Multivariable Calculus and Analysis Review

e Sequences

— Infinite Sequence: {x)} where z; € R"

— Convergence: limg o, ) = @ if limy_ ||z — zx|| = 0 for any norm; we also write x, — x
This also implies term by term convergence
Rate of convergence discussed in numerics review

e Sets: Typically we'll use sets €2 C R™ which are either open (doesn't include boundary) or closed (include
boundary).
Qis convex if forall z,y € Q, te + (1 —t)ye Qforall 0 <t <1

e Functions

— Domains and Types: Typically functions will take values from R™ and produce real values, i.e.
f: Q2 — R where Q C R"

Can also have f: R" — R™, etc.

f is continuous at z if for any sequence {z}} with z;, — x and xy # z, f(zr) — f(z).

f@) = F)l <Allz =yl

f is Lipschitz with Lipschitz constant + on € if for all z,y € €2,
Lipschitz implies continuous

fis convex if 2 is convex and if z,y € Q implies f(tz + (1 — t)y) < tf(x) + (1 —t)f(y) for
0 <t <1; if it holds with > f is concave.

— Derivatives: For general f : R" — R™, the derivatives of f involve the partial derivatives

a(f);
axi ’ - =

For f: R" — R (m = 1), we have

(Vf(x)); = df/0x; (gradient of f)

(V2f(x)) = 0*f/0x;0x; (Hessian of f)

f is continuously differentiable if V f exists and is continuous

f is twice continuously differentiable if V2 f exists and is continuous; in this case V2 f is symmetric

If p € R, p # 0, then the directional derivative of f in the direction p is given by lim. _o(f(x +
ep) — f(x))/e and is equal to V f(x)Tp (when f is cont. diff.)

e Theorems (like Mean Value & Taylor)

— If fis cont. diff. and 0 # p € R", then f(x+p) = f(z)+Vf(2)Tpforsome z=z+1tp, 0 <t <1

— If f is twice cont. diff. and 0 # p € R, then f(z +p) = f(z) + Vf(z)"p+ sp" V2 f(z)p for some
z as above

— If f is twice cont. diff., 0 # p € R™ and V2f is Lipschitz, then |f(z + p) — f(z) — Vf(z)Tp —
PV f(@)pl < 3wl



