n + 1)-th coordinate of gh), the part with valuation p"(v(gohg) n)+ np" ! comesfrom
)@ pn i pi
g hyi
i=0
and thus, the n-th leading coe cien t of gh is obtained by multiplying the leading coe cien ts of
the terms in the sum.

Theorem 4.2. For g2 Uo(P), ( g9) = go(P).
Proof. Just obsene that p"(ordp(gg) n)+ np"™ 1< Oforn 1,andit is zerofor n = 0.

Theorem 4.3. If A is the Hasseinvariant of E relative to the invariant di er ential such that
(d o= )(P) = 1, then
( )=@Q+A P'T):

Proof. Sinceord (py( ) = ordp( o) = 1, then p"(ordp( o) n)+ np" lis equalto 1 for n= 0;1,
and it is negative for n > 1. So
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where ;= o+ :::. Hencewe needto prove that

g—z(P) =A% (4.2)
So,letu 2 U(P) such that ud isaninvariant di erential (i.e., holomorphic) on E, with ug(P) =
1. Thus, = ugd o.

Now, let be the lift of the Frobeniusto E. Then, (u d )=p, wherev , forv 2 R, is
obtained by applying the Frobenius for Witt vectors on the coe cien ts of v, is a well de ned
homomorphic di erential on E, and its reduction modulo p, say ! , dependsonly on ugd . (See
[3].) Thus,

I = cuypd o= c; (4.3)
for somec 2 k.
If we apply the Cartier operator, we get

C(1)=C(c )= cPAFP: (4.4)
On the other hand, by [1], we know that, for v 2 R, the p-derivation
p
Y etV Vv 5 v ; (4.5)

is such that the reduction modulo p of 'v is equalto v; + B;, whereB; is a polynomial in vo;:::Vi 1
that we can compute explicitly. (We obsene that this polynomial is zerofor i = 1.) Therefore,

S od )=(urun) d )+ Pl
and, reducing modulo p, we deducethat
= ubd 1+ § *d o) (4.6)
Applying the Cartier operator in this new expressionfor ! we get C(! ) = ugd ¢ = , and

comparing with (4.4), we getc= A 1. So,comparing equations (4.3) and (4.6), we obtain (4.2).

Corollary 4.4. If g=c¢ VY, with c 2 U(P), then

\
n

A np" 1.

b (9) = co(P)”
(With A asin the statement of the theorem 4.3.)

Proof. We have
Vv
()= (o) ( )V=cP) 1+A P'T
Hence

l.

(@) "= co(P) T A
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. . . . . d .
Corollary 4.5. The inequality in theorem 3.1 is an equality unless F;](QO) 0 (mod p), in
which caseit is a strict inequality.

Proof. This a simple consequenc®f the previous corollary (and the de nition of b,(g)). Note that
A 6 0 sinceour elliptic curve is ordinary.

de

Corollary 4.6. Letv f ordo. Then, v(xp) > ((n+ 2)p" np" 1) if, and only if, p divides
(n+ 1), andv(yn) > ((n+ 3)p" np" 1), if, and only if, p divides (n + 1)(n + 2)=2.

Proof. The valuation of x, (resp.yn) islargerthan ((n+2)p" np" 1) (resp. ((n+3)p" np" 1)
if, and only if, by (x) = 0 (resp. b (y) = 0), relative to the uniformizer = x=y.
We obsene that

x 2 x 3
Xx= = +::: and y= — +
y
and hence,by corollary 4.4,
_ 2 np" 1 _ n np" 1
()=~ A o= (D" n+ DA P
and
my)= > A e aypOTUNTE, e

what givesthe result.

Remark. Theorem 1.1 tells us that the degreeof x,, asa polynomial in xq is lessthan or equal to

r € (h+2)p" np" ! =2. Since

2 3
X0 X0
Xo= — +::: and = — + 4.7
0 v Yo Yo 4.7)
one can seethat
bh(x)= ( )"(n+ A ™" °

is also the coecient of xg in xp. Also, if p 6 2 and we write y, = YyoFn, where F, is a

. . . . . def
polynomial in Xg, then the degreeof F, as a polynomial in Xq is lessthan or equalto s =
(n+3)p" np"” 1 3 =2, andits coe cien t of x§ is

tn(y) = ( 0T DNEDp e

(again, using (4.7)).
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5. Reduction Modulo p?

