
Math 512 – Homework #4 – Due Thursday March 3

1. Consider the following linear system of 1st order ODEs:

u′ = 2u− 2v + f(t)

v′ = −u + 3v + g(t)

(a) Rewrite in the form y′ = Ay + q(t) where y and q are vectors and A is a 2× 2 matrix.

(b) Find the eigenvalues and eigenvectors of A and write A in the form A = V DV −1 where D is a
diagonal matrix and the columns of V are the eigenvectors of A.

(c) Find the solution of this system when q(t) = 0. Let the initial condition be u(0) = u0 and
v(0) = v0.

(d) Four methods for solving the non-homogeneous problem. Take f(t) = t and g(t) = et.

i. Find the solution by directly solving y′ = Ay + q(t) as we would for a scalar equation of
this form.

ii. From the form of the non-homogeneous part of the system (f and g) guess a form for a
particular solution of the ODE. Use this guess to find a particular solution of the system.
Hint: the guess will be a vector and each element will need to have terms that contribute to
both non-homogeneous components. You should end up with 6 undetermined coefficients.

iii. Multiply the equation y′ = Ay + q by V −1 and introduce a new variable z = V −1y. Solve
the new system for z and from that get a solution for y.

iv. Solve the first equation for v and differentiate to get v′. Set the result you get for v′ equal
to the expression for v′ from the second equation. You should now have a 2nd order linear
ODE for u. Solve the ODE for u and use that solution to recover v from the first equation.

2. Verify that y1(t) = t and y2(t) = tet are solutions of the homogeneous equation corresponding to

t2y′′ − t(t + 2)y′ + (t + 2)y = 2t3, t > 0.

Use the Method of Variation of Parameters to find a particular solution of this ODE. Find the general
solution of this ODE.

3. Find the general solution of the following ODEs using any technique that we’ve discussed.

(a) y′′ − y′ − 2y = t2

(b) y′′ − 2y′ + 5y = sin 2t

(c) y′′ − 2y + y = tet + 4

4. Soft Spring Model:
y′′ = −ky + αy3 − cy′,

with k, α, c > 0, α ≈ c and k >> α.

(a) Convert this to a first order system in (u, v) with u = y and v = y′.

(b) In the uv-plane, draw lines that represent u′ = 0 and v′ = 0. This will partition the plane into
6 distinct regions. In each region indicate the sign of u′ and v′.

(c) Use this diagram to sketch 3 possible distinct solution curves. For each curve you draw, sketch
a solution in the ty-plane.
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5. Develop a model for a system consisting of two masses connected by springs, one connected to the
ceiling, both with dampeners and with each subjected to its own external force in addition to gravity.
Use the following diagram to help you develop the model. If you introduce any quantities besides
the given constants, including the position of the masses, describe them carefully.
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