
1 Modeling Basics

1.1 Introduction

These notes are inspired by prior texts that Ive used for teaching modeling. I first taught the
course using Michael Mesterton-Gibbons A Concrete Approach to Mathematical Modelling, Wiley-
Interscience 1995. The main ideas Ive carried from his book are the categorization and presentation
of models by type, and the use of two ls in spelling modelling (although the spell checker always
fixes them). The second text was Douglas Mooney and Randall Swifts A Course in Mathematical

Modeling, MAA, 1999. This book was written for a less mathematically sophisticated audience and
has a more casual style, both of which influence these notes. I own many other modeling texts,
some for specific application areas, but I use them primarily for reference. Im sure theyve influenced
me and thus have some impact on these notes. Ill put them all in a bibliography at the end. Ive
also read through some COMAP modeling examples (www.comap.com) and some of the older print
versions in The UMAP Journal for inspiration for projects.

1.2 A Mathematical Model

A Mathematical Model is a system of mathematical objects (e.g. variables, equations and ex-
pressions) and an identification of the objects with named quantities and process, in such a way
that altogether it mimics a real-life situation in terms of results, behavior or process. The model
should be usable for predicting either future behavior or behavior under different circumstances, or
for better understanding the situation. There are also Statistical Models and Computational

Models which are similar except are based primarily on statistical or programming objects, respec-
tively. Another different in is their their relationship to the real-life situation. A statistical model
is focused on using and reproducing the data generated by the situation, while a computer model
is focused on simulating the processes of the situation at some low level.

1.3 Some Philosophy

Before we start talking about mathematical models in detail, Id like to briefly discuss some philo-
sophical perspectives that provide some level of justification for modeling rather than just as an
academic exercise.

At the first level there is, as Eugene Wigner wrote, the “unreasonable effectiveness of mathe-
matics.[ 1] He wrote about the amazing relationship between mathematics and the natural sciences,
in particular physics, and how it is astonishing on some level that simple equations that describe
the motion of an apple falling from a tree have any relevance to the motion of the Earth around the
Sun. Others have expanded this idea of mathematics as an amazing tool that describes much of
what we experience in life. This motivates on some level various fields move to be more quantified.

At a deeper level there is Platos Theory of Forms as expressed in the Allegory of the Cave.[2]
Basically his idea is that there are Forms that are the true reality and what we see and experience
are only shadowy representations of these Forms. This idea is often applied to mathematics to say
that we are only seeing imprecise versions of perfect mathematical ideals, and that the only way to
know the truth is to study mathematics.



From a modeling perspective, both these ideas suggest two things: one can with confidence
use mathematics to describe real situations and the mathematics used to describe the situations
might just be more real than the situation itself. Dont be surprised if a mathematical model reveals
something beyond what we can immediately observe.

[1] A version of the original http://www.dartmouth.edu/∼matc/MathDrama/reading/Wigner.html.
[2] For a translation http://www.historyguide.org/intellect/allegory.html, a search on

Allegory of the Cave will take you to different discussions and interpretations.

1.4 Modeling Cycle

Back to more practical issues. In developing a model, there are 4 stages and 4 basic process that
transform one stage to the next. The stages and the processes form the modeling cycle.

Figure 1: The Modeling Cycle

• We start with a real-world situation. This can be an actual or a hypothesized situation.
For example we can talk about the growth pattern of an actual tree located somewhere on
campus, or the growth pattern of a general or idealized tree. In either case, we establish a
context or environment, and a specific issue we want to address or a question we want to
answer. These two elements form the framework for our model building and a guiding hand
in the decisions we make about our model. The context should be particular enough that we
know what we are working with. The question or issue should be specific enough that well
know when weve resolved it and are done.

