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ABSTRACT. In this paper we systematically study extension ques-
tions in families of commuting operator tuples that are associated
with the unit ball in C.
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1. INTRODUCTION

It is fair to say that the Sz. Nagy dilation theorem is of central im-
portance for the theory of contraction operators on Hilbert spaces. One
version of this theorem states that every contraction on a Hilbert space
can be extended to a co-isometric operator acting on a larger Hilbert
space. Because of the known structure of the co-isometric operators,
this means that one can use the function theory of the Hardy space of
the unit disc to study arbitrary contractions.

Partial extensions of Sz. Nagy’s theorem are available for the study
of tuples of operators. The best known result is Ando’s theorem which
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says that for any pair of commuting contraction operators S and T act-
ing on a Hilbert space H, there is a pair U, V' of commuting co-isometric
operators acting on a larger space K O H such that U extends S and
V extends T', [2]. It is also known that a direct analogue of Ando’s the-
orem fails for three or more commuting contractions. Ando’s theorem
relates the study of commuting contractions to function theory on the
bidisc, while it remains an open problem to find an effective model for
three or more commuting contractions. The spherical contractions and
the row contractions are collections of operator tuples which have been
studied recently and which can be associated with function theory in
the unit ball of C¢. A convenient way to approach many such theorems
is through J. Agler’s model theory (see [1]). In this note we will present
some examples of this model theory for the multivariable context.

The following definition is from [1]. We will assume that all our
Hilbert spaces are separable.

Definition 1.1. Let d > 1. A family is a collection F of d-tuples
T = (T4,..,T,;) of Hilbert space operators, T; € B(H), such that:

(a) F is bounded, i.e. there exists ¢ > 0 such that for all T =
(Ty,..,Ty) € F we have |T;|| < c foralli=1,...,d,

(b) F is preserved under restrictions to invariant subspaces, i.e.
whenever T € F and M C H such that T, M C M for all i, then
TIM e F,

(c) F is preserved under direct sums, i.e. whenever T, € F is a
sequence of tuples, then @®,T, € F,

(d) F is preserved under unital * -representations, i.e. if w : B(H) —
B(K) is a *-homomorphism with w(1) = I and if T = (T1,..,Ty) € F,
then ©(T) = (n(T1),..,m(Ty)) € F.

For d = 1 some examples are given by the families of contractions,
isometries, subnormal contractions, and hyponormal contractions. For
d > 1 we will be interested only in families which consist of commuting
tuples of operators. The family of commuting contractions has already
been mentioned. A tuple (77,...,Ty) is called a spherical isometry if
S |1 Tiz||? = [|]|? for every = € H. It is immediately clear that the
collection of spherical isometries satisfies (a), (b) and (c) of Definition
1.1. Furthermore (d) follows as well, because (11, ...,T,) is a spherical
isometry if and only if Zle TT; = I. We will write F; to denote the
family of commuting spherical isometries.

The spherical contractions Fy. are those commuting d-tuples T' =
(T4, ..,Ty) of Hilbert space operators satisfying Z;lzl T:T; < I. The

collection of adjoint tuples F, consists of the row contractions F,..
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They satisfy

d d
1Y Tyl <> |l || for all @, ..., 24
j=1 j=1

in the Hilbert space. As for the spherical isometries it is easy to check
that both F;. and F,.. = F}. form a family.

Suppose T is an operator tuple acting on a Hilbert space H and R
is a tuple acting on K. We will write R > T if R is an extension of
T, ie. if H C K is a subspace which is invariant for each R;, and if
T; = R;|H for all 4. In this case we will call dim K & H the rank of the
extension. If R =T & B for some operator tuple B, then R is called a
trivial extension of T'.

Definition 1.2. Let F be a family. An operator tuple T € F acting
on H is called an extremal for F if T has only trivial extensions in F,
i.e. whenever R € F satisfies R > T, then 'H reduces R.

We shall write ext(F) for the extremals of the family F.

Theorem. (J. Agler) If F is a family and if T € F, then T can be
extended to a tuple S € ext(F).

The Theorem is stated for families of single operators in [1], but it is
mentioned there that the result also holds in the multivariable context.
For a proof we refer the reader to [14] or the unpublished note [6].

Thus it is an important question to identify the extremals of families
of interest. We note that it is easy to see that the extremals for the
family of contractions are the co-isometric operators, the extremals for
the isometric operators are the unitary operators, and extremals for
the subnormal contractions are the normal contractions. It is unknown
what the extremals for the hyponormal contractions are (see [13]).

Next we discuss some examples for d > 1. Ando’s theorem can be
used to show that the pairs of two commuting co-isometric operators
are extremal for the pairs of commuting contractions. Alternatively,
one can use a one-step extension as in the proof of the commutant
lifting theorem (see [20], page 65) to identify the extremals. In this
case Ando’s theorem follows from the above theorem of Agler’s. It is an
open problem to identify the extremals for the d-tuples of commuting
contractions if d > 2. On the other hand the extremals for the family of
commuting isometries are easily identified as the tuples of commuting
unitary operators. The resulting extension theorem is due to Ito [17]
and Brehmer [9].
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In this paper we will discuss extremals of families that are associated
with the unit ball in C?. A particular emphasis is placed on identify-
ing which spatial and spectral properties of an operator tuple allow
nontrivial extensions.

A tuple U = (Uy, ..., Uy) of commuting operators is called spherical
unitary if Zle UrU; = I and each U, is a normal operator. Our first
Theorem is the following.

Theorem 1.3. Let Fy; be the family of commuting spherical isometries,
then ext(Fy;) equals the collection of commuting spherical unitaries.

The resulting extension theorem says that commuting spherical isome-
tries are jointly subnormal and it is due to Athavale [7].

We now turn to spherical and row contractions. An important ex-
ample of a row contraction is the d-shift M, = (M,,,..., M,,) acting
on the Drury-Arveson space H3. H3 is the reproducing kernel Hilbert
space defined by the kernel

k =—

e Y
H? consists of analytic functions in B, and for d > 1 it is properly
contained in the classical Hardy space H?(9Bj,), which has reproducing
kernel m

Since M7 ky = X;ky it follows that

(e 1= gy = -
This implies that

d
(1.1) S M M =I-101<1,
i=1
thus M7 is a spherical contraction and M, is a row contraction.
We say that S is a direct sum of d-shifts if S = (S,...,54), S; =
M,, ® I € B(H3 ® C) for some Hilbert space C.

Theorem 1.4. Let F,. be the family of commuting spherical contrac-
tions, and let T = (11, .., Ty) be a commuting operator tuple.
Then the following are equivalent:
(i) T € ext(Fs)
(ii) T = S*® U, where U is spherical unitary and S is a direct
sum of d-shifts,
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(it) (a) S0, TpT; = P = a projection,
(b) S T > 1,
(¢) If x1,..,2q € H with T,x; = Tjx;, then there is an v € H
with x; = Tix for all i.

When we write T'= S* & U, we want to include the possibility that
one of the summands is absent. Note that (iii)(c) says that the Koszul
complex for T is exact at A'(H) (Section 3 contains a short summary
of elementary facts about the Koszul complex).

The resulting extension theorem (i.e. that any R € F,. has an
extension 7' of the type as in (ii)) had been known and is due to
Miiller-Vasilescu [18] and to Arveson [4]. Arveson also proved that
the adjoint of the d-shift is an extremal spherical contraction (see [4]
pages 205/206). Among other things his proofs are based on his earlier
results ([3]) and an analysis of the C*-algebra generated by the d-shift
and the identity operator. We note that the extremality of S* also
follows directly from Agler’s Theorem once the implication (i) = (ii)
of Theorem 1.4 has been established.

Indeed, by Agler’'s Theorem the zero tuple 0 = (0,...,0) acting on
a nonzero space extends to an extremal spherical contraction. By (i)
= (ii) there must be an extremal of the type S* & U such that 0 =
S*@ U|M where S is a direct sum of d-shifts, U is a spherical unitary
tuple, and M is invariant for S* @ U. If the direct summand S* were
absent, then 0 = U|M would have to be a spherical isometry, which
is absurd. Thus S* @ U is extremal and definitely has a d-shift as a
direct summand. Now it is easy to verify that if X @Y is extremal for
a family F, then both X and Y have to be extremal for F also. Hence
the adjoint of the d-shift must be extremal for F,.. For this paper we
decided to present yet another proof of the extremality of S*, this one
based on spatial properties of S = M, as it acts on H> (Section 3).

