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Abstract

This paper summarizes the results from the Summer 2007 Mathemat-
ics REU at the University of Tennessee. Knoxville.

1 Coarse Equivalence

Definition 1.1 Two groups X and Y with metrics d and d’ and maps f : X —
Y and g : Y — X are said to be coarsely equivalent if they satisfy the
following properties:

1. Their compositions are c-close to the identity

(a) Je such that Vo € X, d(go f (z),x)
(b) Jc such that Vy € Y, d(fog(y),y)

C.

IN A

c.
2. f and g are p-bornologous

(a) 3p : RT — RT increasing such that Vz,2’ € X, d(f (z), f(2)) <
p(d(z,2"))

(b) 3p' : RY — R* increasing such that Vy,y’ € Y, d(g9(y),9(¥')) <
P (d(y,y))

Definition 1.2 A left-invariant metric is called proper if VR > 0, |B (0, R)| is
finite.

Theorem 1.3 Coarse equivalence is an equivalence relation.
Note: We will use ~ to denote coarse equivalence.
Proof

1. Coarse Equivalence is reflexive. For all metric spaces (X,d),3f : X —
X, f =id; where f is p-bornologous, with p = id. It is clear that f o f is
c-close to the identity Ve > 0.



2. Coarse Equivalence is symmetric. X ~Y = 3f: X —-Y,g: Y — X
such that f, g are p-bornologous and 3¢ > 0 where fog, go f are c-close to
the identity map. We can simply re-label f and g to complete the proof.

3. Coarse Equivalence is transitive. X ~Y,Y ~Z = 3f1 : X - Y, ¢ :
Y - X, fo:Y — Z,go: Z — Y where f1,91, fo,g2 are p-bornologous
for some p : Ry — Ry and J¢ > 0 such that d(g1 o f1(z),z) < ¢, d(f10
91(y),y) <, d(g2 0 fa(y),y) < c and d(fz 0 g2(2), 2) < c.

Claim 1: Composition of bornologous maps is bornologous. fi1 : X — Y, fa:
Y — X bornologous = Vz,2’ € X and y,y’ € Y I p1,p2 : Ry — Ry such
that d(f1(x), f1(2)) < pi(d(z,2")) and d(f2(z), fa(2)) < pa(d(z,2")).
Thus, d(f2 o fi(z), f2 o fi(2)) < p2(d(fi(2), f1(2'))). Assuming p1, s
are increasing, we have pa(d(f1(z), f1(2"))) < p2(p1(d(z,2'))) = p2 o
pr(d(z, 2')). Therefore, d(f o f1(2), f o fi(2)) < pr o pr(d(z, o)), e
f2 0 f1is p2 o p1-bornologous.

For c-closeness, it suffices to show that g1 0gs0 foo f1 =, id, for somec > 0. Y ~
Z = d(ga0 f2(y),y) <c,Vy €Y. Let y = fi(x). Then d(g20 fao f1(x), f1(x)) <
¢,Yo € X. g1 is p-bornologous = d(g1 0 g2 o f2 o f1(x),91 o fi(z)) < p(d(g2 o
f20 fi(2), f1(2)) < plc). By the triangle inequality, d(gy 0 g2 o f> © f1(x),v) <
d(g1ogao fao fi(x),q10 f1(x)) + d(g1 o fi(z),z) < p(c) +c. Let ¢/ = p(c) +¢
and g1 0 ga o fo o f1(x) e idy.

Theorem 1.4 Let Lo =Gy C Gy C Gy... C Gwhere Go =1and Ly = Hy C
H, C Hy... C G where Hy = 1 be two different filtrations of the group
(G, *) by finite subgroups. Then (G, d.) is bijectively coarse equivalent
to (G, dEH)-

Lemma 1.5 Let f : (G,dg,) — (G,dg,,) where f(g9) = g, Vg € G. For all
x,y € Gydeg (z,y) = min{ilz™ y € G;} and dg, (z,y) = min{i|z~ 1y €
H;}. Let deo(z,y) = n. For all n,3 ¢ such that G,, C H;. Let p(n) =
min{i|G,, C H;}.Then p: N — N is an increasing function.

Proof of Lemma: Since Lg is a filtration, ¥n,k € N, Gy, C G(n4r). By the
definition of p, G, C H,,). Likewise, Gy1x C Hjnir)-

Claim 1: Vn, k € N, Hp(n) C Hp(n+k)-

Proof of Claim: Suppose this claim was not true. Then we would have H )
strictly contained in H,(,). S0, Gy, C Gnikx C Hpnir) C Hpn) where

Hp(nk) 7 Hp(n)

But, Gy, C Hynir) C Hpny where Hy,q1) # Hp(n) is a contradiction of
the definition that H ) is the smallest H; such that G\, C H;.