• In going from our real situation to our real model, we identify the important elements of
our situation and translate them into specific statements. The context sets up what we can
talk about, while the question drives what we should talk about. We make assumptions that
distinguish between the useful and the less useful, and also about how the parts interact.
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It takes experience, creativity, and some trial and error to figure out what the important
relations are and how they work. This process also works in the reverse direction providing
feedback as to the completeness of the context, through questions like Is it big enough? and
Do we know enough about it?. The issue or question is also tested to see if it needs to be
broadened or refined, or clarified in some way.

• Next we have a real model. The real model is a more careful, pseudo-mathematical de-
scription of the situation. It typically consists of lists of the assumptions we make about our
situation, the quantities involved, and how they are related. The context of the situation will
reveal what data and relationships are possible. The assumptions clarify what we think is
important (and thus what is not important), and reflect our understanding of how the process
works.

• From real to math model, we quantify. The assumptions, quantities and relations of our
real model become the expressions, variables and relations for our mathematical model. Some
elements of this process are straightforward, like assigning variables to the quantities in our
model, while other elements require more creativity, exploration and experience with modeling
to make sense of the relationships. We may have to turn back to the real model, to refine and
clarify some of the statements, especially about the relationships involved. We also may have
to add additional assumptions to help form the math model. It is acceptable that we end up
with several different models with no means yet to choose between them.

• The next stage is a mathematical model. It consists of variables representing quantities of
interest and relevant parameters, and expressions and equations involving the variables that
reflect their relationship with one another. There may also be auxiliary expressions that put
conditions on the variables. Ideally, this mathematical model, when fully populated, becomes
a solvable mathematical system. (Fully populated means that reasonable data is used to
establish all the parameters, initial values, etc. needed so that the only unknowns are the
values of interest).

• Applying various techniques, we can solve our model and produce results. As well see as we
discuss different models, solve can take on many different meanings. It ranges from classical
mathematical or analytic solutions to purely computational solutions. There are even solutions
that primarily describe the behavior of the solution without giving any details about values.
The availability and adequacy of these different types of solutions depends on both our original
question and our derived mathematical model. If there is a incomplete or inappropriate
solution, then we go back to the previous stages and make adjustments.

• The last stage is the results. Results are not just limited to numerical values, they can also
be equations, graphs, description of behaviors under various circumstances, rules-of-thumb,
etc. They should also include an answer to the original question or a resolution of the issue
of interest.

• The final action is to interpret and evaluate the results (and the model). This involves
translating the results into a specific response to the original question or issue. If there were
different models involved or if a range of values was used, we can also evaluate our confidence
in the answer. We can also use sample situations to test the viability of the model and use
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the results to adjust earlier stages. We also look back at the assumptions we made along the
way and consider their impact on our results.

1.5 Example of Model Cycle

Real Situation: We have $10,000 and two possible investments. One is a market based account
that in the past has averaged an annual return of 10%. The second is a business that by most
estimates would pay back the investment at a rate of $300 per month over five years. Over five
years, which is the better investment?
Identify: Clearly the main focus should be on the value of each investment over time. The way the
return works in each case is well defined. However, there are many factors that can effect the return.
The values given could change over time. There may be some risk that wed lose our investment.
There may be different tax issues. We may need our money in less than 5 years.
Real Model: Assume: (1) past returns and estimates will be the correct values for the next 5
years, (2) the only consideration is the total return on investment after 5 years, (3) there are no
other factors that effect the return (like taxes or fees). The values of interest are the values for the
two different investments based on the interest rate for one and the monthly payment for the other.
Under these ideas, we can restate the problem as a more classic word problem:

Which investment has a higher value after 5 years: $10,0000 earning 10% per year or a
monthly payment of $300?