In the next section we will describe an algorithm to compute the reduction modulo p® of the
canonical lift and the elliptic Teichmeller map explicitly for p 6 2;3. To make sure that our
computation givesus the right answer, we intro duce the following su cien t condition (true for all

primes):

Prop osition 5.1. Let k be a perfect eld of characteristic p > 0. If E=Wj41 (k) is an elliptic
curve with reduction E, and if we havea section over EnfOg of the reduction from G(E) to E
in the category of k-schemes,given by

where x=y is regular at O with x=y(O) = 0, then E is the canonical lift of E and is the elliptic
Teichmuller lift.

Proof. The proof is just the last paragraph of the proof of proposition 4.2 in [5].

Note that in the generalcase,in cortrast to what happensfor the secondcoordinate (seepropo-
sition 4.2in [5]), it is not enoughthat deg(x;) (n+2)p" np" tanddeqgy;) (n+3)p" np" ?!
instead of x=y(O) = 0: e.g., in characteristic 5, consideringjust the rst three coordinates, the
elliptic curve

y2=x3+ x

has reduction y3 = x3 + Xo, and the map
def
(X0;Y0) = ((Xo;4x§+ x3; 4% + 3xg° + 2xg° + 2xg” + xg° + 4x§+
3%+ x&"+ ax3t + 3k + 2x37);
oy (x8 6 4, 424 )
(Yo Yo(xg + 2xg + 2xg + Xg + 3);

Yo(xg® + 2x3* + xg2 + 3x§8 + 3x§ + 2x% + x0+ 2x38 + x3° + 231 + ;P2 + P

+ x3° + 3x3M+ x§°+ gt + xF0+ Ax§ + 3§+ x5+ 4));
is a section of the reduction, but this map is not such that

(x=y)=x )=(y )
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is regular at O, and therefore, this is not the elliptic Teichmuller lift. Using the techniquesintro-
duced later, we can compute the correct map:

def
(X0:Y0) = ((X0;4x§+ x3;4x3 + 3x3% + ax3®+ 237 + x3° + 4xZ + x37 + 4x3+
X33+ x3°+ 237+ 8%,
N 4,2 .
0, Yo(Xg + 2X + 2X + X5+ 3);
0 0 0
yo(4x3® + 3x3* + 4x3% + 3x38 + 3xgt + 2x3% + x30+ 2T+ 2x3% + Ax30 + 4xZ0 + 4x3?

+ 332+ Ax3t+ axFP+ xE0+ axB+ ax§+ 23 + 4x3 + 4))):

We now try to nd properties that will allow usto compute explicitly coordinates of the coe -
cierts of the canonicallift and the elliptic Teichmuller. We rst obsene that a method to compute
the secondcoordinates can be derived from results in [5]. So, we try to obtain the analoguesof
those results to deducea way to compute the third coordinates.

From the proof of proposition 4.2 in [5], one can deduce:

dxy 1,0 1 1
= A yp xb 5.1
dxo Yo 0 (5.1)
for p6& 2, whereA is the Hasseinvariant of the curve assaiated to the invariant di erential dxp=yo
(from this point on, A will always denotethis particular Hasseinvariant). Following the sameidea:

Prop osition 5.2. For p6 2, we have

dx
22 _ A (|0+1)y82 1 ng 1

dXo

p 1 0X1.
1 dXo'
Proof. We considerthe di erential

1 1 dx

PPy
where is the lift of the Frobenius. Its reduction modulo p, say !, is of the form cdxg=yy, for
somec 2 k.

