Hwk #15:
Find Df(z,y) for f(x,y) = z¥, where z > 0.

Solution: Of(x,y)/0x = yz¥~! (like the derivatives of 22, 23, etc.). 4 pts
Of (z,9)/0y = 2¥ Inz (like derivatives of 2¢ = e¥™2 and the like.
Therefore Df(z,y) = [yz¥~! x¥Inz].

Note: Don’t go on auto-pilot from Calc2 or DiffEq: y is NOT a function of x here. It is the context
(which functions, which dependences, are we talking about) and not some magic symbol manipulation
that governs when the chain rule must be applied.

Hwk #16:

Consider the following vector valued multi-variable functions:

Firp) e |1

rsin ¢
defined for {(r,¢) | r >0, ¢ € R}; and

rsind cos ¢
g:(r,9,¢)— | rsindsing
r cos ¥

defined for » > 0, 9 € 10, 7[, ¢ € R.

Find Df(t,¢) and Dg(r, ¥, ¢) by calculating the necessary partial derivatives and observing
they are continuous.

Solution: 6 pts
Df(r,p) = | ON(r@)/or 0fi(r,e)/0p | _ | cosp —rsing
VT 0fa(r, ) /08 Ofa(r,0)/0p | T | sing  reose

agl (7‘7'§7¢) 8!]1 (T7197¢) 8g1 (T7197¢))

or 90 96 sint cos¢ rcost cos¢ —rsind sing
Dg(r,9,¢) = 692(5;}9@) 592%’{9’97@ 592%’(;97@ = | sindsing rcosdsing rsind cos ¢
993(r,9,¢)  Ogs(rd,¢)  9gs(r,¥,¢) cos ¥ —rsind 0
or 09 9d
Hwk #17:
Show that for any collection of real numbers a1, ao, ..., a,, the following inequality is true:

(ay +ag+...+ay)? <n(a? +di+ ... +d?)

Hint: use the Cauchy Schwarz inequality on the vector @ = |ay,as,...,a,|T and another
vector b which you invent conveniently for the purpose.

Solution: How would we choose b wisely? Well, the CS inequality says @-b < ||@]|||b]. So the 4 pts
stuff on the smaller side of (a1 + ag + ... + an)? < n(a? + a3 + ... + a2) should somehow match
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a-b= a1b1 + agbs + - - - + a,b,. This is why we choose by = by = ... = b, = 1. Then, Cauchy Schwarz
says:

ay 1 aj 1
a9 1 a9 1

|a1+a2+-..+an|:' Sl ‘SH : HH : HZ\/&%—l—a%—l—...—i—a%\/ﬁ
an 1 ay, 1

Squaring this immediately gives the claim.

Note: There is another, less elegant, proof: since 2ab < a?+b?, we can argue that (a1 +az+...+a,)? =
a% + a% +...+ a% + 2a1az + ... 4+ 2a1a, + 2a2a3 + . ... Now we need to count the mixed terms right.
For each 2a;a; we argue 2a;a; < a? +CL?. Each a; gets thus paired wit (n — 1) other a;, which accounts
for (n — 1)a? in the total sum.

The same argument can be written in a more transparent way if we don’t try to distinguish pure
squares from mixed terms:

(Z ai>2 _ <Z ai> (Z aj> B DI TTESD D) DEIC A %(; na§+j§:na§> _ ngag

i=1 i=1 j=1 i=1 j=1 i=1 j=1

But of course I wanted you to see the Cauchy Schwarz inequality do something useful.

Hwk #18:

In this problem you are to check that a certain function is differentiable by relying on
the original definition rather than using the theorem that makes continuity of partial
derivatives sufficient to guarantee differentiability.

Show that f : (z,y,2) — /22 + 2y? + 2 is differentiable at (1,1,1). (No typo; it’s z, not
22, just for variety’s sake.)

Strategy: as in the example in class, you use partials to find the only candidate for
Df(1,1,1) first; then you check the limit from the definition. — Remember: when you
have a difference involving a square root in a limit problem (y/a—b small because a is close
to b?), you write \/a —b = (a — b*)/(y/a+b). — Another trick that may come in handy is
to use the inequality in the previous problem near the end of the calculation.

Solution: If a matrix T exists for which 6 pts

i IfA+h14+k1+1)—f(1,1,1)=T[1, 1, 1]7]
(h.k,1)—(0,0,0) Vh2 + k2412

is true then T must be the matrix of partial derivatives

=0

orT oT orT
%(17171) ) 8_y(17171) ; &(17171)
How 0f (x,y,2) 2 of 1
€,Y,z o €T “J ——
817 - 2 /7;172 +2y2+z 9 8.17(1’1’ 1) 2
Of(@,9,2) _ 4y o Y-
y 222 4+ 292 + 2 Jy
Of(2,9,2) 1 af 1
0z 2224224 2 333(17171)_4
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We need to estimate

VA +R)Z2+21+k)2+(1+1)—2—L1h—k—1
Vh? 4+ k2 + 2
and show that it goes to 0 as (h,k,1) — (0,0,0).