Quantify: Since the math behind the returns is fairly simple, there is not too much to quantify.
Let I1(n) be the value of the first investment after n years, i be the annual interest rate, and P the
initial investment. Let I2(n) be the value of the second investment and M the monthly payment.
Math Model: We have two equations (using the notation from above):

I1(n) = P (1 + i)n

I2(n) = (12M)n

Solve: To solve we just evaluate. Take i = 0.10, P = 10, 000, M = 300 and n = 5 and compute.
Results: For the first investment I1(5) = 16, 105.10 and for the second I2(5) = 18, 000.
Interpret: From the results we see that the second investment would return about $2000 more
than the first and thus would be the better investment. Probably the biggest assumption we made
was that the initial return would hold for all 5 years. Since we dont know the details behind the
two investments, it is impossible to evaluate the validity of this assumption, but we suspect that
either or both may have high enough volatility, that our conclusion may not be right.

1.6 Model Evaluation

Studying the subject of mathematical modeling means we have to look at individual models, families
of models, and ways to characterize models. In this section well look at different characteristics we
can assign to models. These characterizations can help us evaluate both the quality of an individual
model and to compare different models. Here’s a list of things to consider:
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1. What type of questions can the model be used to answer? We can look at the formulation
of the context, the assumptions made and the type of quantities involved. Some assumptions
may limit a model to only answer broad questions.

2. What level of detail can the model resolve? This again depends on the assumptions, but also
on the structure of the model. If there are time or spacial elements to the model, they may
define the detail. Also, the units used for the quantities may also set the resolution. For
example, a population model designed for long-term country sized population, would have a
different level than one for a small community with both age and spatial distinctions.

3. How accurate is the model? This is difficult to evaluate, as often a model can be tuned in
one case to produce results that match well with reality, but are not accurate in other cases.
An alternative to measuring accuracy, is to consider how simplifying the assumptions are. If
a wide variety of mechanisms are lumped into one term, we would probably have model that
is less accurate than one that treats each mechanism individually.

4. How flexible or robust is the model? Once a model has been built, the natural tendency is
to try to find other situations where it would work. A flexible model usually has meaningful
parameters that allow it to easily be modified to fit into different scenarios.

5. How practical is the model? This relates mostly to how easy it is to set up and solve the model
for useful answers. If a model requires extra-fine tuning to even produce realistic answers,
it may not be that practical. If it seems right, but either takes to long to solve or produces
answers that can’t easily be converted in to real answers, it may not be that practical.

We see that there is a need for balance in the modeling cycle between these characteristics.
Otherwise a modeler can take an extreme approach and end up with a useless model. To increase
the usability of a model, one can often simplify a model so much that it loses all accuracy and thus
becomes inflexible. On the other extreme, to increase accuracy, more and more features can be
added until the model becomes inflexible, is limited to a single purpose, or is impossible to solve.
The flexibility of the model can be over-estimated so that the model is over-extended and used
in an inappropriate context. Finally, one can ignore accuracy and make a model that although
mathematically pleasant has no practical purpose.

1.7 General Model Forms

Most models involve looking at how quantities change. We may actually not be interested in the
change, but it is still useful to begin by building our model by looking at change. In this section
we present a formal description of various characteristics of models, focusing on three key elements:
time, source of change, and interest in change.

Population: Before we start looking at change, we have to agree on what is changing. We
start by considering the case of a single quantity of interest. For convenience we call this quantity a
population although it can be any quantity, for example it could the number of rabbits in a certain
area, the total biomass of a forest, the concentration of a chemical in a mixture, density of traffic,
or the value of an investment.

Time: The population is changing, so we have to decide whether we consider the the change to
occur continuously or discretely. For continuous change, we associate it with continuous time t
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taking on all values 0 ≤ t ≤ T . If the change is discrete, we assume that the time is discrete, with t

only taking on certain values, usually with a uniform spacing. If X is the variable for the population,
then X(t) would be the value of interest in the continuous case, while X

n
, corresponding to X at the

nth time value (notationally t
n
), would be the value in the discrete case. In many cases the choice

between the two is arbitrary as we either can extend a discrete set of values to form a continuous
function, i.e construct a continuous X with X(t

n
) = X

n
, or we can sample a continuous function at

discrete values, i.e. X
n

= X(t
n
). Also, most processes within the model can be transformed from

a continuous context to a discrete one, and vice versa. For example, annual interest payments can
be converted to continuously compounded payments.