Thus, we have Vn,k € N, H,,y C H,pqr). So, because Ly is a filtration,
p(n) < p(n+ k). Therefore, p is an increasing function.



Proof of Theorem 1.4: Again, let f : (G,dz,) — (G,dz,) where f(g) =
g,Vg € G. Forallz,y € G,d¢,(z,y) = min{i|z~ 'y € G;} and dg,, (z,y) =
min{i|z~'y € H;}. Let dz(x,y) = n. For all n,3 i such that G,, C H;.
Let p(n) = min{i|G, C H;}. By Lemma 1.3, we have p(n) is an increas-
ing function.

Claim 2: d¢, (v,y) = min{ilz~'y € H;} < min{i|G,, C H;} = p(n) =
pldeg (x,y)).

Proof of Claim: Let k = d.,, (z,y). So, k =dc, (z,y) < p(n) = H, C Hypy.
If this were not true, then H,,) C Hy with H,,) # Hy. But this would
contradict the assumption that Hj, is the smallest H; containing z~ly.

So, Va,y € G,de, (z,y) < p(dee(z,y)). Here, we have shown that f is p-
bornologous with p(n) = min{i|G,, C H;}. f is the identity function on G,
therefore a bijection with f = f~!. By the same reasoning as above, f~! is
p'-bornologous with p'(n) = min{i|H, C G;}. Thus, (G,d,.) is bijectively
coarse equivalent to (G, dg,, ).

2 Classifying Basic Groups Up To Coarse Equiv-
alence

coarse

Example 2.1 X =@ 2> ~ @2, (Zs); =Y

Proof: @.°, (Zs), is the same as 0@, (Z2),. So using the d£ metric, Vz € X
where © = {z1,x2,3,...,2,} and Vy € Y where y = {0,y2,¥ys,...,Yn}:

f:X—Y
f(l'l,fEQ,ng,...,.’L’n) :{0,$2,$3,...,.’En}
g:Y— X

gy) =y

By this mapping, fog = idy and go f ~ idx, since any value input will only
differ in the first digit. d(f (z), f (2’)) < d(z,z’), since if the point of difference
is at zo0r above, the distance is the same. If the point of difference is at x1, the
distance between the two points is zero. d (g (y), g (y")) = d (y,y’), since g is the
identity. So the conditions of c-closeness (where c=1) and p-bornologousness are

satisfied, thus X Xy,

coarse

Example 2.2 Z3 & @2, (Z2), ~ DBy (Z2),

Proof: Same as Example 2.1, with the first Zoreplaced with a Zs.

coarse

Example 2.3 X =Z, P Z. =~ LD Z.=Y



Proof: Using the d£ metric, Vo € X where x = {x1,z2,23,..., 2, and Vy € Y
where Yy = {y17y27y37 e 7yn}:

f: X—Y

f(.Il,iEQ,Ig,...,xn) = {07x25I3a"'7xn}
g:Y—X

g(y17y27y37"'7yn) = {07y27y37"'7yn}

1 1

By this mapping, fog = idy and gof = idx, since the only point of difference
induced by the compositions is on the first digit. d(f (z), f (2')) < d(z,2'),
since no new points of difference are introduced by f, and likewise for g. Thus

coarse
~

X >

coarse

Example 2.4 X = @?:1 (Za), G =~ @?:1 (Zo), DG =Y

Proof: G is an infinite group, which can be represented in the direct sum as
g € G. So using g as the last element in the dL filtration, we have the following:

f: X—Y

f(-Il;IQa"'vxnvga) = {050705"'590.}
g:Y—X

g(y17y27"'7ynugb) = {070707"'7917}

Both fog and go f are n-close to the identity, and d (f (x), f (') < d (z,2'),
since any points of difference other than g, are made the same. A similar
coarse

argument holds for g. Thus X ~ Y.

coarse

Example 2.5 X =H PG ~ H, PG=Y

Proof: Let H;p, Hibe finite groups. For some finite n, h € Hjcan be repre-
sented as {h1, ho, ..., hy,}, and similarly for g € Hs. By an argument similar to
Example 2.4, the two groups are then coarsely equivalent.

3 Metrics

Lemma 3.1 If d is a proper left invariant metric, then f is increasing, f(0) =0
and f is concave = f (d) is a proper left invariant metric.

