Hyperbolic geometry 1

First a piece of Euclidean plane geometry. Inversion in a circle C with centre O and radius

r is the following transformation I¢ :

Ic:P [CPT where OP.OPM=r2
Inversion in a straight line C is defined to be Euclidean reflection in C.

Given acircle or straight line C, inversion in C can be applied to all the points of a geometric

object, for example another line or circle.
Exercise. Inversion in C preserves the set {straight lines} [ {dircles}.

Inversion in a circle is not an isometry of Euclidean geometry, but it has the very nice

property of being conformal, i.e. it preserves angles.

We’'d like to invent a new geometry, where inversion in certain circles is an isometry. We

need a new notion of distance. Such a geometry is that of the hyperbolic plane H? .

There are various models of H? in regular use. A convenient model for performing calcu-
lations is the upper half plane model. In this model, the hyperbolic plane consists of all
points in the Cartesian plane whose y-coordinate is positive. The hyperbolic metric is the

1
Euclidean metric scaled by the variable factor ; :

dSh:—.

It’s easy to work out the distance travelled along a “vertical” Euclidean straight line (see the

next figure): the distance from say P = (0, a) to Q = (0, b) is

.
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—dy = logb—loga .
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The boundary of the hyperbolic plane is the X-axis together with a point at infinity. Points

of the boundary of H? aren’tin H?; they’re “infinitely far away”.

The line L; in the figure is a geodesic, i.e. if you want to travel between any two points on

L;, the shortest route is along L; .

Fundamental fact. Inversion in any circle or straight line orthogonal to the Xx-axis is an

isometry of H?.
Such inversions are the analogues of reflections in Euclidean plane geometry.

It follows that the image of L; under any such inversion is also a geodesic. But this image
will be (part of) a circle or straight line orthogonal to the Xx-axis, so the parts of such circles

or straight lines in upper half space are all geodesics. In fact they are the only ones.

Exercise. Find the hyperbolic distance between the points (3, 1) and (3, a) in upper half

space. What happens to this distance as a - o ?

Exercise. Let P = (0,1), Q =(1,1), and let a be the following parametrized path in
H2 from P to Q: a(t)=(t,1) (0<st<1).

Find the length of the path a. Also, using only information given above, find the length of
the geodesic joining P, Q. Compare the two lengths. Hint: draw a picture of the geodesic
in question, and find a suitable circle C such that inversion in C sends the geodesic to a

vertical Euclidean line.

Let’s say that geodesics are parallel if they don’t meet in H? . Observe that in hyperbolic
geometry Euclid’s parallel postulate is violated: the distinct geodesics L3, L4 in the above

figure meet at a point in H? not on the geodesic L, , yet they are both parallel to L, .

If we invert the entire upper half space {(x,y) CRP: y > 0} in the circle with centre
(0, —2) and radius 2, H? is sent conformally to the region inside the circle C with centre

(0, —1) and radius 1, thus providing a new model of the hyperbolic plane, called the



Poincaré disk model of H?. The boundary of this model is the circle C, and the geodesics

are (i) circular arcs orthogonal to C, and (ii) diameters of C.

Tessellation of the Poincaré disk by regular heptagons



Exercise. The figure shows a Euclidean circle of diameter D resting on the X-axis, touching
it at the origin, a vertical geodesic issuing from the origin, and a geodesic with ends at
the origin and the point (a, 0) . Find an expression for the hyperbolic length of the arc
PQ illustrated, in terms of the quantities a, D . Hint: no calculus is required here: find a
suitable geodesic in which to invert, so that the arc PQ is mapped to something whose length

is (almost) self-evident.

The circle of diameter D illustrated above is called a horocycle. Horocycles are not geodesics,
but are important nonetheless. The centre of the horocycle is its point of contact with the

boundary. A Euclidean horizontal line is also a horocycle, with centre at infinity.

Exercise. Find an expression for the hyperbolic length of the geodesic arc PQ illustrated,
in terms of D,,D, and a.

Hint: again, make this easy by inverting in a suitable geodesic.