If we apply the Cartier operator, we get

cy=c X0 - gmprp o, (5.2)
Yo
On the other hand,
1 ax 1 d( x) + xP ldx
p y p py+yP

_ A 2x) + (x)P td( x) + (p x + xP)P H(d( x) + xP 1d><)
p(p 2y + (y)P)+(py+yPP
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Sincethe universal polynomial Bo(xo;x1) = x5 Yxy, the reduction of the di erential above
modulo p, that is again! , is

dixz  xB® Pxq)+ xP dxg + xBP Pdxy + xB Ldxo)

p2
Yo

2
_dxp+ xB tdxg + x§ tdxo.
= =
Yo

and computing the Cartier operator using this form of ! and using (5.1), we get

o,
Yo

Comparing equations (5.2) and (5.3), we getthat c= A (P*) | and comparing the two forms for
I, we have

cl)= y—1p<dxl+ X2 ldxg) = A L 5.3)
0

dx» 2 1 2 1 1 1 1
G TA I T g T AT KB

Remark. We note that for characteristic 2, similar computations would give
dxy _ dep
dxg dxg
Hence, the proposition above allows usto nd Xx», exceptfor nitely many terms of the form
dnXg”. (We can nd the number of missing terms from the boundsfor the degree.)
Now, we take a closerlook at the quotient x=y up to the third coordinate. In this casewe have:

x o oxoxa oy BYE e xEVP xBy

yoowe v v v
L1 e oy
Pyl v Y v

(We have here a small notation problem, sincewe cannot divide by p. But notice that the polyno-
mial

1
P (XPYP (X Y)P)
has integer coe cien ts, and we can substitute

p
X X
X =5 Y= y_12p0
Yo Yo
in this polynomial to obtain what we write as
I 1
) !
1 xb yixg  x1 yixg

Poyy oy Yo v
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in characteristic p. This abuseof notation will appear again below, but we hope that no confusion
will arise from it.)
Looking at the ordersin the third coordinate, we seethat

I 1
p P P p P
L X3 ¥iX% X1 YiXg

" 2 2 p 2p
P oyy  yeP Yo Yo

has already positive order at O, and that, for p 6 2; 3, all the summandsin

2 2 2
XIV1 . X2 _ Xp Y1 Xp Y2
2 T T T e 2p? ®4)
Yo Yo Yo Yo

have the sameorder, namely p2+ 2p. (Note that the ordersof x, and y, are precisely 4p?+ 2p and
5p? + 2p, aswe may seefrom our analysisof the leading coe cien ts.) But since (x=y)(O) = 0,
those terms have to add up to have positive order.
Sonow we restrict ourselvesto p 6 2; 3, and then we may assumethat E is given by an equation
of the form

E=k: y§=x3+ aoxo+ hy; (5.5)
and that the canonicallift is given by
E=W(k): y2=x3+ax+b; (5.6)

Looking at the third coordinates of the expressionof (5.6), we see

p? p?
Xp Y2 X 2
0 — 0 p
2 - 2 (2y0 y2)
2p 3p
Yo 2y,
p2
Xo
3p?
0

2p? P220 2P L ... .
3Xg Xo+ 3Xgp X7yt il

where the terms not shovn have order greater than  7p2, and so when multiplied by x82:2ygp2,
they give terms of positive order.
So, the part of (5.4) that hasto add up to have positive order is

p,,p P2, ,2p p?

X X X X 2 2

1y21 ¢ X2, X0 Y1 0 3Py + Xy
2p p 3p2 3p?

Yo Yo Yo A
P, P 19,,P?,,2p 14,,3p? 19y,2p?,,2p

- X1, X2 2 “3Xp Y1 2 *3Xg X2 2 13Xy X7

2p? p2 3p? 3p? 3p?

