
Coarse Equivalence in Cyclic GroupsK. Buddemeyer, T. Dietrich-Muller, H. Kone, and E. WeirJuly 31, 2007Advisors: Dr. N. Brodskiy and Dr. J. ConantAbstractThis paper summarizes the results from the Summer 2007 Mathemat-ics REU at the University of Tennessee. Knoxville.1 Coarse EquivalenceDe�nition 1.1 Two groups X and Y with metrics d and d′ and maps f : X 7→
Y and g : Y 7→ X are said to be coarsely equivalent if they satisfy thefollowing properties:1. Their compositions are c-close to the identity(a) ∃c such that ∀x ∈ X , d (g ◦ f (x) , x) ≤ c.(b) ∃c such that ∀y ∈ Y , d (f ◦ g (y) , y) ≤ c.2. f and g are ρ-bornologous(a) ∃ρ : R+ 7→ R+ increasing such that ∀x, x′ ∈ X , d (f (x) , f (x′)) ≤

ρ (d (x, x′))(b) ∃ρ′ : R+ 7→ R+ increasing such that ∀y, y′ ∈ Y , d (g (y) , g (y′)) ≤
ρ′ (d (y, y′))De�nition 1.2 A left-invariant metric is called proper if ∀R > 0, |B (0, R)| is�nite.Theorem 1.3 Coarse equivalence is an equivalence relation.Note: We will use ' to denote coarse equivalence.Proof1. Coarse Equivalence is re�exive. For all metric spaces (X, d), ∃ f : X →

X, f = idx where f is ρ-bornologous, with ρ = id. It is clear that f ◦ f isc-close to the identity ∀c > 0. 1



2. Coarse Equivalence is symmetric. X ' Y ⇒ ∃ f : X → Y, g : Y → Xsuch that f, g are ρ-bornologous and ∃ c > 0 where f ◦g, g◦f are c-close tothe identity map. We can simply re-label f and g to complete the proof.3. Coarse Equivalence is transitive. X ' Y, Y ' Z ⇒ ∃ f1 : X → Y, g1 :
Y → X, f2 : Y → Z, g2 : Z → Y where f1, g1, f2, g2 are ρ-bornologousfor some ρ : R+ → R+ and ∃ c > 0 such that d(g1 ◦ f1(x), x) < c, d(f1 ◦
g1(y), y) < c, d(g2 ◦ f2(y), y) < c and d(f2 ◦ g2(z), z) < c.Claim 1: Composition of bornologous maps is bornologous. f1 : X → Y, f2 :
Y → X bornologous ⇒ ∀x, x′ ∈ X and y, y′ ∈ Y ∃ ρ1, ρ2 : R+ → R+ suchthat d(f1(x), f1(x

′)) ≤ ρ1(d(x, x′)) and d(f2(x), f2(x
′)) ≤ ρ2(d(x, x′)).Thus, d(f2 ◦ f1(x), f2 ◦ f1(x

′)) ≤ ρ2(d(f1(x), f1(x
′))). Assuming ρ1, ρ2are increasing, we have ρ2(d(f1(x), f1(x

′))) ≤ ρ2(ρ1(d(x, x′))) = ρ2 ◦
ρ1(d(x, x′)). Therefore, d(f2 ◦ f1(x), f2 ◦ f1(x

′)) ≤ ρ2 ◦ ρ1(d(x, x′)), i.e
f2 ◦ f1 is ρ2 ◦ ρ1-bornologous.For c-closeness, it su�ces to show that g1◦g2◦f2◦f1 ≈c idx for some c > 0. Y '