Proof For, we just need to check the triangle inequality: f(d(z,2)) < f(d(x,y)+
d(y,z)) < fld(z,y)) + f(d(y, 2)).

Lemma 3.2 For any set A and a metric space (X, d), we can define a metric on
A by defining a injective function f : A — X by d'(z,y) = d(f(x), f(y))
where z,y € A. d' is proper left invariant < f is linear.



Proof Since f is injective then z # y and d'(z,y) = 0 is remote. We just
need to check the triangle inequality again: d'(z,z) = d(f(z), f(z)) <
d(f(z), f(y)) +d(f(y), f(2)) = d'(z,y) + d'(y, 2)

f linear & f(z —y) = f(z) — f(y) & d'(z,y) = d(f(z), f(y)) = d(0, f(y) —
f(,T)) = d(ov f(y - LL‘)) = d/(ovy - ‘T)

3.1 Metric on Q3/Z

Create a filtration on Q3/Z as follows:£ : 0 C <%> C <%> C ... C <2lk>,
where k € N. Define distance as dL(z,y) = min{i||z —y| € G;}. Positive
definiteness and symmetry follow from the definition of distance, leaving the
triangle inequality to show that this is a metric.

Proof of triangle inequality: Vg7, 5%, 37 € Q2/Z, show that:
m p m n n p
1(55) <4(530) 4 (5 5) @

This means that it must be shown that max {j,!} < max {7, k} + max {k,[}.

Assuming j < k <, this reduces to showing that | < k 4 [, which is true.

Assuming j <[ < k, this reduces to showing that [ < k + k, which is true,
since k > [.

Assuming k <1 < j, this reduces to showing that j < j + [, which is true.

Assuming k < j <, this reduces to showing that [ < j + [, which is true.

Assuming I < j < k, this reduces to showing that j < k + k, which is true,
since k > j.

Assuming [ < k < j, this reduces to showing that j < j + k, which is true.

So the triangle inequality holds.

It must also be shown that the metric is proper and left-invariant. Left
invariance is obvious since the distance is defined by subtracting two points.
Properness is easily shown, since each filtration can have only 25 — 1 elements
of the form J¢ before it cycles back because of mod Z.

3.2 Ultrametric on Q/Z

Create a filtration on Q/Z as follows: £:0C (2) C (3,3) C(3,3,3)C...C

(3,45, L)where n € N. Define distance as dL(z,y) = min {i ||z — y| € G; }.
One can make similar arguments as for the triangle inequality in 3.2, noting
that the difference of any x, 2’ who belong to G, G} respectively where a < b
is itself an element of Gp. Using this, the same arguments for maxima apply.
Also similarly, left-invariance is obvious, and properness comes from the mod

Z, since any filtration cannot have more than n — 1 elements of the form .



3.3 Metric on Q

Define the d£ metric as in 3.3, but instead of measuring distance strictly by that
metric, set d (z,y) = |x — y| + dL. Again, positive definiteness and symmetry
are clearly properties of this metric, and the triangle inequality can be shown
in a similar way to 3.3, as can left invariance. The properness of the metric,
however, is not obvious.

One can conjecture that since the metric on Qs is proper such that|B (0, R)| <
(R * 2 % 23), Q should be similarly proper.

3.4 Metrics on Z

Lemma 3.5.1 Any proper left invariant metric on Z comes from applying a
function to the usual Euclidian metric of Z.

Proof Let d be an arbitrary proper left invariant on Z, then d(x,y) = d(0,y—x)
and 3f : Z — R such that d(0,s) = f(s). But f(—s) = d(0,—s) =
d(s,0) = d(0,5) = f(s), so d(0,y — x) = f(|y — ).

4 Maps

4.1 The Binary Mapping

One strategy used to try to find a mapping between @ __ Z, and @ _ Zswas
to use the idea of binary numbers in @_ Z; to create a map between the
two groups. Instead of taking each position of @_ Z; on its own, pairs of
ones and zeroes were used to map onto @_ Zs. So for x €@ Zo where
x = {x1,22,23,%4,...,Tn,...}, rrand zo would be mapped onto one position in
D, Zs, as would x5 and x4, and so forth. The following maps were considered:

[ @ula— Do s
Yn = f (220, Tan41) = {xzn + Tont1
9: Do Zs— Dy L2
{0,0} if gy, =0

{zon, zont1} = g (yn) = 1 {0,1} if  yn=1
{1,1}y if  Yn=2

The primary issue with this mapping is that the compositions of these functions
under the dL metric are not c-close to the identity. The pair {1,0}is always
mapped to {0,1}, which creates a distance between an element = in @__ Zs
and g o f(z) that can be arbitarily large, depending on the position of the
original {1,0} pair. Any similar mapping that attempts to fix this problem still
ultimately ends up mapping two distinct pairs in @ Z2 to the same pair in
@D, Zs, causing similar problems with c-closeness.