Yo Yo Yo Yo Yo

Looking at the secondcoordinate of (5.6), we get

2
2 13xgPxq + i
p
Yo

y1=



DEGREES OF THE ELLIPTIC TEICHM ULLER LIFT 13
where all the terms on the numerator omitted are of order greater than 6p. Then, the part of
2 . .
xPyP=y2P" that has negative order is
2
2 13x2P 3P
3p2
Yo
13y P°\/2P=, 30 i i
and the part of 2 “3x; y] —yg that has negative order is
197 5Py 2P
8 27Xy X7 .
5p2
Yo'

So, the part of (5.4) that hasto add up to have positive order is

13y2P? 2P 197 5P 2P 13,307 13,,2P? 2P
23x0x1+£+8 27Xy X1 2 13Xy X2 2 3y X

3p2 2 5p? 3p2 3p?
Yo Yo Yo Yo Yo
_ 5p2 3 2p2 2p 2p2 4p2 27 5p2 2p 3 3p2 2p2 3 2p2 2p 2p2
= Yo X0 X1 Yo T X2Yo * gXo X 5Xo X2¥o 5%0 X1Yo

Using (5.5) and noticing that the part of the above expressionthat hasto add up to have positive
order is the part inside the brackets that has order at most 152, we get that

52 3 _s5p2 2 6p? , 27 sp? 2
Yo 5P Exop X2+ 3, x4 gxop x2P

3 sz

o 3X5p2 2p
2 0

X2 = X
20 1

5p?
Xo 3. 1
5p2 ) 1 2 0 "2
Yo

has to add up to have positive order, i.e., the parts of order smaller or equal to  5p? inside
the brackets above have to cancelout. Sincethose terms are polynomials in xo, we get that the
coe cien t of xg? in x; is 3=4 times the p" power of the coe cien t of xg* P in x2, foralln  (3p+1)=2.
(Note that by proposition 5.2, we knew that all the terms of degree,as a polynomial in xg, higher
than (3p?> 1)=2in x, have to comefrom terms of the form d,xg".) Therefore, in the computation
of the elliptic Teichmeuller, someof the missing coe cien ts of X, can be obtained from coe cien ts
of x1.
Thus, this analysis, along with proposition 5.1, allows us to deducethe following theorem:

Theorem 5.3. If p6 2;3 and E=WS3(k) is an elliptic curve with reduction E, and if we havea
section  over EnfOg of the reduction from G(E) to E, in the category of k-schemes,given by

(X0;¥0) 7! (X;y) = ((X0; X1;X2); (Yo: Y1, Y2));

suchthat E and are the canonical lift and the elliptic Teichmeller modulo p?, then the sameis
true modulo p2 if, and only if, the degree of the polynomial (in Xq) [x82x2 3=4x2P] is lessthan or
equalto (5p> 1)=2. In fact, if this inequality holds, we must havethe equality.
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Proof. The only part not discussedbeforeis the last statemert. For it, it just suces to obsene
2 —
that proposition 5.2 implies that the coe cien t ofxE,3p D=2 i X, is not zero(it is 2A (P*1) and

that xfp just has powers of xg multiples of p.

6. The Algorithm

Sonow we seehow to compute the canonical lifting and the elliptic Teichmeller explicitly, up
to the third coordinate. In this whole section, we assumep 6 2; 3, and that E and E are given by
equations (5.5) and (5.6).

First we compute x1 by integrating formally the formula (5.1), and we leave the constart term,
s& Cp, and the coe cien t of the term in xg, s& c1, asindeterminates. (Note that in this case,the
Hasseinvariant A is the coe cien t of x5 * of (x3 + agxg + k)P D=2.)

The secondcoordinate of the equation of E =W,(k), namely

(Yoiy1)? = (X0;x1)® + (ao; a1)(Xo; X1) + (bo; by);
is given by:

2yy1 = BxgPxa + afxa + axf+ by
(6.1)

o G G+ Ao+ b

Sinceys is yp times a polynomial in Xg, equation (6.1) (keepinga; and b; as indeterminates)
tells us that the division of polynomials (in Xg)

2 3
3xg'X1 + apxy + aixf + by + ,?1) X"+ apxp+ by (X3 + aoXo + bo)P
2(x3 + apxg + bp)(P*L) =2

must be exact. So we compute its remainder, which is a polynomial that has coe cien ts that

depend on ai, by, ¢ and ¢;. Forcing that remainder to be zero givesus a linear system on those
indeterminates. Solving that systemgivesus the canonicallift (i.e., a; and b;) and x; (i.e., ¢g and
c1). And y; is just yg times the quotient of that exact division above.