Z ⇒ d(g2 ◦f2(y), y) ≤ c , ∀y ∈ Y . Let y = f1(x). Then d(g2 ◦f2 ◦f1(x), f1(x)) ≤
c , ∀x ∈ X . g1 is ρ-bornologous ⇒ d(g1 ◦ g2 ◦ f2 ◦ f1(x), g1 ◦ f1(x)) ≤ ρ(d(g2 ◦
f2 ◦ f1(x), f1(x)) ≤ ρ(c). By the triangle inequality, d(g1 ◦ g2 ◦ f2 ◦ f1(x), x) ≤
d(g1 ◦ g2 ◦ f2 ◦ f1(x), g1 ◦ f1(x)) + d(g1 ◦ f1(x), x) ≤ ρ(c) + c. Let c′ = ρ(c) + cand g1 ◦ g2 ◦ f2 ◦ f1(x) ≈c′ idx.Theorem 1.4 Let LG = G0 ⊂ G1 ⊂ G2 . . . ⊂ G where G0 = 1 and LH = H0 ⊂

H1 ⊂ H2 . . . ⊂ G where H0 = 1 be two di�erent �ltrations of the group
(G, ∗) by �nite subgroups. Then (G, dLG

) is bijectively coarse equivalentto (G, dLH
).Lemma 1.5 Let f : (G, dLG

) → (G, dLH
) where f(g) = g, ∀g ∈ G. For all

x, y ∈ G, dLG
(x, y) = min{i|x−1y ∈ Gi} and dLH

(x, y) = min{i|x−1y ∈
Hi}. Let dLG

(x, y) = n. For all n, ∃ i such that Gn ⊂ Hi. Let ρ(n) =
min{i|Gn ⊂ Hi}.Then ρ : N → N is an increasing function.Proof of Lemma: Since LG is a �ltration, ∀n, k ∈ N, Gn ⊂ G(n+k). By thede�nition of ρ, Gn ⊂ Hρ(n). Likewise, Gn+k ⊂ Hρ(n+k).Claim 1: ∀n, k ∈ N, Hρ(n) ⊂ Hρ(n+k).Proof of Claim: Suppose this claim was not true. Then we would haveHρ(n+k)strictly contained in Hρ(n). So, Gn ⊂ Gn+k ⊂ Hρ(n+k) ⊂ Hρ(n) where

Hρ(n+k) 6= Hρ(n)But, Gn ⊂ Hρ(n+k) ⊂ Hρ(n) where Hρ(n+k) 6= Hρ(n) is a contradiction ofthe de�nition that Hρ(n) is the smallest Hi such that Gn ⊂ Hi.Thus, we have ∀n, k ∈ N, Hρ(n) ⊂ Hρ(n+k). So, because LH is a �ltration,
ρ(n) ≤ ρ(n + k). Therefore, ρ is an increasing function.2



Proof of Theorem 1.4: Again, let f : (G, dLG
) → (G, dLH

) where f(g) =
g, ∀g ∈ G. For all x, y ∈ G, dLG

(x, y) = min{i|x−1y ∈ Gi} and dLH
(x, y) =

min{i|x−1y ∈ Hi}. Let dLG
(x, y) = n. For all n, ∃ i such that Gn ⊂ Hi.Let ρ(n) = min{i|Gn ⊂ Hi}. By Lemma 1.3, we have ρ(n) is an increas-ing function.Claim 2: dLH

(x, y) = min{i|x−1y ∈ Hi} ≤ min{i|Gn ⊂ Hi} = ρ(n) =
ρ(dLG

(x, y)).Proof of Claim: Let k = dLH
(x, y). So, k = dLH

(x, y) ≤ ρ(n) ⇒ Hk ⊂ Hρ(n).If this were not true, then Hρ(n) ⊂ Hk with Hρ(n) 6= Hk. But this wouldcontradict the assumption that Hk is the smallest Hi containing x−1y.So, ∀x, y ∈ G, dLH
(x, y) ≤ ρ(dLG

(x, y)). Here, we have shown that f is ρ-bornologous with ρ(n) = min{i|Gn ⊂ Hi}. f is the identity function on G,therefore a bijection with f = f−1. By the same reasoning as above, f−1 is
ρ′-bornologous with ρ′(n) = min{i|Hn ⊂ Gi}. Thus, (G, dLG

