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Abstract

This presentation examines metrics on Q and
some of its subgroups with the intent of classi-
fying groups up to coarse equivalence. Proper-
ness of these metrics is accompanied by esti-
mates for polynomial or exponential growth.
It is shown that certain subgroups of Q can
be used in the pursuit of determining whether
@, Zo is coarsely equivalent to P, Z3.



Definition Two groups X and Y with metrics
dandd andmaps f: X—Yandg:Y — X
are said to be coarsely equivalent if they
satisfy the following properties:

1. Their compositions are c-close to the iden-
tity

(a) de such that Ve € X, d(go f(x),x) <c.

(b) desuch thatVy €Y, d(fog(y),y) <c.

2. f and g are p-bornologous

(a) 3p: RT — RT increasing such that Vz, 2’ €
X, d(f(z),f()) <p(d(z,))

(b) 3p’ : RT — RT increasing such that Vy, ¢’ €
Y, d(g(),9 W) <o (dyy))



Definition A left-invariant metric is called proper
if VR > 0, |B(0,R)| is finite.

e Example: Euclidean metric on R

e Example: Euclidean metric on Z



Description A filtration on a group G is a
sequence of subgroups like the following:

L:{eCGiCGyCG3C...CG}
where Gg = e, and G; C G4 1.

e Example: A filtration on @, Zo is

L:{0CZyCly®Zo CloDlp®ZpC ...}

The dL metric A filtration on a group can be
used to define a metric:

dl (z,y) = min{i | [z — y| € G;}

e Example for @, Zo:

d£ (010110,110) = min{i | [010110 — 110 € G;}
= min{i| 100110 € G;} = 5



Define a filtration on Qy/Z where kK € N as
follows:

cioc(z)c(z) ez
; 5 4 %
Use this filtration to create the metric:

dl (z,y) = min{s | |z —y| € G;}.



Proving dL (x,y) = min{i | |z —y| € G;} on Qp/Z
IS @ metric:

e Positive definiteness, symmetry, and left-
invariance

— Follows from definition of metric

e Triangle Inequality

— Maximum argument

e Properness

— Any ball B (0, R) contains at most 2 —1
elements



Proving X =P Z> ~Qr/Z =Y
e Use the dL metric for each

e Define the mappings as follows:

f: XY

Ve = {x1,22,...,2} € X, f(z) = % where m

is the binary value of x and k is its length.

g.Ym—X

Vy = % cY, g(y) is equal to a binary string
with value m and length k.



This creates a bijection

— fog=gof=1ud

d(f(z), f(2') =d(x,2')and d (g (v),g9 (V) =
d(y,y)

— Metrics are essentially the same
This means that X ~Y

A similar argument works for @, Z3 ~ Q3/Z

— Since coarse equivalence is an equiva-
lence relation,

Q2/Z ~Q3/Z < PZy ~P7Z3

— S0 Qp/7Z can be used for the main prob-
lem



Define a filtration on Q> as was defined on
Qo/Z. The metric on Q7 is defined as d (z,y) =

lz —y|l +dL(x,y).
Proving d (z,y) = |x — y| +dL (x,y) is a metric:
e Positive definiteness, symmetry, and left-
invariance

— Follows from definition of metric

e Triangle Inequality

— Similar to Qy/Z

e Properness

— Any ball B (0, R) contains at most 2 x
(QR*R> elements



Proving X =@ ZoPZ ~Qo =Y

e Use the metric previously defined on Q> for
both

e Define the mappings as follows:

f: X—Y

Ve = {zz,x1,...,2} € X, where x, is the ele-
ment of Z, and =z, is the last nonzero digit of
DBoo Zo, f(x) = 1 + 2£, where p is the binary
value of the string and k£ is its length.

g.Ym—X

Vy = m + % € Y, where m is an integer and
0 < Jr <1 g(y) =mob, where b is a binary
string of length k£ with value p.

e Similar arguments as for @, Zo and Qy/Z
show that these mappings make X ~ Y.
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Define a filtration on Q where k£ € N as follows:
1 11 111 1
cocB et c Bl
2 2°3 2°'3° 4 k
with each subgroup labeled like this:

GoCG1 CGyC...CG

Use this filtration to create a metric:

dl (z,y) = min{i | |z —y| € G;}.
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Define d(z,y) = |z —y| + dL (z,y), and prove
it Is a metric:

e Positive definiteness, symmetry, and left-
invariance

— Follows from definition of the metric

e Triangle Inequality

— Similar to Q/Z

e Properness

— Any ball B (0, R) contains at most R3 —
R? 4 1 elements
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Properness of Q:
e T he following are added for each increase
of 1 in the value of R:
— Fractions with denominator R: < R

— Fractions with denominator R — 1: <
R+ 1

— Fractions with denominator 1 (integers):
1

e SO the number of elements added between
Rand R—1is < YR = A1)
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e Multiply by 2 to account for negative frac-
tions and R to account for fractions added
in previous balls

— |B(0,R)| < (2R) (=] = g3 — g2

e Add one to account for O

— |B(O,R)|< R3—R?+1
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