When we apply Theorem 1.4 to the tuple of adjoints we obtain the
following Corollary.

Corollary 1.5. (Wold-decomposition) A d-tuple of commuting opera-
tors is of the form T'=S ® U if and only if

(a) 0 T is a projection,

(b) iy T, T > 1, and

(c) whenever xi,...,xq € H with 2?:1 Tix; = 0, then there is an
antisymmetric matriz {y;; }1<ij<a with entries y;; € H such that z; =
Z;l:l Ty for eachi (i.e. the Koszul complex for T is exact at A" (H)).

We will give a short proof at the end of Section 6. Note that when
= 1 and condition (a) is satisfied, then T is a partial isometry. In
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this case each of the conditions (b) or (c) implies that 7" is 1-1 and
thus 7" must be an isometry. For d > 1 neither conditions (a) and
(b) nor conditions (a) and (c) alone will imply that 7= S @& U. In
fact if T = (M7, H*(0B,)) then T* is a spherical isometry, thus it
satisfies (a). Furthermore, it is well-known that the Koszul complex
for (M7, H*(OB,)) is exact at all stages except at the first one, so (c)
is satisfied provided d > 1 (see e.g. Section 2 of [15]), but (b) is not
satisfied.

In order to exhibit an example which satisfies (a) and (b) but not
(c) we let My = {f € H? : f(0) = 0} and T = S|M,, where S
is the d-shift acting on H3. Tt is clear that T satisfies (b), because
S does. Furthermore, % | S;8F = P = I —1® 1 is the projection
from H2 onto My (see (1.1)). Then ¢ T)TF = 3% PS;PS:P =
P (2?21 SiSF—Si(1® 1)5;“) P=P—-Y"% 2 ®z and this is a pro-
jection, because ||z;|| = 1 for all ¢ and z; L z; for all i # j (see equation
(1.2) below). Thus, T satisfies (a). We will now show that for d > 1T
does not satisfy (c). Let fi(z) = 22, fo(2) = —z1, and f3 = ... = fy = 0.
Then f; € Mg and Z?Zl Tifi =0. If z0 = fi1(2) = Z?Zl g1, for some
g1; € My, then we take a partial derivative with respect to 2z, and
obtain 1 = g1(z) + Z?Zl 2; B%lej(z). Evaluating at z = 0 we conclude
1 = ¢12(0), but this contradicts g2 € M.

For the family of row contractions we have partial results.

Theorem 1.6. Let F,. be the family of commuting row contractions.
Let T € Fr and write D, = (I — Y0 T,T)V2.

(i) If D, =0, then T € ext(Fyc).

(ii) If D, is onto, then T ¢ ext(F,.).

(iii) If D, is a projection, then T ¢ ext(F,.) if and only if there are
Ty, g € (o, ker TF with S50 ||zi]|? > 0 and Tyx; = Ty
foralli,j.

(iv) If D, has rank one, i.e. if D, = u ® u for some u # 0, then
T € ext(F,e) if and only if dim span {u,T\u,..,Tyu} > 3.

If d = 1, then part (i) of Theorem 1.6 describes all extremals (the co-
isometric operators). For d > 1 the d-shift is an example of an extremal
with D, # 0. For the d-shift one verifies that D, is a projection of rank
1 (see equation (1.1)), so its extremality can be derived either from part
(iii) or part (iv) of Theorem 1.6. We will see that in all of the above
cases, when 7' is not extremal, then T" actually has a nontrivial rank 1
extension in F..
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If S = (M., H)) is the d-shift, and if M & H} is invariant for S,
then T = Py S|IM* € F,. and D, has rank 1. Because of this one

can use Theorem 1.6 to verify the following Corollary (see Corollary
8.4).

Corollary 1.7. Let F,. be the family of commuting row contractions.
If M # H? is an invariant subspace for the d-shift S = (M,, H3), and
of

d
L= {(Z+ Zblzz . a,bl,..7bd € C}
i=1
denotes the collection of polynomials of degree less than or equal to one,

then T = Py S|IM* € ext(F,.) if and only if dim MNL <d—1.

Under the hypothesis of the Corollary one easily checks that D? =
© ® ¢, where ¢ = Py 1 (see the proof of Corollary 8.4). Thus D,
is a projection if and only if 1 € M+, and the Corollary can be used
to exhibit many examples of extremal row contractions whose defect
operators are not projections. For example, if d = 2 and A\; = (A1, Ain),
1 =1,2,3 are three distinct points in By, then we can let

M ={f € H}: f(\)=f(h)= f(Xs) = 0}.
In this case T' = (11, T3) acts on the 3-dimensional space
M*E = span{ky,, kxy, kxs b

and by the Corollary T is extremal if and only if M N L = {0}. From
this one deduces with a little bit of elementary algebra that T' is ex-
tremal if and only if

()\31 - >\11)()\22 - )\12) 7é ()\21 - )\11)()\32 - )\12)-

Hence there are extremal row contractions on finite dimensional
spaces that are not spherical unitaries. We also note that the above ex-
amples of extremals where the defect operator is not a projection show
that part (iii) of Theorem 1.6 does not cover all extremals. This is in

contrast to the family F,. where for all extremals the defect operator
1/2

d / —
D= (I — > i T;“T,) must be a projection (see Theorem 1.4).

If d =1 and if F is either the family of contractions or the family
of isometries, then any non-extremal operator T € F has a nontrivial
rank one extension in F. This is well-known and easy to see (compare
Lemma 7.2). If d > 1, then for each of the families F., Fs; and F,.
there is a difference between extremals and operator tuples that allow
nontrivial finite rank or rank one extensions. We shall show in Corollary
5.4 that a spherical isometry V' has no nontrivial rank one extensions



8 RICHTER AND SUNDBERG

in F,; if and only if the Koszul complex for V — b is exact at A! for
all b € B;. We will review definitions and elementary properties of
the Koszul complex in Section 3. Furthermore, in Theorem 6.1 we will
show that if T' € F,., then T has no nontrivial finite rank extensions if
and only if 7" has no nontrivial rank one extensions and this happens
if and only if 7" = S* @ V', where S is a direct sum of d-shifts and
V' is a spherical isometry with no nontrivial rank one extension. For
the row contractions we only have the following technical condition,
and we note that all extension results of Theorem 1.6 follow from this
result, i.e. if either D, is onto, or if T" € F,. is nonextremal and D,
is a projection or a rank one operator, then 7" has a nontrivial rank 1
extension in F..

Theorem 1.8. Let F,. be the family of commuting row contractions,
and let T € F,..

The following are equivalent:

(a) T has a nontrivial rank 1 extension in F,

(b) T has a nontrivial finite rank extension in F,

(c) there are ay, ..,aq € ran Dy, > . |la;|| > 0, and b = (b1, .., bq) € By
such that (T; — b;)a; = (T; — bj)a; for all i, j.

In Section 9 we will present an example of a nonextremal commuting
row contraction which has no nontrivial finite dimensional extensions.

The remainder of the paper is structured as follows. In Section 2
we will prove Theorem 1.3 and we will see that spherical unitaries are
extremal spherical contractions. Section 3 contains a proof that the ad-
joint of the d-shift is an extremal among the spherical contractions. A
basic proposition about spherical contractions of the form S*@®V', where
S is a sum of d-shifts and V' is a spherical isometry will be presented
and proved in Section 4. Section 5 contains a theorem characteriz-
ing the spherical isometries that have nontrivial rank one extensions
(Corollary 5.4) and it also has some preliminary results about rank one
and finite rank extensions of spherical contractions. Theorem 6.1 char-
acterizes spherical contractions with nontrivial finite rank extensions
and Corollaries 6.2 and 6.3 are Theorems 1.4. and Corollary 1.5. In
Section 7 we give our results about finite rank extensions of row con-
tractions and in Section 8 we present our main results about extremals

of F,..