) is bijectivelycoarse equivalent to (G, dLH
).2 Classifying Basic Groups Up To Coarse Equiv-alenceExample 2.1 X =

⊕

∞
Z2

coarse
'

⊕∞

i=2 (Z2)i = YProof: ⊕∞

i=2 (Z2)i is the same as 0⊕
⊕∞

i=2 (Z2)i. So using the dLmetric, ∀x ∈ Xwhere x = {x1, x2, x3, . . . , xn} and ∀y ∈ Y where y = {0, y2, y3, . . . , yn}:
f : X 7→ Y

f(x1, x2, x3, . . . , xn) = {0, x2, x3, . . . , xn}

g : Y 7→ X

g(y) = yBy this mapping, f ◦g = idY and g◦f
1
≈ idX , since any value input will onlydi�er in the �rst digit. d (f (x) , f (x′)) ≤ d (x, x′), since if the point of di�erenceis at x2or above, the distance is the same. If the point of di�erence is at x1, thedistance between the two points is zero. d (g (y) , g (y′)) = d (y, y′), since g is theidentity. So the conditions of c-closeness (where c=1) and ρ-bornologousness aresatis�ed, thus X

coarse
' Y .Example 2.2 Z3 ⊕

⊕∞

i=2 (Z2)i

coarse
'

⊕∞

i=2 (Z2)iProof: Same as Example 2.1, with the �rst Z2replaced with a Z3.Example 2.3 X = Za

⊕

∞
Zc

coarse
' Zb

⊕

∞
Zc = Y3



Proof: Using the dL metric, ∀x ∈ X where x = {x1, x2, x3, . . . , xn} and ∀y ∈ Ywhere y = {y1, y2, y3, . . . , yn}:
f : X 7→ Y

f(x1, x2, x3, . . . , xn) = {0, x2, x3, . . . , xn}

g : Y 7→ X

g(y1, y2, y3, . . . , yn) = {0, y2, y3, . . . , yn}By this mapping, f◦g 1
≈ idY and g◦f

1
≈ idX , since the only point of di�erenceinduced by the compositions is on the �rst digit. d (f (x) , f (x′)) ≤ d (x, x′),since no new points of di�erence are introduced by f , and likewise for g. Thus

X
coarse
' Y .Example 2.4 X =

⊕n

i=1 (Za)i

⊕
G

coarse
'

⊕n

i=1 (Zb)i

⊕
G = YProof: G is an in�nite group, which can be represented in the direct sum as

g ∈ G. So using g as the last element in the dL �ltration, we have the following:
f : X 7→ Y

f(x1, x2, . . . , xn, ga) = {0, 0, 0, . . . , ga}

g : Y 7→ X

g(y1, y2, . . . , yn, gb) = {0, 0, 0, . . . , gb}Both f ◦g and g◦f are n-close to the identity, and d (f (x) , f (x′)) ≤ d (x, x′),since any points of di�erence other than ga are made the same. A similarargument holds for g. Thus X
coarse
' Y .Example 2.5 X = H1

⊕
G

coarse
' H2

⊕
G = YProof: Let H1, H2be �nite groups. For some �nite n, h ∈ H1can be repre-sented as {h1, h2, . . . , hn}, and similarly for g ∈ H2. By an argument similar toExample 2.4, the two groups are then coarsely equivalent.3 MetricsLemma 3.1 If d is a proper left invariant metric, then f is increasing, f(0) = 0and f is concave ⇒ f (d) is a proper left invariant metric.Proof For, we just need to check the triangle inequality: f(d(x, z)) ≤ f(d(x, y)+

d(y, z)) ≤ f(d(x, y)) + f(d(y, z)).Lemma 3.2 For any set A and a metric space (X, d), we can de�ne a metric on
A by de�ning a injective function f : A → X by d′(x, y) = d(f(x), f(y))where x, y ∈ A. d′ is proper left invariant ⇔ f is linear.4



