Math 300 — Set Theory Problems

For each statement prove it or find a counter-example. Unless otherwise stated, A, B and C are subsets of a
universal set U.

1. (AN B)® = A°U B-.

2. (AUB)® = A°N BC,

3. AnB=BnA.

4. AUB=BUA.

5. AN(BNC)=(ANB)NC.
6. AU(BUC)=(AUB)UC.
7. ANA= A

(

10. AU(BNC
11. AU(ANB
12. An(AUB
13. (A9 = A.
14. AnU = A.

15. AuU =U.

Proofs involving the empty set ((}) are different as you typically have to use proof by contradiction.

16. U = 0.

17. AnO=0.
18. AU = A.
19. )¢ =U.

20. AUA“=U.
21. AnA¢=0.

In the next 4 problems you can prove them either by reducing to logic or by using Problems 1-21.
22. (AUB)N(AUB°) = A.
23. (ANC)NB)U((ANC)NB))U(ANC)*=U.
2. (AuC)N((AnB)U(C°NB))=ANB.
25. B=AN(BUAS").
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Define: A\ Bby z € A\ B meansx € A and x ¢ B. (called the difference of A and B or the complement
of Bin A)

A\ B = AnBe.

A\ (BUC) = (A\B)N(4\C).
A\ (BNC)=(A\B)U(A\C).
(A\B)NnB=1.
ANB=A\(A\B).
((A\B)U(B\ A))*NA=ANB.
ANB=AnN(B\ A°).
(ANB)U(A\ B)=A.

AUB=(A\B)U(B\A).
Define: AA B = (A\B)U(B\ A).) (called the symmetric difference of A and B)

AND=A.

AN A=

AN B=BAA.
AANBNAC)=(AAB)AC.
AN(BAC)=(ANB)A(ANC).
AAB=(AUB)\ (ANB).

To prove if-then statements, first assume the 'if" part (hypothesis, premise) and then use that to prove that
the "then’ part (conclusion) is true.

If AC B then AUB = B.

If AC Band B C C then A CC.
IfACBand BC(Cand C C Athen A=B=2C.

A\ (B\A)=Aifandonly if AC B.

ANB=PBifandonly if BC A.

(Cancellation Law) If ANB=ANC and AUB =AUC then B=C.
If 2 ¢ (AUB®)U(A\ B) then z € B.

ACCifandonlyif AU(BNC)=(AuB)NC.

B C Aif and only if B\ A = (.

(ANB)UC=AN(BUC) ifand only if AC C.
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The remaining problems involve different types of proof.

Suppose A\ BCCNDandxe€ A. Ifx ¢ D then x € B.

fANC CBandaecC, thena¢ A\ B.
Suppose A\ BC C. Ifx € A\ C then x € B.

If ACB,ac Aanda¢ B\ C, thena € C.
Define: Two sets A and B are disjoint if AN B = ().

Suppose A C C and B and C are disjoint. If z € A then = ¢ B.

Suppose that A\ B is disjoint from C and x € A. If x € C then z € B,

If A\ BC C then A\C C B.

If ANB = A then A C B.

If AC B and A and C are disjoint, then A C B\ C.
AN(B\C)=(AnB)\C.

If ACBand ACCthen AC BNC.
Suppose A C B. Forall sets C, C\ B C C'\ A.
If ACBand AZ C then BZ C.

If AC B\ C and A # () then BZ C.

If ACC and BC C then AUB CC.
AN(B\C) C (A\ B)\C.
AN(BUC)C(AnB)uUC.
(AUB)\C C AU (B\C).

A\ (A\B)=AnNB.

fANCCBNCand AUC C BUC then A C B.
If AA B C A then B C A.

AUCCBUCIff A\CCB\C.

A A B and C are disjoint iff ANC =BnNC.
AANBCCIiff AUC=BUC.
CCAABIffCCAUBand ANBNC = 0.
A\C C(A\B)U(B\C).
ANCC(AAB)U(BACQC).
(AUB)ACC(AAC)U(BAC).
(AAC)N(BAC)C(ANB)AC.

If AABCC and AZ C then AN B # (.
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There is a unique set A such that AU B = B for all sets B.

If A and B are not disjoint, A and C are not disjoint and A has exactly one element then B and C are not
disjoint.

There is a unique set X such that A A X A for all A.

For every set A there is a unique set B such that A A B = X (X is the unique set from the previous
problem).

Given any sets A and B there is a unique set C such that AAC = B.
For every A there is a unique set B C A such that forall CC A, BAC =A\C.
The following statements are equivalent

(@) (AAC)N(BAC)=0

(b)y ANBCCCAUB

(c) AANCCAAB.

(Disjoint Union Lemma) AUB = (A\ B)U(ANB)U(B\ A) where any 2 of the sets on the right side are
disjoint.

A=(ANB)U(A\ B) and (ANB)N(A\ B) = 0.