At various places throughout the paper we will use multinomial nota-
tion. If & € N&, then a = (ay, ..., aq), |a] = a;+...+ag, ol = a;!-...-ay!,
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and (191} = ek 1f 2 e ©and i T = (T1,..Ty) € B(H)?, then
o (e}

C o= 2" zg? and T = Ty ... T3¢ Furthermore, we will use
e; =(0,..,0,1,0,..,0) where the 1 is in the jth spot.
The reproducing kernel for the Drury-Arveson space H> satisfies

1 - = —a —o
k)\(Z) = m = Z<Z,)\>n = Z Z <Z> 24N = Z <|Z‘> 29N
’ n=0 n=0 |a|=n aeNd
Since we also have
ka(z) = (kx, k- Z Z (la!) (‘g‘) zﬁx(I(w“,wB)Hg
a€eNg BeNd

it follows that

1
<wa,wﬁ)H3 =0ap——, where dop=0if a# 3,0,p=1if a = p.

||
«
From this one deduces that for f € Hol(By), f(z) = f(a)z* one

has
(1.2 i, = 32 Mo D Fa)P.

a€eNg ( ) a€eNg |a|l

If o € Ny, then Z o lziz])? = O‘ |O“|i‘li, hence it follows that

(1.3) Z Iz f1? > |1 117
=1

for all f € H? Furthermore, one calculates that for a € NI and
1<i<d
(1.4) M} 2% = %za_ei whenever o; > 0,
' «Q
and M7 2% =0 if o; = 0.

2. SPHERICAL ISOMETRIES

In this Section we will prove Theorem 1.3 and part of the proof of
(17) = (i) of Theorem 1.4.

The fact that extremals of the spherical isometries must be jointly
normal follows easily from the arguments of Attele and Lubin [8], who
presented an alternate proof of Athavale’s Theorem. In fact, let T =
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(Ty, ..., T;) be a commuting spherical isometry acting on ‘H and assume
that 77 is not normal. We must show that 7' is not extremal, i.e. we
have to construct a commuting spherical isometry S that extends T
nontrivially. By Corollary 6 of [8] 77 is a subnormal contraction. Thus
we can let S; € B(K) be the minimal normal extension of 77. Since
we assumed that T} is not normal, it is clear that any extension of T
of the form S = (54,5, ...,.54) will be nontrivial. In order to define
So, ..., Sq we use the standard extensions

n n
Si (Z STkxk) - Zsrkﬂxlﬁ 1= 27 "'7d7 LQs ey Ty S HJ

k=0 k=0
see the proof of Proposition 7 of [8]. Since S; is normal it is easy to

verify that
d n n
DI STl = 1) St .
k=0

i=1 k=0 -
This implies that Ss, ..., S; are well defined and extend to K and S =
(S1, 52, ..., Sq) forms a spherical isometry. Finally, we see that for all
1<4,5<d

S;Si En: Sitap = zn: St Ty

k=0 k=0

— Z ST Ty
k=0

= 5.5, ) Sitay.
k=0

Thus S forms a tuple of commuting operators, and this proves that the
extremals of the spherical isometries must be commuting normals.

For later reference we make some simple observations about ex-
tremals.

Lemma 2.1. Let F and G be families.

(a) Let U € ext(F) and V € F. If R € F with R > U @&V, then
R=U®R for some R >V, R €F.

(b) Finite or infinite direct sums of extremals are extremal.

(c) If F C G, then ext(G)NF C ext(F).

Proof. (a) is obvious and it easily implies (b) for finite direct sums. In
order to prove (b) for infinite direct sums let U, € ext(F) N B(H,,)¢,
V=U,®Uy®...and R € FNB(K)? with R > V. For n € N we let P,
be the projection from K onto H; & ... &H,,. By the finite case we have
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R;P, = P,R; for all ¢« and n. The sequence P, converges in the strong
operator topology to P, the projection from K onto H; @& Hy @ .... It
follows that P commutes with R. Hence V must be extremal.

(c) is immediate. |

Theorem 2.2. Commuting spherical unitary tuples are extremal for
the families of commuting spherical contractions and commuting spher-
tcal isometries.

Proof. Let U = (Uy, ..., Uy) be a commuting spherical unitary tuple. By
Lemma 2.1(c) it suffices to show that U is extremal for the commuting
spherical contractions.

Thus let S > U be a commuting spherical contraction. Then for
each 1 <4 < d we have

Ui A
S = <0 Bi) € B(H®K)
with

forall 1 <14,57 <d and

iSfS— I Zglei*Ai < I 0
i=1 o Zf:lA?Ui Z?:lAfAi"‘BfBi —\0 I)°

It follows that Zfil UrA; =0 and

d
(2.2) > AfA+ BB <.
i=1
Let j € {1,...,d}. We shall establish Lemma 2.2 by showing that
By hypothesis each U; is normal and U;U; = U;U;. Hence it follows
from Fuglede’s theorem [19] that U;U; = U;U;. We now apply U; on
the left in equation (2.1), sum in 4, and obtain

d d d d
SN UUA;+> UrAiB; =Y U UA + Y U A;B:.
=1 =1 =1 i=1

Since Z?Zl UU; = I and Z?Zl U;A; = 0 thisimplies A; = Z?:1 U A;B;.

Since U is a spherical contraction it follows that U* = (U7, ...,U}) is a
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row contraction. Hence for z € I, ||z|| < 1 we have

d d
Az = | S Ur A B> < Y || A4, Bix|?

i=1 i=1
d

<411 Y I Bixl?
i=1

By equation (2.2) this implies

d
1A2]* < 11451 <||96||2 - !|Az-w|!2> < AP = 1 4jz]*).
i=1

We now rearrange the terms to get ||4;x[|*(1 + || A4;]1%) < ||4;||* and
after taking the sup over ||z|| < 1 we obtain ||A;]|*(1+]4;]1%) <[4
which implies that A; = 0. [

3. EXTREMALITY OF THE ADJOINT OF THE d-SHIFT

Let T'= (T1,...,Ty) be a commuting tuple of operators on a Hilbert
space ‘H. We will now define the Koszul complex of T. We will follow
[5]. For more information of a general type on the Koszul complex and
its relationship to invertible and Fredholm tuples, the reader is also
referred to [10] and [21].

Let A = Ale] = Ayle] be the exterior algebra generated by the d
symbols ey, ..., eq4, along with the identity ey defined by ey A & = &
for all £&. Then A is the algebra of forms in eq,...,e; with complex
coefficients, subject to the anti-commutative property e;Ae;+e;Ae; = 0
(1 <i,j <d). In fact, we can make A into a 29-dimensional Hilbert
space with orthonormal basis

{eo} [ Jfew Ao Ae iy e {1, d}, i <ip <o <y}

For each ¢+ = 0,1,...,d let E; : A — A be given by F;{ =¢; A& Ey
is thus the identity on A. Fori =1, ..., d the E; are called the creation
operators and they satisfy the following anticommutation relations

EiEj + E}E’Z =0 and EZ*EJ + E]Ez* = 5ijE0.
Let A(H) := H ®c A and define 0r : A(H) — A(H) by

d
Op = Z T, ® E;.
=1
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It follows easily from the anticommutation relationships that 9% = 0.
Thus, the Koszul complex of the tuple T' can be defined by

K(T) 10— A%(H) 228 AN (H) 225 . S0 A () — 0

where AP(H) is the collection of p forms in A(H) and Or,, := Or|AP(H).
For purposes of notation we also define A™'(H) = 0 and Or—1 and Opg4
to be the zero maps at the two ends of the complex.

The identity 02 = 0 implies that for each p = 0,1, ...,d ran dr,_1 C
ker Or, and ran 07, , C ker d7, ;, and one says that the Koszul complex
K(T) is exact at AP(H), if ran Or,_1 = ker Or,,. In particular, if K(7")
is exact at AP(H), then ran 07, ; must be closed, hence Orp—107, 4
is 1-1 and onto when restricted to ran 97,1 = (kerd;,,_;)*. Further-
more, in this case one also has that ran 07, is dense in ker 07, , ;. It
follows that the operator

(31) DTJ, . AP(H) — AP<H), DT’p == 8T7p_18},p_1 + 8}71,8@,3

is 1-1 and has dense range whenever K (7') is exact at AP(H), and Dr,,
is invertible if it is also known that ran Or,, or what is the same ran 07,
is closed.