Proof Since f is injective then x 6= y and d′(x, y) = 0 is remote. We justneed to check the triangle inequality again: d′(x, z) = d(f(x), f(z)) ≤
d(f(x), f(y)) + d(f(y), f(z)) = d′(x, y) + d′(y, z)

f linear ⇔ f(x − y) = f(x) − f(y) ⇔ d′(x, y) = d(f(x), f(y)) = d(0, f(y) −
f(x)) = d(0, f(y − x)) = d′(0, y − x)3.1 Metric on Q2/ZCreate a �ltration on Q2/Z as follows:L : 0 ⊂

〈
1
2

〉
⊂

〈
1
4

〉
⊂ . . . ⊂

〈
1
2k

〉,where k ∈ N. De�ne distance as dL(x, y) = min {i ||x − y| ∈ Gi } . Positivede�niteness and symmetry follow from the de�nition of distance, leaving thetriangle inequality to show that this is a metric.Proof of triangle inequality: ∀m
2j , n

2k , p
2l ∈ Q2/Z, show that:

d
(m

2j
,

p

2l

)

≤ d
(m

2j
,

n

2k

)

+ d
( n

2k
,

p

2l

) (1)This means that it must be shown that max {j, l} ≤ max {j, k}+max {k, l}.Assuming j ≤ k ≤ l, this reduces to showing that l ≤ k + l, which is true.Assuming j ≤ l ≤ k, this reduces to showing that l ≤ k + k, which is true,since k ≥ l.Assuming k ≤ l ≤ j, this reduces to showing that j ≤ j + l, which is true.Assuming k ≤ j ≤ l, this reduces to showing that l ≤ j + l, which is true.Assuming l ≤ j ≤ k, this reduces to showing that j ≤ k + k, which is true,since k ≥ j.Assuming l ≤ k ≤ j, this reduces to showing that j ≤ j + k, which is true.So the triangle inequality holds.It must also be shown that the metric is proper and left-invariant. Leftinvariance is obvious since the distance is de�ned by subtracting two points.Properness is easily shown, since each �ltration can have only 2k − 1 elementsof the form m
2k before it cycles back because of mod Z.3.2 Ultrametric on Q/ZCreate a �ltration on Q/Z as follows: L : 0 ⊂

〈
1
2

〉
⊂

〈
1
2 , 1

3

〉
⊂

〈
1
2 , 1

3 , 1
4

〉
⊂ . . . ⊂

〈
1
2 , 1

3 , 1
4 , . . . , 1

n

〉where n ∈ N. De�ne distance as dL(x, y) = min {i ||x − y| ∈ Gi }.One can make similar arguments as for the triangle inequality in 3.2, notingthat the di�erence of any x, x′ who belong to Ga, Gb respectively where a ≤ bis itself an element of Gb. Using this, the same arguments for maxima apply.Also similarly, left-invariance is obvious, and properness comes from the mod
Z, since any �ltration cannot have more than n − 1 elements of the form m

n
.

5



3.3 Metric on QDe�ne the dL metric as in 3.3, but instead of measuring distance strictly by thatmetric, set d (x, y) = |x − y| + dL. Again, positive de�niteness and symmetryare clearly properties of this metric, and the triangle inequality can be shownin a similar way to 3.3, as can left invariance. The properness of the metric,however, is not obvious.One can conjecture that since the metric on Q2 is proper such that|B (0, R)| ≤
(
R ∗ 2 ∗ 2R

), Q should be similarly proper.3.4 Metrics on ZLemma 3.5.1 Any proper left invariant metric on Z comes from applying afunction to the usual Euclidian metric of Z.Proof Let d be an arbitrary proper left invariant on Z, then d(x, y) = d(0, y−x)and ∃f : Z → R such that d(0, s) = f(s). But f(−s) = d(0,−s) =
d(s, 0) = d(0, s) = f(s), so d(0, y − x) = f(|y − x|).4 Maps4.1 The Binary MappingOne strategy used to try to �nd a mapping between ⊕