We obsene that the cornverseof the proposition 4.2 in [5] guararteesthat the elliptic curve and
map found are the right ones. Also, note that the solution of the system above doesnot have to
be unique, sincethe canonicallift is only unique up to isomorphism.

The way to compute the third coordinate is analogous: we integrate formally the formula in
proposition 5.2, and add the terms of degreein x greater than 3p? from x% asexplainedin the end
of the previous section, and considerthe coe cien ts in x;°, say dn, for n from 0to [(3p? 1)=2p],
asindeterminates.

Then, we just look at the third coordinate of the expressionof the elliptic curve, usethe fact
that y» is alsoyg times a polynomial in Xg, and force the corresponding remainder of the analogous
division of polynomials to be zero. We get another system, that we solve to get the desiredvalues
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for the indeterminates, i.e., a,, b, and the d;'s. Theorem 5.3 then guaraneesthat this givesthe
canonicallift and the elliptic Teichmeller. We usedthis method to compute the canonicallift (the
rst three coordinates) of

yS = Xg * Xo
in characteristic p= 5 shown in section5. In fact, we were able to compute, using that algorithm,
the canonicallift for a genericordinary elliptic curve in characteristic 5: if

2 _ U3
Yo = Xg+ apXo + by

is such curve (ag 6 0, sincethe curve is ordinary), then its canonical lift has

2= e

o = 2680+ BPHR ¢ Al 3ol + 2aE + ot 4ot
3 8 4 0 4 2 4 4

by = 4afiy + agld + b;

o= o+ 4R + 35T + BB+ 4al L+ AT+ SeBtE' 16

(The polynomials for the the elliptic Teichmeller map are too long to be put in here.) We also

were able to compute the genericcasesfor p = 7;11;13. A not too long particular casefor p= 7

would be:
¥§= X3+ L,
for which we have
ap=0; a =0
b= 4 b = 0O;
and
X1 = 5o+ 2x3 + 4x3°;
X2 = dxo+ 3G+ 5x{+ 4x30+ 6x33 + 6x3% + 2x3% + 3xZ° + x2B+

2x3t + 5xat + Bxg  + X3 + 2x§° + 2x3% + 6x3° + 4xg® + 2§+
2x8% + 3x§7 + 3x [0+ 6x(3 + 5x3L;

Y1 = Yo(2x§ + 3x§ + 4xg + 6xg7);

Y2 = Yo(2 + 6x3 + 3x§+ 6x9 + xg2 + x3°+ 2x38 + 5x3L + x3% + 3x30+
Xg? + 6xg2 + xgt+ xg* + 5xg7 + 6x80 + AxF0 + 3x[Z + 6x+

6x51 + axB%+ BxB7 + 6x 33 + 2x° + 3k + 2§+ 2xFtt + 3x§M):
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We rst had implemented the algorithm using the software Mathematica and then, for corve-
nienceand speed,we switched to Magma, and the les are available at
http://www.ma.utexas.edu /users/f inotti/ can_lif ts.h tml
where we also put the generic formulas for characteristic 2, 3, 5, 7, 11 and 13 and some more
examples.

We also obsene that the algorithm described also seemsto \w ork™ if you don't introduce the
terms of x, from x2, i.e., you usefor x; just the formal integral of the derivative in proposition 5.2,
and the terms of the form dixi(')O fori < (3p> 1)=2p. The algorithm will give you badk a1, ay, X1,
X2, y1 and y,, where = ((Xo;X1;X2); (Yo;VY1;Y2)) is a section of the reduction. But since (x=y)
is not regular at O, the curve obtained is in principle not necessarily the canonical lift, and the
map is certainly not the elliptic Teichmeller. (This was how we obtained the \wrong lifting" in
section5.) But it seemsthat this lift may be usedfor someapplications in coding theory, and it
would be nicer than the canonical lift itself, sinceit has smaller degrees.
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