In order to relate properties of the Koszul complex for T" with the
Koszul complex for T* we define the Hodge x-operator (see [16] for
more information on this topic). For p = 0, 1,...,d we have dim A? =
dim A?"P and * establishes a conjugate linear isomorphism between A?
and A%7P that is compatible with 9. Indeed,

k(e Newy N Neg,) = (=1)%e, Aej, Ao ANej,

where {e;,, €, .. €ips €51, s €5, } = {e1, ..., eq} and € € {0, 1} is cho-
sen so that n A *xw = (n,w)e; A ... A eq for all p-forms n,w € AP.
If n € AP7! and w € A?, then

nA (xEfw) = (n, Efw)e; A ... Neg
= (Em,w)e; A ... Neg
= bEin A\ *xw
=e; AnA*w=(=1)P"nAe A*w
— (C1p A i)



14 RICHTER AND SUNDBERG

Thus for x € ‘H and w € AP we have

d
(I@)0, (row) =Y Trz® (+Ew)
=1

d
= (=1t Z Trx ® Ei(xw)
i=1

= (=10 g (I @ %) (7 @ w)

Now note that elementary functional analysis results imply that for any
p ran dr,, is closed if and only if ran J7, is closed, and by the above
this happens if and only if ran d7- 4_(,41) is closed. Thus, if it is known
for some p that ran Or,, is closed and K (7') is exact at AP, then K (1)
is exact at A97P.

It is known that if @« > 0 and K, is the Hilbert space of analytic
functions on B, with reproducing kernel ky(z) = (1—(z, A))~%, then the
Koszul complex for S = (M., IKC,,) is exact at all stages p = 0, .., d—1 and
at the last stage we have dimker Jg4/ran dsq4—1 = 1 (see Proposition
2.6 of [15]). Thus, ran Jg, is closed for all p. From this and the above
remarks about the Hodge x-operator it follows that for 7' = S* we have
ran Jr,, is closed for all p and K(7') is exact at AP(H) for each p > 1.

In the following let T" be a commuting d-tuple of operators on ‘H. We
will later take T so that (T*,H) = (M,, H3) is the d-shift. Suppose
that we have an extension R € B(H & K)? of T. Then

T, A
n- (T4
Define

d
Or : A(H) = A(H), =) T, ®E,

i=1

d
04: AK) = A(H), 0a=) A®E

=1
d

O : M(K) = A(K), 5= B;® E;
=1

Lemma 3.1. If R is a tuple of commuting operators, then

Or0a + 0405 = 0.
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Proof. Since A(H® K) = A(H) @ A(K) we can write

_(Or 0Oa
b= (3 ).
The Lemma follows easily, because the expression equals the (1,2)-entry
of the matrix for 9% = 0. u

Proposition 3.2. Let d > 2 and let T = (T1,...,T;) € B(H)? be a
commuting tuple of operators which is graded in the sense that there is
a decomposition of H as a direct sum of mutually orthogonal subspaces,

H:HQ@Hl@

such that Tj(Ho) = (0) and T;(H,) € Hu—1 for alln > 1 and all
1 <j <d. Assume that the Koszul complex K(T) is exact at AP(H)
forp=1andp=2.

If R € B(H® K)? is a commuting extension of T of the form

T, A\ .
RZZ(O B@), Z—l,...,d,

and if Z?:1 AiT; =0, then A; =0 for alli=1,....d.

Proof. We start by noting that in terms of the Koszul complex the
hypothesis Z;.izl ATy = 0 can be restated as 97 (0ro = 0 and that we
have to show that 97 , = 0.

Since Tj(H,) C H,—1 we see that Or,(AP(H,)) € AP (H,,_;) for all
n > 1. Furthermore, one easily checks that forallm > 0and all 1 < j <
d we have T]* (H,) € Hpy1- Thus for each p the selfadjoint operators
Orp-107, 4 and Drj, (see equation (3.1)) leave AP(H,,) invariant, and
the hypothesis implies that

(3.2) Dry(AY(H,)) = A (H,)
and that
(3.3) Dro(A*(H,,)) is dense in A*(H,,)

for each n > 0.
Define C' = 07,104, then

(3.4) C*0ry = 0, 0Dr 1,

because J} (07007, = 0. We also have

(35)  C"Dra = 0400r,1(00107, + 07,012) = 94007,0r107,
= —0p,094,071071,

by Lemma 3.1 and because 07,075 = 0.
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We shall now show inductively that
9ho(A (Hy,)) = (0) and C*(A*(H,)) = (0) for each n > 0.

We start by applying (3.4) to A'(Hp). Since dr1(A'(Hp)) = 0 and
Dp1(AY(Ho)) = A'(Ho) we have 9% o(A'(Hoy)) = 0. This implies that
for each 7 we have Af(Ho) = 0, thus 9% ;07,1971 (A*(Ho)) = 0. In light
of (3.5) and (3.3) this means that C* = 0 on a dense subset of A?(H,),
hence C*(A?(Hy)) = (0).

Next suppose that for some n > 0 we have 9% o(A'(H,)) = (0) and
C*(A*(H,)) = 0. Then since dr1(A'(Hni1)) C (A*(H,)) we can use
(3.4) and the induction hypothesis to see that 0 = 9% (Dr 1 (A (Hny1)) =
9% (A (Hoy1)). Thus, for each i we have Aj(H,41) = 0 and so

041071071 (A*(Hui1)) = 0.

In light of (3.5) and (3.3) this means that C* = 0 on a dense subset of
A?(H,11), hence C*(A?(H,11)) = (0). [ ]

Theorem 3.3. If S = (M,, H?), then S* is extremal for the family of
spherical contractions.

Proof. Set T = S* and let R € B(H? ® K)¢ be a commuting spherical
contraction which extends 7. Then R is of the form R = (R, ..., Ry),

T, A

We shall use Proposition 3.2 to show that each A; equals 0. To this
end let H,, be the homogeneous polynomials of degree n, so that H? =
Ho ® H1 @ ..., T;(Ho) = (0) and Tj(H,) € H,—y for all n > 1 and
all 1 < 7 < d (see (1.4)). We noted earlier in this Section that the
Koszul complex K(T) = K(S*) is exact at stages 1 and 2. Thus by
Proposition 3.2 it suffices to show that Z?Zl ATy = 0.

The condition I — 3>% | RfR; > 0 implies that for all f € H? and
y € K we have

(3.6)

d d
7P 1T 12 Re {30 AT )+l (1AwlP + |Bal?) =0
i=1 i=1 i=1
Now we recall that [—S"% | T#T; = T-3"% | 5,57 equals the projection
onto Hy (the constants, see equation (1.1)). Thus, if f L Hy, then (3.6)
implies that Y0 | A*T,f = S0 A*Sf = 0. If f € Hp, then Sif =0
for all 1 <4 < d, hence 3¢ | A*T; = 0. |
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4. A PROPOSITION ABOUT TUPLES OF THE TYPE S* @V

In this Section we shall prove the following Proposition which will
easily imply one of the implications of Theorem 1.4.

Proposition 4.1. Let T € B(H)? be a commuting operator tuple which
satisfies the following two conditions:

(a) Z?zl T*T; is a projection, and

(b) if x1,..,xq € H with Tx; = Tjx; for all 1,7, then there is an
x € H with x; = Tyx for all 1.

Then T is unitarily equivalent to S* @V, where S is a direct sum of
d-shifts, and V' is a spherical isometry.

Note that for d = 1 condition (b) says that T is surjective, while
condition (a) implies that 7" is a partial isometry. Thus 7" must be
a coisometry, and if 7% = S @ V*, then V* must be isometric. This
means that for d = 1 the operator V' in the Proposition is automatically
unitary. If d > 1, then the operator tuple T' = (M., H*(0B,)) provides
an example of a d-tuple that satisfies conditions (a) and (b) of the
Proposition, but is not a spherical unitary tuple.
Let & = ﬂle ker T;. Inductively define a sequence of positive oper-
ators by
d

(4.1) Py=1Iand Pyy =Y T;PyT, for N=0,1,...
i=1

One verifies that for N > 1

Py=)_ (](D T T

la|=N
Hence it follows that ker Py = ﬂ|a|: y kerT% and & = ker P;.

Note that for N > 1 we have Py — Pyyy = > ¢, T (Py_1 — Py)T5.
Hence part (a) of the hypothesis and an induction argument imply that
{Pn}nNen is a non-increasing sequence of positive operators which thus
converges strongly to a positive operator P. Our first step will be to
show that P and each Py are projections, and that T;P = PT; for
all 1 <4 < d. This means that M = ran P reduces each T; and we
will see that T|M is a spherical isometry and that T*|M* is unitarily
equivalent to the d-shift acting on H3(&).