∞
Z2 and ⊕

∞
Z3wasto use the idea of binary numbers in ⊕

∞
Z2 to create a map between thetwo groups. Instead of taking each position of ⊕

∞
Z2 on its own, pairs ofones and zeroes were used to map onto ⊕

∞
Z3. So for x ∈

⊕

∞
Z2 where

x = {x1, x2, x3, x4, . . . , xn, . . .}, x1and x2 would be mapped onto one position in⊕

∞
Z3, as would x3 and x4, and so forth. The following maps were considered:

f :
⊕

∞
Z2 7→

⊕

∞
Z3

yn = f (x2n, x2n+1) =
{

x2n + x2n+1

g :
⊕

∞
Z3 7→

⊕

∞
Z2

{x2n, x2n+1} = g (yn) =







{0, 0} if

{0, 1} if

{1, 1} if

yn = 0
yn = 1
yn = 2The primary issue with this mapping is that the compositions of these functionsunder the dL metric are not c-close to the identity. The pair {1, 0}is alwaysmapped to {0, 1}, which creates a distance between an element x in ⊕

∞
Z2and g ◦ f(x) that can be arbitarily large, depending on the position of theoriginal {1, 0} pair. Any similar mapping that attempts to �x this problem stillultimately ends up mapping two distinct pairs in ⊕

∞
Z2 to the same pair in

⊕

∞
Z3, causing similar problems with c-closeness.6



While this mapping ultimately does not help in proving or disproving coarseequivalence between ⊕

∞
Z2 and ⊕

∞
Z3, it does give a more intuitive sense ofsome of the distinctions between the two groups that might indicate that theyare not coarsely equivalent.4.2 ⊕

∞
Z2 and Q2/ZProposition (

⊕

∞
Z2, dL)is bijectively isometric, and therefore coarsely equiv-alent, to (

Q2/Z, 1
2k

).Proof: Let f map ⊕
Z2 onto Q2/Z, and g map Q2/Z onto ⊕

∞
Z2.De�ne f as follows: for ∀x ∈

⊕

∞
Z2, take the string x′ = {x1, x2, . . . , xk}, where

xk is the last nonzero digit of x, and k is the length of the string. Measure thevalue of the binary string x′ and take m to be the decimal representation of thisvalue (ie, m = 5 for x′ = {0, 1, 0, 1}). Map x to m
2k .De�ne g as the inverse of f, meaning that ∀y ∈ Q2/Z, where y can berepresented as m

2k , map y to a string x′of length k with binary value m. Set xequal to x′with all positions to the right of x′ �lled with zeroes.Note that the map takes every binary string to a unique element of Q2/Z.All possible values of k are represented by the mapping, and since the last digitof the binary string must be a one, only odd values are sent to m (avoiding thepossibility of mapping to an unreduced m
2k ). Also, a binary string of length kcan represent any integer between 0 and 2k − 1 inclusive. This means that nobinary strings are mapped to fractions greater than or equal to 1. Because ofthese properties, g ◦ f(x) = idY and f ◦ g(y) = idX , so the maps are 0-close tothe identity.It remains to be shown that the functions are ρ-bornologous. One can easilysee that the �ltrations on the two groups are actually the same de�nition ofdistance: the group generated by 1

2k is the same as a binary string of length k.So d (f (x) , f (x′)) = d (x, x′), and similarly for g.5 Polynomial Growth5.1 Linear GrowthLemma 5.3.1 Z has linear growthProof It's su�cient to look at the Euclidian metric, the other metrics justdepend upon it. x ∈ B(0, r) ⇒ d(0, x) = |x − 0| = |x| ≤ r. So we have
−r,−r + 1, ..., 0, ....r − 1, r
︸ ︷︷ ︸

