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Fernando Schwartz is an Assistant Professor of Mathematics at UTK. His research in pure
mathematics is in differential geometry, an area which studies curvature to precisely describe
the intrinsic notions of shape and form. Motivations for the study of these mathematical
concepts abound, and range from the esoteric to the mundane: On the one hand one could
ask what is the shape of a black hole? Perhaps one would also like to know what is the mass
of a black hole, and how does it depend on its shape or size. A more pedestrian issue is the
matter of why cats curl up when they sleep. It turns out that the answers to these questions
are intimately related, as Prof. Schwartz has discovered. The intricate relations can only be
fully understood with the tools of differential geometry.

Prof. Schwartz studied mathematics at the University of Chile; the IMPA in Rio de Janeiro,
Brazil; Stanford University; and Cornell University, where he received his PhD in 2005. He
spent three years as a postdoc at Duke University, and one year at Warwick University in
the UK before joining the faculty of UTK in the fall of 2009.

Beyond Spherical Black Holes –Black Rings.

In 1915 Albert Einstein proposed the Theory of General Relativity. From a mathematical
point of view, the theory consists of a system of nonlinear hyperbolic partial differential equa-
tions written in the language of differential geometry. The theory is extremely complicated;
after almost 100 years, the equations are far from being well understood. Nevertheless, some
aspects of the theory are accessible and have been experimentally checked to a high level of
accuracy. Among the most amazing features of the Theory of General Relativity is the notion
of a Black Hole. The first type of black hole was discovered by Karl Schwarzschild in 1916
–a short year after the Theory’s introduction– while serving on the Russian front in WWI.
Schwarzschild performed some (relatively simple) calculations using differential geometry and
arrived at a spherical solution of the equations that contained a singularity. Although it took
some time to understand the nature of his purely abstract discovery, the existence of black
holes has been experimentally corroborated. The bizarre notion does not cease to inspire the
imagination of millions.

Figure 1. Black hole.
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An equally amazing discovery was made in 2001 by the physicists Roberto Emparan and
Harvey Reall, who were able to find exact solutions to Einstein’s equations that contain a
Black Ring –that is, a black hole shaped like a ring, or donut. This was in sharp contrast to
the spherical black holes known from before.

Figure 2. “Black Saturn”: black ring rotating around a spherical black hole.

Prof. Schwartz was interested in understanding the underlying mathematical phenomena
that gave rise to these unexpected entities. Using a technique “perpendicular” to the one
employed by Emparan and Reall (in their own words), Prof. Schwartz was able to construct
families of examples of spaces containing many different types of non-spherical black holes.
These remain the only known families of examples of high-dimensional non-spherical black
holes. Furthermore, due to the nature of the involved construction (conformally flat), these
families can be easily used as initial data for computer modeling of these phenomena.

The Mass of a Black Hole and the Shape of a Sleeping Cat.

In a 1947 article in the American Mathematical Monthly magazine, George Pólya wrote:

“...We can all observe what a cat does when he prepares himself for sleeping through a cold
night: he pulls in his legs, curls up, and, in short, makes his body as spherical as possible.
He does so, obviously, in order to minimize the thermal conductance or, what is the same
thing, his capacity.”

Figure 3. Sleeping cat.



RESEARCH NARRATIVE, PROF. FERNANDO A. SCHWARTZ 3

Pólya further asserted that the cat seems to have a sort of knowledge of a general theorem
proved by Szegö in the 1930s, which states that “the capacity of a solid is never less than the
radius of a sphere with equal volume.”

In a seemingly unrelated paper of 1973, Sir Roger Penrose conjectured that the mass of
the universe should be at least

√
A/16π, where A is the area of the event horizon of all black

holes in it. This inequality –which is known as the Penrose Inequality– effectively provides
with a way to estimate the contribution of the black holes to the mass of the universe, since
the area of the event horizon of the black holes can, in principle, be measured. In his original
paper, Penrose motivates the inequality using a heuristic argument based on a more delicate
issue called cosmic censorship. Penrose’s idea was that if a space were to violate the Penrose
inequality, then the space itself would provide with a counterexample to the cosmic censor-
ship conjecture, which is one of the most difficult –and central– open problems in Relativity.

