
Math 512 – Homework #6 (part I) – Due Thursday April 7

1. With an appropriate change of variable, we can transform the traffic flow problem into the following:

ρt + (1− 2ρ)ρx = 0, ρ(x, 0) = f(x),

where now ρ is the ’normalized’ density with 0 ≤ ρ ≤ 1. The solution of this problem is

ρ(x, t) = f(x− t(1− 2ρ(x, t))),

but it only can be solved for ρ explicitly under certain circumstances. Use this form of the traffic flow
problem to answer the following questions. (Note: In the class notes, I got a sign wrong somewhere
and so what you have is opposite of what is supposed to happen. All the expressions in this problem
are correct, so use them.)

(a) Find a closed form expression for ρ(x, t), for t > 0 when

f(x) =


1, x ≤ 0
(1− x), 0 ≤ x ≤ 1
0, x ≥ 1

.

Hint: follow the transition points which are initially at x = 0 and x = 1 and then figure out
what happens to the solution in the regions between them and outside them.

(b) Find a closed form expression for ρ(x, t), for t > 0 and before the shock forms, when

f(x) =


0, x ≤ 0
x, 0 ≤ x ≤ 1
1, x ≥ 1

.

(c) Assume f is smooth, let x1 satisfy f ′(x1) = maxx f ′(x) and assume f ′(x1) > 0. Since a shock
first appears when 1 − 2tf ′(x − t(1 − 2ρ)) first becomes 0 and since f ′(x1) > 0, a shock will
eventually form. Let xs and ts be the location and time of the first appearance of the shock.

Show that f ′(x− t(1−2ρ(x, t))) = f ′(x1) along the line x− t(1−2f(x1)) = x1, and thus (xs, ts)
must lie on this line.

Show that ts = 1/(2f ′(x1)) and xs = x1 + (1− 2f(x1))/(2f
′(x1)).

2. A few exercises related to the handout for the Flow and Diffusion in a Tube Model:

(a) Determine the units for the quantities: A, φ, K, C, q, w, and γ. Assume that the unit of mass
is M , the unit of length is L and the unit of time is T so that φ has units M/L3

(b) Let K = C = q = 0 and H have the form H = Awφ. Assume w is a positive constant but that
A(z) = πe2z (imagine an infinitely long trumpet with radius ez at point z). Write out the partial
differential equation for φ and find the general solution. Find the solution if φ(z, 0) = f(z) for
−∞ < z <∞.

3. Conversion of Coordinates. In PDEs much more than ODEs it is common to do significant change
of variables to put the problem into either an easier to solve or more standard form. These exercises
will give you some practice changing variables.

(a) Cartesian to Polar; (x, y) to (r, θ): The relationships are x = r cos θ and y = r sin θ or r2 = x2+y2

and tan θ = y/x. Use these relations to convert the PDE uxx +uyy = 0 to polar coordinates, i.e.
rewrite in term of urr, ur, urθ, uθθ and uθ. Now, assume the solution is of the form u(r, θ) = rf(θ)
and write out the ODE for f .
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(b) (x, y) to (s, t): Let t = x−y and s = x+y and convert the PDE ux +uy = u to a form involving
derivatives with respect to s and t.

(c) Cartesian to Cylindrical; (x, y, z) to (r, θ, z). Use the relationships from part (a) to convert the
3D heat equation ut = uxx +uyy +uzz to cylindrical coordinates. Now, assume that the solution
is radial, i.e. it does not depend on θ and write out the corresponding PDE.
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