Infinite Sequences & Series

A sequence is an ordered set of nunbers.
{a& =a,a,,a,...,a

n'-" -

where a, denotes the n'" term

The sequence {a,} converges if Ilima =L, otherw se the

N-o

sequence di ver ges.

Thm1) If a <b <c, , n=n, and lima =L =limc_ then
N-oo n-oo
limb =L. [Sandw ch thnj
Nn-oo
Thm?2) If limla,| =0, then lima_ = 0.
N-oo Nn-o

Thm3) If limf(x) =L and f(n) = a,

X~

, N an integer, then

lima =L. [Alows us to use L' Hospital rule]

n-o

Thm4) {r"} is convergent if

-1 <r <1 and divergent for all
ot her val ues of r.

A sequence is increasing if a <a ,, n=1 and decreasing if
a >a n>1

N nal , and if the sequence is either increasing or
decreasing the referred to as nonotonic.
A sequence is bdd above it there is a nunber M st

a <M, n=>1
and bounded below if there exists a m st

m<a , n=x1
| f a sequence is bdd above and bel ow, then said to be bdd.
Thm 5) Every bdd, nonotonic sequence is convergent.
Series
Gven a sequence {a,} = a, a, a, ..., a, ... , if we add the

o0

terms we get a SERIES. So Y, a =a +a,+. .. +a +. . . denotes
n=1

an infinite series, where a, is the nt" term

Spse we have }: a, , let S, represent the n'" partial sum
n=1



i=1

these partial sunms forma sequence, {S,}.

If {S,} is convergent (I imS = S) t hen Z a, is convergent and

n- n=1

Yy a, =S, and Sis called the sumof the series, otherw se the
n=1

series is divergent. Although it is possible to find the sumof a
series, in general this is very difficult and we will be satisfied
to determ ne just convergence or divergence.

o0

** Ceonetric Series** Y ar"'-=a+ar +ar? +.

n=1
converges if |r| <1 and Yoarnt-_2 _ r|<1.
n-1 1 r
** Harnonic Series** Y, 21 1. . DVEReES
n=1 N 2 3 4

Thm1) |If Z a, is convergent, then lima =0. Beware
n=1

n-o

TEST 1. If lima #0 or DNE then Yy a, is divergent
n=1

N-o

(Di vergence Test)

Thm?2) If Y a and ) b_ are convergent, then so are
(i) X ca, =c)a,
(ii) Y(a,+b) =Ya +Y b

TESTS FOR CONVERGENCE

Here we are concerned with the convergence or divergence of an

infinite series. If we can also determ ne the sum of the series
then fi ne.
Di vergence test: If lima =+ 0 or DNE then Y a, diverges.
N-oo n=1



Integral test: Spse f is continuous, positive, and
decreasing on [1,~), let a, = f(n). Then

) a_ is convergent if and only if fl“’f(x) dx

IS convergent.

**P-series** The series }:-jt is convergent for p > 1 and
n=1 N

di vergent for p < 1.

Conparison test: Spse ) a, ) b are series with positive
t er ns.

i) If ) b, is convergent and a <b, ¥vn then ) a is
al so convergent.

ii) If Y b is divergent and a_>b_, vn then ) a_ is
di ver gent.

Comon series used as conpari sons are geonetric, harnonic,
and p-series.

Limt Conparison test: Spse ) a, ) b are series with
positive terns.

i) If IJln%?,: c >0, then both series converge or
diverge.n
ii) If IJ:n%T,: 0 and ) b, converges, then ) a_
convergé;.

a
iii) If Iirnigxz ~» and ) b_diverges, then ) a_ diverges.

N-oo n

Alternating Series test: If ), a =a -a, +a; -a, *...
n=1

(a, > 0) satisfies:

ii) lima =0

n-o



then the series is convergent.

The series ) a, is absolutely convergent if the series of
absolute values, ) J|a | is convergent.

The series Y, a, is conditionally convergent if it is convergent

but not absol utely convergent.
Thm 3) If a series is absolutely convergent, then it is
conver gent.

Rati o test:

a
i) If liml—2

n-o

-L<1, then ) a_ is absolutely

n

convergent (and thus convergent).

an+l

ii) If lim

Nn-o

=L>1 or =, then ) a is divergent.

n

Root test:
. . n . .
i) If I;Ln1/an =L <1, then the series is absolutely

conver gent .

.. . n . . .
i) If I;Ln1/an =L>1 or «, then the series is divergent.

Power Seri es

A power series is an expression of the form

n _ 2
Irganx —a, ra X +a,x?+.

More general ly:

22 a (x-c)"=a, +a (x-c) +a,(x-c)?+.

IS a power series centered at

c" or a power series about "c

One usually determ nes convergence or divergence of a power
series by using the ratio test.

For a given power series, one of follow ng nust occur:
i) Convergence at x = c only (R = 0)

ii) Convergence for all x (R = =)



i1i) There is a positive nunber R st the series converges
if |x-c|] <R and diverges for |x-c| >R.

Ris the radius of convergence. Wen x =c =R (the endpoints)
each nust be checked individually for convergence (usually by
conparison).

Qur goal is to find a power series representation for a given
function. The trick is to be able to determine the coefficients,
a,.

So spse we have a function f(x), we want:

o0

f(x) = ) a (x-c)", Ix-c| <R
n=0
(n)
t hen an = w
n!

Tayl or Seri es:
(n)
f(x) = I_ﬁéfl(x_c)n

= f(o) -

/(<) /(<)
1] (x-c) -+ T(X—C)2 -

When ¢ = 0, we have the special Taylor series called the
Macl aurin Seri es.
Macl aurin Series:
i (n)

() = 3 200

n=0

//
o 00 o

- T0) +f/l(!O) 2

Now, we have assunmed that a given function has a Tayl or series
expansion. How do we know? Wen is it possible for a function to
have a Tayl or series expansion?

Taylor's Formula: |If f(x) has n+l derivatives in an interval |
with cel, then for xe Il there is a nunber
"z", strictly between x and c st




f f//(C) (X_C)2 . N f(n)(c)

f(x) = f(c) + oz : =

() (x-¢) - (x-0)" + R (%)

1

where R (X) - %(x—c)ml.

R.(x) is called the remai nder term
So f(x) = Tu(x) + Ri(x).
Now f(x) is equal to its Taylor Series expansion on |x-c| <R

if 1imR(x) =0..
n-o



