
Homework #7

1. Consider the model dx
dt

= f(x), where f(x) = ax(x − b)(c − x) and a, b, and c are
positive constants with b < c. (For parts (b)-(d), use a graph of y = f(x) to answer
the questions)

(a) Interpret this model as a model of population growth. Specifically, assume that
x(t) is the population, assign appropriate meaning, units and scale to the con-
stants a, b and c; and explain the mechanism behind the form of the model. You
may want to do parts (b)-(d) first so you can see how the solution behaves.

(b) Describe the behavior of x(t) if (i) 0 < x(0) < b, (ii) b < x(0) < c, and (iii)
c < x(0).

(c) For the fixed points 0, b and c which are attracting and which are repelling?

(d) Suppose this model represents the population of some species and we choose
to begin harvesting this species at a constant rate. Then the model looks like
x′ = f(x)− h where h is the harvesting level. What is the maximum harvesting
rate for a sustainable population? Describe the changes in the attracting fixed
point(s) as h increases from 0 to the maximum value.

2. Consider the predator-prey system

x′ = x(a− by), y′ = −y(c− dx).

(a) Make the substitution x = AX + c/d, y = BY + a/b and t = CT .

(b) Express A, B and C in terms of a, b, c and d to make the system in terms of
X and Y as simple as possible, eg. try to reduce the model so that you can
introduce one parameter involving A, B and C (or a, b, c and d) and that the
model depends only on that one parameter (instead of the original 4). What are
the units of A, B and C?

(c) Assume X and Y are small (so that X2, XY , Y 2 are ignorable) and simplify the
system by dropping ignorable terms. (This should result in a simple system).
Now, divide the expression for Y ′ by the expression for X ′. This results in an
expression for dY

dX
. You can solve this separable differential equation by cross-

multiplying to get

(some expression in Y) dY = (some expression in X) dX

and then integrating both sides and using the initial conditions X(0) = x0 and
Y (0) = y0 to get the constant of integration right. What does the solution look
like? (It should be an ellipse)