Lemma 4.2. Let T € B(H)? be as in Proposition 4.1. Then for each
N € N the operator Py is a projection such that T;Py = Py_1T; for
alli € {1,...,d}.
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Proof. We will start by using induction on N € N to show that T; Py =
Pn_1T; for all i € {1,...,d}. The hypothesis (a) of Proposition 4.1 im-
plies that P; is a projection, hence ran (I — P;) = ker P, = ﬂle ker T;.
This implies T;(I — P) = 0 for alli € {1,...,d}. Thus R/T; =T, = T; P,
and the statement is true for N = 1.

Next suppose that N > 1 and that T;Py_1 = Py_sT; for all i €
{1,....d}. Forx € H and j € {1,..,d} set z; = Py_1T;x. Then for all
7 and j we have

Tz‘Zj = Tz‘PN—lTﬂ = PN—QEzj = PN—QTjTiCU = TJZZ

Thus the hypothesis (b) of Proposition 4.1 implies that there exists
y € 'H such that Py_T;x = z; = T,y for all j. Then for all ¢ we have

d d

TiPye =T, ) TiPyaTje =T,y T;Tyy =T,Py = Tiy = Py T
i=1 j=1

Thus T;Py = Py_1T; for all N € Nand i € {1,...,d}. For N > 1 we

can iterate this to obtain

T\T; Py = TyPy 1 Tj = Py_oT/T,
for all 4, j. Continuing the same way and using that Fy = I we see

that for all N € N and all multiindices o € N¢ with |a| = N we have
TPy =T*. Thus

Pr=1> (]O\j) T | Py = ) (g) T*T* = Py,

la|l=N la|l=N
which shows that each Py is a projection. |

Lemma 4.3. Let T be a commuting operator tuple on 'H which satisfies
condition (b) of Proposition 4.1, and let N € N. Suppose that for each
a € N with |a| = N we are given an element x, € H.

Then there is an x € H such that z, = T% for all || = N if and
only if
(4.2)
Titpre; = TiTpse; for all1 <i,j < d and all 8 € N§ with [8| = N — 1.

Proof. 1t is clear that if x, = T%z for all |a| = N, then Tizg,., =
Tixgie, for all 1 < i,j < d and all § € Nd with || = N — 1. We
will use induction on N to verify the sufficiency of condition (4.2). For
N =1 this is just the hypothesis of the lemma.

Suppose that the lemma holds for N > 1, and suppose that {4 }jaj=n+1
satisfies (4.2) with N + 1 instead of N. Let |5| = N. Fori = 1,..,d
set z; = Tgye,- Then we have Tz; = Tjz; for all ¢ and j. Thus by our
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hypothesis on 7" there exists 3 € 'H with zgye, = 2; = T;xg for all <.
The collection {z3} 5=y satisfies (4.2). Indeed, let |y| = N — 1 and
1 <4,5 <d, then Tjx e, = T(yqe)te; = T(yte;)te; = LiTyte;- Hence
the induction hypothesis and the construction imply that there is a
x € H such that x5 = TPz and z5,., = Tixg = TP+ for all || = N
and 1 <i <d. Thus, z, = T for all |a| = N + 1. [ |

Lemma 4.4. Let T € B(H)? be as in Proposition 4.1 and let N € N.
Then for all z € & and all o, 8 € NI with |a| = |8] = N we have

N N «
WD) -oe

where 0o = 1 if « = B and do3 = 0 otherwise.
Of course, the definition of & then immediately implies that T'T*’x =
0 for all x € & and 3, € Nd with |y| > N = |3.

Proof. Define the column operator T™W) : H — &4 —n'H by

ey

T(N)*T(N) _ Z (Z) Trae — Py.

la[=N

lof=N

Then

Lemma 4.2 implies that T T®) is a projection and hence it follows
that TMTW)™ ig the orthogonal projection onto ran T™W).

Now let = € &, fix 3 € N with |3] = N, and define a column vector
2 = {Za}jaj=N € Blaj=NH by 7, = 0if o # 3 and x3 = z. Then
Tityye, =0 =Tjwy e, forall 1 <i,j < dandall [y =N —1. Thus it
follows from Lemma 4.3 that there is a w € H such that z, = T“w for
all |a| = N and hence z € ran T™) and

rorers () (5) v}

The lemma now follows from the definition of z. [ |

Proof of Proposition 4.1. From Lemma 4.2 and the remarks preceding
it we know that the sequence { Py }nen forms a decreasing sequence of
projections. Let P denote the strong limit of this sequence. Then P
is a projection and the assertion Py_1T; = T; Py of Lemma 4.2 implies
that PT; = T;P for all 1 <i < d. Thus M = ran P reduces T and the
identity P = ch‘l:1 T PT; shows that T'|M is a spherical isometry.
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Let S denote the d-shift acting on H3(&y), then S is unitarily equiva-
lent to M, ® I acting on H3 ®&y. We will show that M, ® I is unitarily
equivalent to T*|ML. Since & C M* we can define a linear transfor-
mation U : H? ® & — M= by setting U(p ® ) = p(T*)x for every
polynomial p and x € &. Note that for z,y € & and a, 3 € NI Lemma

4.4 implies
J('i') \/<|gl> (T2, TPy} = Saple.y).

Thus if p(z) = Y, p(a)z* and q(2) = Y 5G(3)2" are polynomials, then
for all z,y € & we have

< (T* " q T* Zp T*a T*ﬁy)

= Z% (r,9) = 0, @ u2 (7,9),

where the identity for the H3-inner product follows from (1.2). This
implies that

1U( ij © ;)P = Y oi(T)2s,py(T7)ag) = Y (o) uz (2,2;)

4,J ,J

= | ij ® xj”%]ﬁ@goa

J

thus U extends to be an isometric operator on H3 ® &.

We shall now finish the proof by showing that U has dense range.
Let [&]r+ denote the smallest common invariant subspace for 17, ..., T)f
that contains &. We have to show that [£y]r- = M+ = ran (I — P).
For k > 0 we set Qp = P — Pyy1, then each @y is a projection and
I —P =limy_ol — Py =) ;- ,Qr Note that ran Qg = &. Thus
if we define &£, = ran (J; then we must show that for each k > 0 we
have & C [&]r+. This is trivially true for £ = 0. Thus assume that
Er C [Eo]r= for some k > 0. Then for z € ‘H we have

d d
Qr1v = ZT{kaTﬂB € Zﬂ*gk C [&o)r
=1 =1

Hence the density of ran U in M+ follows by induction. |
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5. FINITE RANK EXTENSIONS OF SPHERICAL CONTRACTIONS AND
ISOMETRIES

We start out with a trivial lemma that will be used repeatedly and
without further mention.

Lemma 5.1. Let T be a commuting d-tuple of operators acting on
a Hilbert space H and let R = (Ry, ..., Rq) be a nontrivial rank one
extension of T acting on H & C i.e.

T A
Ri:(o BZ-)’

where A;1 = ex; and B;1 = b; for some ¢ > 0, x1,....,2q € H,
S @l? =1, and b= (by, ..., bs) € C°.

Then R is a commuting d-tuple if and only if for all i,7 we have
(T = bi)x; = (Tj — bj)a;. u

The following two lemmas are only preliminary results. A more
definitive result for spherical contractions will be presented in Theorem
6.1, the result about spherical isometries will follow in Corollary 5.4.

Lemma 5.2. Let Fs. be the family of commutmg spherical contrac-
tions, let T € Foe N B(H)%, and let D = (I — Y0, TFT;)V2.