2r+1elements

.Remark that if r is not an integer then will be looking at the ball of radius [r]and in this case we'll have at least (2r − 1) elements: still linear.For any proper left invariant metric d′ on Z , d′(0, x) ≤ d′(0, 1) + .....d′(x −
1, x) = |x|d′(0, 1) = k|x|. 7



5.2 Quadratic GrowthDe�nition 5.4.1 Let X be a group.
X is said to have quadratic growth if for any left invariant metric d on X ,
|B(0, r)| ≥ q(r) where q is a quadratic function.Lemma 5.4.2 Z ⊕ Z has quadratic growth.Proof Let d′ be a left invariant metric on Z ⊕ Z. Then
d′((0, 0), (x, y)) ≤ d′((0, 0), (0, 1)) + .... + d′((0, y − 1), (0, y))

+d′((0, y), (1, y))+...d′((x−1, y), (x, y)) = |x|d′((0, 0), (0, 1))+|y|d′((0, 1), (1, 0))
≤ (|x| + |y|)max{u, v}where u = d′((0, 0), (0, 1)) and v = d′((0, 0), (1, 0))So calling d(x, y) = |x|+ |y|(taxicab metric), we have |Bd(0, r/ max{u, v}| ≤

|Bd′(0, r)| and since |Bd(0, r/ max{u, v}| has quadratic growth, that completesthe proof.Theorem 5.4.3 Z ⊕ Z.... ⊕ Z
︸ ︷︷ ︸

ntimes

, has order nth order growth.Proof Same as the the previous 2 above.6 Property ?De�nition 6.1 We say that a metric space (X, d) has property ? if ∀s >
0, ∃ x0 ∈ X, r > 0 such that X \ B(x0, r) is not s-connected.Example Z with any proper invariant metric has property ?. That is, ∀s >
0, ∃ B(x0, r), r > 0, x0 ∈ Z such that Z \ B(x0, r) is not s-connected.Example Zn, for n ≥ 2, however, has ∼ ?: ∃s > 0 such that Zn \ B(y0, R) is
s-connected ∀y0 ∈ Zn, ∀R > 0. Speci�cally, Zn \B,where B is any ball, is
s-connected ∀s ≥ 1.6.1 Asymptotic DisconnectednessDe�nition 6.1.1 A metric space (X, d) is said to be asymptotically discon-nected if ∀c > 0, X is not c-connected.Theorem 6.1.2 For all metric spaces (X, dX) and (Y, dY ), X ' Y ⇒ X isasymptotically disconnected ⇐⇒ Y is asymptotically disconnected.Proof Assume X ' Y . Then ∃ f : X → Y, g : Y → X where f, g are ρ-bornologous and f◦g ≈k idy, g◦f ≈k idx. Assume Y is not asymptoticallydisconnected. Then ∃ c > 0 such that ∀y, y′ ∈ Y, ∃ {y = y1, y2, . . . yn =
y′} ⊂ Y where ∀ 1 ≤ i < n, d(yi, yi+1) ≤ c. Since g : Y → X is ρ-bornologous ∀x, x′ ∈ g(Y ), ∃ {x = g(y1), g(y2), . . . g(yn) = x′} where8