A deep connection between the capacity in Szegö’s theorem and the Penrose inequality
started to arise when Prof. Schwartz worked on a “volumetric” version of the Penrose in-
equality valid in all dimensions [Schwartz, 2011]. The techniques were further developed in
a subsequent collaboration, where they were used for for proving a mass-capacity inequality.
This, in turn, is a central tool for proving the Penrose inequality extended to all dimensions
in an important special case. In order to prove this mass-capacity inequality, Prof. Schwartz
and his collaborator used a geometric tool called inverse mean curvature flow. While devel-
oping their ideas they realized that the inverse mean curvature flow technique can be used
for finding a much more general proof of two classical inequalities involving capacity and
other geometric quantities. These are the Aleksandrov-Fenchel and Pólya-Szegö inequalities,
both of which provide with rigid relationships between the capacity, area, and total mean
curvature of solids. [Freire and Schwartz, 2012.]

Tension Membranes, Soap Bubbles, and Minimal Surfaces.

A tension membrane is an architectural structure –usually a roof– which has a prescribed
contour. It is constituted by a patchwork of fabric panels that are supposed to remain under
constant tension; this is done in order to keep the structure from swaying with the wind. The
problem of determining the exact shape of each panel is not easy.

Figure 4. Munich Olympic stadium’s tension roof.
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A classical, closely related problem in differential geometry is the Plateau problem, which
consists in determining the exact shape of the soap film that forms when dipping a closed
wire in soapy water.

Figure 5. Soap film.

The Minimal Surface Equation –which is a partial differential equation written in the lan-
guage of differential geometry– governs the shape of these objects, called minimal surfaces.
Minimal surfaces abound in nature: They model the form of the interphase between liquids
of different densities; they describe the shape of the event horizon of a black hole. Prof.
Schwartz studies minimal surfaces in different contexts, and has laid out specific plans for
making important contributions to their understanding.

Figure 6. Singularity formation.

A collaborative project regarding minimal surfaces of Prof. Schwartz consists in studying
the formation of singularities along the mean curvature flow [Cabezas-Rivas and Schwartz,
2012]. These artifacts of the theory of minimal surfaces are unavoidable in high-dimensions.
Understanding the formation of singularities along mean curvature flow constitutes a consid-
erable technical challenge. The motivation for studying these phenomena arises, in part, from
analogy to the qualitative properties that lie in the study of the formation of singularities
along Ricci flow, which has been tremendously successful. Indeed, Grisha Perelman got the
2006 Fields Medal –the Nobel prize of mathematics– for proving the Poincaré conjecture,
and he did this using Ricci flow. In order to do that he had to understand the formation of
singularities along it. The problem was so difficult that it was one of the seven Clay Math-
ematics Institute’s Millennium problems (each carrying a prize of 1 million dollars), deemed
to inspire mathematics throughout the XXIst century.
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Figure 7. Surface with 3 holes.

Topological invariants

Mathematicians share the belief that simplicity determines aesthetics. This translates into
the fact that the less complicated a proof is, the more beautiful it is considered to be. Inspired
by this lies the notion of an invariant, which is a quantity that condenses a large amount of
information about a class of mathematical objects in a small amount of space. A topological
invariant is usually a number that is associated to a large class of objects (say, topological
spaces) which enables us to differentiate subclasses within it. For example, the number of
holes –or genus– that a surface has constitutes a topological invariant among the class of all
surfaces.

Prof. Schwartz has studied the sigma or Yamabe invariant, which is a number associated
to a differentiable manifold that depends only on its smooth structure. Very few of these
invariants have been calculated. The difficulty in determining them lies in the fact that one
must find a min-max critical point of a functional –in infinitely many dimensions– in order to
compute them. Prof. Schwartz determined the sigma invariant of all solid bodies in Euclidean
space. In his work, Prof. Schwartz also showed that the invariant exhibits a monotonicity
property under connected sums. The sigma invariant is expected to be instrumental for
proving a generalization of the Poincaré conjecture to high dimensions. This remains a very
challenging question.