While this mapping ultimately does not help in proving or disproving coarse
equivalence between @ __ Zo and @ __ Zs, it does give a more intuitive sense of
some of the distinctions between the two groups that might indicate that they
are not coarsely equivalent.

4.2 @oo ZQ and QQ/Z

Proposition (@, Zs, dL)is bijectively isometric, and therefore coarsely equiv-
alent, to (QQ/Z, 2%)

Proof: Let f map @ Zs onto Q2/Z, and g map Q2/Z onto @ Zo.

Define f as follows: for Vo € @__ Zs, take the string 2’ = {1, 22, ..., 21}, where
xy, is the last nonzero digit of z, and k is the length of the string. Measure the
value of the binary string 2’ and take m to be the decimal representation of this
value (ie, m = 5 for ' = {0,1,0,1}). Map z to .

Define g as the inverse of f, meaning that Vy € Qo/Z, where y can be
represented as ¢, map y to a string 2'of length k with binary value m. Set x
equal to z’with all positions to the right of 2’ filled with zeroes.

Note that the map takes every binary string to a unique element of Q2 /Z.
All possible values of k are represented by the mapping, and since the last digit
of the binary string must be a one, only odd values are sent to m (avoiding the
possibility of mapping to an unreduced ). Also, a binary string of length k
can represent any integer between 0 and 2* — 1 inclusive. This means that no
binary strings are mapped to fractions greater than or equal to 1. Because of
these properties, g o f(x) = idy and f o g(y) = idx, so the maps are 0-close to
the identity.

It remains to be shown that the functions are p-bornologous. One can easily
see that the filtrations on the two groups are actually the same definition of
distance: the group generated by zik is the same as a binary string of length k.
Sod(f(x),f(2") =d(x,'), and similarly for g.

5 Polynomial Growth

5.1 Linear Growth
Lemma 5.3.1 Z has linear growth

Proof It’s sufficient to look at the Euclidian metric, the other metrics just
depend upon it. z € B(0,7) = d(0,z) = |x — 0| = |z| < r. So we have
—r,—r+1,...,0,...r—1,7r.

2r+lelements

Remark that if r is not an integer then will be looking at the ball of radius [r]
and in this case we’ll have at least (2r — 1) elements: still linear.

For any proper left invariant metric d’ on Z , d'(0,2) < d'(0,1) + .....d (x —
1,2) = |z|d'(0,1) = k|z|.



5.2 Quadratic Growth
Definition 5.4.1 Let X be a group.

X is said to have quadratic growth if for any left invariant metric d on X,
|B(0, )| > gq(r) where q is a quadratic function.

Lemma 5.4.2 Z @ Z has quadratic growth.

Proof Let d’ be a left invariant metric on Z @ Z. Then

d'((0,0), (z,9)) <d'((0,0),(0,1)) + ... + d'((0, — 1), (0,9))

+d'(( y), (Ly))+..d ((z—1,y), (z,y)) = ||d'((0,0), (0,1))+]yld'((0, 1), (1,0))

< (| + ly]) max{u, v}

where u = d’((0,0), (0,1)) and v = d'((0,0), (1,0))

So calling d(z, y) = |=| + |y|(taxicab metric), we have |By4(0, 7/ max{u,v}| <
|Ba(0,7)| and since |Bg(0,r/ max{u,v}| has quadratic growth, that completes
the proof.

Theorem 5.4.3 Z @ Z.... ® Z, has order n*" order growth.
~—_———

ntimes

Proof Same as the the previous 2 above.

6 Property »

Definition 6.1 We say that a metric space (X,d) has property  if Vs >
0,3 20 € X,r > 0 such that X \ B(zo,r) is not s-connected.

Example Z with any proper invariant metric has property . That is, Vs >
0, 3 B(zo,7),m > 0, 29 € Z such that Z \ B(zo,r) is not s-connected.

Example Z", for n > 2, however, has ~ %: 3s > 0 such that Z™ \ B(yo, R) is
s-connected Vyo € Z™,VR > 0. Specifically, Z" \ B,where B is any ball, is
s-connected Vs > 1.

6.1 Asymptotic Disconnectedness

Definition 6.1.1 A metric space (X,d) is said to be asymptotically discon-
nected if Ve > 0, X is not c-connected.