Then T has a nontrivial rank one extension in .7-"8C if and only if
there exist b = (by,...,bq) € Cq, x1,...,24 € H such that

(i) Zf | IISCZII2 =1,
(i) (7; — bi)x; = (T — b;)z; for alli,j
(iii) 6] < 1, and
(iv) ZZ \TFx; €ran D.
Proof. Let R be a commuting rank 1 extension of 7" as in Lemma 5.1.
Let x € 'H and y € C and calculate

d
ZHR ( >H2 >t + e+ IO
d
3 [ TalP + 2 Re o ZT*% 23 Nl + o)l
=1

=1

We now set 2o = S0, Tz, and recall 0, ||z;]|> = 1. Then we see
that R is a spherical contraction if and only if for all z € H and y € C
we have

(5.1) 2 Re (z, o) + (" + [b]")[y[* < [|Dz|* + [y]*.
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Assume now that R is a spherical contraction for some ¢ > 0, then
clearly |b] < 1. By changing the argument of y if necessary, it fol-
lows from (5.1) that 2¢|y||(z, zo)| < ||Dx||* + |y|* for all x € H and
y € C. Thinking of this as a quadratic inequality in |y| we conclude
that £2|(z, zo)|? < ||Dz||* for all z € H. By the Douglas lemma ([12])
Ele Trx; = xy € ran D. This proves the necessity of the four condi-
tions.

Conversely assume (i)-(iv). In particular, zo = Dz, for some 2y € H.
Then

2¢ Re gz, z0) + (¢ + [b]*)|y|* < 2¢e|y(D, z0)| + (£ + [b*) |y |*
< el Dz|Pflzoll” + (= + % + [BI*) [y,
which will be < ||Dz||? 4 |y|? for sufficiently small ¢ > 0. |

Lemma 5.3. Let Fy; be the family of commuting spherical isometries
and let T € F,; N B(H)2. Then the following are equivalent:

(a) T has a nontrivial rank one extension in Fg;,
(b) T has a nontrivial rank one extension in Fg.,
(c) there exist b= (by,...,by) € Cq and x1,...,xq € H such thal
(i) 20, H»’l?zH2 =1,
(i) (T3 = bi)a; = (T; — bj)w; for all i, j
(iii) |b] < 1, and
(iv) YL, Ty — 0.
Proof. (i) = (ii) is trivial and (ii) = (iii)follows immediately from
Lemma 5.2, because D = 0. The implication (iii) = (i) follows from
the proof of Lemma 5.2. Indeed since D = 0 and xy = 0 we can take
1 — |b]? to obtain equality in (5.1). |

Using the definition as given e.g. in Section 3 one checks that the
Koszul complex for a commuting operator tuple R = (Ry, ..., Rq) acting
on H is exact at A'(H) if and only if whenever zy, ..., x4 € H are such
that R;z; = Rjx; for all 4, j, then there is an € H such that z; = R;x
for all 7.

Corollary 5.4. Let T € B(H)? be a commuting spherical isometry.
Then the following are equivalent:
(i) T has a nontrivial rank one extension in Fy;,
(ii) T has a nontrivial rank one extension in Fi.,
(iii) there exists b € By such that the Koszul complex for T — b is
not ezact at A*(H).

For example, if M, = (M,, H*(0D)) is the unilateral shift, then
T = (M,,0) is a commuting spherical isometry. One easily checks that
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for (b, be) € By the Koszul complex for T — b is exact at A'(H?*(0D))
if and only if by # 0, and since M, has a nontrivial rank 1 extension
it is of course clear that T has a nontrivial rank one extension. On
the other hand, if d > 1 and if T' = M, = (M,,,..., M,,) acting on

) 24
H?(0B,), then it is known that the Koszul complex for M, — b is exact
at A'(H?*(0By)) for all b € By (see e.g. Proposition 2.6 of [15]). Thus

M, does not have a nontrivial rank one extension in Fj;.

Proof. We have already seen the equivalence of (i) and (ii). To prove
(i) = (iii) suppose that 7" has a nontrivial rank one extension in Fg;,
then there exist a b € B, and x4, ..., 24 € H such that (i)-(iv) of Lemma
5.3 (c) are satisfied. We will show that the Koszul complex for 7" — b
is not exact at A'(H). If it were exact, then by (ii) and the definition
of exactness at A'(H) there is an x € H such that z; = (T} — b;)z for
all . By (i) we have x # 0, and by (iv) we have

d d d
0= ZTZ*:Q = Z:TZ*(TZ —b)r=x— ZTz*bﬂ?
i=1 i=1 i=1

Thus [|ef? = |24, Trbal? < X, bl = [b2]e]?, because the
adjoints of spherical isometries must be row contractions. Since x # 0
we conclude |b| > 1 which is a contradiction. Hence the Koszul complex
for T — b cannot be exact at A'(H).

We now prove (iii) = (i). Suppose that b € B, such that the Koszul
complex for T'— b is not exact at A'(H). First we will assume that

= (. Since T is a spherical isometry, the range of 9y : H — H®...&H,
x — (Tiz, ..., Tyx) must be closed. Thus if the Koszul complex is not
exact at A'(H) ~ H @ ... ® H, then there is (x1,...,74) L ran dy such
that S°%  ||lz;||> = 1 and Tyz; = Ty, for all 4,5. Then 3¢ Tra, =
Oy (x1, ..., xg) = 0, so (i)-(iv) of Lemma 5.3 (c) are satisfied with b = 0
and hence T" has a nontrivial rank one extension in Fj;.

If b # 0, then we consider a ball automorphism ¢, that takes b to
0. As in the paragraph preceding Lemma 2.4 of [15] we can define
S = p(T'). Then one checks that S is a commuting spherical isometry.
Thus it is clear that 7" has a nontrivial rank one extension in Fj; if and
only if S has a nontrivial rank one extension in F,;. By Lemma 2.4 of
[15] the Koszul complex for S is isomorphic to the Koszul complex for
T — b. Hence the result follows from the case b = 0. |

If F is a family and if an operator tuple T" € F has a nontrivial finite
rank extension R € F acting on H & K, then the compressions of the
R; to K will have a common eigenvector zy and R’ = R|(H & Cxy) will
be a rank one extension of 7" in F. However, it may happen that R’
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is a trivial extension of T'. For such situations the following lemma is
useful.

Lemma 5.5. Let Hq, Hs, Hz be Hilbert spaces, let K = Hi ® Ho @ Hs,
and let R = (Ry, ..., Ry) be a operator tuple acting on K with matriz
representation of the form

0 A
B; C;
0 D;

If R is a commuting spherical contraction (resp. commuting row
contraction), then S = (S, ..., Sq),

_ (T A
T \0 D

is a commuting spherical contraction (resp. commuting row contrac-
tion,).

Proof. Write Hi3 = H; @ Hs and note that S = Py,,R|Hi3. The
contractiveness assertions thus follow immediately. The commutativity
follows from the special form of R. For all 7, j we have

SiS; = Py, Ri Py s Rj|His
= Py, RiRj|H13 — Py, Ri Py, Rj|Has
= Py, RiR;j|H13 since Py R Py, =0
= Py, R;Ri|H1z = S;S;.
[

Corollary 5.6. Let F = Fs. or F = Foe and let T € F. Then T has
a nontrivial finite rank extension in F if and only if T has a nontrivial
rank one extension in F.

Proof. Suppose T acts on a Hilbert space ‘H and let R be a nontrivial
finite rank extension of T in F acting on H ¢ I with 1 < dim I < oo.
Let B = PcR|K be the compression of R to K. Then B is a commuting
tuple of linear transformations on a finite dimensional space, thus the
transformations B; will have a common eigenvector zy # 0. Then either
R' = R|(H @ Cxy) is a nontrivial rank one extension of 7' in F or R
is of the form as in Lemma 5.5 with H; = H and Hy = Czy. In the
latter case we can use the lemma to get a nontrivial extension R’ of
T acting on H & K’ with R' € F and dim K’ = dim KC — 1. Thus the
result follows by an induction argument. |
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6. EXTENSIONS OF SPHERICAL CONTRACTIONS

Theorem 6.1. Let T' be a commuting spherical contraction. Then the
following are equivalent:

(i) T has only trivial rank one extensions in F.,
(ii) T has only trivial finite rank extensions in Fi.,
(iii) T = S* @V, where S is a direct sum of d-shifts and V is a
spherical isometry such that for all b € By the Koszul complex
for' V. —1b is exact at A',
(iv) (a) 20, T*T; is a projection, and
(b) for all b € By the Koszul complex for T — b is exact at A'.

Proof. (i) and (ii) are equivalent by Corollary 5.6.

(iii) = (i): If R is a rank one extension of 7' = S* @ V in F,., then
since S* is extremal in Fy. Lemma 2.1 (a) implies that R = S* & R’ for
some R’ € F,. with R > V. Then clearly R’ is a rank one extension of
V and (i) follows from the hypothesis and the equivalence of (ii) and
(iii) of Corollary 5.4.