Source of Change: Change can either be completely determined by the current values (de-

terministic) or determined by the current values and some random process (stochastic). For
example for a growing animal population, we can have a 10% increase in the population every year
for deterministic change. Or, we can assign some probability to the possibility of growth and by
’rolling a die’ we determine the growth each year for stochastic change. As with our choice of how
we consider time changing, we can often switch between deterministic and stochastic sources of
change.

Interest in Change: Sometimes we study change just to understand the change, i.e. we are
interested in the dynamics. Sometimes we want to know when there is no change, or statics.
Finally, we may want to know what situation gives the best value, or a study of optimality. In
each case, we typically start with a model built around the change in our populations, but our final
equation or solution method may be different. For example, let X(t) be the position of an object.
In a dynamic study, we look at where the object is at various times and its velocity X ′(t) and
acceleration profiles X ′′(t). In a static study, we may want to know when it reaches its maximum
height by looking at X ′(t) = 0. And, for an optimality study, we may want to know how we can
make the object go the farthest, and then look at X(T ) with different choices of initial values.

Classification: We have distinctions in time, source of change and our interest in change. We
can make broad classification of models by our choices in each category. This will form the basic
organization of the rest of these notes as we consider the 2 × 2 × 3 = 12 possibilities.

1.8 Box Model

Before we consider the details for particular types of models, we have a general technique called
a box or compartmental method for constructing models. This method is especially useful for
organizing the information for the real and mathematical models.

We start with a single population and consider the different ways it can change. The population
is represented by a box labeled with the population name, and then we use arrows out of the box
labeled with what can decrease the population and arrows into the box labeled with what can
increase the population. We can add arrows with dotted lines to show when a quantity effects the
change.

In the figure, I’ve labeled two inputs and two outputs using names related to a human population
(for convenience). The distinction between birth and immigration is that birth depends more on
the existing population while immigration depends more on a value that is fixed or varies with
time. The same goes for death and emigration. The dependence of birth and death on the current
population is indicated with the dotted arrows.

Although this framework is built using a population context, it still is valuable in other contexts
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Figure 2: Single Population Box Model

as a guide to considering all possible sources of change. Some examples: in a savings account, the
value changes due to interest (birth), taxes (death), deposits (immigration), and withdrawals and
fees (emigration); a tree’s bio mass changes due to general growth of branches and leaves (birth),
leaf and branch loss (death) and from trimming or harvesting (emigration); for a moving particle
the velocity changes due to drag (death) and acceleration (immigration or emigration); and in
a chemical reaction the amount of a specific compound changes with a forward reaction (birth),
with a backward reaction (death), when the experimenter adds (immigration) and when the result
precipitates (emigration).

One nice feature of this framework is that if instead of one population we are working with
several populations (or several components of a population), we just add a new box for each addi-
tional population, and draw in the appropriate arrows. It can get quite complicated with multiple
populations as each individually has the same four types of change, but we can also have migrations
from one to another (and back) and each population can influence the changes in each of the other
populations. For example, consider a simple disease that divides the population into 3 components:
well, sick and very sick. The box model for this might look like this:

Figure 3: Three Component Disease Box Model

Even this diagram is not complete as the deaths may be influenced by the individual populations
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and all the populations may influence the births. We could also have very sick people move back to
being just sick. It is important to note that this method is just a framework for helping us form our
models; it gives us a place to mark our assumptions about relations between various components,
and to help us to see if there are any possibilities that we are missing. It is also a useful tool for
explaining how a model works. If one is clever with the use of color, you can even color code the box
model to correlate with the mathematical model so that the relationship between the two becomes
very easy to see.
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