WVA+R)?+20+k)2+ 1+ —2—35h—k—3I|
VRZ K2+ 12
B (A +h)2+2(1+k)2+(1+1) - (2+sh+k+ 11?2 B
VhZ + k% + 2 <\/(1+h)2+2(1+k)2+(1+l)+(2+%h+k+ﬁl))
|(L+2h+h? + 244k +2k* + 14+1) —4—4Gh+k+ 1) — (3h+k+ 11)?

VIZE R (TR 204 k2 + (T+]) + 2+ Sh+ ke + 30)
B |h? +2k? — ($h+ k + 11)?|
VR + k2 + 12 <\/(1+h)2+2(1+k)2+(1+l)+(2+%h+k+il))

In the first step of this calculation, we have used the identity \/a — b = (a — b?)/(y/a + b). The other
steps only expand and cancel in the numerator.

The big parenthesi in the denominator converges to /1 +2+1+2 =40 as (h,k,l) — (0,0,0). We
have to show that the remaining quotient goes to 0. Indeed,
h? +2k% — (Ah+ k+ 11)? h? + 2k? ip2 42 4 L2 2 2402
|h* + (sh+ +4)|§ +2k% +3(3h° + k7 + 3 )§5(h +k +l)§5 (CEWTEWD
Vh? + k2 + 12 Vh? + k2 + 12 Vh? + k2 + 12

which clearly goes to 0.

Hwk #19:

Assuming f differentiable, show that % f(@+ t0)|4=0 = Df(Z)0. (The quantity on theft
hand side, if it exists, is called directional derivative of f at Z in direction .

Solution: We'll do it in the 3-variable case. If f is differentiable, then we know that Df(Z) is a row 5 pts
consisting of the partial derivatives. We can use, directly from the definition of total differentiability,
that
[(F +47) - f(7) - D@
gl

Multiplying with [|¢/||, and pulling the scalar ¢ in front of the matrix product, we get (as t — 0)

f(Z +10) — f(&) - t Df(£)V f(Z +10) — f(7)

t t

— 0

— 0, ie.,

— Df(Z)v
This proves the claim.
Hwk #20:
The multi-variable chain rule says: D(f o g)(p) = Df(g9(p))Dg(p). Here is one specific

example for which I ask you to caclulate all quantities involved in this equation and check
the equality, all by explicit calculation.
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sinv cos ¢

flx,y,2) =2y + (y —2) /(1 + 22), g(¥,¢) = | sin¥ sing
cos v

(Motivation for this example: think of f o g as a function on the unit sphere.)

Solution: 5 pts
A brief comment ahead: In this problem the p stands for [Z} . If ¥ and ¢ are indeed angle coordinates on

the sphere, as suggested, then p'is a non-geometric vector, artificially converted from (9, ¢). However,
if ¥ and ¢ happen to be just weirdly chosen names for cartesian coordinates in a plane, then p'is a
geometric vector. Whichever may be the case, it does not affect the validity of the calculations.

sin9(sin ¢ — cos ¢)
1+ cos?d

(f 0 g)(¥,¢) = sin® ¥ cos® ¥ sin ¢ cos ¢ +
Now let’s calculate all ingredients for the chain rule formula:

D(fog)(¥,¢) =T T

with
. . . Y(sin ¢ — cos @) ~ 2cos ¥ sin? Y(sin ¢ — cos p)
T — (9 39 263 coS
11 = (2sin 9 cos® ¥ sin” ¥ cos ) sin ¢ cos ¢ + T + 1 T cos2 0)2
sin ¥(cos ¢ + sin @)

Ty = sin® ¥ cos? 19(0052 ¢ — sin® o) +

1+ cos2d
Df(a:,y,z) = [Sll 512 513]
with

22(y — x)
Sus=yr ooy SesSettios S =Ry
Df(g(®,4)) = Df(sind cos ¢,sin¥sin g, cos¥) = |S11  Sia 5’13]
with ]
~ _ . 2 .
Sll = sin ¥ cos Q9SIH¢ — m
~ 1
o 2
S1o = sin ¥ cos® ¥ cos ¢ + T

2 cos ¥ sin ¥(sin ¢ — cos @)
(1 + cos?9)?
cost cos¢ —sind sin ¢

Dg(9,¢) = | cos¥sing sind cos¢
—sin? 0

The claim of the chain rule, which we have to check here, is:

S13 = 2sin? 9 cos 9 cos ¢ sin ¢ —

B ~ B cost cos¢p —sind sing
[Ty Ti2) = |S11 Si2 513} cosV sing  sind cos ¢
—sind 0

In other words, the claim is

Ti1 = (5’11 cos ¢ + 5*12 sin ¢) cos ¥ — S13sin ¥ and
T2 = (—S118in ¢ + Sy2 cos @) sin ¥

and this is immediate to check.
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