(iv) = (iii): By Proposition 4.1 the conditions (iv) (a) and (b) with
b = 0 imply that T" is of the form T = 5* & V, where S is a direct
sum of d-shifts and V' is a spherical isometry. The Koszul complex of
S* @& V splits into a direct sum of Koszul complexes. Thus it is clear
that (iv) (b) implies that for each b € B, the Koszul complex for V —b
is exact at Al.

(i) = (iv): We will show the contrapositive. First suppose that
(iv)(a) is not satisfied, i.e. 3¢, T*T; is not a projection. We will use
Lemma 5.2 with b = 0.

If E is the spectral measure for z;jzl T*T;, then there are real num-
bers r, s such that 0 < r < s < 1 and such that Q = E([r,s]) # 0. Let
xo € ran @, ||zo|| # 0 and set x; = T;xo. Then

d d 1
Sl = S Tl = [t dlEzo,zo) 2 el 0.
i=1 i=1 0

Thus by scaling x we may assume that Y7 [|#;]|> = 1, and we have

(i), (ii), and (iii) of Lemma 5.2. Furthermore, since s < 1 we have

Q=D/’ \/%dE, soran () C ran D. Hence

d d d d
Y Twi=) TTag=) T;TiQu=Q) T;Tixo € ran D
i=1 =1 =1 i=1
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and (iv) of Lemma 5.2 is also satisfied. Thus 7" must have a nontrivial
rank one extension in Fj. i.e. condition (i) of Theorem 6.1 does not
hold.

Next suppose that Zle T*T;, = P, is a projection, but that the
Koszul complex for T is not exact at A'. This implies that the column
operator T : H — H? defined by

Tll’
TWg =
de
satisfies P, = TW™TMW and hence T is a partial isometry and in

particular has closed range. Furthermore, there exist xy,...,xqy € 'H
Ty

such that Tjz; = Tjx; for all 4,7, but | . | ¢ ran T, Since ran TW

Zq

T1
is closed we may assume that | . | L ran 7 and S50 |jz;)? = 1.

Tq

L1
But this means that | . | € ker7W" or Y2¢ TFa; = 0 € ran D.

Zq
Thus again we can use Lemma 5.2 to see that condition (i) of Theorem
6.1 does not hold.

Finally we suppose that Zle T*T; is a projection, that the Koszul
complex for T is exact at A, but that there is a b € By, b # 0 such
that the Koszul complex for T'— b is not exact at A'. Then Proposition
4.1 implies that T = S* @& V, where S is a direct sum of d-shifts and
V' is a spherical isometry. Since the Koszul complex of S* — b is exact
at Al it follows that the Koszul complex for V' — b cannot be exact at
A'. Thus in this case it follows from Corollary 5.4 that T would have
a nontrivial rank one extension in F,.. The concludes the proof of (iv)
= (i). |

Corollary 6.2. Theorem 1.4 holds.
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Proof. The implication (i7) = (i) follows from Theorems 3.3 and 2.2
and Lemma 2.1.

We now show (iii) = (ii). If 7" satisfies the conditions (a), (b), and
(c) of part (iii) of Theorem 1.4, then by Proposition 4.1 T is unitarily
equivalent to S* @ V', where S is a direct sum of d-shifts and V' =
(Vi,...,Vy) is a spherical isometry. We will see that V' is a spherical
unitary. Condition (b) implies that

d d
0<)Y ViVi—1=) ViVi —VVi

i=1 i=1

We already mentioned that each operator in a spherical isometric tuple
must be subnormal (also see Theorem 1.3), thus for each i we have
ViVr = Vi*V; <0. Hence V;V;* = V*V, for all 1 <i <d.

Finally we prove (i) = (éi7). If T is extremal then it has no nontriv-
ial rank one extension, hence conditions (iii) (a) and (c) follow from
the equivalence of (i) and (iv) in Theorem 6.1. Then it follows from
Proposition 4.1 that T = S* @ V for a spherical isometry V. Since
T is extremal Theorem 2.2 implies that V' must in fact be a spherical
unitary tuple. Then T* = S ® U for some spherical unitary tuple U
and a direct sum of d-shifts S. Condition (iii)(b) follows easily (see
(1.3)). |

Corollary 6.3. Corollary 1.5 holds.

Proof. Let T'= 5 @& U, where S is a direct sum of d-shifts and U is a
spherical unitary tuple. It follows from (1.1) and (1.3) that T satisfies
conditions (a) and (b) of Corollary 1.5. Furthermore, in Section 3 we
mentioned that the Koszul complex for the d-shift is exact at AP(H)
for all p with 1 < p < d — 1. The Taylor spectrum of any spherical
unitary tuple U must be contained in 0B,. Since such U is normal this
can easily be deduced from Proposition 7.2 of [11]. Hence the Koszul
complex of T'= S @ U is exact at A" }(H), i.e. (c) of Corollary 1.5
holds as well.

Conversely suppose that 7' satisfies (a), (b), and (c) of Corollary
1.5. Then the adjoint tuple T™* satisfies (iii)(a) and (iii)(b) of Theorem
1.4. Since Zle T;T; is a projection the operator H — H? defined
by © — (T, ...,T;z) is a partial isometry and thus has closed range.
This operator is unitarily equivalent to Op« o, hence Op- has closed
range in A'(H). Thus, as the hypothesis (c) is that K(T) is exact at
A9=1(H) the discussion about the Hodge *-operator at the beginning of
Section 3 implies that K (T*) is exact at A'(H), i.e. T* satsfies (iii)(c)
of Theorem 1.4. Hence Theorem 1.4 implies that T* = S*® U, where S
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is a direct sum of d-shifts and U (and hence U*) is a spherical unitary
tuple. This concludes the proof of the Corollary. [ |

7. RANK ONE EXTENSIONS OF ROW CONTRACTIONS

Next we consider row contractions. Let F,. denote the family of
commuting row contractions, let T = (1%, ..,Ty) € Fr. N B(H)¢ and
write D, = (I -3 | T;T*)"/? for the defect operator. If R € B(H®K)
is an operator tuple that extends 7', then we will use the notation

(7.1) R, = (7(; f;) a=1,..d.

Note that R will be a commuting tuple if and only if
(72) EAJ - CTJAZ = A]BZ - AZBJ and BlBJ = B]Bz for all Z,j
Lemma 7.1. Let T' be a commuting row contraction.

(a) If b= (b, ...,bg) € C, |b] = 1, then ker(I — ., b;T}) C ker D,.

(b) If R is a row contraction that extends T, then Z'Zzl A;Ar < D?
and for each i we have ran A; C ran D,.

Proof. (a) Let |b] =1 and let x € ker(I — Zf’:l b;T;). Then

d

d
o)t =\, Y bTia) [ = | > bi{T7w, )
=1

=1
d
< PP YT elPllz)® = (lz)® — || Dal?) ]
i=1

This implies ||D,z| = 0.
(b) Recall that R is a row contraction if and only if R* is a spherical
contraction, i.e. for all x € H,y € K we have

d
L (T
SoUE: () 12 < llelP + ol
=1

A short calculation shows that this happens if and only if
d
(7.3) Do llAiz + Biyl? < |Duxl* + |ly]*
i=1
In particular, we see that if R is a row contraction, then Zle A;Ar <

D? and hence for each i we must have ran A; C ran D, (by the Douglas
Lemma ([12]). This proves (b). |
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Lemma 7.2. Let F,. be the family of commuting row contractions, let
T € Fre NB(H)?, and let D, = (I — .0, T,T7)'2.

Then T has a nontrivial rank one extension in F,., if and only if
there exist b = (by,...,bq) € Cq, x1,...,2q4 € H such that

() Sl =1
(ii) (T; — b;)z; = (T; — bj)z; for all i,
(iii) o] < 1, cmd

)

(iv) x; € ran D, for each i,

Proof. First assume that we are given b € C? and z, ..., 74 € H such
that (i)-(iv) are satisfied. For any ¢ > 0 we define a rank one extension
R of T as in Lemma 5.1. By (i) and (ii) it will be non-trivial and
commutative. Thus by (7.3) R will be a row contraction if and only if
S e@, @) + biyl? < || Dax||? + |y|? for all z € H,y € C.