Theorem 6.1.2 For all metric spaces (X,dx) and (Y,dy), X ~Y = X is
asymptotically disconnected <= Y is asymptotically disconnected.

Proof Assume X ~ Y. Then 3 f : X — Y,g: Y — X where f,g are p-
bornologous and fog =y, idy, gof =}, id,;. Assume Y is not asymptotically
disconnected. Then 3 ¢ > 0 such that Vy,v' € Y, 3{y = y1,y2,...yn =
¥y} CY where V1 < i <mn,dy,yi+1) < c Sinceg:Y — X is p-
bornologous Vz,z' € ¢g(Y), 3 {z = g(y1),9(y2),---9(yn) = z'} where



V1<i<mndgy)gi+)) < plc). Since go f =y idy, Vo € X,z &
g(Y), 3go f(z) € g(Y) where d(z,g o f(z)) < k. Let ¢/ = maz{p(c), k}
and X is ¢-connected. A symmetric argument shows Y is asymptotically
disconnected = X is asymptotically disconnected.

6.2 Z and Z"
Theorem 2.1 Z £ 7.

Proof Suppose that Z ~ Z™. Then, 3 f : Z — Z", g : Z' — Z where f, g are p-
bornologous and fog = idzn and go f . idy. Without loss of generality,
we may assume p is strictly increasing, so that t; > ta <= p(t1) > p(t2)
for ti,tg € R+.

Let B = B(0,r) be a ball in Z so that Z \ B is not (p(1) 4 ¢)-connected.

Claim 1: We can find a ball, B’ C Z", with the property that for all 1-chains
{y1.92, ..y} CZM\ B, d(g(y:),0) > r,Vi.

Proof of Claim: The triangle inequality provides the following result for all
metric spaces (X, d) : d(z, z) < d(z,y)+d(y, z) = d(z,y) > d(x, z)—d(z,y)
and d(z,y) < d(z,y) + d(z,2) = d(z,y) > d(z,y) — d(z,y). Putting these
results together, we obtain: d(z,y) > |d(z, z) — d(z,y)|.

Hence, Vy € Z": |d(y, f(0)) — d(f o g(y), y)| < d(f o g(y), f(0)) < p(d(g(y),0)).
Based on the c-closeness property of the coarse equivalence between Z and Z",
d(f og(y),y) < c. Assuming d(y, f(0)) > ¢, we obtain d(y, f(0)) — ¢ < p(t),
where t = d(g(y),0). For g(y) to lie outside of B C Z, it is necessary that
t > r. This is guaranteed if we suppose d(y, f(0)) — ¢ > p(r). This implies that
p(t) > p(r), and p is strictly increasing implies ¢ > r. Let S = p(r) + ¢. Thus,
d(y, f(0)) > S < yeZ"\ B, where B’ = B(f(0),5) C Z".

Claim 2: 35 such that S —c < p(t) =t > r.

Proof of Claim: If there is no ¢ such that ¢t > r, we can choose an S so that
S —c < p(t). Then, S —c¢ < p(t) = t > r is vacuously true. On the
other hand, if there is some ¢y such that to > r, let S = p(to) + ¢. Then,
S —c=p(ty) +c—c = p(to) < p(t). Since p is strictly increasing, this
implies that tg < t¢. And since to > r, t > r.

So we have shown that there does exist some ball B" = B(f(0),S) C Z"™ with
the property that V 1-chains {y1,y2,...yx} C Z™\ B’, d(g9(y:),0) > r Vi. Now
choose x,2’ € Z\ B, which are sufficiently far from 0 to allow f(z), f(z') €
Z™\ B'. We know this is possible because the set Z is unbounded, while f~1(B’)
is bounded. In Z™ \ B’, we can connect f(z) and f(z') by a 1-chain: {f(x) =
Y1,Y2,---yx = f(@')} € Z™\ B’ where V1 < i < k, d(y;,yi+1) < 1. Therefore,
{go f(x) = 9(y1),:9(y2), - 9(yx) = g o f(2")} is a p(1)-chain that lies in Z \ B.
Because go f(x) =, idyg, the chain {z,go f(z),g(y2),.-.g(yx—-1),g90 f(z'), 2’} C



Z\ B is a (p(1) + ¢)-chain, connecting x to 2’. This is a contradiction, because
Z has property *.

Thus, Vn > 2,7 £ Z".

Property *, or equivalently, ~ %, is invariant under coarse equivalence for
two metric spaces, in general. That is, (X,d,) ~ (Y,dy) = (X, d;) has x <
(Y,d,) has .
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