∀ 1 ≤ i < n, d(g(yi), g(yi+1)) ≤ ρ(c). Since g ◦ f ≈k idx, ∀x ∈ X, x 6∈
g(Y ), ∃ g ◦ f(x) ∈ g(Y ) where d(x, g ◦ f(x)) ≤ k. Let c′ = max{ρ(c), k}and X is c′-connected. A symmetric argument shows Y is asymptoticallydisconnected ⇒ X is asymptotically disconnected.6.2 Z and ZnTheorem 2.1 Z 6' Zn.Proof Suppose that Z ' Zn. Then, ∃ f : Z → Zn, g : Zn → Z where f, g are ρ-bornologous and f ◦g ≈c idZn and g◦f ≈c idZ. Without loss of generality,we may assume ρ is strictly increasing, so that t1 > t2 ⇐⇒ ρ(t1) > ρ(t2)for t1, t2 ∈ R+.Let B = B(0, r) be a ball in Z so that Z \ B is not (ρ(1) + c)-connected.Claim 1: We can �nd a ball, B′ ⊂ Zn, with the property that for all 1-chains
{y1, y2, . . . yk} ⊂ Zn \ B′, d(g(yi), 0) > r, ∀ i.Proof of Claim: The triangle inequality provides the following result for allmetric spaces (X, d) : d(x, z) ≤ d(x, y)+d(y, z) ⇒ d(x, y) ≥ d(x, z)−d(z, y)and d(z, y) ≤ d(x, y) + d(x, z) ⇒ d(x, y) ≥ d(z, y)− d(x, y). Putting theseresults together, we obtain: d(x, y) ≥ |d(x, z) − d(z, y)|.Hence, ∀ y ∈ Zn: |d(y, f(0)) − d(f ◦ g(y), y)| ≤ d(f ◦ g(y), f(0)) ≤ ρ(d(g(y), 0)).Based on the c-closeness property of the coarse equivalence between Z and Zn,

d(f ◦ g(y), y) ≤ c. Assuming d(y, f(0)) ≥ c, we obtain d(y, f(0)) − c ≤ ρ(t),where t = d(g(y), 0). For g(y) to lie outside of B ⊂ Z, it is necessary that
t > r. This is guaranteed if we suppose d(y, f(0))− c > ρ(r). This implies that
ρ(t) > ρ(r), and ρ is strictly increasing implies t > r. Let S = ρ(r) + c. Thus,
d(y, f(0)) > S ⇐⇒ y ∈ Zn \ B′, where B′ = B(f(0), S) ⊂ Zn.Claim 2: ∃ S such that S − c ≤ ρ(t) ⇒ t > r.Proof of Claim: If there is no t such that t > r, we can choose an S so that

S − c < ρ(t). Then, S − c ≤ ρ(t) ⇒ t > r is vacuously true. On theother hand, if there is some t0 such that t0 > r, let S = ρ(t0) + c. Then,
S − c = ρ(t0) + c − c = ρ(t0) ≤ ρ(t). Since ρ is strictly increasing, thisimplies that t0 ≤ t. And since t0 > r, t > r.So we have shown that there does exist some ball B′ = B(f(0), S) ⊂ Zn withthe property that ∀ 1-chains {y1, y2, . . . yk} ⊂ Zn \ B′, d(g(yi), 0) > r ∀i. Nowchoose x, x′ ∈ Z \ B, which are su�ciently far from 0 to allow f(x), f(x′) ∈

Zn\B′. We know this is possible because the set Z is unbounded, while f−1(B′)is bounded. In Zn \ B′, we can connect f(x) and f(x′) by a 1-chain: {f(x) =
y1, y2, . . . yk = f(x′)} ⊂ Zn \ B′ where ∀1 ≤ i < k, d(yi, yi+1) ≤ 1. Therefore,
{g ◦ f(x) = g(y1), g(y2), . . . g(yk) = g ◦ f(x′)} is a ρ(1)-chain that lies in Z \ B.Because g ◦ f(x) ≈c idZ, the chain {x, g ◦ f(x), g(y2), . . . g(yk−1), g ◦ f(x′), x′} ⊂9



Z \B is a (ρ(1) + c)-chain, connecting x to x′. This is a contradiction, because
Z has property ?.Thus, ∀n ≥ 2, Z 6' Zn.Property ?, or equivalently, ∼ ?, is invariant under coarse equivalence fortwo metric spaces, in general. That is, (X, dx) ' (Y, dy) ⇒ (X, dx) has ? ⇐⇒
(Y, dy) has ?.
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