


Convection in ternary alloys 239

(@)

HEEL Sy L
e

FIGURE 9. Nonlinear solutions for base case 1(iv). (@) Streamlines associated with the buoyant
convection (solid curves using equal spacing of 0.1 between contours) and isotherms (dashed
curves using equal spacing of 0.25 between contours). (b) Streamlines for the total mass flux
(solid curves) and the total solid fraction (dashed curves using equal spacing of 0.02 between
contours). The diamond shows the location of a primary mush inclusion in the secondary
mushy layer.

solidification at a steady rate V. We have performed a linear stability analysis of this
system and have computed strongly nonlinear convective steady states that develop
from the initial bifurcation. To this end, we have reduced the parameter set by a
combination of scaling and simplifying assumptions to focus exclusively on the role
of convection.

Before discussing our results in more detail, we emphasize two general conclusions
concerning convection in ternary mushy zones. First, we found that the role of
convection could be characterized by two Rayleigh numbers — one for each mushy
layer — that combine all of the effects on the local density induced by changes in
species compositions and the thermal environment. This generalizes the binary case
(see Worster 1997) where the mushy layer can be characterized by a single Rayleigh
number. Secondly, we found that, the tie-line constraint, (2.11), can be generalized
to situations with fluid flow. As noted earlier, this condition is a consequence of
negligible solutal diffusivity and the uniform inlet concentrations that result in the
entire primary layer being constrained to the same tie-line.

Convection in the ternary alloy system is controlled first by the two independent
Rayleigh numbers, but is also influenced by the base state properties such as mushy-
layer thickness and permeability. The overall depth of the combined mushy layers is
dependent primarily on the far-field temperature, while the relative thickness of each
layer, as well as the permeability of each layer, is controlled mainly by the initial
liquid compositions. An array of different base-state configurations were examined.
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Figure 10. Nonlinear solutions for base case 1(v). (a) Streamlines associated with the buoyant
convection (solid curves using equal spacing of 0.1 between contours) and isotherms (dashed
curves using equal spacing of 0.25 between contours). (b) Streamlines for the total mass flux
(solid curves) and the total solid fraction (dashed curves using equal spacing of 0.02 between
contours). The diamond shows the location of a primary mush inclusion in the secondary
mushy layer.

For representative base states, our linear and nonlinear results documented convection
in the ternary alloy system for cases in which: (i) the secondary layer was very stably
stratified and the primary layer was unstably stratified, (ii) the secondary layer was
neutrally stratified and the primary layer was unstably stratified, (iii) both layers were
unstably stratified, (iv) the secondary layer was unstably stratified and the primary
layer was neutrally stratified, and (v) the secondary layer was unstably stratified and
the primary layer was very stably stratified.

The penetration of convection from an unstably stratified layer to a stably stratified
layer was controlled by the strength and location of the unstable stratification and
the permeability contrast between layers. Convection in the primary layer was found
to generally induce a flow (comparable in magnitude) in the liquid layer, but only a
weak flow in the secondary layer. This was particularly notable if the secondary layer
had a much lower permeability. Convection in the secondary mushy layer, however,
generally produced a significant flow in the primary and liquid layers unless the
primary layer (which always had a higher average permeability than the secondary
layer) was sufficiently stably stratified to effectively contain the convection within the
secondary layer.

We found that a sharp stability contrast between primary and secondary layers
leads to smaller-scale convection (in our calculations the smallest scale patterns were
always associated with convection confined to a secondary layer by a very stably
stratified primary mushy layer). It was in these cases where we observed ‘stacked’
convection cells. That is, with convection primarily localized in the unstable layer,
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there was an adjacent set of rolls circulating in the opposite direction in the stably
stratified layer. These stacked rolls were observed consistently in the linear solutions
and the nonlinear solutions. Here we found that along a vertical line through both
mushy layers, the solid fraction perturbation could be negative in one region and
positive in another.

Our nonlinear calculations were consistent with our linear results, but also showed
the further development of the flow at finite amplitude. As with its binary alloy
counterpart, the ternary mushy-layer system is composed of reactive porous media
whose solid matrix may undergo growth or dissolution as a result of transport of heat
and solute by the flow. We have identified two manifestations of this property. First,
for convection driven in the primary mushy layer, we found that nonlinear states
with liquid inclusions in the primary mushy layer were possible. These inclusions
are similar to those identified by Schulze & Worster (1999) for binary alloys. For
convection driven in the secondary layer, we found that nonlinear states with primary
mushy-layer inclusions in the secondary mushy layer (which is composed of dendrites
of one species as well as dendrites of a second species) were possible.

While convection was found to be the result of a nearly vertical bifurcation over
the range of amplitudes where the solid fractions remained positive, the nonlinear
calculations revealed that the bifurcation for convection driven in the primary mushy
layer was supercritical, and that driven in the secondary mushy layer was subcritical.
Since the inclusion first develops where convection is the strongest, liquid inclusions in
the primary layer were associated with supercritical bifurcations and mush inclusions
in the secondary layer were associated with subcritical bifurcations. While this was
true of all the cases we examined, including some not presented here, we emphasize
that this correlation may not hold generally. This would be an interesting topic to
explore with a weakly nonlinear analysis, which would allow for a computationally
more efficient exploration of parameter space. A nonlinear stability analysis would
also confirm that the subcritical solutions are unstable and the supercritical solutions
stable, which is what we would anticipate from other convection problems. If this
is indeed the case, the inclusions that form along a supercritical bifurcation could
be studied experimentally — an option that is apparently unavailable for the binary
system.

There are several additional avenues that warrant further investigation. First, there
is the issue of modelling and calculating solutions with inclusions of primary mush
in the secondary layer. This is a phenomenon unique to the ternary case and may be
somewhat easier to capture than the liquid inclusions characteristic of the binary case
since the governing equations are virtually the same on both sides of the interface.
This situation would require a further generalization of the tie-line constraint so that
each streamline entering such an inclusion would carry its own composition ratio
for the passive species. Secondly, the inclusion of solutal diffusion (where the tie-line
constraint does not apply) may reveal new convective modes not observed here. In
particular, we anticipate that the inclusion of solutal diffusivity in the ternary case
will lead to a second mode of fine-scale convection in the diffusive boundary layer
at the liquid—mush interface analogous to that identified for binary convection by
Worster (1992). In the ternary alloy, Anderson (2003) showed the existence of a
solute boundary layer above the mush-mush interface and we may expect additional
modes associated with this boundary layer. Finally, a detailed analysis of the effects
of thermal convection in the ternary system, as was undertaken for binary alloys by
Chen et al. (1994), as well as the effects of time dependence and three-dimensional
geometry may be both tractable and of interest for ternary alloys.
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