Since each z; € ran D, there are z; € H such that z; = D,z;. Then
for v € H and y € C we have

d d d
Y lefwa) + byl <€y [(Dax,z)P 422 Y (Do, z3) | billy| + B[y

i=1 =1 i=1

d d
<) lalPIDual? +2¢ | (1Dszlly| D llill? | follyl + [b[y)
=1 =1

d
< (@ +9))_alPIDal® + (L+)pPlyl* < | Duz]) + |yl,
=1

whenever ¢ is sufficiently small. Thus 7" has a nontrivial rank one
extension in F..

Conversely, assume that 7" has a nontrivial rank one extension R in
Fre. Then R can be written as in Lemma 5.1. Thus we have e > 0, b €
C? and 1, ..., 74 € H satisfying (i) and (ii). Furthermore, a calculation
similar to what was done in the first part of the proof shows that since
R is a row contraction we must have

Z|e€x z;) + by|* = & Z\ z,7;)|> + 2¢ Re ZJZ‘ )by + [ |y|*

i=1 =1
< HD*IH2 + Jyl?

for all x € 'H and all y € C. By taking y = 0 we see that the Douglas
Lemma ([12]) implies that (iv) must be satisfied, and by taking z = 0
it follows that |b] < 1. We will be done if we can rule out the possibility
that |b] = 1.
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Note that R* is a nontrivial extension in F,. of the tuple of scalars
b:C — C. Hence Theorem 2.2 implies |b| < 1. A somewhat more
direct argument goes as follows: If |b| = 1, then the above inequality
implies that Re 2?21@:, x;)b;g = 0 for all x and y. Hence Zle bx; =
0. Now we multiply (i) by b; and sum in 7 to obtain (3¢, b;T;—I)x; =
(T; — b;) 2% bixr; = 0 for each j. Thus each z; € ker(I — S°% b;T})
and hence by Lemma 7.1 (a) z; € ker D,. This contradicts (i) and (iv),
which are already known to hold.

8. EXTENSIONS OF ROW CONTRACTIONS

In this Section we shall prove Theorems 1.6 and 1.8 and Corollary
1.7.

Proposition 8.1. (a) If D, =0, then T € ext(F,.).
(b) If D, is onto, then T has a rank one extension in ext(F,.).
(¢) If D, is a projection, then the following are equivalent:
(i) T has a nontrivial rank one extension in F.,
(i) T ¢ ext(Fre),
(iii) there are xy,..,zq € ﬂ?zl ker T with S Nzll> > 0 and
Tix; =Tz, for all,j.

Proof. (a) follows directly from Lemma 7.1 (b).

(b) Clearly the zero tuple, T = (0,..,0), is not extremal. Thus
assume that D, is onto and one of the T;’s is not zero. Then we can
set b = 0 and choose & € H such that the hypothesis of Lemma 7.2 is
satisfied with x; = T;x.

(¢) (iil) = (i) follows directly from Lemma 7.2 with b = 0. (i) = (ii)
is trivial.

(ii) = (iii): We assume that D, is a projection and that we have
a nontrivial extension in F,.. Then with the notation as in (7.1) we
set x; = Az, where  is chosen so that 3¢ |lz;]|> > 0. Lemma 7.1
(b) implies that for all k£ we have ran Ay C ran D,. Thus z1,..,x4 €
ran D,. Furthermore, since D, is a projection we have

d

d d L
\/ran A Cran D, = r]keer;k = (\/ ran T]> .

k=1 j=1 j=1

Thus, commutativity implies that for all 2 and j

d d
E"L’]—T‘J[El = ZTZAJ[E—ZTJAZ[L' = AJBZZL‘—AlBJQZ S \/ ran Akﬂ\/ ran T‘] = (O)

k=1 j=1

This establishes (iii). [



EXTENSIONS OF COMMUTING OPERATOR TUPLES 31

Proposition 8.2. If T € F,. and if there is a u € ran D, |u|| = 1,
such that dim span {u, T\u, .., Tyu} < 2, then T has a nontrivial rank
one extension in F,..

Proof. The hypothesis implies that there is v € H, v L u and a =
(a1, ..., aq), B = (B1,...,81) € CL B # 0 such that Tyu = ayu + Gyv for
i =1,...,d. Indeed, if dim span {u,Tiu,..,Tyu} = 2, then we can find
such a unit vector v satisfying this, while if dim span {u, Tyu, .., Tyju} =
1 we take v = 0 and any 3 # 0.

We set v = Pgra = a — ¢ff, where ¢ = (@8) " Then (B,7) = 0 and

(,7) = {a, Pyra) = 9. .

The conclusion will follow from Lemma 7.2 with z; = B and b = .

Conditions (i) and (iv) are obvious from the definition of the x;. In
order to verify (iii) we calculate

(T, =)oy = S50 = ) = (T = )

for all 1, 5.
Finally, Y% %iTiu = (o, y)u + (3,7)v = |y|>u. Since T is a row
contraction this implies

d d
=1 TE)l® < Y [l = >
i=1 i=1
Hence || < 1.
If |y| = 1, then (I — 2?21% ;)u = 0, thus Lemma 7.1 (a) implies
that v € ker D,. But since v € ran D, this would mean v = 0, which
is impossible. Hence |y| < 1. [ |

We shall now prove part (iv) of Theorem 1.6.

Theorem 8.3. Let T be a commuting row contraction with D, = u®u
for some u € H, u# 0. Then the following are equivalent

(i) T € ext(Fre),
(ii) T has only trivial rank one extensions in F,.,
(iii) dim span {u, Thu, .., Tyu} > 3.

Proof. (i) = (ii) is trivial and (ii) = (iii) follows directly from Propo-
sition 8.2.

(iii) = (i): Suppose that dim span {u, Tiu, .., Tyu} > 3. Since u # 0
we may without loss of generality assume that the set {u, Tyu, Tou} is
linearly independent. Let R be an extension of 1" in F,. and assume
each R; is of the form as in (7.1). We must show that each A; = 0.
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Since D, = u®u Lemma 7.1 (b) implies the existence of x1, ..., x4 € K
such that A;z = (x,x;)u for each 7. Then commutativity (see (7.2))
implies for all z € K and all i, j

(8.1)
(x,75)Tiv — (z,25) Tju = (Byw, v5)u — (Bjr, v5)u = (v, Bjv; — Biv;)u

Take i = 1 and j = 2. Then the linear independence of {u, Tyu, Tou}
shows that (x,z1) = (z,x9) = 0 for all x € K. Thus z; = x5 = 0. Next
consider (8.1) with ¢ =1 and j > 2. Since x; = 0 we get

(x,z;)TYu = (x, Biz;)u.

Again linear independence implies ; = 0. Thus A; = 0 for all j, and
T must be extremal. [ |

Corollary 8.4. Corollary 1.7 holds.

Proof. Write P = Py for the projection of H3 onto M*. Recall that
if S denotes the d-shift on H? then I — 25:1 S8 = 1®1 is the
projection onto the constants. For i = 1,...,d we have T; = PS;| M=,
hence

d d
Df:IML—ZETi*:P<I—ZSiS;‘)P:g0®90,

i=1 =1

where ¢ = P1. Since we are assuming M # H2 we have 1 ¢ M, thus
¢ # 0 and rank D, = 1.
Let ag, ...,aq € C, then

d d
a0<p+Zaiﬂ<p:O & Ozo—i-ZCkiZiEM.
i=1 i=1
This implies that span{¢, T1¢, ..., Ty} is isomorphic to L/ M N L. But

dim L/ MNL=d+1-dim(MnNL). Thus Corollary 8.4 follows from
Theorem 8.3. n

9. AN EXAMPLE

Let S = (M., M,) be the 2-shift on Hz and let M = {f € H3 :
f(2,0) = 0}. M is invariant for S, thus 7' = S| M is a non-extremal
row contraction. We claim that 7" has no nontrivial finite rank exten-
sions in F..
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Note that the linear span of monomials of the form z"w™, n > 0,m >
0 are dense in M and one computes

1 n : _
) n_—l—lz w 1fm =1
Diz"w™ =
0 ifm>1

From this one easily sees that there are no nonzero f,g € ran D,
and b = (b1, by) € By such that (z — by)f = (w — by)g. Hence Theorem
1.8 applies to show the claim.
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