
Homework #2, Due Thursday February 2

Exercise 2: A little practice with Finite Difference
Now you get to work out the details for a finite difference approximation to a PDE. To keep it simple,

we’ll focus on a 1D problem, but we’ll throw in a few changes from what we did in class to make it
interesting. So, here’s the problem:

−(a(x)u′(x))′ = f(x), 0 < x < 1, u(0) = 1, u′(1) = 0. (1)

Rather than doing Taylor expansions, we’ll just start with an approximation for a first derivative:

v′(x) =
v(x + h)− v(x)

h
+O(h). (2)

Here’s the process:

Step 1: Approximate the PDE in (1): Use the formula in (2) to approximate the PDE in (1) by replacing
each derivative with the corresponding difference expression. Don’t worry about the error term.

Step 2: Approximate the Boundary Conditions in (1): Using (2) as needed express the boundary conditions
in (1) in terms of differences (or other simple expressions).

Step 3: Write as a Linear System: Introduce appropriate variables for the values you want to approximate.
We will assume that the spacing h is uniform, so it is natural to think of xj = jh, j = 0, . . . , n,
h = 1/n and to take Uj ≈ u(xj). You also may want to use some notation for values of a(x) and
f(x).

Using these variables (this notation), write out the formulas you derived in Steps 1 and 2. Re-
member that the formula in Step 1 applies at every interior point.

Write this set of formulas as a linear system of equations. To make it very concrete, write the
system for n = 5

Project 1: Finite Difference - Due February 16
For your first project, you will develop a program to solve a PDE problem using the finite difference

method. You can solve
−∆u = f in Ω, with u = u0 on Γ (3)

where Ω is a square and f and u0 are chosen, by you, to produce a known solution. Or you can solve

−(a(x)u′(x))′ = f(x), 0 < x < 1, u(0) = 1, u′(1) = 0, (4)

where a and f are chosen, by you, to produce a known solution (which you much choose to satisfy the
boundary conditions).

In either case, assume a uniform grid (uniform h), write code to build the appropriate matrix and
vector, solve the resulting system and then report the error. If you are using MATLAB you can use
the built in matrix solver, otherwise you can write your own or use an existing subroutine. For the error
compute the maximum difference between the computed values and the corresponding value of the exact
solution.

You should turn in a page describing the problem you solved and reporting the errors for 5 different
values of h. You should also attach a listing of your program.
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